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Abstract: Exact two-component (X2C) relativistic nuclear hyperfine magnetic field operators
were incorporated in X2C ab-initio wavefunction calculations at the multi-reference restricted ac-
tive space (RAS) level for calculations of nuclear hyperfine magnetic properties. Spin-orbit cou-
pling was treated via RAS state interaction (SO-RASSI). The method was tested by calculations of
electron – nucleus hyperfine coupling constants. The approach, implemented in the OpenMolcas
program, overcomes a major limitation of a previous SO-RASSI implementation for hyperfine
coupling that relied on non-relativistic hyperfine operators [J. Chem. Theor. Comput. 2015, 11,
538–549] and therefore had only limited applicability. Results from calculations on systems with
light and heavy main group elements, transition metals, lanthanides, and one actinide complex,
demonstrate reasonably good agreement with experimental data, where available, as long as the
active space can generate sufficient spin polarization.
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1 Introduction

Electron paramagnetic resonance (EPR) is a magnetic resonance spectroscopic technique used
to probe atomic and molecular species with unpaired electrons. The electron-nucleus hyperfine
coupling (HFC), which arises from the interaction between the spin magnetic moments of a given
nucleus and the electrons, is essential to understanding the peak splittings of an EPR experimental
spectrum. HFC in itself contains a wealth of information about the distribution of the magneti-
zation in a molecule, or details about the electronic structure at an open-shell metal center in a
complex. The EPR spectra are analyzed using a pseudospin Hamiltonian. The HFC tensor and the
associated HFC constants (HFCC)1–3 are obtained, along with the other parameters in the pseu-
dospin Hamiltonian, from fitting the eigenvalues of the Hamiltonian to the measured spectrum.

Computational predictions for the the HFCCs from quantum chemical methods are important
for gaining insight about structure and bonding from the measurements.4, 5 Hereby a reliable ab
initio electronic structure underlies the calculation of HFC, and this generally means a high-level
relativistic electron correlation method is required, along with a proper relativistic treatment of
the hyperfine operator in an atomic orbital (AO) basis.

The development of theoretical methods for calculating HFC and other hyperfine interactions,
such as nuclear magnetic shielding and indirect nuclear spin-spin coupling, has remained an active
field of research for many decades. In single-reference methods such as Hartree-Fock (HF) and
Kohn-Sham (KS) theory, HFC calculations require a spin unrestricted approach to generate the
all-important spin polarization. By design, this approach introduces spin contamination, which
may lead to inaccurate results.6–8 In wavefunction calculations, the effects of electron correlation
on HFC have been treated with many-body perturbation theory (MBPT), coupled-cluster (CC)
theory, and configuration interaction (CI).7, 9–21 The CC methods typically provide the most accu-
rate results, but they are either limited to single-reference wavefunctions or limited to relatively
small systems. MBPT methods, especially in lowest (second) order (PT2), are promising, since
they can be utilized with both single-reference and multi-reference wavefuntions to efficiently
capture dynamic electron correlation. CI and complete active space (CAS) methods are the most
straightforward to use for multi-reference calculations on open-shell systems, but short of full CI
it is difficult to capture the effects of spin polarization and spin delocalization to a degree sufficient
to describe HFC, and in particular its Fermi contact contribution (vide infra). Shiozaki and Yanai
developed a CASPT2 method for HFC in which most of the spin polarization was generated via
the relaxed PT2 spin density matrix.20 A ‘restricted-unrestricted’ approach has been described,15

in which the hyperfine perturbation acts on spin-restricted multi-configurational wavefunctions
to generate the desired spin polarization to first order in perturbation theory, but the method is
not widely available. Alternatively, it has been suggested to employ density matrix renormaliza-
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tion group (DMRG)22, 23 algorithms in CAS calculations to increase the active space for a better
description of the spin polarization.24

Relativistic effects25, 26 are of crucial importance for systems that contain heavy elements, and
in particular for properties that involve the nuclear magnetic hyperfine operators. While there has
been great progress in the development of four-component (4c) relativistic methods for the cal-
culation of magnetic properties,27–32 an existing nonrelativistic quantum chemistry program code
is likely more easily retrofitted for a two-component (2c) relativistic Hamiltonian, and there are
good reasons for adopting a 2c framework also for a new code. The variationally stable zeroth-
order regular approximation (ZORA)33 and low-order Douglas-Kroll-Hess (DKH)34 approximate
2c (quasirelativistic) Hamiltonians have been used for a long time for relativistic magnetic prop-
erty calculations.26, 35 It is fair to state that the treatment of magnetic properties such as HFC within
ZORA36–38 is comparatively easy, compared to DKH beyond first order,39, 40 apart from general
issues such as the dependence of magnetic properties on the gauge origin chosen for the vector
potential in finite-basis set calculations. (For properties that only depend on nuclear hyperfine
magnetic moments, such as HFC or the indirect nuclear spin-spin coupling, field dependent basis
sets are typically not used because the gauge origin is naturally defined at the position of the nu-
cleus.) Magnetic properties were eventually calculated with DKH to arbitrary order,41, 42 offering
access to fully relativistic results from 2c calculations. However, in the meantime ‘exact two-
component’ (X2C) methods have emerged, where matrix representations of the 2c (one-electron)
Hamiltonian in a basis are constructed directly along with the transformation matrices from the
4c to the 2c picture.43–46 The treatment of the electron correlation and quantum electrodynamic
(QED) effects remains a challenge,47, 48 but X2C has opened the way to determine the matrix repre-
sentations for fully relativistic 2c one-electron operators, i.e., capturing all picture-change effects,
needed for molecular property calculations, including magnetic properties.49–57

Our group has previously devised an approach for HFC calculations19 within the restricted
active space (RAS) self-consistent field (RASSCF)58–61 and RAS-CI wavefunction frameworks,
with inclusion of the spin-orbit (SO) coupling (SOC) via state interaction (RASSI) .62, 63 Spin-free
wavefunctions included scalar relativistic effects at the second-order DKH level (DKH2), and
the SOC interaction was determined with DKH-based atomic mean-field integrals (AMFI).64–66

The approach was formulated for Kramers doublets, following an analogous scheme for EPR g-
tensors.67 The RAS partitioning provided a way to generate important contributions to the spin
polarization via single excitations among a large number of orbitals, in addition to the principal
active space used to describe the open shells. Although this route toward the spin polarization
has its limitations, it was found suitable also for describing Curie-paramagnetic contributions to
NMR shifts,68 which are closely related to HFC.69, 70 As implemented, the HFC calculations had a
major drawback in that the underlying nuclear magnetic hyperfine operators were non-relativistic.
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Accordingly, applications were limited to light atomic systems, the HFC of light ligand atoms in
heavy metal complexes, or the HFC of heavy metal centers with negligible Fermi contact contri-
butions (e.g., an unpaired electron in an f shell). As an example for the latter, it was shown that
the HFC of 237Np in NpF6 agreed very well with experimental data. The same approach, effec-
tively, was also used by others recently, to calculate HFC parameters of Tb and Dy in lanthanide
complexes.71, 72

The present article is concerned with the generalization of the HFC approach reported in Refer-
ence 19 to X2C, based on the X2C transformed nuclear magnetic hyperfine operator as described
in Reference 53. The implementation was carried out in OpenMolcas.73 The construction of
the X2C transformed HFC operator, the implementation within the SO-RASSI framework, and
other methodological aspects are detailed in Section 2. Section 4 provides the calculations of a
collection of molecules to test its validity. A brief conclusion & outlook are given in Section 5.

2 Methodology

Scalars and scalar operators are denoted by italic notation such as ℎ, 𝑥. Vectors, and vector opera-
tors are represented in bond-italic notation such as 𝒓, 𝒑, respectively. Matrices and operator matrix
representations in a 2 × 2 super-matrix structure are indicated by upright-bold notation such as
𝐡,𝐀. The vector of the Pauli spin matrices 𝝈, and the individual spin matrices are 𝛔𝑥,𝛔𝑦,𝛔𝑧. For
the Dirac picture, the 4× 4 block structure of the matrix representation of an operator is indicated
by notation such as 𝕌, 𝕙.

2.1 X2C Transformation of the Electron-Nucleus Hyperfine Operator

The X2C decoupling transformation applied to magnetic field operators follows a previous pub-
lication by one of us.53 We repeat the key steps to render the article self-contained. Starting
from the Dirac one-electron Hamiltonian matrix 𝕙0

D, a unitary transformation generates the ma-
trix representation of a de-coupled two-component operator 𝐡X2C with an eigenvalue equation in
the metric (overlap) 𝐒 of the chosen basis set. Specifically,

𝕌†𝕙0
D𝕌 =

[

𝐡X2C 𝟎
𝟎 ⋯

]

(1)

with the unitary matrix

𝕌 =

[

𝐔UU 𝐔UL

𝐔LU 𝐔LL

]

(2)
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In Equation (2), the superscripts U and L denote ‘upper’ and ‘lower’ 2-spinor component (or
‘large’ and ‘small’ component) of the Dirac 4-spinor. The 𝐡X2C is the desired exact two-component
one-electron Hamiltonian matrix, 𝟎 means a matrix filled with zeros, and ⋯ means the block is
not of interest in this work. The calculation of of 𝐡X2C and the transformation matrix is typically
based on a matrix representation of Dyall’s modified Dirac Equation (mDE).43, 74 The mDE is
equivalent to the unmodified Dirac equation if a restricted kinetic balance (RKB)75–77 basis is
adopted for the lower components of the Dirac 4-spinors. That is, when 𝜒𝜇 is an atomic orbital
(AO) basis function for the upper component, and {𝜉𝜇} is a corresponding basis function for the
lower component, the RKB condition is

{𝜉𝜇} =
{

1
2𝑚𝑐

(𝝈 ⋅ 𝒑)𝜒𝜇

}

(3)

Here, 𝑚 and 𝑐 are the electron rest mass and speed of light, respectively, and 𝒑 is the linear mo-
mentum operator. The RKB condition facilitates the connection between the large and small
component of the wavefunction in the absence of a magnetic field. In the presence of a magnetic
field, represented by a vector potential 𝑨, the minimal substitution 𝒑 → 𝒑+ 𝑒𝑨 is applied, where
𝑒 is the unit charge. The substitution gives the Dirac Hamiltonian

ℎD = ℎ0
D + ℎmag

D (4)

with

ℎ0
D =

[

𝑉 𝝈 ⋅ 𝒑
𝝈 ⋅ 𝒑 𝑉 − 2𝑚𝑐2

]

and ℎmag
D = 𝑒𝑐

[

𝟎 𝝈 ⋅𝑨
𝝈 ⋅𝑨 𝟎

]

(5)

Here, ℎ0
D is the Dirac Hamiltonian in the absence of external fields, with the energy origin shifted

to the electron rest mass, and ℎmag
D accounts for the presence of a magnetic field. We make the

minimal substitution in the Dirac Hamiltonian, but not in the balance condition of Equation (3), so
that the basis set is not magnetic field-dependent. In response calculations with magnetic fields,
magnetic balance, in addition to kinetic balance, is needed to keep the magnetic-field response of
the large and small components balanced.27, 32, 78, 79 However, first-order magnetic properties such
as hyperfine coupling can formally be calculated without invoking the response to a magnetic field,
and therefore RKB would seem to be a reasonable approximation in the present calculations. There
is also good evidence from numerical data in the literature that the approximations used here are
unlikely to introduce large errors. Further details are given at the end of this section.

The vector potential 𝑨 may have different sources. An external magnetic field is not consid-
ered here. The vector potential of interest in this work is the one arising from the magnetic field
generated by the spin magnetic moment 𝒎𝐾 of a nucleus 𝐾 located at 𝑹𝐾 . For a point magnetic
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dipole,
𝑨(𝒓) = 𝜘𝒎𝐾 ×

𝒓𝐾
𝑟3𝐾

(6)

with 𝒓𝐾 = 𝒓 − 𝑹𝐾 and 𝑟𝐾 = |𝒓𝐾|. Furthermore, 𝜘 = 𝜇0∕(4𝜋) in SI units, 𝜇0 is the magnetic
constant or vacuum permeability. In atomic units, 𝜘 = 𝑐−2. As is customary, the gauge origin for
the hyperfine field has been chosen to coincide with the position of the nucleus. The hyperfine
field 𝑨 is in the Coulomb gauge, i.e., 𝛁 ⋅ 𝑨 = 0. The magnetic moment of the nucleus can also
be ‘smeared out’, for example with a spherical Gaussian function, in order to treat finite nuclear
volume effects39, 80–82 on the same approximate footing as does a commonly used model for finite
nuclear charge distributions.83, 84 However, prior HF and DFT test calculations with X2C in a
different program,53 and numerous reports of calculations of NMR parameters (see, for example,
References 55,85) have shown that the combination of finite nuclear volumes for the potential and
point magnetic dipoles for the hyperfine interaction is a reasonable approximation.

For first-order properties such as the electron-nucleus hyperfine coupling interaction, the X2C
transformation of Equation (1) may be applied directly to the 4-component perturbation operator
obtained from Equation (5), if the operator is represented in the RKB basis. For calculations of
the hyperfine coupling tensor components, one needs to take the first derivative with respect to
the 𝑢 component (𝑢 ∈ {𝑥, 𝑦, 𝑧}) of the nuclear spin magnetic moment vector 𝒎𝐾 ,

ℎmag,𝑢
D =

𝜕ℎmag
D

𝜕𝑚𝐾,𝑢

|

|

|

|𝒎𝐾=0
= 𝑒𝑐𝜘

⎡

⎢

⎢

⎣

𝟎
(

𝒓𝐾
𝑟3𝐾

× 𝝈
)

𝑢
(

𝒓𝐾
𝑟3𝐾

× 𝝈
)

𝑢
𝟎

⎤

⎥

⎥

⎦

(7)

where superscript 𝑢 indicates the derivative, and subscript 𝑢 the corresponding vector component.
The perturbation operator matrix transformation then reads

𝐡mag,𝑢
X2C = 𝐔LU†𝐡LU,𝑢𝐔UU + 𝐔UU†𝐡UL,𝑢𝐔LU (8)

Here, 𝐡UL,𝑢 and 𝐡LU,𝑢 are the AO matrix representations of the corresponding components of the
operator in Equation (7) in the mixed upper/lower and lower/upper component basis, respectively.
The individual matrix elements are

ℎUL,𝑢
𝜇𝜈 = 𝑒𝜘

2𝑚

⟨

𝜒𝜇
|

|

|

[
𝒓𝐾
𝑟3𝐾

× 𝝈]𝑢
|

|

|

(𝝈 ⋅ 𝒑)𝜒𝜈

⟩

(9a)

ℎLU,𝑢
𝜇𝜈 = 𝑒𝜘

2𝑚

⟨

(𝝈 ⋅ 𝒑)𝜒𝜇
|

|

|

[
𝒓𝐾
𝑟3𝐾

× 𝝈]𝑢
|

|

|

𝜒𝜈

⟩

(9b)

With 𝒑 = −𝑖ℏ𝛁 and the shorthand notation 𝑭 = [ℏ𝑒𝜘∕(2𝑚)]𝒓𝐾∕𝑟3𝐾 , after separating the spin-
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dependent and spin-independent part of the AO matrix elements, the matrix elements can be writ-
ten in the following form,

ℎUL,𝑢
𝜇𝜈 = −𝑖𝟏⟨𝜇|(𝑭 × 𝛁)𝑢|𝜈⟩ − 𝜎𝑢⟨𝜇|𝑭 ⋅ 𝛁|𝜈⟩ +

∑

𝑣
𝜎𝑣⟨𝜇|𝐹𝑣|𝜕𝑢𝜈⟩ (10a)

ℎLU,𝑢
𝜇𝜈 = 𝑖𝟏⟨(𝑭 × 𝛁)𝑢𝜇|𝜈⟩ − 𝜎𝑢⟨𝑭 ⋅ 𝛁𝜇|𝜈⟩ +

∑

𝑣
𝜎𝑣⟨𝜕𝑢𝜇|𝐹𝑣|𝜈⟩ (10b)

The 4-component magnetic perturbation operator matrix in the RKB basis can therefore be cal-
culated easily from AO matrices with elements ⟨𝜇|𝐹𝑢|𝜕𝑣𝜈⟩ for the different combinations of 𝑢
and 𝑣. Subsequently, the desired two-component magnetic perturbation operator matrix 𝐡mag,𝑢

X2C is
calculated using the transformation in Equation (8).

We already stated that when magnetic balance is not used, the basis set is not explicitly de-
pendent on the nuclear spin magnetic moment. The latter is the perturbation parameter defining
first-order hyperfine properties. Therefore, with kinetic balance only, the basis set and the X2C
transformation matrix elements are not explicitly dependent on the perturbation. If the X2C trans-
formation in the absence of the perturbation is exact, and if the basis set is not explicitly dependent
on the perturbation, then in variational calculations the Hellmann-Feynman theorem applies. For
the calculations of a first-order (non-response) atomic and molecular property, it would then suf-
fice to calculate the property as an expectation value of the transformed Hamiltonian derivative. In
practice, the X2C transformation, as it is commonly used, is formally exact only for a one-electron
problem. This introduces an approximation in calculations of many-electron systems. Then, the
X2C transformation matrix elements appear effectively as non-variational parameters in the cal-
culation, and their response is needed such that a first-order property corresponds exactly to a
derivative of the approximate X2C energy. However, it is not always essential that this correspon-
dence is established exactly. [For the energy gradients in geometry optimizations, for example,
the correspondence would be essential.] For properties such as electric field gradients50, 86, 87 and
hyperfine coupling,53, 88 previous calculations have either shown explicitly, or implicitly by their
excellent performance, that errors from neglecting the response of the X2C transformation are very
small compared to the desired relativistic effects on said properties in heavy-element systems, and
the sensitivity of these properties to other approximations in the calculations.

2.2 HFC Implementation within the SO-RASSI Framework

The methodology is based on mapping the pseudospin approach to matrix elements of the hyper-
fine interaction calculated ab-initio. The implementation for Kramers pair doublets and matrix el-
ements of the nonrelativistic HFC operator was previously reported by our group in Reference 19,
closely following the strategy for calculations of the electronic Zeeman coupling 𝑔-factors.67, 89–91
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The interaction of the electrons with the external magnetic field 𝑩 is parameterized by the Zeeman
spin Hamiltonian,

𝐻̃Z = 𝑩 ⋅ 𝐠 ⋅ 𝑺̃ (11)

which has the same formal structure as the hyperfine spin Hamiltonian parameterizing the mag-
netic interaction between the electron spins and a nuclear spin vector 𝑰N,

𝐻̃HFC
N = 𝑰N ⋅ 𝐚N ⋅ 𝑺̃ (12)

Here, 𝐠 and 𝐚N are the 𝑔-matrix and the hyperfine coupling matrix, respectively, and 𝑺̃ is the pseu-
dospin operator. A rank-2 tensor 𝐆 for the Zeeman interaction in terms of quantum mechanical
Kramers doublet components |𝑖⟩ and |𝑗⟩ has the elements90, 92

𝐺𝑢𝑣 = (𝐠𝐠𝑇 )𝑢𝑣 = 2
∑

𝑖,𝑗
⟨𝑖|ℎZ,𝑢

N |𝑗⟩⟨𝑗|ℎZ,𝑣
N |𝑖⟩ (13)

with 𝑢, 𝑣,∈ {𝑥, 𝑦, 𝑧}, and superscript 𝑇 indicating a matrix transpose. The operator ℎZ,𝑢
N is the

quantum mechanical perturbation operator for the (Zeeman) interaction with the external field,
given by the derivative of the many-electron Hamiltonian with respect to 𝐵𝑢 taken at zero field
strength. The principal magnetic axes of a system, and the absolute values of the principal 𝑔-
factors, are then obtained from the eigenvectors and the square roots of the eigenvalues, respec-
tively, of 𝐆. Based on the analogy of Equations (11) and (12), the HFC for a Kramers doublet is
obtained from a matrix 𝐀 with elements

𝐴N,𝑢𝑣 = (𝐚N𝐚𝑇N)𝑢𝑣 = 2
∑

𝑖,𝑗
⟨𝑖|ℎHFC,𝑢

N |𝑗⟩⟨𝑗|ℎHFC,𝑣
N |𝑖⟩ (14)

Up to a conversion factor from nuclear spin to nuclear magnetic moment, which is taken care of
in a post-processing step, the operator ℎHFC,𝑢

N is the HFC operator 𝐡mag,𝑢
X2C from Equation (8). The

electronic states in the equation are SO-RASSI wavefunctions.
Equations (8) and Equation (10) are used for calculating the X2C transformed magnetic per-

turbation operator matrix elements. The matrix elements of the 4-component operators 𝐡UL,𝑢 𝐡LU,𝑢

in Equation (10), are calculated using AO integrals which 𝐹𝑢 is combined with 𝜕𝑣 acting on the
bra or ket. Due to the a posteriori treatment of the SO interaction in the RASSI code, the transfor-
mation matrices 𝐔UU and 𝐔UL in Equation (8) are those corresponding to a scalar relativistic X2C
transformation, and the action of the Pauli spin matrices in Equations (10a),(10b) is deferred until
the SO-RASSI step. That is, the matrix elements of the spin-free components of these operators
between scalar relativistic spin-free RASSCF states are calculated first. The presence of a Pauli
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spin matrix is taken care of during the transformation to the SO-RASSI states, in the same way
that the code takes care of the Pauli spin matrices appearing in the SO coupling operator itself. In
the non-relativistic limit, the transformation matrices 𝐔UU and 𝐔UL become unit matrices93 and
the SO interaction vanishes.

In Reference 94, Chibotaru and Ungur derived an extension of Equation (13) to treat states with
a pseudospin 𝑆̃ > 1∕2. We therefore took the opportunity to generalize the HFC implementation
to cases with 𝑆̃ > 1∕2 as well. In analogy to the 𝐆-tensor expression from Reference 94, the
HFC and its principal axis system are calculated from the eigenvectors and the square roots of the
eigenvalues of a matrix with elements

𝐴𝑆̃
N,𝑢𝑣 =

6
𝑆̃(𝑆̃ + 1)(2𝑆̃ + 1)

𝐴N,𝑢𝑣

4
(15)

Here, 𝐴N,𝑢𝑣 is defined formally the same as in Equation (14), but the summations now go over all
components of a state with pseudospin 𝑆̃ > 1∕2. For 𝑆̃ = 1∕2, Equation (15) reverts to (14).

2.3 Calculations of the HFC contributions from different mechanism

Based on the non-relativistic theory, the magnetic dipole-dipole hyperfine structure has tradition-
ally been interpreted to arise from three physical mechanisms, namely the Fermi-contact (FC),
spin-dipole (SD) and paramagnetic spin-orbital (PSO) contribution. The latter is sometimes also
labeled OP for ‘orbital paramagnetic’. FC and SD arise from the magnetic interaction between
the nuclear spin and the electron spin. PSO describes the magnetic interaction of the nuclear
spin with the electron orbital angular momentum. Although the electron spin and orbital angular
momentum couple in the relativistic theory, the structure of the operator matrices in Equations
(10a),(10b) still allows to identify the PSO vs. FC+SD contributions via the spin-independent
and spin-dependent terms, and FC in particular by the spin-dependent contributions with 𝑢 = 𝑣.

Equation (8) shows that in the non-relativistic limit, when the transformation matrices become
unit matrices, the HFC operator matrix is given simply by the addition of the matrix elements in
Equations (10a) and (10b). The spin-independent part then reverts to the non-relativistic PSO
operator matrix, with the operator being 𝜇0𝑒∕(4𝜋𝑚)𝑟−3𝐾 𝒓𝐾 ×𝒑. The addition of the spin-dependent
matrix elements from Equations (10a) and (10b) gives

𝜇0

4𝜋
𝑒ℏ
2𝑚

𝜎𝑢

[

(−1) ∫
𝒓𝐾
𝑟3𝐾

⋅ 𝛁(𝜒𝜇𝜒𝜈) 𝑑𝑉 +
∑

𝑣
𝜎𝑣 ∫

𝑟𝐾,𝑣

𝑟3𝐾
𝜕𝑢(𝜒𝜇𝜒𝜈) 𝑑𝑉

]

By using integration by parts,95 the derivatives can be shifted from the basis function products to
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the operators. The first integral in the previous equation then gives

𝜇0

4𝜋
𝑒ℏ
2𝑚

𝜎𝑢 ∫ 𝛁 ⋅
𝒓𝐾
𝑟3𝐾

(𝜒𝜇𝜒𝜈) 𝑑𝑉 =
𝜇0

4𝜋
𝑒ℏ
2𝑚

4𝜋𝜎𝑢 ∫ 𝛿(𝒓 − 𝒓𝐾)(𝜒𝜇𝜒𝜈) 𝑑𝑉

The 𝑣 = 𝑢 term in the sum over 𝑣 gives −1∕3 times the same result with the Dirac delta just
derived. In combination, we have a matrix element with the operator

𝜇0

4𝜋
𝑒ℏ
2𝑚

8𝜋
3
𝜎𝑢𝛿(𝒓 − 𝒓𝐾)

which is indeed the derivative of the non-relativistic FC operator with respect to the 𝑢 component
of the nuclear spin magnetic moment vector. The remaining part of the sum over 𝑣 then gives
the SD contribution to the HFC. For convenience, we opted to partition the results from the X2C
calculations in the same way into PSO, FC, and SD contributions.

With different combinations of the 𝑢, 𝑣 indices entering Equation (10), all three contributions
can be calculated accordingly. The electron spin-independent PSO contribution appears in HFC
in one of three ways: either, SOC mixes an orbitally degenerate spin state into a pure spin ground
state, or the ground state is orbitally degenerate with non-zero orbital angular momentum, or there
are low-energy orbitally degenerate states that are thermally populated. We do not consider the
latter case further. We note in passing that the PSO contribution can also be estimated by treating
the SO operator by linear response, on top of a calculation with a pure spin state.19 However, this
approach is usually limited to situations where the PSO contribution is minor.

A relativistic calculation of HFC with the non-relativistic operators introduces a picture-
change error. This error is particularly large for the FC contribution. This is because of the Dirac
delta, which samples the spin density directly at the nucleus. If the nuclei are treated as point nu-
clei, with an adequate basis set, the spin density from s (and p1∕2) orbitals centered at the nucleus
have a weak singularity, leading to catastrophic failure in conjunction with an operator containing
a Dirac delta singularity. In calculations with finite basis sets and finite nuclei, the use of a ‘con-
tact’ operator leads to unphysically amplified FC contributions, which was noted already in our
previous publication reporting the SO-RASSI implementation with non-relativistic operators.19

The tests were therefore restricted to situations where unphysical FC contributions were likely
kept under control, as already mentioned in the introduction. The X2C implementation reported
herein does away with these restrictions.
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3 Computational Details

Calculations were performed with a locally modified version of the open source OpenMolcas
program package73, 96 interfaced with a locally modified version of the integral-derivative library
GEN1INT of Gao et al.97 The modifications were made to have the integral module of Molcas
generates magnetic integrals ⟨𝜇|𝐹𝑢|𝜕𝑣𝜈⟩ for all combinations 𝑢, 𝑣 ∈ {𝑥, 𝑦, 𝑧} over the primitive
Gaussian-type orbital (GTO) basis functions. The integrals were then subjected to the X2C trans-
formation as described in Section 2.1, using the transformation matrices produced by the scalar
X2C module available in Molcas.98 Subsequent contraction produced the hyperfine integrals used
in the calculations. The integrals were checked against those generated by the Rys quadrature
code53, 99 in NWChem.100 In the present work, we use the nuclear potential in the X2C trans-
formation, in conjunction with the spherical Gaussian nucleus model available in Molcas to treat
finite nuclear volume effects. If desired, two-electron contributions can be added in the X2C trans-
formation, for instance, with mean-field or model potentials in the transformation, to approximate
the effects of the electron repulsion on the X2C transformation.101–103

As mentioned already, the SO coupling was treated via state interaction.58, 62, 63 The atomic
mean-field integral (AMFI) approximation was used used for the SO Hamiltonian.64–66 It is worth
mentioning that the AMFI integrals are based on a low-order Douglas-Kroll-Hess (DKH) Hamilto-
nian with Breit-Pauli two-electron contributions, not X2C. This treatment may be improved using
more recent SO X2C mean-field approaches of Cheng and coworkers.104, 105 However, the main
focus herein is avoiding the breakdown of the nonrelativistic approximation of the hyperfine op-
erator in relativistic calculations, and the X2C-transformed magnetic integrals are fully consistent
with the scalar X2C Hamiltonian used to calculate the spin-free wavefunctions prior to RASSI.
We plan to introduce an X2C-based AMFI module in Molcas as part of future studies.

Optimized structures for CH3, HSiS, SiSH, TiF3, HgH, and HgF were taken from Reference
106 (see also Refs. 107 and 38 for DFT benchmarks using some of the same systems). The CeCl6
structure was taken from Reference 108, and the NpF6 structure is from Reference 109 and was
optimized with CASPT2. All-electron correlation consistent polarized valence triple-𝜁 (cc-pVTZ-
DK for the lighter elements and cc-pVTZ-X2C for Ce, Er and Np) basis sets were used throughout,
except for the TbPc2 systems (Pc = phthalocyanine dianion), for which the corresponding double-
𝜁 basis sets were used.110–116 The basis sets are contracted with respect to second order DKH and
X2C Hamiltonian calculations, as indicated by postfixes ‘DK’ and ‘X2C’, respectively. For first
and second row light elements, using the second order DKH sets introduces negligible differences
compared to X2C for the purpose of this study. The truncated TbPc2 structures (see below) were
optimized using Kohn-Sham (KS) density functional theory (DFT) calculations with the scalar all-
electron zeroth-order regular approximation (ZORA) relativistic Hamiltonian33, 117, 118 provided
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by Amsterdam Density Functional (ADF) program package.119 The functional used were the
‘pure’ (non-hybrid) functional PBE,120 the basis sets used were the Slater-type TZP basis sets for
all elements.,121 and the grid used for numerical integration corresponded to the ‘very good’122

setting.
The value 𝑐 = 137.036 for the speed of light in atomic units has been utilized throughout. For

calculated hyperfine coupling constants, the unit conversion from atomic units to MHz utilized
the following nuclear 𝑔-factors:123–125 𝑔(1H) = 5.5857, 𝑔(13C) = 1.4048, 𝑔(19F) = 5.2577, 𝑔(29Si)
= -1.1106, 𝑔(33S) = 0.4292, 𝑔(35Cl) = 0.5479, 𝑔(47Ti) = -0.3143, 𝑔(199Hg) = 1.0118, 𝑔(141Ce) =
0.3143, 𝑔(167Er) = -0.1618, 𝑔(159Tb) = 1.343 and 𝑔(237Np) = 1.2560. [Note that in Reference 53,
𝑔(1H) was mis-typed with a leading 0 instead of 5.]

Spin polarization in the calculated wavefunctions was obtained in spin-unrestricted Hartree-
Fock (UHF) calculations with 10−9 and 10−4 atomic units for energy and density thresholds re-
spectively, where feasible, and by RASSCF calculations as already mentioned in the introduction.
The procedure has been detailed in Refs. 19, 69, 70, and therefore only a synopsis is given here.
First, a RASSCF calculation with only the unpaired electrons and orbitals in the RAS2 space were
carried out. For CeCl6 and Er, the 6s orbital was included in RAS2 in addition to the 4f shell, be-
cause of their closely spaced orbital energies. Inner shell spin polarization was then introduced via
RAS-CI, denoted as RAS[X/Y], where X and Y are numbers of orbitals in the RAS1 and RAS3
spaces, respectively. Only single excitations were allowed among RAS1 and RAS3, to keep the
calculations tractable, which means the resulting calculated state energies are not improved, and
the extent of the spin polarization is likely under-estimated. Two holes / two electrons in RAS1/3
were allowed for the CH3 radical to examine the effects of dynamic electron correlation. However,
as shown in Refs. 19,69,70, the spin polarization introduced by the extended RAS1/3 space does
resemble the spin polarization obtained in DFT calculations, for systems where a comparison can
be made. It should be noted that the active spaces were selected solely based on orbital energies,
i.e., there was no orbital order altering to include certain MOs preferentially. The scalar relativis-
tic RASSCF wavefunctions thus obtained were then spin-orbit coupled via the RASSI procedure
to obtain the ground state, for which the HFC was determined.

Signs of HFCCs are not usually determined in experiments. In the RASSI calculations, due
to the way that the absolute values of the principal components of the HFC tensor are obtained
as the square roots of the eigenvalues of the matrix in Equation (14), the sign information is lost.
Individual FC, SD, and PSO sub-contributions to the HFC were determined by combining one or
multiple sets of operators, FC, SD, FC+SD, and PSO. Note that because the HFC is calculated
in the SO-RASSI framework via a ‘square of sum’ and not a ‘sum of squares’ fashion, the indi-
vidual mechanisms do not cleanly add up to the total. However, as noted also previously,19 cross
contributions appear to be small. The signs of the FC and FC+SD contributions are then deter-
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mined based on the Mulliken spin populations126 on each nuclear site, and by comparison of the
FC, SD, and FC+SD contributions with those determined straight from contracting the operator
matrices with UHF spin-density matrices, which gives signed HFC contributions. The signs of
PSO contributions are then given relative to FC+SD to match the total calculated HFC for cases
where the sign is known, either from experiments or prior calculations, or in cases where the UHF
calculations strongly indicate a negative HFC dominated by FC+SD. The HFC contributions are
given with 3 to 5 significant figures to facilitate comparison. Extremely large results, obtained
with the non-relativistic FC operator to emphasize the picture change effect in select cases, are
given in a “∼ 10𝑛” notation.

4 Results and Discussion

The systems for testing the new X2C implementation were selected in part for continuity with
our previous SO-RASSI study of HFC.19 These molecules are the radicals CH3, HSiS, SiSH and
TiF3, and three systems known to have particularly large relativistic effects on the HFC, namely
HgH, HgF and NpF6. This study includes three additional test systems, namely CeCl3−6 , the Er
atom, and the neutral and anionic TbPc2. The ground state of Er is 3𝐻6, with a known hyperfine
coupling constant, and therefore represents an interesting test for the capability to calculate the
HFC for a highly degenerate state via Equation (15). CeCl3−6 has a simple electronic structure,
and prior calculations are available for comparison. Finally, the TbPc2 complex (Figure 1 shown
later) and its anion were chosen because the system has attracted attention recently in the context
of single-molecule magnetism,71 and calculated HFC data were reported for the system, obtained
with nonrelativistic hyperfine operators in an SO-RASSI approach that was essentially equivalent
to the one of Ref. 19. Due to the large size of the ligand, truncated models for TbPc2 were set up
by removing peripheral atoms from the available crystal structures, and capping dangling bonds
by hydrogen atoms whose positions were subsequently optimized with DFT.

Table 1 gathers the isotropic HFC constants calculated with X2C. Available experimental data
are also provided in the table, or results from prior computations in case experimental data were
lacking. The scalar relativistic UHF calculations did not produce the PSO contributions and should
therefore be compared with the corresponding FC+SD data from the SO-RASSI calculations.
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Table 1: Calculated Isotropic Hyperfine Coupling Constants
(MHz) and calculated 𝐴𝑧𝑧 element for the neutral and anionic
TbPc2 models

SO-RASSI UHF

active space FC SD FC+SD PSO Total FC+SD Lit.𝑎

CH3 𝑆̃ = 1∕2
C CAS(1,8) 0.02 0.00 0.02 −0.03 −0.01 126 108𝑐
C RAS[4/60] 113 0.00 113 0.00 113
C RAS[4/60]𝑏 117 0.00 117 0.00 117
H CAS(1,8) 0.00 0.00 0.00 0.00 0.00 −117 −64.5𝑐
H RAS[4/60] −58.0 0.00 −58.0 0.00 −58.0
H RAS[4/60]𝑏 −56.0 0.00 −56.0 0.00 −56.0

HSiS 𝑆̃ = 1∕2
H CAS(1,8) 190 0.00 190 0.05 190 312 335.7𝑑
H RAS[15/55] 257 0.00 257 0.08 257
Si CAS(1,8) −461 0.00 −461 −0.83 −462 −528
Si RAS[15/55] −468 0.00 −468 −1.13 −469
S CAS(1,8) 2.78 0.00 2.78 0.30 3.08 13.4
S RAS[15/55] 25.6 0.00 25.6 0.73 24.8

SiSH 𝑆̃ = 1∕2
Si CAS(1,8) 0.25 0.01 0.26 −3.62 −3.35 −80.5
Si RAS[15/55] −60.4 0.01 −60.4 −3.86 −64.3
S CAS(1,8) 16.1 0.00 16.1 0.16 16.3 10.4
S RAS[15/55] 6.84 0.00 6.84 0.17 6.98
H CAS(1,8) 59.9 0.00 59.9 0.05 59.9 102
H RAS[15/55] 92.1 0.00 92.1 0.05 92.1

TiF3 𝑆̃ = 1∕2
Ti CAS(1,5) −199 0.02 −199 −3.61 −203 −160 −185𝑒
Ti CAS(3,7) −189 0.08 −189 −8.52 −197
Ti RAS[14/55] −207 0.06 −207 −7.36 −215
F CAS(1,5) 4.24 0.00 4.23 1.66 3.73 −42.1 −24𝑒
F CAS(3,7) 4.93 −0.01 4.92 −1.04 3.87
F RAS[14/55] −23.9 −0.03 −24.0 −1.83 −25.7

HgH 𝑆̃ = 1∕2
Hg CAS(3,6) 7882 −1.79 7879 70.9 7951 8393 7002𝑓
Hg RAS[8/55] 6947 −1.49 6946 64.5 7010 7067𝑛

H CAS(3,6) 524 −0.02 524 0.74 525 608 710𝑓
H RAS[8/55] 628 −0.02 628 0.70 628
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HgF 𝑆̃ = 1∕2
Hg CAS(3,6) 16703 −0.39 16703 22.7 16726 25210 22127𝑔
Hg RAS[8/60] 20005 −0.31 20004 20.2 20024 18982𝑜

F CAS(3,6) −33.2 0.12 −33.1 −8.27 −41.4 463 578𝑔
F RAS[8/60] 413 −0.16 413 42.2 455

Er 𝑆̃ = 6
Er CAS(14,8) −0.07 −9.15 −9.22 −137 −146 −219 −120ℎ
Er RAS[12/40] 8.28 −9.50 −1.22 −138 −139
Er RAS[18/65] 20.2 −9.88 10.4 −137 −126

CeCl3−6 𝑆̃ = 1∕2
Ce CAS(1,8) 0.06 44.8 44.9 −254 −209 86.9 -280𝑖

Ce RAS[4/20] 0.06 44.9 44.9 −254 −209 -192𝑗

Ce RAS[12/40] 0.07 45.6 45.7 −253 −208
Ce RAS[18/60] −1.66 45.4 43.7 −254 −210

NpF6 𝑆̃ = 1∕2
Np CAS(1,7) 3.33 151 155 −1600 −1446 1888 −1995𝑘
Np RAS[12/40] −149 161 11.8 −1691 −1679
Np RAS[12/65] −283 167 −115 −1696 −1812
Np RAS[16/65] −312 168 −144 −1713 −1857

TbPc𝑙2 𝑆̃ = 1∕2
Tb neutral CAS(9,8) 14.3 770 756 6897 6141 6146𝑚

𝑆̃ = 1∕2
Tb anion CAS(8,7) 4.68 770 774 6891 6117 5992𝑚

𝑎 Literature data. In case of calculations, the corresponding values are italic. 𝑏Single
and double excitations RAS1/3 based on the same active space definitions, see Section 3.
𝑐Reference 129. 𝑑Reference130 𝑒Reference 131. 𝑓Reference 132. 𝑔1∕3 of sum of 𝑎

‖

and
2𝑎⟂ in Reference 133. ℎReference 134. 𝑖Four-component SCF Dirac scattered wave cal-
culation from Reference 108. 𝑗Two-component ZORA DFT/PBE-GGA calculation from
Reference 108. 𝑘Reference 124 𝑙Truncated TbPc2 models shown in Figure 1. 𝑚 SO-RASSI
calculations using non-relativistic hyperfine integrals, Reference 72. 𝑛 Finite nucleus scalar
X2C DFT/PBE0 calculation from Reference 53. 𝑜 Finite nucleus scalar quasi-relativistic
(zeroth-order regular approximation) DFT/PBE0 calculation from Reference 107.

Table 2 further facilitates a comparison between values calculated with the aforementioned
magnetic integrals and values calculated with the transformation-deactivated (picture-change un-
corrected) integrals.
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Table 2: Hyperfine coupling constants (MHz) calculated
from X2C wavefunctions with matching transformed hyper-
fine integrals versus nonrelativistic hyperfine operators𝑎 𝑏

SO-RASSI UHF

active space FC SD FC+SD PSO Total FC+SD Lit.

HgH
nonrel.
Hg CAS(3,6) ∼ 106 −1.79 ∼ 106 104 ∼ 106 ∼ 106 7002
H CAS(3,6) 524 −0.02 524 0.78 525 608 710
X2C
Hg CAS(3,6) 7882 −1.79 7879 70.9 7951 8393
H CAS(3,6) 524 −0.02 524 0.74 525 608

HgF
nonrel.
Hg CAS(3,6) ∼ 106 −0.39 ∼ 106 25.3 ∼ 106 ∼ 106 22127
F CAS(3,6) −37.7 0.12 −37.6 −8.34 −45.9 485 578
X2C
Hg CAS(3,6) 16703 −0.39 16703 22.7 16726 25210
F CAS(3,6) −33.2 0.12 −33.1 −8.27 −41.4 463

NpF6
nonrel.
Np CAS(1,7) 0.00 154 154 −1627 −1473 ∼ 105 −1995
Np RAS[12/40] −3602 168 −3438 −1717 −5150
X2C
Np CAS(1,7) 3.33 151 155 −1600 −1446 1888
Np RAS[12/40] −149 161 11.8 −1691 −1679

𝑎 ‘nonrel.’ indicates nonrelativistic magnetic integrals used in conjunction with X2C
wavefunctions. 𝑏The references for the experimental values are the same as those in
Table 1

4.1 CH3, HSiS, SiSH and TiF3

For these systems in their spin-doublet ground states, the HFC is dominated by the FC mechanism.
The SD contribution to the isotropic HFC is zero for a pure spin state, but it influences the tensor
components. When the atoms become heavier, and SO coupling starts to play a role in the HFC,
PSO contributions start to appear in the HFC, and the SD contribution to the isotropic coupling
is no longer zero. These trends is clearly visible in this subset of molecules.

For CH3, a minimal active space calculation not including the spin-polarization gives neg-
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ligible HFCCs. The unpaired electron is associated with the carbon 2p orbital perpendicular to
the molecular plane, and therefore does not create any spin density at the nuclei. A considerable
amount of spin-polarization can be recovered with the RAS[4/60] setup, which promotes single
electron excitations from the inner carbon 1s and three C-H bonding MOs. This effectively creates
an excess of 𝛼-spin density at the carbon nucleus. The McConnell spin polarization mechanism135

then leads to excess 𝛽-spin density at the protons, giving positive and negative signs for the FC
contributions for the C and H respectively. The agreement of the calculated HFC constants with
experimental data is good. A closer look at the composition of the RAS[4/60] ground state wave-
function indicated that the dominant determinant responsible for the spin polarization, with about
4% weight, corresponds to a 𝛽-spin hole in an orbital that is primarily carbon 1s and a 𝛽-spin
electron in an orbital that has large coefficients of hydrogen 1s basis functions. The UHF calcu-
lation produces the correct sign pattern in the spin-polarization, but severely overestimates the
magnitude at the protons.

Similar trends are present for several of the other HFC constants in this set of molecules:
The minimal active space generates a much too small FC contribution, and the increasing RAS
spaces facilitate the generation of the desired spin polarization. For an evaluation of the dynamic
electron correlation effects on the HFC, calculations were also performed with two electrons / two
particles in RAS1/3, using the RAS[4/60] active space for CH3. The results are within 2 MHz of
the simpler ‘singles’ approach, showing that—at least for this system—the chosen route for HFC
calculations is able to give reasonable results at relatively low computational cost. In the CI route,
a more balanced spin polarization is created by including higher substituted determinants in the
wavefunction, which drives down the energy and changes the weights of the singles and other
configurations.

The calculated electronic structures of the HSiS and SiSH radicals agree well with previous
work.136 The calculated HFC constants are mostly in good agreement with the previous SO-
RASSI calculations19 as far as the trends with increasing RAS space and the results with the
smallest and largest active spaces are concerned. An exception is Si in HSiS for which the un-
signed isotropic HFC in Ref. 19 is 611 MHz, whereas our present value is −469 MHz and closer
to the hybrid DFT result (−508) given in the cited reference. The discrepancies are due to us-
ing X2C transformed HFC integrals. Table S11 shows the results for HSiS and SiSH obtained
with the picture-change uncorrected hyperfine integrals. The FC contribution for Si and S atoms
is exaggerated by 10 to 20%, while the SD and PSO contributions remain mostly the same and
the proton HFCCs are not affected. The underestimation of the proton HFCC for HSiS com-
pared to the experimental value is possibly due to experimental conditions that were not modeled.
However, proton HFCCs were also underestimated for HXY type of molecules in the previous
RASSI study,19 compared to experiments or DFT results, which indicates insufficient spin po-
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larization in the calculation. Attempts to resolve the discrepancy by an extension of RAS1/3 to
two holes/electrons, further expansion of the RAS space, or by using experimentally determined
structure parameters were unsuccessful, yielding results within 3 MHz of the value reported in Ta-
ble 1. We tentatively attribute the discrepancy to basis set incompleteness and dynamic electron
correlation effects beyond those that we attempted to model.

The present results for TiF3 agree well with those reported in Ref. 19, which shows that the use
of non-relativistic hyperfine operators did not artificially inflate the important FC contributions.
The agreement with the experimental coupling constants for Ti and F is satisfactory. As for the F
ligand, the CAS(1,5) and CAS(3,7) active spaces both predict 𝛼-spin population on F in all of the
valence bonding orbitals, giving the opposite sign for the HFC coupling as the experiment. The
RAS[14/55] active space includes the Ti-F bonding orbitals with large F 2s character. As a result,
the Mulliken spin population from the fluorine s-type orbitals changes from 0.0003 to −0.0011.
The excess of 𝛽-spin density associated with fluorine s orbitals then leads to good agreement with
the experimental coupling constant.

4.2 Heavy element systems: HgH, HgF, Er, CeCl3−6 and NpF6

Due to the utterly severe picture-change errors for HFC constants of mercury, no such results
were reported in the previous SO-RASSI study.19 In these cases, the spin density of Hg is directly
associated with an unpaired orbital with large Hg 6s character, and a sampling of the relativistic
spin density by a Dirac delta produces un-physical results that vary over a wide range depending on
the flexibility of the basis set near the Hg nucleus. In the previous study, the reported Np hyperfine
coupling was in excellent agreement with the experiment. The coupling is dominated by the PSO
contribution. It was noted that the active space at the metal had to be chosen carefully such as to
avoid spin polarization of s orbitals, which would have caused large picture-change errors. We
take the opportunity to re-examine these cases here, along with additional heavy-element coupling
constants.

The results in Table 1 for HgH and HgF clearly demonstrate that the X2C SO-RASSI results
are reliable. With the RAS1/3 ‘singles’ approach the calculated coupling constants improve nicely
toward the available experimental data. The effect is rather dramatic for F in HgF. It appears that
the RAS space used in Ref. 19 was still too small. It was further noted in the previous study that
(i) in DFT calculations the fluorine coupling constant in HgF is very sensitive to the functional
approximations, and (ii) the experimental isotropic coupling for HgF may be 578 or 318 MHz,
depending on whether the reported tensor components are assumed to have the same or opposite
sign. Our present best SO-RASSI coupling for F in HgF is between those two limits, but closer
to 578.
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Figure 1: Side and top views of the neutral TbPc2 molecules before (top) and after the truncation
(bottom). The structure of the anionic system is similar and not shown. Structures were taken from
Reference 127 and 128 for anionic and neutral TbPc2, respectively. The center atom in green is
Tb. Colors of green, black, and gray represent N, C, and H, respectively. The 𝑧 direction connects
the metal and the ligand centroids.

Table 2 provides data highlighting the breakdown of relativistic wavefunction calculations in
conjunction with non-relativistic HFC operators for heavy-atom HFC constants. Since the com-
parison is for illustrative purposes only, the results for HgH and HgF are based on the small active
spaces. Clearly, the Hg coupling constants with the non-relativistic operators are un-physical,
whereas the proton coupling constant is not at all affected. With the chosen basis set for fluorine,
the picture-change effect on its coupling constant is on the order of 10% even for this light atom.

The X2C data for the neptunium HFC in NpF6 in Table 1 show satisfactory agreement with the
experiment, with the best calculation giving a result that is a bit too low in magnitude. We decided
to forego calculations of the fluorine HFC in the present study, as it turned out to be very sensitive
to the chosen active space. As known from previous calculations, as already stated, the Np HFC
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is strongly dominated by the PSO contribution. As a reminder, this mechanism is caused by the
electron orbital angular momentum. In NpF6, the ground state orbital angular momentum is a re-
sult of the SO coupling of the 2𝐴2𝑢 ground spin state mainly with orbitally degenerate excited spin
doublets, and as such the PSO contribution disappears without SO coupling. It was demonstrated
in Ref. 19 that the presence of an isotropic SD contribution for NpF6 is also a consequence of the
SO coupling. Our present SD value, with the largest active space, is 168 MHz, in good agreement
with the value of 161 reported in the previous study. PSO is −1713 MHz with X2C (present work)
and −1623 reported previously. The data in Table 2 show that the differences are mainly caused
by the active space selection. The picture change effect on the PSO contribution is actually rather
small. Table 2 also shows that there is indeed a severe breakdown of the calculations when using
non-relativistic hyperfine operators, when the active space at the metal is increased, due to an
un-phsyical FC contribution. A comparison of the present X2C calculations to those reported in
Ref. 19 shows that, even with the carefully chosen RAS space in the previous calculations, the re-
sults were contaminated by a too large FC contribution. Some error cancellation with a too small
PSO contribution then led to near-perfect with the experiment. The present results, while slightly
further from the experiment, are robust.

For atomic Er, the ground state 3𝐻6 state is 13-fold degenerate, which means that in Equation
(15) the pseudo-spin 𝑆̃ is equal to 6. The CAS(14,8) active space gave the expected 6s24f12 con-
figuration with the 𝛼-spin population contained in the 4f orbitals. As a result, only SD and PSO
terms contributed to the HFC constant, with the isotropic SD appearing because of SOC. The
RAS[12/40] active space included the 4p,5s,4d, and 5p orbitals, in addition to 4f and 5s in RAS2.
The RAS[18/65] active space further included the 4s3d orbitals. The increased active space leads
to an improvement of the HFC constant toward the experiment, by generating a positive FC con-
tribution via spin polarization of the atomic outer core shells that cancels part of the dominant
PSO contribution. Since the scalar relativistic ground state, 3𝐻 , does have a large orbital angular
momentum, PSO is not primarily due to SO coupling. Quenching the AMFI spin-orbit integrals
for Er produces a 33-fold degenerate ground state corresponding to the 11 times 3-fold orbital
and spin degeneracy of the 3𝐻 term. The HFC calculation accordingly produces a sizable PSO
contribution, close to the total calculated HFC (54 MHz magnitude). The latter is smaller than
that calculated for the SO 3𝐻6 level, mainly because of the large degeneracy of the term. We note
in passing that the report of the measured HFC constant134 cited in Table 1 was accompanied by
theoretical results from a multi-configuration Dirac-Fock electronic structure method, which also
produced close agreement with the experiment upon introducing a RAS partitioning not unlike
ours to generate spin polarization.

The ground state of the CeCl3−6 complex is conceptually similar to that of NpF6, in that a
single un-paired electron is associated mainly with a non-bonding 𝑎2𝑢 valence f orbital. Therefore,
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similar to NpF6, the SO coupling then creates a dominant PSO contribution to the HFC constant,
along with a secondary SD contribution. As seen in Table 1, the absolute values of the coupling
contributions are smaller for CeCl3−6 than for NpF6. This is in part simply because the nuclear
𝑔 factor for 237Np is about four times that of 141Ce. This difference accounts essentially for the
different values of the SD contribution in the two molecules. However, as seen in the nearly
seven times different PSO contributions, the different results for the two complexes are not only
attributable to the ratio of the nuclear 𝑔 factors. The stronger SO coupling in the Np 5f shell surely
plays an important role as well, and so do the somewhat different ligand fields.

4.3 Neutral and anionic TbPc2

Our calculations for the TbPc2 systems were conducted to confirm that previously reported SO-
RASSI calculations72 with non-relativistic hyperfine operators did not suffer from large picture-
change errors, and to show the applicability of the X2C implementation to systems of interest in
the molecular magnetism and quantum information science fields—albeit with truncated models
of the ligands. Only the component of the hyperfine coupling tensor along the rotational axis
of the complex, denoted 𝑧 in Figure 1, is of interest. The perpendicular tensor components are
negligible. The X2C results are close to those reported in Reference 72 for the following reason:
The small active spaces do not allow for significant spin polarization to be generated in the metal’s
valence and outer core s orbitals. Significant spin polarization, however, would likely lead to a
breakdown of the HFC tensor, when non-relativistic hyperfine operators are used, similar to that
seen for NpF6 in Table 2.

5 Conclusion

The purpose of the present study was two-fold. First, we showed the general applicability of
RASSCF and SO-RASSI calculations for the purpose of determining electron-nucleus hyperfine
coupling constants. The approach works reasonably well across the set of systems used for testing.
Nonetheless, for simple radicals, density functional and coupled-cluster theory are likely to remain
the methods of choice, because they treat the spin polarization in a ‘black box’ fashion along with
the dynamic correlation. Caveats remain with those methods, too, such as spin contamination in
DFT. The SO-RASSI approach becomes an attractive—or preferred—alternative in more difficult
cases with spatial degeneracies or SO coupling, i.e. when the wavefunctions acquire pronounced
multi-reference character.

Second, we showed that the relativistic X2C framework used for the present study offers a
straightforward and simple solution to the problems that plagued a previous SO-RASSI imple-
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mentation with nonrelativistic hyperfine operators. Somewhat unexpectedly, the X2C results for
NpF6 show that even with the carefully limited active space used in the previous study to determine
the metal HFC constant, it appears that the previous results were contaminated by picture-change
errors from the FC contribution.

The HFC operator matrix was obtained with the X2C transformation used for the one-electron
Hamiltonian in the absence of magnetic fields. For many-electron systems, this is an approxima-
tion. However, the present results, as well as those from a previous DFT study based on the same
approach, indicate that the approximation is not severe, especially when compared to other fac-
tors to which hyperfine coupling is sensitive, such as the dynamic electron correlation. Note, that
the X2C transformed HFC operator matrices can also be used straightforwardly for calculating
important contributions to the NMR chemical shift that arise in paramagnetic molecules,68 in a
module that our group developed previously in Molcas / OpenMolcas using the non-relativistic
operators.69, 70 Eventually, we plan to release the code underlying the present calculations in open-
source form as part of OpenMolcas.
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