
Implementing a projection-based reformulation and
decomposition algorithm for global optimization of a

class of mixed integer bilevel linear programs
Introduction Algorithm
• Bilevel programs are

mathematical programs with
optimization problems in their
constraint.

• Bilevel programs are used in
cybersecurity modeling

• A general bilevel mixed
integer linear program:
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Algorithm. Projection-based reformulation and decomposition through CC6 method
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Step 1 (Initialization)

Sct LB = —C* UB =+ , =0, k = , and Y,;; <— .

3 Step 2 (Lower Hounding)
4 Solve problem (P5).

5 Denote thc optimal solution as (xr,y;•.,x4m.̀ ,ykiv),

6 Set LB to the optimal objective value OA .

7 Step 3 (Termination)
8 if UB— LB < , then Terminate and return oplimal solution.

9 Step 4 (Subproblem 1)

10 Solve problem (P6) at (x:'‘,Yr)•

I Denote thc optimal solution as (11,,,ki ) and optimal objective value as ) •

12 Step 5 (Subproblem 2)

13 Solve problem (P7) at (4'1', yr ) and 00 (Xr,yr)

14 if Feasible then

15 Denote the optimal solution as (4`,.)/,'.)

16 Sct LT= min IL/B,c;per +.c.'Ar'.-1-€A,,,(4'., yr )

17 Set = yi'4 .

18 else (Infeasible Problem)

19 Set Yk = 54.
20 end
21 Step 6 (Tightening the Master Problem)

22 Crcatc ncw variables (xid,ir ) and constraint (54) corresponding to 0y = -.I
.114 •

23 Set g+, =t+, u {Pil} and k = k 1-1
24 Step 7 (Loop)
25 if UR- LB < then

26 Terminate and return thc optimal solution.
27 else
28 Go to step 2.
29 end

A Classic Toy Example

• Master Problem is initially the high

point problem (does not ensure
optimality of the lower level

problem) and adds constraints
through column generation

• Subproblem 1 is the lower level

problem given the optimal upper

level solution from the previously

solved Master Problem

• Subproblem 2 either selects the

most optimistic lower level solution

of solutions found in Subproblem 1

or indicates that the lower level

solution found in Subproblem 1 is
infeasible for the Master Problem
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Implementation
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• The algorithm is implemented in

Pyomo making use of Pyomo's
packages mpec (mathematical

programs with equilibrium

constraints) and GDP (generalized

disjunctive programming)

• The logical implication constraint

required an approximate

implementation:

Exact

Reformulation
• Goal: formulate without epsilon

approximate disjunction

• Reformulate the "in-the-projection-set"
LP as a feasibility problem

• The LP is infeasible iff dual is
unbounded or infeasible

• Use disjunction:

(PRX41 — QRXli — Qzy" - Pzy41 d > 0

xki > 0
, CONSTRAINT BLOCK d - (2Rxu - Qzyu -

• Introduce new variables to represent

quadratic terms and linearize with

McCormick inequalities
• Requires bounded variables

Future

Work
• Test the algorithm against toy

examples with known solutions on

each iteration

• Optimize the algorithm

• Continue to test reformulations of

the approximation
• Compare and benchmark with two

other recent bilevel solvers: Fischetti

and Ralphs
• Apply to DCOPT model for power

supply cybersecurity
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PYOMO
She'ifa Punla Green

(with thanks to Anya Castillo, Emma Johnson, Bryan Arguello and William Hart)

Dajun Yue, Jiyao Gao, Bo Zeng, Fengqi You. A projection-based reformulation and decomposition algorithm for global optimization of a class of mixed integer bilevel linear programs. Journal of Global Optimization, 73: 27-57,2019.

1111—_   

'gi.E1 Tlia

Nt 141; tjajel

Sandia National Laboratories is a multimission laboratory managed and
operated by National Technology & Engineering Solutions of Sandia, LLC,
a wholly owned subsidiaryof Honeywell International Inc., for the U.S.
Department of Energy's National Nuclear Security Administration under
contract DE-NA0003525.
SAND No.

Sandia
ational• I LaborNatories

SAND2019-8193D


