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Abstract: In this paper, we deal with the charging scheduling optimization problem of electric vehicle using Stackelberg
game. Stackelberg game is one of game theory classified as hierarchical, repeating, and non-cooperative game. The charg-
ing station determines the price to maximize its own profit from selling energy and each EV determines the energy demand
to maximize the charge benefit by competing with other EVs. At this time, we guarantee that Nash equilibrium exists
within the EV group. Finally, using numerical simulation, we show that the game reaches an Stackelberg equilibrium.
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1. INTRODUCTION

In recent years, the development and practical use of
EV (Electric Vehicle) is progressing due to environmen-
tal problems. Compared with conventional gasoline and
diesel cars, EV has a remarkably short distance to travel
without charge. Therefore, when traveling over long dis-
tances typified by expressway driving, it is necessary to
plan the location and time of charging in advance. This
problem is called charging scheduling problem of EV.

In the United States, carriers such as Car Charging pro-
vide CS (Charging Station). In addition, in some parts of
China, the EV needs to charge by paying an additional fee
other than electric fee, and the price can be freely decided
by the CS operator [1]. In this way, as the number of CS
increases, price competition between CSs is expected to
intensify, and CS managers need to find a pricing method
that maximizes their revenue. Furthermore, it is also nec-
essary to consider that the number of chargers at the CS is
finite. If many EVs concentrate on one charging station,
the station manager will lose the profit, so it is desirable
that the usage rates of all the CSs be uniform. In other
words, the CS manager not only maximizes the profit by
selling energy to the EV, but also aims to place the EV at
each station desirably by controlling the price.

On the other hand, EV selects the CS according to
own purpose. Cooperative algorithm has already been
proposed for EVs to cooperate with each other and to
achieve scheduling [2]. However, it is not necessarily re-
alistic that the EVs cooperate with each other. Therefore,
it is necessary to consider situations where EVs behave
selfishly and compete against each other. In addition,
in many previous studies, the charge amount and service
time of EVs are assumed to follow the exponential distri-
bution, and the utility of each EV and the decision mak-
ing mechanism are not mentioned, and assumption that
all EVs are uniformly fully charged. In reality, it is un-
natural that all the EVs are fully charged, and EV should
consider that the charge amount can be freely determined
in the scheduling problem. Even in this point, it can be
said that considering the macro situation where EVs com-
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pete with each other is useful.

The main contribution of this paper is a proposition of
non-cooperative scheduling algorithm using the Stackel-
berg game [3] classified as a hierarchical, repetitive, and
noncooperative game in which EVs and CSs are regarded
as players, respectively. The advantage of the Stackelberg
game is that it can capture the behavior of the player mi-
croscopically and the order of action is determined by the
hierarchy. That is, we can express the competition mech-
anism between EVs and the order of behavior decision
between CS and EV, and we can propose more realistic
algorithm [4]. However, the equilibrium in the Stackel-
berg game is generally difficult to theoretically analyze,
and many of them are limited to numerical solutions [5].

In this paper, we model the flow of EV, the transition
of the number of vehicles in CS, and battery of EV. After
that, formulate the one-leader multi-follower Stackelberg
game with EVs as followers and CS as a leader. Further-
more, we discuss the solution of Stackelberg game, and
indicate the global Nash equilibrium necessary to show
the existence of Stackelberg equilibrium, and propose
noncooperative optimal charge scheduling algorithm. Fi-
nally, confirm that the proposed algorithm achieves equi-
librium using numerical simulation.

2. PROBLEM STATEMENT

An overview of the network used in this research is
shown in Fig.1. Each CS belongs to the same administra-
tor and exchanges information with each other. When
CS interval is assumed to be 7T, each station presents
the charging price to each vehicle at the scheduling time
k =nT(n = 1,2,...). This exchange is done through
V2I and I2V. In addition, each EV communicates with
other surrounding EVs to determine their desired charg-
ing demand while maintaining a non-cooperative attitude
towards other EVs. Setting up such a network is reason-
able considering that most CSs are connected to the net-
work for paying credit cards, and car navigation systems
are installed in EVs.
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2.1. EV flow and CS model

The first component of the model describes the flow
of EVs on the highway. Entrances/exits or CS to each of
which we associate one node of the network. Let the total
number of nodes be N. We consider a chain topology in
which node i is connected only with the nodes of ¢ — 1,
i + 1. Thus edges represente visual links between two
successive entrances, exits or CS. A generic portion of the
chain involving node ¢ and its predecessor and successor
is depicted in Fig.2.

Let a(k) be the average EV flow arriving at a node 1,
which is given by

k), ifi=1
ai(k) = { Yilk) +yi1(k —di_1,), ifi#1
(1)

where ~;(k) is the exogenous flow entering the chain net-
work at node 4 at time k, y;_1(k) is average EV flow
coming from node(i — 1) to node 4, d;_1 ; is the time re-
quired for an EV to traverse the edge from node 7 — 1 to
node i. The number of EVs departing from node 4, y; (k),
can be written as follows.

yi(k) = ai(k) + gi(k) — fi(k), 2

where g, (k) represents EV flow comming out from ser-
vice station i, and f;(k) represents EV flow entering to
service station i. When node i is not a CS, g;(k) =
fi(k) = 0.

In addition, we present a queue model at each SS. Let
2;(k) > 0 be the number of EV in CS i.

zi(k +1) = 2 (k) + fi(k) — gi(k). 3)

2.2. EV energy model

This subsection we model the power comsumption of
the EVs, which is gives as

. _ + —
ev,i+1 - ev,i - di7i+1rv ) (4)
E .
+ = v,i
et =eg,+ 2, 5)
Ho

where €y it1 is the SOC (State of Charge) when thr
generic EV v arrives at node 7 + 1, e:;i indicates the SOC
when EV v leaves the node ¢. Since the time required to
move from the node ¢ to node ¢ + 1 is d; j4+1, v, is the
SOC required for unit time running. The second term in
the right-hand-side of (4) represents the amount of charge
consumed to move between nodes ¢ — 1, 4.

The equation (5) shows the SOC of the EV departing
node 7. E, ; is the amount of energy that EV v charges
at node 7, and u, is the battery capacity. Each EV bids
the desired amount of charge to the CS, whereas the CS
individually sets a price that maximizes its own profit.
The charging strategy of each EV satisfies the following
two constraints;

ET" < E,, < EJ'%, (©6)

€, + Bui <1 @)

Inequalities (6) are constraints that the upper and lower

bounds of the amount of energy that an EV can charge

at CS, and inequality (7) describes the fact that the SOC
caanot exceed 100 %.

3. STACKELBERG GAME

At the time k, EV that toward the CS ¢ which has ¢;
charger express KC;(k) := {1,...K(k)}. The CS, as
EV can achieve the energy demand, reasonable price set
p(k) = [p1(k),...,pr ) (k)] and eventually charging
some EVs among them. Here, p, (k) is the energy price
per unit for some EV v. The charging energy demand of
sets of the target EV E(k) = [E1i(k),. .., Exu),i(k)].
Here, E, ;(k) is charging energy amount EV v at the CS
i. There is the case that EV is not charge,E,, ;(¢) = 0.

In this paper, EV once after conveyed the desired
amount of energy to the CS, the CS presents the charging
price so as to maximize its own profits to the EV, EV is
based on the asking price. It will repeat a series of flow,
such as declaring the amount of energy that maximizes
the utility of my own again. Therefore, this problem is a
repetitive non-cooperative game with a hierarchical struc-
ture, CS has the decision privilege to EV. Such a prob-
lem is formulated as one leader/multiple follower game
of Stackelberg game.

3.1. Follower model

Uq’f,i ,Jrepresents the utility function of EV v, is written
as folows.
1
U =pEy (k) — 30v.i(k) (Eyi(k))

_pv,z(k)Ev,z(k) _pv,i(k) (Ev,z(k) - Z(k)) 9
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where, E;(k) is the average energy demand of all EVs.
In addition, 6, ;(k) is

I
(:uv - e;(k))

The equation (9) shows a satisfaction parameter indicat-
ing the measure of satisfaction of SEV v obtained by
charging an unit of energy with SS ¢. For example, if
SEV v has a higher need for energy demand than SEV
v+ 1 (eg, it is going to travel farther, has a larger battery,
etc.) then SEV v is the same to achieve satisfaction, more
energy is required than SEV v + 1. Therefore, it becomes
0, (k) < 0y11(k).

Thus, the optimization problem solving for each EV can
be written as follows.

91)(k) =

€))

P1: ma(}]i)U'u (E'u,i(k%Efv,i(k)y,U/vapv,i(k))a

s.t. (6), (7).

3.2. Leader model

The CS has two objectives. One is to uniformize the
utilization of each CS as shown in [2]. This problem is
written as follows.

P2.1: min [max (xz(k)> — min (mﬂkz))} )
Fik) L @ Ci J ¢j

(n+1)T

> aulk),

k=nT

where, F;(k) = Z;H'Tll fi(jT). Since = l(k) indicates the
utilization rate of CS ¢, it is written as a problem to mini-
mize the difference between the maximum utilization rate
and the minimum utilization rate.

The second objective is to maximize own profit by
selling energy to EV. The optimization solution of the
profit function is the price pair p(k) to each EV and the
shared energy demand pair E (k). Thus, the utility func-
tion of the CS,

QF =" (po,i (k) Bo i) + poi(k) (Bo (k) — Ei(K)))

v

2
-3 (Z Ev,xk)) : (10)

The second optimization problem solved by CS can be
written as follows.

P2.2: maXQ (Ei(k),pi(k)),

pi(k)
s.t. pnnn < pz(k) < pmaar

4. THE SOLUTION OF THE
STACKELBERG GAME

The purpose of the Stackelberg game is to realize a
point with no incentive for both players to deviate, called

Stackelberg equilibrium. In game theory, the entire set of
optimal strategies that players should take in each infor-
mation set is called partial game complete equilibrium.
The Stackelberg equilibrium is consistent with the actual
strategic route which can actually occur out of the par-
tial game complete equilibrium. Therefore, when there
is an optimal solution uniquely in each of the follower
game and the leader game and the partial game complete
equilibrium exists, the Stackelberg game reaches equi-
librium. In this paper, after showing the existence and
uniqueness of the Nash equilibrium in non-cooperative
follower game, we show that the optimal solution exists
for the follower game and the leader game.

4.1. The solution of follower game

For the price p(k) in P1 indicated by equation (10),
the utility function of each EV is expressed by the con-
cave function of E,(k), and the constraint is linear.
Therefore, the Lagrangian dual decomposition method
can be applied. At the time k, EV v, the Lagrangian func-
tion is as follows.

ng =By i(k) —

— Do) (Ev,i(k) _ ZUK(Uk)(k))

_Hv k ( min _ ))
]f (Evz Emat)

—Z/U < 1)1 _1> ’ (11)

where, £, (k), Ay (k), v, (k) are the Lagrangian multipli-
ers for the constraints (6) and (7) respectively. The opti-
mal charging energy demand can be written as follows.

S0,V (k) — pos(R) B ()
E

. 1 2K (k) —
E’u,i(k> :a( v Kl(k) Pu,i
B B vy (k)
+ ro(k) — Ao (k) . ) (12)

In non-cooperative game, the existence and uniqueness of
equilibrium points can not be guaranteed because of com-
petition among multiple players. The following theorem
is shown.

Theorem 1: When a price vector p(k) is presented,
there is a unique global Nash equilibrium solution in mul-
tiple EV non-cooperative game where each EV behaves
according to an optimal solution.

Proof: In a market where prices are adjusted by CS,
each EV chooses a strategy to maximize its utility. At this
time, for all EVs connected to CS 4, a new utility function
is defined as follow.

K
UL, (Ei(k),p(k)) =Y _UF,. (13)

veK

Since it is written as a linear combination of the utility of
each EV, consider the existence and uniqueness of equi-
librium when maximizing the equation (13). Therefore,



this problem is a jointly convex generalized nash equilib-
rium problem (GNEP). According to theorem[6], when
Z is chosen as the existence space of the solution and

F(E)=— (VU (B,))_ . (14)

then solutions of the variational inequality VI(Z, F') are
equal to GNEP solution. Then we check if the solutions
of VI(Z, F') are maximize the equation (15). Consider
the following optimization problem.
& K

min f(x) = min — (U;,(Bv)),_, (15)
where, f(x) is the potential function of the vector field
F of VI (Z, F). The requirement for the local optimal
solution of the constrained minimization problem (15) is

—Vf(E) € NC4(E). (16)

By Vf(E) = F, the equation (16) means —F(E) €
NCz and it is equal to the variational inequality prob-
lem. Therefore, the solutions to the variational inequality
problem maximize (13). The existence of the potential
function of the vector field F is discussed below.

Furthermore, by considering the energy demand when
a price vector is given, we show the existence and unique-
ness of the variational inequality solution. The KKT con-
dition of VI (Z, F) is [6],

F(E) + ky(k)Vge (EJY" — Eyi(k))

+ (k) Vi (By (k) — BT
Evi k
+Vv(k)ka <€;i+ M( ) —1>

x m(k (EMim — B, (k) — 0

Ao(k) (Bv,i(k) = EJET) — 0

E,.(k)
o

X vy (k) (e;’i + — 1> — 0. (17)
From the definition given in [7],

1 —601Eq (k) —

K
F=—-
(2K — 1)py,i(k)
v avai k -
I (k) 7
(18)
Therefore, Jacobian matrix is
6, 0 - 0
0 6, --- 0
J= . . (19)
0 0 - 6,

Since the Jacobian matrix is a diagonal matrix in the sep-
arable vector field, it can be confirmed that the potential
function satisfies the symmetry. Due to the positive defi-
nite of Jacobian matrix, F' is monotonically increases on

solution set Z. Therefore, the variational inequality solu-
tion uniquely exists. (]

The CS solves P2.1 in order to equalize the usage rate
of each SS. It is obvious that the utilization rate should be
higher. The CS chooses

For each CS the result is naturally as follows.

Fik)y=3{ & if i < YR ai(k)
Z antleZT a;(k). otherwise
2n

Each CS separately calculates Fj;(k) and exchanges
F;(k)/ec; with the neighboring CS so that it can finally
realize a unique utilization rate, F;(k)/c; to be agreed.
That is, the initial value is set to F;(k) by the expression
(21) and updating is performed according to the follow-
ing update rule.

B _((LER) (26000, ),

C1 c1 3cy 3¢y
Fy(k Fr(k Fr, F<k) Fr
(k) (L) [FL | B0 Fia )
Ci Ci 3ci—1 3c¢; 3cit1
En(k —F(k Fi_y  2F5(k
N( ) =c(- N( )+ N-1 + N( ) )
CN CN 3CN 1 3CN
(22)
The above update rule can be written as follows,
F*(k) = (=1 + P)F*(k), (23)
- 2 1 -
% % 0 0
1
3 3 3 " :
P= .4
. , 1 11
. o1 3
L 3 34
where, F*(k) = [Fy(k)/ci,...,Fj(k)/cn]. The fol-

lowing proposition 1 holds.
Proposition 1: Let the second small eigenvalue of ma-
trix (I — P) be Aq, the smpling time 7', and 0 < § < 1.

At this time, if ¢ >
is time, if { > T

vehicle number by the consensus algorithm converges to
the follwing value.

is chosen, the optimal inflow

. n T
F(KT +0T) 3550, mine; T (k)]
. N ’
Ci Z]:l Cj

(25)

Proof: The exponential convergence rate of the equa-
tion (23) is given by (Ao and it is also given by the set-
tling time 67 = CT Since P is row - stochastic, col-

2

umn - stochastic, if we choose gain as { > for

_4
X26T



0 < 6§ < 1, the equation (15) is guaranteed to con-
verge asymptotically [2]. It is obvious that the result of
the agreement problem will be the average of the initial

Sy minfey, Y32 oy (k)]
Z;V:1 ¢y

After the target F;*(k) has been determined, the ad-

ministor of CS calculates the demand response of all EVs

E*(k) to maximize its utility It is necessary to present

the price p*(k) to the EV. The optimal price vector is de-

fined as p*(k) = [pi(k),...,p5(k), ..., Pk ) (k)] the
optimization problem P2.2 can be rewritten as follows.

values, O

p* (k) = argmax Qf (E*(k)), (26)
s.t. p?“nEvz(k) S pz(k)Ev,z(k) S p;namEv,i(k)~
(27)

Similarly, we obtain optimal price vector p*(k).

ME =" (poi(k)EL (k) + poi(k) (B (k) — E*(k)))

2
- g (Z Ev,i(k)>
=3 (@ulk) (P By i(k) — pi(k)Evi(k)))
3" (wolk) (pi(k) By i (k) — p"a* By i(K))),
' (28)

where, ¥, (k),w, (k) are Lagrangian multipliers for the
constraint. Then, the optimal price is

1

Poith) = G — e (R KR =1

— Wy
(aEv,i(k) + wv(k)p:’nm — wv(k;)plmaz) )
(29)

4.2. Algorithm

Algprithm 1 is a summary of the above. The gradient
method is used for updating the Lagrangian multiplier.

S. SIMULATION

5.1. Simulation conditions

Simulation conditions are shown in Table 1. The sim-
ulation area is the new Tomei Expressway, among which
9 nodes between the Tokyo IC - Nakai service area. In
Fig.3, the circle indicates the IC, the service station with
the square charging spot, the black number indicates the
time required between nodes, and the red letter indicates
the number of chargers existing in the station. The op-
timal inflow rate F™*(k) agreement algorithm iteration
number is 30 [step], and the Stackelberg game iteration
number is 300 [step]. The number of vehicles flowing
into the model from the outside (k) is Fig.4, and the
battery capacity and initial charge of each EV are given
by Fig.5.

Algorithm 1 Energy charging scheduling algorithm at
the service station &

Require: F*(k), a;(k) ,and a strongly connected com-
munication topology between EVs.
1. ifk=nT,ne{l,2,...,nfina} then
2: Initialization: Set the iteration ¢ = 0, set initial
B i (k). D (k) oo g (k) Mg (k) 2 (k) by (k) and
wy(t), k€ K(t)

3 compute F;* (k) according to (30)(31).

4 setS; = {}

5: fork=1,2,...,K(t) do

6: compute battery status e; i

7 if S;i < di,i+1r;7 v € K; then

8 S; v

9 E™ = diiqary,

10: end if

11: Given p,;(k), each EV k compute E, ; 4+1(k)
according to (19), and Y,,(k) based on (20).

12: if p, (k) <Y, (k) then

13: submit E,, ; 4+1(k) to the maneger of service

station

14: end if

15: Updating the dual variables by using GDM as
follow:

Hq),q+1(k) = (H1),q(k) +x (Eg}fn — E'Uvi(]g)))Jr
Aosg+1(k) = (Aoq(k) +y (Bu,i(k) — E;”l“’”))+

Vo,q+1(k) :<Uv7q(k) e (e”’i+ Evﬁzv(k) B 1> ) +

where x,y, z > 0 are sufficiently small positive
step sizes.
16:  end for
17: Given E; ,41(¢), the service station maneger up-
dates the price vectors p,1(¢) according to (36).
18:  Updating the dual variable by using GDM as fol-
low:

Yogr1(k) =(tu,q(k)

+ 0 (P By i (k) — pi(k) Ev () ) *
wo,g 1 (k) =(wy 4 (k)

+w (pi(k) By i(k) — p"** By i(k)) )

where v, w > 0 are sufficiently small positive step

sizes.

19:  Set ¢ = g + 1 and repeat step 11 to step 18 until
convergence.

20.  if E, ;(k), po,i(k) converge then

21: compute (Qf)v = puilk)Eyi(k) +

Pui(k) (Bua(k) = B(K)) = S B2, (k)

22 rank (QF), in an ascending order for v ¢ S;
23: choose EVs for F (k) — |S;|th largest (QF)
24:  end if

25: end if




Table 1 simulation parameter

Parameter Symbol setting
Number of step K 60 [min]
Sampling time k 1 [min]
Scheduling interval T 10 [min]
Battry usage T, 0.05 [%/min]
Minimal energy demand Emem 0 [kWh]
Maximal energy demand per unit time Emer 2.5[kWh/min]
Minimal price pmt 0 [dol./kWh]
Maximal price pmar 1 [dol./kWh]
Initial Lagrangian multipliers x(0) 4

A(0), »(0) 30

¥(0)w(0) 10
Updating step size z’ 0.001

y,z,v,w  0.01
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1
09
08
0.7
06

2

< 05

=
04
03
02
0.1
o

Battery capasity and initial SOC

T 5 20 25

EV number

Fig. 5 Initial SOC

The simulation results are shown in Fig.6-9. From
Fig.6, it can be confirmed that the agreement algorithm
(Proposition 1) of the optimal incoming vehicles number
at each CS is operating correctly. On the other hand, it
was decided by Fig.6 that the optimum inflowing vehicle
number at each CS at step = 11 was determined to be 0.5
with respect to the number of chargers, but it was used for
Fig.7, the result shows that the rate is not 0.5 uniformly.
This is because the number of chargers ¢4 = 1 in node 4,
so utilization rate 0.5 can not be realized in this CS. Since
the vehicle does not arrive at node 9, it is obviously im-
possible to let the vehicle flow in and the utilization rate
becomes 0 between step = 10 and 20. From Fig 8,9 we
can confirm that the optimul energy demand and price by
Stackelberg games converge. In Fig.8, it was confirmed
that the constraints are kept in all EVs. Fig.9 also seems
to finally converge the price in constrained conditions.
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6. CONCLUTION

In this paper, after modeling the EV flow, the num-

ber of vehicles in the CS, and SOC of EV, we formal-
ize the Stackelberg game. Furthermore, we discussed the
solution of the Stackelberg game and showed that there
exists an optimal solution and Nash equilibrium in fol-
lower game. Finally, we proposed a non-cooperative op-
timal charging scheduling algorithm and confirmed that
it achieves equilibrium using numerical simulation. For
future work, introduction of queue and considering differ-
ent energy prices is presented for each EV. This problem
is called the Hoteling problem.
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