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Abstract

An ordinary state-based peridynamic material model is proposed
for single sheet graphene. The model is calibrated using coarse grained
molecular dynamics simulations. The coarse graining method allows
the dependence of bond force on bond length to be determined, in-
cluding the horizon. The peridynamic model allows the horizon to be
rescaled, providing a multiscale capability and allowing for substantial
reductions in computational cost compared with molecular dynamics.
The calibrated peridynamic model is compared to experimental data
on the deflection and perforation of a graphene monolayer by an atomic
force microscope probe.

1 Introduction

Molecular dynamics has made enormous advances in capabilities through
better algorithms, better interatomic potentials, and improvements in
computational power. However, the use of molecular dynamics directly
to treat the deformation and failure of materials at the mesoscale is
still largely beyond reach. At the mesoscale and above, a continuum
model of mechanics is still required in practice. The question then
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arises of how molecular dynamics can be used in deriving and calibrat-
ing appropriate continuum models. This paper addresses the question
of how to use molecular dynamics to obtain a peridynamic material
model that is able to treat material nonlinearity and the nucleation
and growth of fractures.

To accomplish this, a coarse graining method is described below
that maps interatomic forces into larger-scale degrees of freedom. The
coarse graining method starts with a definition of these degrees of
freedom as the mean atomic displacements weighted by a smoothing
function. It is shown that the coarse grained displacements obey a
nonlocal evolution law, which is the peridynamic equation of motion.

The coarse graining process provides peridynamic bond forces among
the coarse grained nodes that are then used to calibrate a material
model. The bond forces can include long-range interactions, if these
are present in the atomic system. They also reflect any initial distri-
bution of defects.

In the present application of single-sheet graphene, a nonlinear or-
dinary state-based material model is found to adequately represent
the deformation and failure of the material. As a molecular dynamics
(MD) model of graphene is stretched, the interatomic forces become
weaker, and the material fails. This process of failure is accelerated
by higher temperatures in the MD model, which also affect the elastic
response. All of these features are reflected in the coarse grained bond
forces, so they are carried over to the peridynamic continuum model
after calibration.

The calibrated peridynamic model reproduces the nucleation of
damage due to deformation in a specimen that is initially undamaged.
In principle, the model can be applied within the process zone of a
growing crack. However, with the objective of scaling up the material
model to much larger length scales, it is necessary to include a separate
bond breakage criterion that reflects the energy balance in brittle crack
growth without the need to model the process zone in detail. To treat
this, the peridynamic material model is augmented by a separate bond
breakage criterion that approximates the Griffith criterion for growing
cracks in a brittle material.

The literature on graphene is voluminous, and only the papers that
are the most relevant to the present work are summarized here. Much
of what is known about the mechanical properties of graphene is based
on MD simulations. Jiang, Wang, and Li used MD to predict the
Young’s modulus in graphene, including the effects of temperature
and sample size [11]. A number of MD studies have treated the ef-
fect of defects on the mechanical and thermal properties of graphene
[20, 12, 1, 19, 8]. Sakhee-Pour [25] and Javvaji et al. investigated
the effects of lattice orientation and sample size on the strength of
graphene [10]. Most of these papers, as well as the present paper,



treat only the two-dimensional response of graphene. However, 3D
MD simulations have also been applied to the wrinkling and crum-
pling of graphene sheets, for example [3]. MD has also been used to
study the mechanical properties of polycrystalline graphene, for exam-
ple [35, 6]. A comprehensive review of the literature on the fracture of
graphene, much of which uses MD, can be found in [39]. A review of
the literature on experimental and theoretical graphene mechanics is
available in [4].

Continuum modeling of single-layer graphene has included the use
of finite elements with an elastic material model, for example [9, 26].
A summary of the literature on the equivalent linear elastic proper-
ties of graphene sheets is given by Reddy et al. [24] and by Shi et al.
[27]. Finite element analysis including aspects of fracture mechanics
has been applied to graphene sheets [32]. A hyperelastic continuum
material model that includes nonlinearity at large strains was devel-
oped by Xu et al. using density functional theory [33]. An up-to-date
review of the literature on finite element modeling of graphene is given
by Chandra et al. [5]. Nonlocality has been studied in connection
to the buckling of single-layer graphene [22, 23, 2] and is potentially
important in the modeling of multilayer graphene, partly due to the
long-range interaction forces between layers.

Liu et al. [16] developed an ordinary state-based peridynamic
model for single-layer graphene that is calibrated using strain energy
densities obtained from MD. Nonlinearity in the stress-strain response
is incorporated by including a cubic dependence of strain energy den-
sity on strain. This method reproduces the stress-strain curves pre-
dicted by MD and, when a critical strain bond breakage criterion is
used, also captures the main features of dynamic fracture that are seen
in MD. The method in [16] does not address the dependence of bond
force on bond length, which is treated in the present work.

Other applications of peridynamics to graphene include the work
of Martowicz et al. [18], which uses a peridynamic model of graphene
nanoribbons to reproduce wave dispersion. Diyaroglu et al. [7] ap-
ply peridynamics to the wrinkling of graphene membranes, including
thermal expansion. Liu et al. [15] present a bond-based treatment of
the effects of lattice orientation on the strength of graphene sheets in
different directions. A bond-based material model has been applied to
the perforation of multilayer graphene by micrometer-scale projectiles
[30].

In Section 2 of the present paper, an upscaling method is presented
that provides coarse grained bond forces that are consistent with the
momentum balance for the smoothed displacement variable. Section 3
presents an example of coarse graining in a linear small-scale system
that involves long-range forces. This section also describes the fitting
of a peridynamic material model to the coarse grained forces. Section 4



extends the method to the nonlinear response of graphene, including
the nucleation of damage. Section 5 describes how a critical bond
strain damage criterion can be combined with the peridynamic model
to reproduce the growth of cracks. In Section 6 it is shown how changes
in the horizon can be applied to the model with appropriate scaling of
the parameters. Comparison of a simulation using the new material
model for graphene with experimental data on the rupture of nanoscale
membranes is presented in Section 7. Concluding remarks and ideas
for future work are given in Section 8.

2 Coarse graining of an atomic scale model

This section describes a method for obtaining a larger-scale discretized
model from an MD model. The discussion specializes a more general
method described in [21] to the case of discrete nodes. The general
approach is to first define the coarse grained displacements in terms
of a weighted average of the microscale displacements. This definition
leads to a linear momentum balance for the coarse grained displace-
ments that is a consequence of the momentum balance for the atoms.
The coarse grained momentum balance has the form of the discretized
peridynamic equation of motion. The bond forces in this peridynamic
expression are derived from the atomic scale forces. How to determine
a material model for the coarse grained bond forces is considered in
Section 4.

Consider a molecular dynamics model of a crystal composed of
N, atoms. Over time, each atom « interacts with the same set of its
neighbors H,,. The mass and displacement of each atom are denoted by
M, and U,(t) respectively. The atoms interact through some given
interatomic potential. The resulting force that atom g exerts on «
is denoted by Fpgo(t). These interatomic forces obey the following
antisymmetry relation:

Fop(t) = —Fga(t) (1)

for all ¢t. The forces are not necessarily parallel to the relative position
vector between a and . Each atom is also subjected to a prescribed
external force B, (t). The atoms obey Newton’s second law:

Maﬂa(t) = Z Fﬁa(t) + Ba(t)' (2)
BEH
To coarse grain the molecular dynamics model, let x;, i =1,2,..., N,

denote the reference positions of the coarse grained degrees of freedom.
Let u;(t) denote the displacements at each such position, to be defined
below. For each x;, define smoothing weights w{*. These weights are



normalized such that for any atom «,

Nec
Zwia =1. (3)
i=1

Equation (3) implies that each atom is covered by at least one smooth-
ing function. All of the weights are limited to a support of radius R:

xi—Xo| >R = wf=0 (4)

for any ¢ and «, where R is independent of ¢ and a. Define the coarse
grained masses and external loads by

N, N,
mi=Y WMy,  bi(t) =) w'Ba(t). (5)
a=1 a=1

It is assumed for convenience that m; > 0 for all i, that is, for every
i, there is some atom «a such that w* > 0. Define the coarse grained
displacements by

1

Na
D Wi MU (). (6)

a=1

Thus, the coarse grained displacements are weighted by mass as well
as wg*.

Next, the evolution equation for the coarse grained displacements
will be derived. Taking the second time derivative of (6) yields

N
mitii () = Y wi Mo Ua(t). (7)
From (2) and (7),
N, N,
mitti(t) = Y wf | D Faalt) +Ba(t)| - (8)
a=1 pA=1

For any atom S, the normalization requirement (3) implies that

N.
wa =1 (9)
j=1

Combining (8) and (9), and using the second equation in (5),

Na Na c
mil;(t) = > wf Fuo(t) > wl| +by(t). (10)
a=1 B=1 j=1



Rearranging (10) leads to

j=1

where the pairwise bond force is defined by
i) = wiw Fga(t). (12)

Using (1) and interchanging the summation variables « and g, it fol-
lows immediately from (12) that

£i;(t) = —f£5:(t) (13)

for all 4, j, and t¢.
Suppose that the underlying interatomic potential has a cutoff dis-
tance d:
|X5 — Xa| >d - Fﬁa(t) =0 (14)

for all o, B8, and t. As suggested by Figure 1, (4), (12), and (14) imply
that
‘Xj — Xi‘ >0 - f](t) =0 (15)

for all 7, j, and ¢, where § is the horizon defined by
0 =2R+d. (16)

So, 4 is the cutoff distance for coarse grained bond force interactions.

The definition of f;; given by (12) does not, in itself, provide a
viable material model for the coarse grained model. Such a material
model would relate the pairwise bond forces to the coarse grained dis-
placements, not to the interatomic forces, which would be unknown
in a coarse grained model. However, (12) does provide a means to
calibrate a prescribed material model, as will be demonstrated in the
next section.

3 Example

Consider a square lattice of particles in 2D, with spacing ¢ = 1 and

layer thickness 7 = 1. The mass of each particle is M, = 1. The

particles interact according to the following hypothetical model:
. (BMga)e_‘XB—Xa‘/d if |X5 — Xa| < d,

Foa = { 0 otherwise (17)



Figure 1: The horizon is determined by the weight function radius and the
cutoff distance for the interatomic potential.



where
Xsg—Xqo

B ‘Xﬁ _Xa|

and B = 0.90915, d = 10. Thus, long-range interactions are present
up to 10 interatomic distances.

The coarse grained nodes are on a square lattice with a spacing of
h =5 (Figure 2). The smoothing functions are defined with the help
of the cone-shaped function S given by

S(2) —maX{O,l ;\/z%zg} (19)

where z; and z; are the components of the vector z in the plane and
where R is the radius of the cone. In this example, R = 2h. The
weighting functions wy* are given by

Mg, (18)

a S(XZ B Xa)
S —Xa)
which is designed to satisfy the normalization (3).

The small-scale model is deformed in isotropic extension with a
strain e:

w (20)

U, =X, (21)

where € = 0.00019. The coarse grained displacements u; and pairwise
bond forces fj; are evaluated from (6) and (12). It is convenient to
express these forces as being comprised of contributions t;; and t;;
from the material models applied at ¢ and j respectively:

£

fio = (tii —t)V?, = —ty = 55 (22)

where V' is the volume of each coarse grained (CG) node:
V =T1h? (23)

In this example, V' = 1. The vector t;; is called the bond force density
and has dimensions of force/volume?. Figure 3 shows the CG bond
force densities [t;;| as a function of CG bond length |§;;| (red dots),
where £;; = x; — x;.

In specifying a material model, the bond strain is defined by

_ |yj_Yi| _1 (24)

kg = xil

where the deformed CG node positions are given by

yj =Xj+u, (25)



Small-scale model Coarse-grained model

Figure 2: Coarse graining example. Left: original small-scale grid. Right:
coarse grained nodes. Colors show the force in bonds connected to the center
CG node.
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Parameter | Value

A 0.3501
11 1.902
2 3.332
) 18.03

Table 1: Parameters for the peridynamic material model fitted to MD data
in the square lattice example.

for any j. Also define the deformed CG bond direction unit vector by

Yi —Yi

M;; = 26
"y vl 20)
and the normalized bond length by
3
ji= g (27)

For purposes of demonstrating the calibration of a continuum model,
suppose a bond-based model is assumed:

tji = TjiMi (28)

where Tj; is a scalar. The general pattern of the CG bond forces in
Figure 3 suggests the following form:

Tji = AR(rj:)s;i (29)

where
R(r) =rtt (1 —r)H2 (30)

and where A, uq, and ps are constants. Because the assumed form of
the material model (29) is linear in s;; and contains no dependence on
other bonds, it is a bond-based, linear microelastic material model.
To evaluate the parameters, let ¢ be the target node at the center
of the CG grid. Let j be any node that interacts with i. Taking the
logarithm of both sides of each of (29) and rearranging leads to

log Tj; = log A+ py log rj; + p2 log(1 — 7j;) + loge (31)

where, for uniaxial extension, s;; = €. Evaluating 7;; from the CG data
at the three bond lengths |€;;| = 1,2,3, (31) forms a linear algebraic
system with unknowns log A, 1, and ps. This system is easily solved
for these quantities. The parameters A, p1, and po are therefore now
known. These values are listed in Table 1.
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Figure 3 shows the dispersion curves for the original small-scale
model (17) and the fitted peridynamic model (28), (29). For compar-
ison, the dispersion curve from the local theory (linear elasticity) is
also shown. The peridynamic model provides better agreement with
the original model than the local theory for wavelengths above the CG
node spacing. At smaller wavelengths, the peridynamic model does
not include the small-scale interactions that influence dispersion. The
peridynamic grid has 4% as many nodes as the original small-scale grid
and allows a time step size 5 times larger. So, there is a substantially
reduced cost in using the coarse grained peridynamic model.

In the continuous form of the peridynamic model, the equation of
motion is given by

pitet) = [ [taxn) —txa.n] dat b, (32)

Using (29) and (30), the material model in this example problem is
then

t(q,x,t) = MAR(r)s (33)
where
_ylat) -yt o la-x o ly(@t) -y
M= M@ —yx) 5 a-yl
(34)

4 Application to graphene

To apply the method to graphene, an MD model of a single-layer
graphene sheet was constructed (Figure 4). The MD mesh is a 10nm
square containing 3634 atoms arranged in a hexagonal lattice. The
initial interatomic spacing is 0.146nm. The atoms interact through a
Tersoff potential [31]. The temperature is controlled by a thermostat
using Langevin dynamics that randomly increases or reduces the ther-
mal energy of the atoms to keep the mean kinetic energy constant. To
reduce the effect of thermal oscillations on the coarse grained displace-
ments, the atomic displacements are smoothed over time according the
following expression:

Ua(0)=0,  Uq(t) ==(Ua(t) — Ua(t)) (35)

where U, is the unsmoothed displacement of atom « (including ther-
mal oscillations). The parameter € is a constant taken to be ¢ =
0.005/At, where At is the MD time step size. The smoothed dis-
placements U, are used in the coarse grained expressions such as (6).
The MD grid is initially allowed to reach a constant temperature in
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an unstressed state before loading is applied. After this initial period,
constant velocity boundary conditions are applied at the edges of the
grid. When this transition occurs, a velocity gradient is added to the
thermal velocities in the grid such that the atomic velocities are con-
sistent with the boundary conditions. The thermostat continues to be
applied during loading, since otherwise the temperature would change
due to thermoelasticity.

The edges of the MD mesh have prescribed velocity. The calcu-
lation is stopped when the strain exceeds 30%, at which point the
maximum stress has been reached and the stress is decreasing. The
loading rate is such that this global strain is attained in about 5000
time steps. To calibrate the peridynamic material model described be-
low, only two loading cases are needed. These are (1) uniaxial strain,
and (2) isotropic extension.

The coarse graining positions x; are generated on a square lattice
with spacing h = 0.5nm. The weighting functions are the cone-shaped
functions given by (19) and (20). The CG mesh contains 121 nodes.
Thus, each CG node represents nominally 3634/121 & 30 atoms. The
CG displacements are computed according to (6), and the CG bond
forces are computed from (12), using the MD displacements and forces.

The CG bond force data show a softening trend as a function of
strain, as shown in Figure 5. Graphene sheets can be treated as nearly
isotropic for purposes of deformation in the plane, with a significant
Poisson effect. To show this, MD calculations of uniaxial strain at a
temperature of 300K were performed with three different orientations
of the hexagonal lattice (Figure 5). The stress-strain curves show that
even in the nonlinear regime, the orientation makes only about a 12%
difference in the stress.

The process of failure in a typical MD simulation is shown in Fig-
ure 6. The graphene sheet at 300K is deformed under (globally) uni-
axial strain. When the grid is strained beyond the maximum in the
stress-strain curve, the perfect hexagonal symmetry is disrupted due
to the onset of material instability, leading rapidly to material failure.

To carry out the fitting of a peridynamic model to the CG data, a
target CG node 4 is chosen at the center of the CG mesh. For node 1,
let H; denote the family of ¢, defined by

Hi={j | Ixj —xi| <6} (36)

where 0 is the coarse grained horizon given by (16). The two MD
calculations (for uniaxial strain and isotropic extension), after coarse
graining, provide curves of bond force density t;; as a function of the
bond strain s;; defined by (24). Also recall the normalized bond length
given by (27). Plotting the curves of |t;;| as a function of sj; and of
rj; for many bonds reveals the general shapes shown in Figure 7. The

13



Figure 4: Undeformed MD (left) and coarse grained (right) meshes.
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Figure 5: Stress-strain curves for graphene under uniaxial strain for three
different lattice orientations.
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Figure 6: MD simulation of uniaxial strain at a temperature of 300K.

softening response shown in the CG bond forces (dashed lines) suggests
the following form:

Tii = AR(r;;)S(s]") [(1 — g) Sji + 552-] : (37)

where the bond length term R has the same form as in the previous
example (30), and the strain softening term S is given by

n/so if p<o0,
1 p|" .
Sp)=¢ - (1—-|1—-=— if 0 < p < 2s0, (38)
p 50
0 if 2s¢9 <p

for any p. The parameters A, pi, po, m, S, and B are constants
independent of the bond and of the deformation. In (37), the variables
s; and s,j' are the mean and maximum strains among all the bonds in
the family of i:

_ Z €M, S7i
5, = =10 s = ma

i = DR i = max {s5i}- (39)
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The mean bond strain is similar to a nonlocal dilatation. In (37),
the term involving S represents the bond strain adjusted by the mean
strain. This term captures the Poisson effect. The function S is a
softening term, which, under tension, drops off to 0 for large strain.
If S were constant, the model would be linearly elastic with variable
Poisson ratio. S depends only on the maximum current bond strain in
the family, s;".

The next step is to find the parameters in the expressions (37)-
(38). In the following discussion, the stress tensor obtained from the
CG bond force data [28] is defined by

o= Z t;; @&,V (40)

JEH

The 11 components of the stress tensor in (40) will be denoted by o;
in the present discussion:

oi(e) = Y (11);a(&)5iV- (41)

JEH,

The two coarse grained MD simulations used for calibrating the model
parameters have the following strains:

e Uniaxial strain (UX) with strain € in the 7 direction:

st—e 5 =< (42)

s =, 5, =€ (43)

The constant S will be determined first. In the IE and UX cases with
global strain €, the bond strain in a bond with polar angle 6 is given
by

s'B = ¢ sUX = ecos? 6. (44)
Then from (37), (41), (42), (43), and (44),
olF > jen, AR(rij)S(e)(1 + B/2)eg; cos? OV

X = ARG SO — /Do 61 /ey ot o7 ()

where &;; = [£;;|. Approximating (45) by replacing the sums with
integrals and noting that R and S are independent of  leads to
ol _ (1+5/2) OQW cos?60dé (46)
ax (lfﬂ/Q)IOQWcos‘l@dHJr(ﬁ/Q) 027TCOS29C19
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Since [cos?0 = m and [ cos* § = 37/4, solving (46) for 3 yields

8 — 6y O’ZI»E
p= a0 T X (47)

The constants sg and n are determined next. For UX, combining (37),
(38), (41), and (42) leads to

A0 = 3 ARy (1- 1= £

JEH

e w9

The maximum of the function in (48) occurs at € = sg, and its value
is given by
o X (s0) = Y AR(rji)(&1);iV- (49)
JEH,

The values of sy and oPX

Differentiating (48) yields

(so) are easily read off from the CG data.

doPX n
TZE(O) ~ % > AR(rsi)(&);iV- (50)

JEH

The slope of the curve at the origin doPX /de(0) is easily obtained from
the coarse grained CG data by numerical differentiation. Then from
(49) and (50), the value of n is found from

so  doPX
e ac .

n =

The parameters so and n are now known. The values of A, 1, and
w2 are determined from the IE simulation as in Section 3 using (31).
Now all the parameters are known, and the calibration process for the
model is complete. The parameters for the material model evaluated
for the CG node i at the center of the square are given in Table 2.
A comparison between the fitted peridynamic material model and the
coarse grained bond forces is shown in Figure 7.

To illustrate the effect of distributed defects, the analysis was re-
peated for a graphene sheet with 10% of the atoms removed. The
results are shown in Figure 8. As expected, the sample with defects is
less stiff and fails at a lower stress.

The continuous form of the model is then

t(q,x,t) = MT, T = AR(r)S(s™) [(1 — g) s+ Bs] (52)

where M and r are given by (34) and

_ < _ Jys(6t) dg _
sT(x,t) = Iglg){(s(ﬁ,t), 3(x,t) = HIT, E=q—x. (583)
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’ Parameter ‘ Value ‘ Units

|

A 34.94 | nN/nm°
50 0.2345

n 2.338

M1 1.335

12 2.922

B -1.035

0 2.121 | nm

G. 175 | J/m?

Sc 0.145

T 0.335 | nm

Table 2: Parameters for the peridynamic material model fitted to MD data

at 300K with h = 0.5nm.
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Figure 7: Fitted peridynamic material model for coarse grained bond forces
in a perfect graphene sheet at 300K. Left: Dependence of bond force on
bond length. Right: Dependence of bond force on bond strain for a bond

with length A in the x;-direction.
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5 Bond breakage

The process of coarse graining described above starts with an MD
model that does not contain initiated cracks, although it can contain
distributed defects. The distinction is that after initiation, the damage
near the crack tip evolves in such a way that the Griffith criterion
applies. This means that a growing crack consumes a definite amount
of energy per unit area of new crack surface. This energy is a material
property called the critical energy release rate, denoted by G.. So, the
nonlinear material model obtained by coarse graining is designed to
simulate nucleation of damage, but not the details of what happens in
the process zone near a crack that is already present.

To incorporate previously initiated cracks into the continuum model
and allow for rescaling, a value of G, can be determined easily from
the MD model in a separate simulation. To do this, assume that all the
energy that goes into growing a crack is converted to surface energy
[38]. The MD interatomic potential is reduced when each atom is
surrounded by a certain number of neighbors, which is 3 in the case of
graphene. It follows that when some neighbors are removed, as would
happen on a crack surface, the total energy increases. So, G. can
be determined by performing an MD simulation in which the sample
is split into two halves (Figure 9). The total potential energy values
before and after the split are Ey and Fj respectively. The value of G,
is then B _E

1 — Lo
G.= . (54)
where L is the total length of the MD grid along the split and 7 is
the thickness (0.335nm for graphene). After carrying out the above
calculation, the resulting value of G is 17.5J/m?, which is similar to
experimentally measured values [38].

Bond breakage is added to the coarse grained continuum model
(52) using the standard form of irreversible bond breakage:

T = ARSB(¢, 1) Kl — g) 5+ ﬁs] (55)

where B is a binary-valued function that switches from 1 to 0 when
the bond & breaks:

Ben) - {

where s, is the critical strain for bond breakage. A scalar damage
variable ¢(x,t) can be defined as the fraction of bonds connected to a
point x that have broken:

1 if s(&,t) < sy forall0 <t <t

0 otherwise. (56)

o(x,t)=1-— W (57)
H
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Once G, is known from MD, a critical bond strain s, in the CG material
model can be determined by requiring that the work per unit area
consumed in separating two halves of the CG grid matches this G..
Suppose the CG grid is split into two halves R_ and R.. Assuming
uniaxial strain, the total work done through the bonds that initially
connected the two halves is given by

TLG, = ZZW/E

S
) , 0
i€ER_ jERY

A2 S Y &R /0 CS(s)sds. (58

i€ER_ jER+

T;id(&jis)

Equation (58) is solved numerically for s., using the value for G that
was determined from MD using (54). Equation (58) is simply the clas-
sical expression for the peridynamic energy release rate [17] specialized
to the present material model. Since the Griffith fracture criterion only
applies to cracks that already exist, rather than new cracks, the value
of s. obtained from (58) is applied to the bonds connected to x only
when damage is already present within the family of x. Define the
maximum damage within the family of x by ¢(x, t):

t) = ,1). 59
¢(x,t) = max ¢(q, t) (59)
The critical strain for bond breakage changes from the coarse grained
value sy that reflects crack nucleation to the Griffith value s.:

_ S0 if (5 < ¢trans
5 = { s. otherwise. (60)
where @srqns is the transition value of damage, usually set to 0.3.
The use of different values of the critical strain for the nucleation
and growth phases is discussed further in [30] in the context of the
microelastic nucleation and growth (MNG) material model.

6 Changing the horizon
A peridynamic model obtained from coarse grained data can be rescaled
to use any desired horizon §’. Let ¢ denote the original horizon deter-

mined in the coarse graining process, and let k = §’/d. It is required
that the stress be unchanged by the rescaling:

/lt'(g’)@@g’ ds’:/ﬂt(£)®€d€ (61)
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Figure 9: Potential energy of atoms on a free edge of a graphene sheet is
higher than in the interior. Colors represent potential energy in the Tersoff
interatomic potential.
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where t’ is the rescaled material model, to be determined. Since the
integrals in (61) are area integrals in 2D, (61) is satisfied for all defor-
mations if t’ is set to

t'() = n°t(€ /) (62)

for all ¢'. (In 3D the exponent in (62) would be —4.)
The critical strain derived from the Griffith criterion s, follows a
different scaling relation. In both 2D and 3D, this relation is given by

s =k"Y2s, (63)

which follows from the standard derivation of the critical strain [17].
In the application below in Section 7, a value of kK = 5 was used.

The coarse grained material model, before rescaling, embeds length
scales from the original small scale or MD model, as demonstrated by
the dispersion curves in Figure 3. However, these physical length scales
are lost when rescaling according to (62). In fact, after rescaling, there
may be no compelling reason to use the same bond length dependence
R as was obtained by coarse graining. This can be replaced by some
other convenient form, say R’, provided that

& 9 )
/ RI(€/5')e” de’ = / R(£/0)E? de, (64)
0 0

which ensures that the stress is unchanged.

7 Comparison with experiment

Lee et al. [14] performed experiments in which the elastic response and
strength of nearly perfect graphene sheets were measured. The sheets
were suspended over circular cavities with diameter 1000nm or 1500nm.
The sheets were then deflected by an atomic force microscope (AFM)
probe with a nominally hemispherical tip. The main data reported
was the force on the probe as a function of its deflection.

The case with a specimen diameter of 1000nm and an AFM probe
tip radius of 27.5nm was simulated with the coarse grained material
model discussed above for a perfect graphene monolayer. This material
model was implemented in the Emu peridynamic code [29]. The grid
spacing in the CG model was scaled up by a factor of 5, resulting in
a grid spacing in Emu of 2.5nm and a horizon of §' = 10.61nm. The
AFM probe tip was modeled as a rigid sphere with constant velocity.

The load on the AFM predicted by the peridynamic simulation
is compared with typical experimental data [14] in Figure 10. The
experimental data has a statistical variation between tests of about
20%. The oscillations in the simulated curve come from vibrations of
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Figure 10: Simulated load on an AFM probe deflecting a graphene sheet
compared with typical experimental data [14].

the membrane in “trampoline” mode, since the simulation is dynamic
rather than quasi-static. The simulation assumed infinite friction, that
is, no sliding between the probe and the membrane. The alternative
assumption of zero friction reduces the predicted peak load in the simu-
lation. It is also uncertain whether the probe is actually hemispherical
and smooth, as is assumed in the calculation. The simulated shape of
the membrane and strain distribution just prior to failure are shown
in Figure 11. After failure, the specimen is predicted to form petals, a
feature that is also observed in the experiment.

The Emu calculation had 125,629 nodes and used a time step size of
100fs. In contrast, a full MD calculation of this problem would require
over 28,000,000 atoms and have a time step of about 0.5fs. So, the
peridynamic model offers a substantial saving in computer resources
compared with full MD. A peridynamic code with an implicit solver
would allow a much larger time step size to be used than in Emu, which
uses explicit differencing in time.
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Figure 11: Peridynamic simulation of the perforation of a graphene sheet
by and AFM probe.
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8 Discussion

The main result of this paper is a demonstration that the coarse grain-
ing method described in Section 2 can be used to calibrate an ap-
propriate peridynamic continuum or discretized material model. The
distinguishing features of this method are that it derives nonlocal bond
forces directly from MD, and that these forces are compatible with the
use of smoothed displacements according to a prescribed weighting
function. A peridynamic material model for graphene obtained from
these bond forces provides good agreement with nanoscale test data
while greatly reducing the cost of the calculation in comparison with
molecular dynamics, especially when used together with rescaling the
horizon. It was further demonstrated here that the coarse grained
model can be combined with standard peridynamic bond breakage to
treat both the nucleation and growth phases of fracture.

As illustrated in Section 3, the method can treat long-range forces.
However, graphene sheets do not involve long-range forces, since the
Tersoff potential causes each atom to interact only with its nearest
neighbors, of which there are 3. Long-range forces would arise from the
application of surface charge to graphene. Long-range forces would also
be present in multilayer graphene, since adhesion between the layers
occurs through interactions similar to Van der Waals forces [13]. So,
the capability of the coarse graining method to treat long-range forces
would be needed for these applications.

A possible extension of the method is to apply the calibration pro-
cess in Section 4 individually at each CG node, rather than at just
one target node i. This would allow the incorporation of defects such
as grain boundaries into the calibrated peridynamic model, in which
the material parameters would then become dependent on position.
This extension appears to be practical, because the process of fitting
described here is direct, rather than relying on an optimization tech-
nique.

The coarse graining method provides bond forces as the primary
quantity that is used for fitting a material model. This limits the
number of MD simulations that are needed (only uniaxial strain and
isotropic extension are used here) rather than a large suite of training
data that might be required in alternative methods. A different ap-
proach [36, 37, 34] is to apply machine learning to fit a peridynamic
model to coarse grained displacements. The machine learning approach
avoids the use of coarse grained bond forces but requires many differ-
ent loading cases as training data. Machine learning may offer the
potential to learn the form of a peridynamic model from small-scale
data in addition to calibrating the parameters.

27



Acknowledgment

This work was supported by the U.S. Army Combat Capabilities De-
velopment Command (DEVCOM) Army Research Laboratory and by
LDRD programs at Sandia National Laboratories. Sandia National
Laboratories is a multimission laboratory managed and operated by
National Technology and Engineering Solutions of Sandia LL.C, a wholly
owned subsidiary of Honeywell International Inc. for the U.S. De-
partment of Energys National Nuclear Security Administration under
contract DE-NA0003525. This paper describes objective technical re-
sults and analysis. Any subjective views or opinions that might be
expressed in the paper do not necessarily represent the views of the
U.S. Department of Energy or the United States Government.

References

[1] R. Ansari, S. Ajori, and B. Motevalli. Mechanical properties of de-
fective single-layered graphene sheets via molecular dynamics sim-
ulation. Superlattices and Microstructures, 51(2):274-289, 2012.

[2] S.R. Asemi, A. Farajpour, M. Borghei, and A. H. Hassani. Ther-
mal effects on the stability of circular graphene sheets via nonlo-
cal continuum mechanics. Latin American Journal of Solids and
Structures, 11(4):704-724, 2014.

[3] M. Becton, L. Zhang, and X. Wang. On the crumpling of poly-
crystalline graphene by molecular dynamics simulation. Physical
Chemistry Chemical Physics, 17(9):6297-6304, 2015.

[4] Q. Cao, X. Geng, H. Wang, P. Wang, A. Liu, Y. Lan, and Q. Peng,.
A review of current development of graphene mechanics. Crystals,
8(9):357, 2018.

[5] Y. Chandra, S. Adhikari, E. S. Flores, et al. Advances in finite el-

ement modelling of graphene and associated nanostructures. Ma-
terials Science and Engineering: R: Reports, 140:100544, 2020.

[6] M. Chen, S. Quek, Z. Sha, C. Chiu, Q. Pei, and Y. Zhang. Ef-
fects of grain size, temperature and strain rate on the mechani-
cal properties of polycrystalline graphene—a molecular dynamics
study. Carbon, 85:135-146, 2015.

[7] C. Diyaroglu, D. Behera, E. Madenci, Y. Kaya, G. Kedziora, and
D. Nepal. Peridynamic modeling of wrinkling in a graphene layer.
In ATAA Scitech 2019 Forum, page 1040, 2019.

[8] L. He, S. Guo, J. Lei, Z. Sha, and Z. Liu. The effect of
stone—thrower—wales defects on mechanical properties of graphene
sheets—a molecular dynamics study. Carbon, 75:124-132, 2014.

28



[9]

[10]

A. Hemmasizadeh, M. Mahzoon, E. Hadi, and R. Khandan. A
method for developing the equivalent continuum model of a single
layer graphene sheet. Thin Solid Films, 516(21):7636-7640, 2008.

B. Javvaji, P. R. Budarapu, V. Sutrakar, D. R. Mahapatra,
M. Paggi, G. Zi, and T. Rabczuk. Mechanical properties of
graphene: molecular dynamics simulations correlated to con-
tinuum based scaling laws. Computational Materials Science,

125:319-327, 2016.

J.-W. Jiang, J.-S. Wang, and B. Li. Youngs modulus of graphene:
a molecular dynamics study. Physical Review B, 80(11):113405,
2009.

N. Jing, Q. Xue, C. Ling, M. Shan, T. Zhang, X. Zhou, and
Z. Jiao. Effect of defects on young’s modulus of graphene sheets:
a molecular dynamics simulation. Rsc Advances, 2(24):9124-9129,
2012.

S. Kitipornchai, X. He, and K. Liew. Continuum model for the
vibration of multilayered graphene sheets. Physical Review B,
72(7):075443, 2005.

C. Lee, X. Wei, J. W. Kysar, and J. Hone. Measurement of the
elastic properties and intrinsic strength of monolayer graphene.
science, 321(5887):385-388, 2008.

X. Liu, X. He, L. Sun, J. Wang, D. Yang, and X. Shi. A
chirality-dependent peridynamic model for the fracture analysis
of graphene sheets. Mechanics of Materials, 149:103535, 2020.

X. Liu, X. He, J. Wang, L. Sun, and E. Oterkus. An ordinary
state-based peridynamic model for the fracture of zigzag graphene
sheets. Proceedings of the Royal Society A: Mathematical, Physical
and Engineering Sciences, 474(2217):20180019, 2018.

E. Madenci and E. Oterkus. Peridynamic Theory and Its Appli-
cations. Springer, New York, 2013.

A. Martowicz, W. Staszewski, M. Ruzzene, and T. Uhl. Peri-
dynamics as an analysis tool for wave propagation in graphene
nanoribbons. In Sensors and Smart Structures Technologies for
Civil, Mechanical, and Aerospace Systems 2015, volume 9435,
page 943501. International Society for Optics and Photonics, 2015.

B. Mortazavi and S. Ahzi. Thermal conductivity and tensile re-
sponse of defective graphene: A molecular dynamics study. Car-
bon, 63:460-470, 2013.

7. Ni, H. Bu, M. Zou, H. Yi, K. Bi, and Y. Chen. Anisotropic me-
chanical properties of graphene sheets from molecular dynamics.
Physica B: Condensed Matter, 405(5):1301-1306, 2010.

29



[21]

[22]

[23]

E. Oterkus, S. Oterkus, and S. Madenci. Peridynamic Modeling,
Numerical Techniques, and Applications. Elsevier, Amsterdam,
2021.

S. Pradhan and T. Murmu. Small scale effect on the buckling
of single-layered graphene sheets under biaxial compression via
nonlocal continuum mechanics. Computational materials science,
47(1):268-274, 2009.

S. Pradhan and J. Phadikar. Scale effect and buckling analysis
of multilayered graphene sheets based on nonlocal continuum me-

chanics. Journal of Computational and Theoretical Nanoscience,
7(10):1948-1954, 2010.

C. Reddy, S. Rajendran, and K. Liew. Equilibrium configuration
and continuum elastic properties of finite sized graphene. Nan-
otechnology, 17(3):864, 2006.

A. Sakhaee-Pour. Elastic properties of single-layered graphene
sheet. Solid State Communications, 149(1-2):91-95, 2009.

F. Scarpa, S. Adhikari, A. Gil, and C. Remillat. The bending
of single layer graphene sheets: the lattice versus continuum ap-
proach. Nanotechnology, 21(12):125702, 2010.

J.-X. Shi, T. Natsuki, X.-W. Lei, and Q.-Q. Ni. Equivalent young’s
modulus and thickness of graphene sheets for the continuum me-
chanical models. Applied Physics Letters, 104(22):223101, 2014.

S. Silling, D. Littlewood, and P. Seleson. Variable horizon in
a peridynamic medium. Journal of Mechanics of Materials and
Structures, 10(5):591-612, 2015.

S. A. Silling and E. Askari. A meshfree method based on the
peridynamic model of solid mechanics. Computers and Structures,
83:1526-1535, 2005.

S. A. Silling and M. Fermen-Coker. Peridynamic model for mi-
croballistic perforation of multilayer graphene. Theoretical and
Applied Fracture Mechanics, 113:102947, 2021.

J. Tersoff. Empirical interatomic potential for carbon, with
applications to amorphous carbon. Physical Review Letters,
61(25):2879, 1988.

J.-L. Tsai, S.-H. Tzeng, and Y.-J. Tzou. Characterizing the frac-
ture parameters of a graphene sheet using atomistic simulation
and continuum mechanics. International Journal of Solids and
Structures, 47(3-4):503-509, 2010.

M. Xu, J. T. Paci, J. Oswald, and T. Belytschko. A constitutive
equation for graphene based on density functional theory. In-
ternational Journal of Solids and Structures, 49(18):2582-2589,
2012.

30



[34]

[35]

[36]

[37]

[38]

[39]

X. Xu, M. D’Elia, and J. T. Foster. A machine-learning framework
for peridynamic material models with physical constraints. arXiv
preprint arXiw:2101.01095, 2021.

L. Yi, Z. Yin, Y. Zhang, and T. Chang. A theoretical evaluation
of the temperature and strain-rate dependent fracture strength of
tilt grain boundaries in graphene. Carbon, 51:373-380, 2013.

H. You, Y. Yu, S. Silling, and M. D’Elia. Data-driven learning
of nonlocal models: from high-fidelity simulations to constitutive
laws. arXiv preprint arXiv:2012.04157, 2020.

H. You, Y. Yu, N. Trask, M. Gulian, and M. DElia. Data-
driven learning of nonlocal physics from high-fidelity synthetic
data. Computer Methods in Applied Mechanics and Engineering,
374:113553, 2021.

P. Zhang, L. Ma, F. Fan, Z. Zeng, C. Peng, P. E. Loya, Z. Liu,
Y. Gong, J. Zhang, X. Zhang, et al. Fracture toughness of
graphene. Nature communications, 5(1):1-7, 2014.

T. Zhang, X. Li, and H. Gao. Fracture of graphene: a review.
International Journal of Fracture, 196(1-2):1-31, 2015.

31



