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Abstract

We develop and analyze an optimization-based method for the coupling of a static peri-
dynamic (PD) model and a static classical elasticity model. The approach formulates the
coupling as a control problem in which the states are the solutions of the PD and classical
equations, the objective is to minimize their mismatch on an overlap of the PD and classical
domains, and the controls are virtual volume constraints and boundary conditions applied at
the local-nonlocal interface. Our numerical tests performed on three-dimensional geometries
illustrate the consistency and accuracy of our method, its numerical convergence, and its
applicability to realistic engineering geometries. We demonstrate the coupling strategy as a
means to reduce computational expense by confining the nonlocal model to a subdomain of
interest, and as a means to transmit local (e.g., traction) boundary conditions applied at a
surface to a nonlocal model in the bulk of the domain.

Keywords: Peridynamic, nonlocal models, classical elasticity, coupling methods,
optimization, meshfree method, finite element method, boundary conditions.

1. Introduction

Nonlocal models have become viable alternatives to classical partial differential equation
(PDE) models for certain classes of problems, particularly those in which discontinuities
such as cracks are present. The use of these models is increasing in several scientific and
engineering applications such as fracture mechanics [34, 59], anomalous subsurface transport
[5, 19, 48, 49], phase transitions [7, 13, 30], image processing [1, 22, 33], stochastic processes
[6, 17, 40, 41], and turbulence [11, 42, 43]. In this work we specifically focus on mechanics
applications modeled by peridynamics, a nonlocal extension of continuum mechanics devel-
oped to capture discontinuities that result from material failure, as well as other phenomena
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[60, 61, 56]. However, several applications mentioned above, especially the ones where long-
range interactions are limited to finite regions, may benefit from the technique presented in
this work.

Spatial nonlocal operators are integral operators that embed length scales in their defini-
tion; the most general form of a nonlocal operator acting on a vector function u : Rd → Rd

is given by

L[u](x) =

∫
Bδ(x)

f(x,y;u) dy

where Bδ(x) is the ball centered at x of radius δ, usually referred to in the peridynamics
literature as the horizon or interaction radius. The horizon determines the extent of the
nonlocal interactions and embeds the characteristic length scale of the system. Furthermore,
since the integrand does not depend on the derivatives of u, the regularity requirements on
the solutions of nonlocal problems are minimal (as opposed to the case of PDEs).

While the integral form allows one to capture multiscale behavior and discontinuities,
it also poses theoretical and numerical challenges. Theoretical challenges include the lack
of a complete nonlocal theory [12, 18, 20], the nontrivial treatment of nonlocal interfaces
[2, 8, 55, 29] and nonlocal boundary conditions [24, 26, 31, 69, 71], which must be prescribed
in a volumetric region surrounding the domain of interest to guarantee the uniqueness of
the solution. Computational challenges are related to the integral form that may require
sophisticated quadrature rules, yielding discretized systems whose matrices are dense or even
full. Among the works dedicated to improving implementation of nonlocal discretizations
and numerical solvers for discretized nonlocal problems we mention variational methods
[4, 9, 16, 21] and meshfree methods [45, 58, 63, 65, 67].

Despite the recent tremendous effort towards improving the efficiency of nonlocal simu-
lations, the usability of nonlocal models is still hindered by their computational cost. This
work strives to improve the viability of nonlocal methods for systems in which nonlocal mod-
eling can be restricted to certain subregions within the overall domain. It is often the case
that in engineering mechanics problems, the application of a nonlocal model is advantageous
only in specific regions of a body, for example due to the presence of cracks. In these circum-
stances it is natural to model the material displacement with a nonlocal description in the
proximity of the discontinuity and to use classical PDE models elsewhere, so that the bulk
of the computation is concentrated only on select nonlocal regions. Furthermore, by using
local models far from these regions, many classical codes that contain an array of features
not widely available in peridynamics codes (such as structural elements) can be exploited.

The approach of unifying local and nonlocal models within a single computational frame-
work is known in the literature as Local-to-Nonlocal (LtN) coupling and has been the subject
of very active research during the last decade. According to the review paper [25], LtN
approaches can be divided in two categories: constant horizon approaches, where the nonlo-
cal region is characterized by a constant value of the horizon and the transition to the local
region is abrupt, and variable horizon approaches, characterized by a smooth transition from
the nonlocal to the local region by means of a varying horizon. Among the first category
we mention Optimization-Based Methods (OBM) [14, 15, 23, 28], partitioned procedures
[68, 70], Arlequin approaches [36, 66], morphing methods [35, 39], quasi-nonlocal methods
[27, 37], blending methods [50, 51], and splice methods [32]. Among the second category
we mention shrinking horizon methods [62] and partial stress methods [57]. A common
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feature of all these methods is the fact that the domain of interest is divided into possibly
overlapping nonlocal and local regions under the assumption that there exists a local model
that accurately describes the behavior of the system when the nonlocal effects vanish. As
we describe in more detail below, the most widely used nonlocal models for mechanics con-
verge (pointwise or in norm) to a well-known PDE model [51] as the extent of the nonlocal
interaction vanishes, i.e., as δ → 0.

Building on our previous work on OBM for nonlocal diffusion problems [14, 23, 28] and
our preliminary results on OBM for mechanics [15], in this work, we propose a physically con-
sistent and non-intrusive OB coupling scheme for the coupling of a state-based peridynamic
model and a classical, linear elasticity model. Specifically, we address the LtN coupling of
the Linear Peridynamic Solid (LPS) model [56] and the Navier-Cauchy classical model. The
main feature of OBMs, that distinguishes these methods from other LtN techniques, is the
fact that coupling conditions between local and nonlocal models are prescribed weakly, via
optimization, while the local and nonlocal equations act as constraints of the optimization
problem. More specifically, OBMs are formulated as optimization problems where the ob-
jective functional is the norm of the mismatch between local and nonlocal displacements in
the overlap of the local and nonlocal subdomains, the constraints are the local and nonlocal
equations in their respective subdomains, and the control variables are the local boundary
condition and nonlocal volume constraint on the fictitious interfaces induced by the domain
decomposition.

We summarize the main advantages OBMs below.

1. The constraints are fully decoupled, i.e. they can be solved independently, as opposed
to other coupling methods such as blending approaches that introduce hybrid models
via linear combination of local and nonlocal forces or energies. As a consequence,
OBMs may be applied either within a unified computational framework, or within
a framework in which the local and nonlocal models are evaluated independently, as
so-called black boxes.

2. An immediate consequence of 1 is that nonlocal and local discretizations, grids, and
software can be different and independent. In fact, the only firm requirement is that
the nonlocal and local solutions be compared on the overlap region, such that a simple
evaluation or projection operator suffices. Additional information, for example evalu-
ation of gradients, are optional depending on the nature of the optimization strategy
employed. These facts make OBMs extremely flexible in terms of implementation.

3. OB solutions inherit the mathematical and numerical properties of the constraints.
More specifically: when the constraints are well-posed problems, the OB formulation
is also well-posed. Moreover, the overall numerical convergence properties of the OB
solutions are the same as those of the schemes used for the discretization of the con-
straints (as illustrated by three-dimensional numerical tests in the current study).

4. OBMs for LtN coupling are amenable to the conversion of local (e.g., surface) boundary
conditions to nonlocal volume constraints. It is often the case that volume constraints,
necessary for the well-posedness of nonlocal equations, are not readily available. By
placing a local model in the vicinity of the boundary, one can use available surface data
as boundary conditions for the local model and utilize the coupling scheme to transmit
the effect of the boundary conditions to the nonlocal domain. A demonstration of this
technique is presented in Section 5.

3



The major contribution of this manuscript is consolidation of OB coupling methods for
mechanics problems in three dimensions by demonstrating their consistency and convergence
properties and by illustrating their applicability on representative test cases. Additionally,
we show how to employ this technique to facilitate the prescription of boundary conditions
in the absence of volumetric (nonlocal) data.

Outline of the paper. In Section 2 we describe the peridynamic model and its classical coun-
terpart, i.e. the classical linear elasticity equation. In Section 3 we introduce the OB cou-
pling scheme and highlight some of its properties. In Section 4 we provide details on the
discretization techniques used in this work, namely, a meshfree approach for the LPS model
and the finite element method for the classical model. Finally, in Section 5 we illustrate the
consistency, accuracy, and applicability of our scheme using numerical examples.

2. The peridynamics model and its local counterpart

In this section we introduce the static, linearized peridynamic equilibrium equation [56]
and its corresponding local limit, i.e. the classical Navier-Cauchy equation of static elasticity.

Given the bounded body Ω ⊂ R3 with boundary ∂Ω = Γ, the general peridynamic
equation of the motion at the material point x ∈ Ω at time t ≥ 0 is given by

ρ(x, t)
∂2u

∂t2
(x, t) =

∫
Ω

{T[x, t]〈x′ − x〉 −T[x′, t]〈x− x′〉} dVx′ + b(x, t).

Here, ρ : Ω×R+→ R+ is the mass density, u : Ω×R+→ R3 is the displacement field,
b : Ω×R+→R3 is a given body force density and T : Ω×R+→R(3,3) is the force state field.
The latter represents the force state at (x, t) that maps the bond 〈x′ − x〉 to force per unit
volume squared. For simplicity, in this work we consider the static problem, for which the
equilibrium equation reads

−Ln[u](x) := −
∫

Ω

{T[x]〈x′ − x〉 −T[x′]〈x− x′〉} dVx′ = b(x). (1)

A fundamental assumption in nonlocal modeling is that a material point x interacts with
material points in a ball centered in x of radius δ, which we refer to as the horizon or nonlocal
interaction radius. Formally, this nonlocal neighborhood is given by

Bδ(x) = {x′ ∈ Ω : |x− x′| ≤ δ},

As a consequence, we require that the force state field satisfies the following property:

T[x]〈x′ − x〉 = 0, ∀x′ /∈ Bδ(x).

Equation (1) is solved in the body ω⊂Ω and Dirichlet volume constraints are prescribed
in a volumetric layer η surrounding ω. These domains are such that Ω = ω ∪ η, see Figure
1 for a two-dimensional illustration. The thickness of η depends on the definition of T and
guarantees, together with other conditions, that the peridynamics problem is well-posed.
According the Linear Peridynamic Solid (LPS) model considered in this work [56], for all
x ∈ Ω, the force state field T is defined as

T[x]〈ξ〉 =
κ(|ξ|)
m

{
(3K − 5G) θ(x)ξ + 15G

ξ ⊗ ξ
|ξ|2

(u(x+ ξ)− u(x))

}
, (2)
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Figure 1: A domain configuration in two-dimensions.

where ξ = x′−x, K is the bulk modulus, G is the shear modulus, and the linearized nonlocal
dilatation, θ :Ω→R, is defined as

θ(x) =
3

m

∫
Bδ(0)

κ(|ζ|) ζ ·(u(x+ ζ)− u(x)) dVζ, with m =

∫
Bδ(0)

κ(|ζ|) |ζ|2 dVζ.

The spherical function κ is referred to as the influence function; it determines the support
of force states and modulates the bond strength [54, 56]. With this choice of T, we define
the volumetric layer η as

η = {x′ ∈ Ω : |x′ − x| < 2δ} ∀x ∈ Γ, (3)

whose thickness is double the size of the horizon. As mentioned before, this choice guarantees
that the peridynamic operator can be evaluated for any point in ω, up to its boundary ∂ω.
This is due to the fact that θ introduces an additional integral in the definition of Ln; thus,
we have a double integral over Bδ(0)×Bδ(0), i.e. for every point x, we need values of the
displacement in B2δ(x).

Using the linearized LPS force state field in (2) the three-dimensional peridynamic equa-
tion is then formulated as follows. Find u ∈ [L2(Ω)]3 such that{

−LLPS[u](x) = b(x) x ∈ ω

u(x) = g(x) x ∈ η.
(4)

Here, g ∈ [L2(η)]3 is the volumetric Dirichlet data and LLPS is the nonlocal operator Ln
corresponding to the choice of T as in (2), i.e.

LLPS[u](x) :=

∫
Bδ(0)

κ(|ξ|)
m

{
(3K − 5G)(θ(x) + θ(x+ ξ))ξ

+ 30G
ξ ⊗ ξ
|ξ|2

(u(x+ ξ)− u(x))

}
dVξ.

(5)

The linearized LPS model (5) has two important properties that one can exploit to choose
a viable candidate for the local model and perform consistency and converge tests for the
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Figure 2: An example LtN domain configuration in two-dimensions.

coupling method. First, the limit for δ → 0 (i.e., when the nonlocal interactions vanish) is
the classical Navier-Cauchy equation (NCE) of static elasticity [53]:

−LNC[u](x) := −
[(
K +

1

3
G

)
∇(∇ · u)(x) +G∇2u(x)

]
= b(x), (6)

where K, G and b are defined as in (2), or equivalently,

−∇ · σ[u](x) = b(x), where

σ[u] = λ(∇ · u)I + µ(∇u +∇uT )

(λ, µ) =
(
K − 2G

3
, G
)
,

(7)

where I is the identity tensor. Note that the latter equation is the classical linear elas-
ticity equation in terms of the Lamé constants (λ, µ). This implies that the NC model is
a fair approximation of the peridynamics model for sufficiently regular solutions and, as a
consequence, it can be used as the local model in the coupling strategy.

Furthermore, the linearized LPS model equates to the classical NCE model when the dis-
placement field is quadratic [53, Proposition 1]. This property provides analytical solutions
for the LPS model for the quadratic patch test and numerical convergence tests presented
in Section 5.1.

3. Optimization-based LtN formulation

To construct the continuous formulation of the coupling procedure, we first introduce
a partitioning of the domain Ω into a nonlocal subdomain Ωn and a local subdomain Ωl,
with boundary Γl, such that Ωn = ωn ∪ ηn and Ωn ∩ Ωl = Ωo 6= ∅. A two-dimensional
illustration of this strategy is given in Figure 2. As is common in LtN coupling methods, we
assume that the linearized LPS model (5) provides an accurate description of the material
behavior in Ωn whereas the local NC model gives a fair representation in the remainder of the
domain. In OBM approaches to coupling, the main idea is to formulate the coupling as an
optimization problem where the difference between the nonlocal and the local displacements
is minimized on the overlap Ωo by tuning their values on the virtual interfaces induced by the
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partition, i.e. the virtual interaction volume ηc and the virtual boundary Γc. Let ηD = η∩ηn
and ΓD = Γ ∩ Γl be the physical interaction volume and boundary where we prescribe the
given Dirichlet data. We define the virtual control volume and boundary as ηc = ηn \ηD
and Γc = Γl\ΓD. We then pose the peridynamics problem on the nonlocal domain ωn and
the classical NC problem on the local domain Ωl. This results in the following systems of
equations.

−LLPS[un](x) = b(x) x ∈ ωn

un(x) = g(x) x ∈ ηD

un(x) = νn(x) x ∈ ηc


−LNC[ul](x) = b(x) x ∈ Ωl

ul(x) = g(x) x ∈ ΓD

ul(x) = νl(x) x ∈ Γc.

(8)

Here, νn ∈ [L2(ηc)]
3 and νl ∈ [H1/2(Γc)]

3 are the unknown volume constraint and boundary
condition. The systems (8) act as constraints to the optimization problem, while (νn,νl) act
as control variables. As a result, we aim at solving the following optimization problem:

min
un,ul,νn,νl

J (un,ul) =
1

2

∫
Ωo

|un − ul|2 dx subject to (8). (9)

Upon solution of (9), we denote the optimal controls by ν∗n and ν∗l , and the corresponding
optimal displacements by u∗n = un(ν∗n) and u∗l = ul(ν

∗
l ). Then, the optimal coupled solution

is defined as

u∗ =

{
u∗n x ∈ Ωn

u∗l x ∈ Ωl \ Ωo.
(10)

Remark 1. The well-posedness of the minimization (9) has been rigorously studied in [28]
and [23] for nonlocal Poisson’s problems with Dirichlet and Neumann conditions in a multi-
dimensional setting. Further considerations on the well-posedness in the context of peridy-
namics models can be found in [15].

4. Numerical solution of the optimization-based LtN formulation

For the linearized LPS model described in Section 2 we utilize the meshfree approach
of Silling and Askari [61]. We discretize the nonlocal domain using a set of material points
{xi}Nni=1 ⊂ Ωn, and associate with each material point xi a volume Vi such that

∑Nn
i=1 Vi = Ωn.

For every point xi we approximate the operator LLPS as follows

LhLPS[xi] :=
∑
j∈Fi

{T[xi]〈xj − xi〉 −T[xj]〈xi − xj〉} V (i)
j , (11)

where xi and V
(i)
j serve as quadrature points and weights and Fi represents the family of

xi, i.e., the set of all points xj in Ωn that are within a distance of δ from xi. Here, the xj
is chosen to coincide with the reference position of the jth node and the quadrature weight2

V
(i)
j is the volume associated xj. The vector of degrees of freedom of the discrete nonlocal

solution at the material points is denoted by ~un = [~u 1
n , ~u

2
n , ~u

3
n ], with ~u kn ∈ RNn .

2Details regarding the computation of V
(i)
j can be found in [53].
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We discretize the NC model in (6) by the finite element (FE) method using continuous
piecewise linear basis functions. As it is standard, the FE implementation is not discussed
in detail. We denote the vector of degrees of freedom of the local discrete solution by
~ul = [~u 1

l , ~u
2
l , ~u

3
l ], with ~u kl ∈ RNl where Nl is the number of degrees of freedom of each

spatial component over the FE computational mesh.
Although the peridynamics equation and the NC equation do not directly interact, the

difference of the corresponding solutions must be computed on the overlap region Ωo. To
this end, we introduce the nonlocal and local selection matrices that allow us to compute
an approximation of the cost functional. Let Sn ∈ RNo,Nn be the matrix that selects the
components of ~u kn in Ωo and Sl ∈ RNo,Nl be the operator that evaluates ~u kl at the material
points {xi} ∈ Ωo. Formally, given the FE basis functions {φj}Nli=1, the selection matrices are
defined as

(Sn)ij := δij and (Sl)ij := φj(xi), ∀xi ∈ Ωo.

Then, we define the discrete functional as

Jd(~un, ~ul) =
1

2

No∑
i=1

3∑
k=1

|(Sn~u kn )i − (Sl~u
k
l )i|2 Ṽi, (12)

where Ṽi is the volume associated with the ith material point, properly scaled.

5. Numerical tests

In this section we report the results of several numerical tests performed on three-
dimensional geometries. The purpose of these experiments is, first, to illustrate the con-
sistency and accuracy of our method via patch tests and numerical convergence studies,
and, second, to demonstrate the applicability of our approach for realistic engineering ge-
ometries. We also show that our coupling approach can be used to circumvent the nontrivial
prescription of “nonlocal boundary conditions”, or volume constraints, when only surface
data are available. We start by providing some details on the software used for the simula-
tions. These are followed by consistency and convergence tests with manufactured solutions.
We then consider examples of coupling in the presence of cracks and provide an example of
prescribing boundary conditions via OB coupling.

The simulations presented in this work were performed using Peridigm [44, 46] and Al-
bany [47, 3], two open-source codes developed primarily at Sandia National Laboratories.
Peridigm is a peridynamics code for solid mechanics based on the meshfree approach of
Silling and Askari [61, 38], and Albany is a FE code for the simulation of several physical
systems governed by PDEs. Both Peridigm and Albany are C++ codes designed for use on
large-scale parallel computing platforms. For the current study, Peridigm and Albany were
coupled directly, resulting in a single executable in which the peridynamic and FE contri-
butions are treated in a unified fashion and the implicit solver acts on a single, monolithic
system. Routines in the Peridigm code base are used to evaluate peridynamic forces and the
corresponding entries in the tangent stiffness matrix. The Albany code handles most remain-
ing aspects of the computation, including FE assembly for the NC equation, computation
of the discrete functional and its derivative, and solution of the state and adjoint systems
necessary for the numerical solution of the optimization problem, conducted by means of the
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LBFGS algorithm. The Peridigm and Albany codes, and the software infrastructure devel-
oped in this study to couple them, rely heavily on several Trilinos [64] packages, including
ROL for solution of the optimization problem, Epetra for the management of parallel data
structures, Intrepid for FE assembly, and Ifpack and AztecOO for the preconditioning and
solution of the linear systems.

5.1. Patch tests and convergence study

We consider analytic solutions of the coupling problem in order to perform patch tests and
a convergence study. We utilize linear displacement fields for the patch test and quadratic
displacement fields for the convergence study. As discussed above, it can be shown (see
[53]) that equations (4) and (6) are equivalent for quadratic displacements, thus the known
analytical solution to the local problem also holds for the nonlocal problem under this con-
dition. In our tests we let Ω+ = [0, 1]3 and Ω = [2δ, 1 − 2δ]3, so that the thickness of the
external layer where the volume constraints are prescribed is twice the size of the horizon.
Specifically, for x = (x, y, z), we consider the following data sets.

I: linear

u`(x) = (x, 0, 0), b`(x) = 0, g`(x) = u`(x).

II: quadratic

uq(x) = (x2, 0, 0),

bq(x) = (−304.49, 0, 0), obtained by substitution of u in (6),
gq(x) = uq(x),

(λ, µ) = (109.62, 73.08) (Lamé parameters representative of stainless steel).

To assess the accuracy of the coupled solution, we consider the `2 norm of the difference
between the vectors of the computed displacements and the analytic displacements ~u∗ at
the nonlocal and local degrees of freedom, i.e.

errorn = ‖~un − ~u∗‖`2

errorl = ‖~ul − ~u∗‖`2
(13)

where ~u∗ is either u` or uq evaluated at the appropriate degrees of freedom.
We perform a linear patch test to verify the consistency of the method; to this end, we

prescribe b and g as in case I above3. Numerical results indicate a perfect match of the
nonlocal and local solutions on the overlap and show that the coupled solution is ε-machine
accurate with respect to u`. This happens because linear solutions can be approximated
exactly by both the peridynamic and FE discretizations.

Results of the convergence tests are reported in Figure 3. Here, we prescribe b and g
as in case II above. For decreasing values of h, we report the errors corresponding to the
nonlocal and local solutions, according to (13), using a log-log scale. We observe a linear
rate of convergence for the nonlocal solution and a quadratic rate of convergence for the local
solution, see the average rate, 〈rate〉, reported in the figure. This is in line with theoretical
results for the meshfree nonlocal discretization utilized in the nonlocal region [52, 53], and
for the piecewise linear finite element approximation utilized in the local region [10, 28].

3For more numerical tests regarding linear and quadratic patch tests in three-dimensional settings we
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Figure 3: Convergence plots for the nonlocal (left) and local (right) portions of the coupled model.

5.2. Geometries with cracks

Peridynamic models are advantageous for modeling cracks because the governing equa-
tions remain valid in the presence of material discontinuities. We investigate the performance
of the OB coupling scheme for this class of problems using a three-dimensional bar with a
crack. We assign material parameters that are representative of steel alloys, as shown in
Table 1.

Parameter Prenotched bar Compact Tension

Horizon 1.00 mm 0.30 mm

Poisson’s ratio 0.3 0.27

Bulk modulus 140.0 GPa 150.0 GPa

Table 1: Material parameters for the bar and compact tension experiments.

5.2.1. Prenotched rectangular bar

This experiment considers a prenotched bar described by the geometry Ω := [−18, 18]×
[−4, 4]× [−2, 2], where the unit of length is mm. See Figure 4 for an illustration of a cross-
section along the XY plane. The local solution domain, boundary regions, and control
regions are given by

Ωl := ((−18,−2)× [−4, 4]× [−2, 2]) ∪ ((2, 18)× [−4, 4]× [−2, 2])

ΓD := ({−18} × [−4, 4]× [−2, 2]) ∪ ({18} × [−4, 4]× [−2, 2])

Γc := ({−2} × [−4, 4]× [−2, 2]) ∪ ({2} × [−4, 4]× [−2, 2])

(14)

The nonlocal solution domain and control regions are given by

ωn := (−3.5, 3.5)× [−4, 4]× [−2, 2]

ηc := ([−5,−3.5]× [−4, 4]× [−2, 2]) ∪ ([3.5, 5]× [−4, 4]× [−2, 2])
(15)

refer the interested reader to [15].
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ωn

ηc

13.0 mm
14.5 mm

16.0 mm
18.0 mm

36.0 mm

Figure 4: XY cross section of the geometry for the prenotched bar experiment in which Dirichlet boundary
conditions are imposed. The nonlocal model is applied in the vicinity of the prenotch, and the local model
is applied elsewhere.

In addition, a prenotch region P is described by

P := {0} × [1, 4]× [−2, 2]. (16)

The prenotch is modeled in the numerical experiment by omitting all bonds crossing P .
Our choice of domain decomposition is dictated by the fact that the nonlocal model is
advantageous in the vicinity of the prenotch, while the local model is sufficient far from it.
The nonlocal and local computational domains are further illustrated in Figure 5, where
material points in the nonlocal model are rendered as spheres and the hexahedral FE mesh
corresponds to the local model.

A prescribed displacement boundary condition is applied in the x direction on the local
boundary region ΓD, specifically −0.05 mm at x = −18.0 mm and 0.05 mm at x = 18.0 mm,
resulting in tensile loading. Stress-free conditions are employed on the remaining surfaces,
i.e., a homogeneous Neumann volume constraint and boundary condition for the nonlocal and
local problems, respectively. To eliminate rigid body modes, additional zero displacement
boundary conditions are applied in the y direction along the edges defined by x = −18.0 mm
, y = −4.0 mm and x = 18.0 mm, y = −4.0 mm, and in the z direction along the edges
defined by x = −18.0 mm, z = −2.0 mm and x = 18.0 mm, z = −2.0 mm. The results of the
experiment are shown in Figure 5. As expected, the influence of the crack on the displacement
is restricted predominantly to the nonlocal region, and the OB coupling provides a smooth
transition between the local and nonlocal models.

5.2.2. Compact tension experiment

To investigate the viability of the OB coupling method on a more realistic engineering ge-
ometry, we consider the compact tension test specimen illustrated in Figure 6. The compact
tension test is a common laboratory experiment for the evaluation of material properties,
such as fracture toughness, that are related to material failure. We employ a compact tension
test geometry based on the ASTM E399 - 20 standard, although we reduce the thickness to
decrease computational expense. As in the case of the prenotched bar in Section 5.2.1, the
compact tension test simulation demonstrates the ability of the coupling strategy to permit
models in which peridynamics is applied to regions where cracks are present, and a less com-
putationally expensive classical FE model is applied elsewhere. The local-nonlocal interface
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(a) X component displacements.

(b) Y component displacements

(c) Z component displacements

Figure 5: Results of the bar experiment with prescribed displacements of −0.05 mm at x = −18.0 mm and
0.05 mm at x = 18.0 mm (see Figure 4). Displacements are magnified by a factor of 15 for the purpose of
illustration.
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Figure 6: XY cross section of the geometry for the compact tension test. Dirichlet boundary conditions are
imposed on ΓD, where we impose a displacement of 〈0.0, 0.03, 0.0〉mm in the top hole and a displacement
of 〈0.0,−0.03, 0.0〉mm in the bottom hole.

is placed sufficiently far from the crack tip such that the material response in the overlap re-
gion is smooth and well behaved. Prescribed displacement boundary conditions are applied
at the holes, which is representative of the physical laboratory experiment in which pins
connected to a material testing machine are used to load the specimen. It is noted that in
this configuration, loading is transmitted to the peridynamic region only though the coupling
interface; nonzero user-prescribed boundary conditions are confined to the local model. The
results of the simulation are presented in Figure 7. The deformations are consistent with the
applied loading, and no unphysical artifacts are apparent in the overlap region.

The simulations carried out in the present study are static, i.e., the coupled Peridigm-
Albany code solves for the equilibrium configuration corresponding to a single set of pre-
scribed boundary conditions. Extending the code capabilities to enable quasi-static simu-
lations that include stable crack propagation emanating from the prenotch is a subject of
future work.

5.2.3. Conversion of local to nonlocal boundary conditions in a prenotched bar

A notable use case for LtN coupling is the conversion of local boundary conditions into
nonlocal volume constraints. This is important because surface traction boundary conditions,
commonly applied in traditional FE models to represent pressure loading, or similar, cannot
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(a) Displacement in x. (b) Displacement in y.

(c) Displacement in z. (d) Magnitude of displacement.

Figure 7: Compact Tension Experiment with Dirichlet Boundary Conditions
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be applied directly to a nonlocal model. Instead, to ensure uniqueness of solution for the
nonlocal problem, tractions must be converted from two-dimensional surface loads for use in
a local model to three-dimensional volume constraints for use in a nonlocal model.

We demonstrate the OB coupling method for conversion of traction boundary condi-
tions to nonlocal volume constraints using the model of a bar illustrated in Figure 8. The
computational domain is defined as Ω := [−16, 16] × [−4, 4] × [−2, 2], where the unit of
length is millimeters. The local solution domain, boundary regions, and control regions are,
respectively, given by

Ωl := ((−16,−8)× [−4, 4]× [−2, 2]) ∪ ((8, 16)× [−4, 4]× [−2, 2])

ΓD := ({−16} × [−4, 4]× [−2, 2]) ∪ ({16} × [−4, 4]× [−2, 2])

Γc := ({−8} × [−4, 4]× [−2, 2]) ∪ ({8} × [−4, 4]× [−2, 2])

(17)

The nonlocal solution domain and control regions are, respectively, given by

ωn := (−14.5, 14.5)× [−4, 4]× [−2, 2]

ηc := ([−16,−14.5]× [−4, 4]× [−2, 2]) ∪ ([14.5, 16]× [−4, 4]× [−2, 2])
(18)

In addition, a prenotch region P is described by

P := {0} × [1, 4]× [−2, 2]. (19)

In the numerical experiment, all bonds crossing P are omitted from the simulation. On the
local boundary region ΓD, a prescribed traction of τ = −1700.0 MPa in the x direction at x =
−16.0 mm and a prescribed displacement of 0.0 mm in the x direction at x = 16.0 mm are
imposed. To eliminate rigid body modes, additional zero displacement boundary conditions
are applied in the y direction along the edge defined by x = 16.0 mm, y = −4.0 mm, and in
the z direction along the edge defined by x = 16.0 mm, z = −2.0 mm.

In contrast to the prenotched bar experiment in Section 5.2.1, the nonlocal region is
not restricted to the vicinity of the prenotch and instead encompasses the entire bar. This
approach allows us to observe the specific nonlocal volume constrains that correspond to
the local boundary conditions at the ends of the bar. Of particular interest are the nonlocal
volume constraints that correspond to the traction boundary condition applied to the face at
x = −16.0 mm. The nonlocal volume constraints, which are virtual constraints determined
by solution of the OB coupling problem, give insight into how nonlocal volume constrains
could be applied in a purely nonlocal simulation to reproduce the effect of traction loading
in a comparable local simulation. This conversion technique is similar to the approaches
introduced in [24, 26].

The results for this experiment are shown in Figures 9, 10, and 11. Displacement results
for both the local and nonlocal dommains are shown in Figure 9 and are consistent with
the expected behavior. Displacement and force density results for the nonlocal model in the
direct vicinity of the boundary conditions at the ends of the bar are presented in Figures 10
and 11. The data in Figure 10 correspond to the end of the bar at x = 16.0 mm, adjacent to
the local Dirichlet boundary conditions. We see that the displacements in the nonlocal model
vary approximately linearly over this region. This is an intuitive result, and it suggests that
a fair approximation of the prescribed displacement volume constraints for a comparable
purely nonlocal model could be determined simply by assuming a linear displacement field
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Figure 8: XY cross section geometry for the prenotched bar experiment in which a Dirichlet boundary
condition is imposed on the right end of the bar and a Neumann boundary condition is imposed on the left
side of the bar.

in this region. It is noted that the force density results in Figure 10 reflect the influence
of the applied loading, the free surfaces, and the fixed displacement boundary conditions
applied to the local model to prevent rigid body modes.

Results in Figure 11 show the displacements and force densities for the nonlocal model
directly adjacent to the traction boundary condition that is applied to the local model. The
displacement field is again approximately linear, which is consistent with the expected be-
havior. The force density field is much more complex, however, which is a reflection of the
nonlocal interactions between material points in the peridynamic model. These interactions
are dictated by the nonlocal material model, the geometry (e.g., free surfaces), the discretiza-
tion, and the value of the horizon. A goal of the current study is to illustrate the complexity
of determining prescribed force density volume constraints for a purely nonlocal model that
approximate the effect of traction boundary conditions in a comparable local model, and to
provide a systematic approach for doing so via LtN coupling.

6. Summary

In this study, we presented an optimization-based approach for local-to-nonlocal coupling
and demonstrated its effectiveness on a series of computational examples. The objective func-
tion for the optimization problem is the difference between local and nonlocal solutions in an
overlap region, the controls are virtual boundary conditions on the local and nonlocal models
at the coupling interface, and the models themselves act as constraints on the optimization
problem. Numerical examples on statics problems, carried out by coupling the Peridigm
and Albany codes, demonstrate the accuracy of the coupling method, its convergence behav-
ior, and its application to the geometry of a compact tension test experiment. The coupling
method is shown to be a viable means for carrying out simulations in which a nonlocal model
is applied in the vicinity of a discontinuity, such as a crack, and a less computationally ex-
pensive local model is applied elsewhere. The coupling approach is also shown to enable the
conversion of local boundary conditions, including tractions, to prescribed displacements or
force densities for the definition of nonlocal volume constraints. Future work includes ap-
plication of the coupling scheme for quasi-static problems that include stable crack growth,
and an investigation of its use for approximating nonlocal volume constraints in transient
dynamics simulations.
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(a) Displacement in x

(b) Displacement in y

(c) Displacement in z

Figure 9: Bar with Neumann-Dirichlet Boundary Conditions. Displacements are magnified by a factor of 15
to emphasize displacements.
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(a) Displacement in x (b) Displacement in y (c) Displacement in z

(d) Force density in x (e) Force density in y (f) Force density in z

Figure 10: Nonlocal boundary conditions corresponding to the local Dirichlet boundary condition.
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(a) Displacement in x (b) Displacement in y (c) Displacement in z

(d) Force density in x (e) Force density in y (f) Force density in z

Figure 11: Nonlocal boundary conditions corresponding to the local Neumann boundary condition.
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