
Kevin	Carlberg	
Sandia	Na(onal	Laboratories	
SILO	Seminar	Series	
University	of	Wisconsin,	Madison	
October	11,	2017

Breaking computational barriers 
Using data to enable extreme-scale simulations for UQ and design

SAND2017-10710PE



/38

Kevin	CarlbergBreaking	computa5onal	barriers

High-fidelity simulation 2

computa5onal	barrier
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- High	fidelity:	extreme-scale	nonlinear	dynamical	system	models
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Many-query problems

๏ Bayesian	inference ๏ stochasDc	opDmizaDon

Magnetohydrodynamics	
courtesy	J.	Shadid,	Sandia

Turbulent	reac5ng	flows		
courtesy	J.	Chen,	Sandia

Antarc5c	ice	sheet	modeling		
courtesy	R.	Tuminaro,	Sandia
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High-fidelity simulation: B61 captive carry 3

1

๏ explore	flight	
envelope

๏ quanDfy	effects	of	
uncertainDes	on	store	load

๏ robust	design	of	
store	and	cavity

computa5onal	barrier

Many-query problems

+Validated	and	predic(ve:	matches	wind-tunnel	experiments	to	within	5%	
- Extreme-scale:	100	million	cells,	200,000	Dme	steps	
- High	simula(on	costs:	6	weeks,	5000	cores
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High-fidelity simulation: B61 captive carry
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Computational barrier at NASA

“Despite	tremendous	progress	made	in	the	past	few	decades,	
CFD	tools	are	too	slow	for	simula=on	of	complex	geometry	flows…	
[taking]	from	thousands	to	millions	of	computa=onal	core-hours.”

“To	enable	high-fidelity	CFD	for	mul=-disciplinary	analysis	and	design,	the	
speed	of	computa=on	must	be	increased	by	orders	of	magnitude.”

“The	desired	outcome	is	any	approach	that	can		
accelerate	calcula5ons	by	a	factor	of	10x	to	1000x.”
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“Despite	tremendous	progress	made	in	the	past	few	decades,		

CFD	tools	are	too	slow	for	simula(on	of	complex	geometry	flows…	

[taking]	from	thousands	to	millions	of	computa(onal	core-hours.”

“To	enable	high-fidelity	CFD	for	mul(-disciplinary	analysis	and	design,	

the	speed	of	computa(on	must	be	increased	by	orders	of	magnitude.”

“The	desired	outcome	is	any	approach	that	can	

accelerate	calcula)ons	by	a	factor	of	10x	to	1000x.”
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Approach: exploit simulation data 5

Idea:	exploit	simula(on	data	collected	at	a	few	points

D

1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Many-query	problem:	solve	ODE	for	µ 2 Dquery

µ 2 Dquery \ Dtraining

ODE:
dx

dt
= f(x; t,µ), x(0,µ) = x0(µ), t 2 [0,Tfinal], µ 2 D
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My research 6

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preservaDon	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

4

Enable	extreme-scale	simula(ons	for	many-query	problems
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Enable	extreme-scale	simula(ons	for	many-query	problems
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Model reduction: previous state of the art 8

Linear	5me-invariant	systems:	mature	[Antoulas,	2005]	
‣ Balanced	truncaDon	[Moore,	1981;	Willcox	and	Peraire,	2002;	Rowley,	2005]	
‣ Transfer-funcDon	interpolaDon	[Bai,	2002;	Freund,	2003;	Gallivan	et	al,	2004;	Baur	et	al.,	2001]	
+ Accurate:	a	priori	error	bounds	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	guaranteed	stability

3

Ellip5c/parabolic	PDEs:	mature	[Prud’Homme	et	al.,	2001;	Barrault	et	al.,	2004;	Rozza	et	al.,	2008]	

‣ Reduced-basis	method	
+ Accurate:	a	priori	error	bounds,	convergence	
+ Inexpensive:	pre-assemble	operators	
+ Structure	preserva(on:	preserve	operator	properDes

Nonlinear	dynamical	systems:	ineffecDve	
‣ Proper	orthogonal	decomposiDon	(POD)–Galerkin	[Sirovich,	1987]	
- Inaccurate:	ogen	unstable	
- Expensive:	projecDon	insufficient	for	speedup	
- Structure	not	preserved:	dynamical-system	properDes	ignored

Goal:	accurate,	inexpensive,	structure-preserving	nonlinear	model	reduc(on
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My research 9
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Enable	extreme-scale	simula(ons	for	many-query	problems
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Enable	extreme-scale	simula(ons	for	many-query	problems

*	#2	most-cited	paper,	Int	J	Numer	Meth	Eng,	2011
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1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Training simulations: state tensor 11

D

dx

dt
= f(x; t,µ)ODE:

X ijk =

µ 2 Dquery \ Dtraining

number	of	
Dme	steps	T

nu
m
be

r	
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1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition 12

X ijk =

dx

dt
= f(x; t,µ)ODE:

X(1) = =

Compute	dominant	leU	singular	values	of	mode-1	unfolding

U ⌃ VT�

columns	are	principal	components	of	the	spa(al	simula(on	data�

How	to	integrate	these	data	with	the	computa)onal	model?

µ 2 Dtraining

µ 2 Dquery \ Dtraining
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Previous state of the art: Galerkin projection

1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	µ 2 Dquery \ Dtraining

dx

dt
= f(x; t,µ)ODE:

1. Reduce	the	number	of	unknowns 2. Reduce	the	number	of	equaDons

D

DGalerkin	ODE:
d x̂

dt
= �

T
f(�x̂; t,µ)

d x̂

dt
) = 0

((�

T (f(�x̂; t,µ)��

x(t) ⇡ x̃(t) = � x̂(t)
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B61 captive carry 14

V1

‣ Unsteady	Navier–Stokes ‣ Re	=	6.3	x	106 ‣ M∞	=	0.6

Spa5al	discre5za5on	
‣ 2nd-order	finite	volume	
‣ DES	turbulence	model	
‣ 																	degrees	of	freedom1.2⇥ 106

Temporal	discre5za5on	
‣ 2nd-order	BDF	
‣ Verified	Dme	step		
‣ 																	Dme	instances

�t = 1.5⇥ 10�3

8.3⇥ 103
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High-fidelity model solution 15

vor(city	field

pressure	field

Kevin	CarlbergBreaking	computa5onal	barriers
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Principal components
x(t) ⇡ � x̂(t)

�1

�401

�21

�101
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Galerkin performance 17

probe

Can	we	construct	a	beBer	projec)on?
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- Galerkin	projec(on	fails	regardless	of	basis	dimension
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Galerkin: time-continuous optimality 18

ODE Galerkin	ODE
d x̂

dt
= �

T
f(�x̂; t,µ)

+ Time-con(nuous	Galerkin	solu(on:	opDmal	in	the	minimum-residual	sense:

d x̂

dt
= �

T
f(�x̂; t,µ)��

- Time-discrete	Galerkin	solu(on:	not	generally	opDmal	in	any	sense

dx

dt
= f(x; t)

f(�x̂; t)

O∆E Galerkin	O∆E

r

n(x) := ↵0x��t�0f(x; t
n) +

kX

j=1

↵jx
n�j ��t

kX

j=1

�j f(x
n�j ; tn�j)

r

n(xn) = 0, n = 1, ... ,Nn = 1, ... ,T �

T
r

n(�x̂

n) = 0, n = 1, ... ,Nn = 1, ... ,T

d�x̂

dt
(x, t) = argmin

v2range(�)
kv � f(x, t)k2

�

d x̂

dt
(x, t)
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Residual minimization and time discretization

ODE
residual	

minimiza(on

(me	
discre(za(on

dx

dt
= f(x; t)

Galerkin	ODE
d x̂

dt
= �

T
f(�x̂; t)

,
 

n(x̂n)T rn(�x̂n) = 0�x̂

n = argmin
v2range(�)

kArn(v)k2

 

n(x̂n) := A

T
A(↵0I��t�0

@f

@x
(�x̂n; t))�

Least-squares	Petrov–Galerkin	(LSPG)	projec(on

residual	
minimiza(on

LSPG	O∆E
�x̂

n = argmin
v2range(�)

kArn(v)k2

[Carlberg,	Bou-Mosleh,	Farhat,	2011]

n = 1, ... ,T

(me	
discre(za(on

O∆E
r

n(xn) = 0
n = 1, ... ,T

Galerkin	O∆E
�

T
r

n(�x̂

n) = 0
n = 1, ... ,T
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Discrete-time error bound 20

Theorem	[Carlberg,	AnDl,	Barone,	2017]

If	the	following	condiDons	hold:	
1.													is	Lipschitz	conDnuous	with	Lipschitz	constant	
2.	The	Dme	step								is	small	enough	such	that																																											,	
3.	A	backward	differenDaDon	formula	(BDF)	Dme	integrator	is	used,	
4.	LSPG	employs												,	then	

f(·; t) 

0 < h := |↵0|� |�0|�t�t

+ LSPG	sequen(ally	minimizes	the	error	bound

A = I

kxn ��x̂

n
Gk2 

1

h
krnG(�x̂

n
G)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
G k2

Ensuring					captures	solu(on	increments	over								reduces	LSPG	error	bound�t�

kxn ��x̂

n
LSPGk2 

1

h
min
v̂

krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
LSPGk2

krnLSPG(�v̂)k2 = |↵0|k�(v̂ � x̂

n�1
LSPG)� (x̄n ��x̂

n�1
LSPG)�

�t�0

↵0
(f(�v̂; tn)� f(x̄n; tn))k2(xn ��x̂

LSPG

)| {z }
approx increment

(xn ��x̂LSPG)| {z }
increment
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LSPG performance 21
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+ LSPG	is	far	more	accurate	than	Galerkin



/38

Kevin	CarlbergBreaking	computa5onal	barriers

LSPG dependence on time step 22

‣ Surprising	result:	intermediate							can	reduce	error	and	Dme	by	10x	
‣ Higher-dimension					:	
+ can	capture	soluDon	fluctuaDons	over	smaller	
- provides	no	benefit	for	large

�t
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My research 23

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]*	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

4

Enable	extreme-scale	simula(ons	for	many-query	problems

*	#1	most-cited	paper,	J	Comp	Phys,	2013
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Wall-time problem 24
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‣ High-fidelity	simula(on:	1	hour,	48	cores	
‣ Fastest	LSPG	simula(on:	1.3	hours,	48	cores

Why	does	this	occur?	Can	we	fix	it?
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‣ ML:	compute	residual	principal	components						and	sampling	
‣ Reduc5on:	compute	regression	approximaDon

Cost reduction by gappy PCA [Everson and Sirovich, 1995]

minimize
v̂

k A rn( � v̂)k2

k2
Can	we	select						to	make	this	less	expensive?A

rn( � v̂)k2 + Only	a	few	elements		
of	d		must	be	computedrn

rn ⇡ r̃n = �r(P�r)
+Prn

�r P

(P�r)
+P
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Sample mesh [Carlberg, Farhat, Cortial, Amsallem, 2013] 26

5

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

+HPC	on	a	laptop

sample	
mesh

minimize
v̂

k(P�r)
+Prn(�v̂)k2

A = (P�r)
+P

Prn|{z}
A

high-fidelity	
5	hours,	48	cores

‣ implemented	in	three	computaDonal-mechanics	codes
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My research 27

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]*	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015*;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

4

Enable	extreme-scale	simula(ons	for	many-query	problems

*	Featured	ArDcle,	SIAM	J	Sci	Comp,	2015
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LSPG for finite-volume models 28

⌦j

�j
ODE:

dx

dt
= f(x; t)

xI(i ,j) =
1

|⌦j |

Z

⌦j

ui (~x , t)d~x

‣ average	value	of	conserved	variable	i	over	control	volume	j

‣ flux	of	conserved	variable	i	entering	control	volume	j

fI(i ,j) = � 1

|⌦j |

Z

⌦j

ui (~x , t)v`(~x , t)n`(~x)d~x

‣ minimize	weighted	sum	of	squared	conservaDon-law	violaDons	over	Dme	step	n	
+ Lower	error	bounds,	berer	observed	performance	than	Galerkin	
- Does	not	ensure	conservaDon	anywhere

‣ viola5on	of	conserva5on	of	variable	i	in	control	volume	j	over	Dme	step	n

r

n
I(i ,j) =

1

|⌦j |

Z

⌦j

ui (~x , t
n+1)� ui (~x , t

n)d~x +
1

|⌦j |

Z tn+1

tn

Z

�j

ui (~x , t)v`(~x , t)n`(~x)d~xdtr

n
I(i ,j) =

1

|⌦j |

Z

⌦j

ui (~x , t
n+1)� ui (~x , t

n)d~x +
1

|⌦j |

Z tn+1

tn

Z

�j

ui (~x , t)v`(~x , t)n`(~x)d~xdt

O∆E: r

n(xn) = 0, n = 1, ... ,N

LSPG	O∆E: minimize
v̂

kArn(�v̂)k2
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29

⌦j

�j

‣ minimize	weighted	sum	of	squared	conservaDon-law	violaDons	over	Dme	step	n

r̄

n
i =

1

|⌦|

Z

⌦
ui (~x , t

n+1)� ui (~x , t
n)d~x +

1

|⌦|

Z tn+1

tn

Z

�
ui (~x , t)v`(~x , t)n`(~x)d~xdt

minimize

v̂
kArn(�ˆv)k2

subject to

¯rn(�ˆv) = 0

�j

⌦

	 subject	to	global	conservaDon

LSPG: minimize
v̂

kArn(�v̂)k2LSPG-FV:

‣ violaDon	of	conservaDon	of	variable	i	in	enDre	domain	over	Dme	step	n

LSPG LSPG-FV
A=I 0.57 0.44

A=(ΦRP)+P 4.4 5.3
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LSPG,	A=(ΦRP)+P

LSPG-FV,	A=(ΦRP)+P

3020100

+	structure	preservaDon			
improves	accuracy

+	sample	mesh	
improves	wall	Dme

Example:	quasi-1D	Euler

Enforce global conservation [Carlberg, Choi, Sargsyan, 2017]

speedup
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Structure preservation 30

Dme

 Nonlinear	Lagrangian	dynamical	systems	
[Carlberg,	Tuminaro,	Boggs,	2015]	
‣ approximates	Lagrangian	ingredients,	
then	derives	equaDons	of	moDon	

+ ensures	symplecDc	Dme	evoluDon	
+ conserves	total	energy

ti
p
y
-d
is
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em
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t
(m

)

time (seconds)
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0

2

di
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high-fidelity model 

Galerkin projection 

structure-preserving projections

2

0

�2

 Preserving	marginal	stability	(LTI	systems)	
[Peng	and	Carlberg,	2017]	
‣ applies	symplecDc	projecDon	to	ensure	
ROM	has	purely	imaginary	poles	

‣ guarantees	finite	infinite-Dme	energy	
‣ enables	extension	of	balanced	truncaDon

101

100

10�1

10�2

10�3

Table 5.2
2D mass–spring example. Comparison of di↵erent model-reduction methods for reduced dimension k = 40.

POD SRSB BPOD SP1 SP2
Full-order
model

Number of
unstable modes

8 16 18 0 0 0

Instability margin
max(Re(�))

50.480 10.586 3.695 0 0 0

Marginal-stability
preservation

No No No Yes Yes Yes

Relative state-space
error ⌘

+1 +1 +1 0.11156 0.10214 0.04358

Relative system-energy
error ⌘E

+1 +1 +1 8.6868⇥ 10�5 4.8843⇥ 10�3 3.413⇥ 10�5

Infinite-time
energy

+1 +1 +1 1.9958⇥ 10�3 1.9959⇥ 10�3 1.9959⇥ 10�3
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(a) The evolution of the state-space error ke(t)k = kx(t)�
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(b) The evolution of the system energy E(t)

Figure 5.3. 2D mass–spring example. The evolution of the state-space error ke(t)k = kx(t) � x̂(t)k and system energy
E(t) for all tested methods and reduced dimension k = 40.

by G�1 to represent them in canonical coordinates.
Table 5.2 compares the performance of di↵erent reduced-order models (all of dimension k = 40, while

Figure 5.3 plots the `2-norm of the state-space error e(t):=x(t)�x̂(t) and the system energy E(x(t)) for those
reduced-order models as a function of time. Here, the system energy is defined by the total Hamiltonian,
i.e., E(t) = Hx( x(t)) +Hy( y(t)), and its infinite-time value is computed by eigenvalue analysis.

First, note that among all the tested methods, only the full-order model and the proposed SP reduced-
order models preserve marginal stability and have finite errors ⌘ and ⌘E . Further, the SP methods ensure
that the reduced-order model has a pure marginally stable subsystem, and thus a finite infinite-time energy
that is nearly identical to that of the full-order model. Because POD, SRSB, and BPOD have unstable
modes, they yield unbounded infinite-time energy. Further, due to their relatively large instability margins,
their errors and energy grow rapidly within the considered time interval, leading to significant errors.

Finally, we vary the reduced dimension between k = 4 to k = 40 to assess the e↵ect of subspace dimension
on method performance. Figure 5.2 plots the relative state-space error ⌘ of state variable and the relative
system-energy error ⌘E as a function of k. Only the full-order model and the SP reduced-order models yield
finite values of ⌘ and ⌘E for all the tested values of subspace dimension k.
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Figure 5.3. 2D mass–spring example. The evolution of the state-space error ke(t)k = kx(t) � x̂(t)k and system energy
E(t) for all tested methods and reduced dimension k = 40.

by G�1 to represent them in canonical coordinates.
Table 5.2 compares the performance of di↵erent reduced-order models (all of dimension k = 40, while

Figure 5.3 plots the `2-norm of the state-space error e(t):=x(t)�x̂(t) and the system energy E(x(t)) for those
reduced-order models as a function of time. Here, the system energy is defined by the total Hamiltonian,
i.e., E(t) = Hx( x(t)) +Hy( y(t)), and its infinite-time value is computed by eigenvalue analysis.

First, note that among all the tested methods, only the full-order model and the proposed SP reduced-
order models preserve marginal stability and have finite errors ⌘ and ⌘E . Further, the SP methods ensure
that the reduced-order model has a pure marginally stable subsystem, and thus a finite infinite-time energy
that is nearly identical to that of the full-order model. Because POD, SRSB, and BPOD have unstable
modes, they yield unbounded infinite-time energy. Further, due to their relatively large instability margins,
their errors and energy grow rapidly within the considered time interval, leading to significant errors.

Finally, we vary the reduced dimension between k = 4 to k = 40 to assess the e↵ect of subspace dimension
on method performance. Figure 5.2 plots the relative state-space error ⌘ of state variable and the relative
system-energy error ⌘E as a function of k. Only the full-order model and the SP reduced-order models yield
finite values of ⌘ and ⌘E for all the tested values of subspace dimension k.
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Table 5.2
2D mass–spring example. Comparison of di↵erent model-reduction methods for reduced dimension k = 40.

POD SRSB BPOD SP1 SP2
Full-order
model

Number of
unstable modes

8 16 18 0 0 0

Instability margin
max(Re(�))

50.480 10.586 3.695 0 0 0

Marginal-stability
preservation

No No No Yes Yes Yes

Relative state-space
error ⌘

+1 +1 +1 0.11156 0.10214 0.04358

Relative system-energy
error ⌘E

+1 +1 +1 8.6868⇥ 10�5 4.8843⇥ 10�3 3.413⇥ 10�5

Infinite-time
energy

+1 +1 +1 1.9958⇥ 10�3 1.9959⇥ 10�3 1.9959⇥ 10�3
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My research 31

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

4

Enable	extreme-scale	simula(ons	for	many-query	problems



/38

Kevin	CarlbergBreaking	computa5onal	barriers

My research 32

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

4

Enable	extreme-scale	simula(ons	for	many-query	problems



/38

Kevin	CarlbergBreaking	computa5onal	barriers

Discrete-time error bound 33

Theorem	[Carlberg,	AnDl,	Barone,	2017]

If	the	following	condiDons	hold:	
1.													is	Lipschitz	conDnuous	with	Lipschitz	constant	
2.	The	Dme	step								is	small	enough	such	that																																											,	
3.	A	backward	differenDaDon	formula	(BDF)	Dme	integrator	is	used,	
4.	LSPG	employs												,	then	

f(·; t) 

0 < h := |↵0|� |�0|�t�t

A = I

kxn ��x̂

n
Gk2 

1

h
krnG(�x̂

n
G)k2+

1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
G k2

Can	we	use	these	error	bounds	for	error	es)ma)on?

kxn ��

ˆ

x

n
Gk2 

�1(�2)n exp(�3tn)

�4 + �5�t
max

j2{1,...,N}
krjG(�ˆ

x

j
G)k2

kxn ��x̂

n
LSPGk2 

1

h
min
v̂

krnLSPG(�v̂)k2+
1

h

kX

`=1

|↵`|kxn�` ��x̂

n�`
LSPGk2kxn ��

ˆ

x

n
LSPGk2 

�1(�2)n exp(�3tn)

�4 + �5�t
max

j2{1,...,N}
min

v̂

krjLSPG(�ˆ

v)k2

- grow	exponenDally	in	Dme

- determinisDc:	not	amenable	to	uncertainty	quanDficaDon
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Error quantification: previous state of the art
Rigorous	error	bounds	
[Rathinam	and	Petzold,	2003;	Grepl	and	Patera,	2005;	Antoulas,	2005;	Hinze	and	Volkwein,	2005;	Carlberg	et	al.,	2017]	
‣ Developed	for	reduced-order	models	
- Overes(ma(on:	exponenDal	growth	for	Dme-dependent	problems	
- Determinis(c:	not	amenable	to	uncertainty	quanDficaDon

3

Dual-weighted-residual	error	es5ma5on	
[Babuska	and	Miller,	1984;	Becker	and	Rannacher,	1996;	Rannacher,	1999;	Vendit	and	Darmofal,	2000;	Fidkowski,	2007]	

‣ Developed	for	finite-element,	finite-volume,	DG	discreDzaDons	
+ Accurate:	first-order,	coarse-model	approximaDon	of	error	
- Determinis(c:	not	amenable	to	uncertainty	quanDficaDon

Goal:	Sta(s(cal	model	that	leverages	data	informing	the	error

Data	fit:	map	inputs					to	error	
‣ Developed	for	general	surrogate	models	
+ Sta(s(cal:	amenable	to	uncertainty	quanDficaDon	
- Limited:	does	not	leverage	data	informing	the	error

µ
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Key insight 35
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Idea:	regression	model	that	predicts	error																									from	features ⇢nqnHFM � qnROM

Reduced-order	models	generate	features						that	may	inform	its	error⇢n

outputsinputs µ high-fidelity	model

outputsinputs µ reduced-order	model qnROM, n = 1, ... ,Nn = 1, ... ,T

qnHFM, n = 1, ... ,Nn = 1, ... ,T

features ⇢n, n = 1, ... ,Nn = 1, ... ,T

pr
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	a
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ro
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1.6
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2.4

2.8

Dme
0 2 4 6 8 10 12

qnROM, n = 1, ... ,N
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Training and machine learning: error modeling
1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							

⇢n

qROM

qHFM

features
regression	
model

error	predic(on⇢n

2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	reduced-order-model	error	for

‣ Regression	methods:	Gaussian	process,	LASSO,	random	forest,	SVM

D
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Regression model for the error 37

outputsinputs µ reduced-order	model

features ⇢n, n = 1, ... ,N

1. Training:	Solve	high-fidelity	and	reduced-order	models	for																							
2. Machine	learning:	Construct	regression	model
3. Reduc(on:	predict	reduced-order-model	error	for

µ 2 Dtraining

µ 2 Dquery \ Dtraining

D

qnHFM ⇡ qnROM + �̂n

+ Sta(s(cal	predic(on	of	high-fidelity-model	output
Which	features							should	be	included	in	regression?⇢n

qnROM, n = 1, ... ,Nn = 1, ... ,T

regression	model error	predic(on
�̂n ⇡ qnHFM � qnROM, n = 1, ... ,Nn = 1, ... ,T
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Physics-based feature engineering 38

‣ error	bound

‣ dual-weighted	residual

q(xn) ⇡ q(�x̂

n) +
@q

@x
(�x̂

n)(xn ��x̂

n)1st-order	output	approx:

1st-order	residual	approx: r

n(xn) = 0 ⇡ r

n(�x̂

n) +
@rn

@x
(�x̂

n)(xn ��x̂

n)

@rn

@x
(�x̂

n)Tyn = �@q

@x
(�x̂

n)T

q(xn)� q(�x̂

n) ⇡ (yn)T rn(�x̂

n)

- Costly	solve

kq(xn)� q(�x̂

n)k2 
⌧

h
krn(�x̂

n)k2 +
⌧

h

kX

`=1

|↵`|kxn�` ��x̂

n�`k2 = ⇢n

‣ terms	in	the	error	bound

⇢n = [⌧ , h, krn(�x̂

n)k2]

kq(xn)� q(�x̂

n)k2 
⌧

h
krn(�x̂

n)k2 +
⌧

h

kX

`=1

|↵`|kxn�` ��x̂

n�`k2 = ⇢n

‣ applicaDon-specific	quanDDes

q(xn)� q(�x̂

n) ⇡ (ỹn)T rn(�x̂

n)

+ Inexpensive	solve

ỹ

n = argmin
v̂

k@r
n

@x
(�x̂

n)T�v̂ +
@q
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(�x̂

n)Tk2



/38

Kevin	CarlbergBreaking	computa5onal	barriers

Application 1: Poisson equation [Drohmann, Carlberg, 2015]Error: energy norm of state-space error
Error indicator: residual norm

132 MARTIN DROHMANN AND KEVIN CARLBERG

Figure 4. Visualization of ROMES surrogates (� = |||�u||| and ��u�X , � = log r, d = log), computed using
N = 100 training points and the (i) GP kernel method and (ii) RVM.

We now assess the validity of the Gaussian-process assumptions underlying the ROMES

surrogates �|||�u||| and ��s, i.e., condition 3 of section 3.1. From the discussion in Remark 4.1,
we know if the underlying GP model form is correct, then as the number of training points
increases, the uncertainty about the mean decreases and the set {D(µ) | µ 2 Pvalidation} with

(5.7) D(µ) := d (|||�u(µ)|||) � E
�
d

�
�|||�u|||(⇢(µ))

��
= d (|||�u(µ)|||) � � (⇢(µ))

should behave like samples from the distribution N (0,�2). Figure 5 reports this validation
test and verifies that this condition does indeed hold for a su�ciently large number of training
points.

Further, we can validate the inferred confidence intervals as proposed in (3.1). The table
within Figure 5 reports �validation (�) (see (3.2)), which represents the frequency of observed
predictions in the validation set that lie within the inferred confidence interval C�. We declare
the ROMES model to be validated, as �validation (�) ⇡ � for several values of � as the number
of training points increases.

The results for the ROMES surrogate ��s are very similar to those presented in Figure 5
and will be further discussed in section 5.3. Note that the inferred Gaussian process is well
converged with a moderately sized training set consisting of only N = 35 points.

5.3. Output error: Comparison with multifidelity correction. As discussed in section

3.2, multifidelity-correction methods construct a surrogate ��s,MF of the output error using
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Figure 10. Validation of the probabilistically rigorous ROMES surrogates �|||�u|||
c

(GP kernel, � = |||�u|||,
� = log r, d = log) and comparison with RB error upper bound �µ

u and uniform distribution based on reduced-

basis error bounds ��uni. The top plots compare statistics of the e�ectivities �(c, µ) with c = 0.5 and c = 0.9 of
the probabilistically rigorous ROMES surrogates with the RB error-bound surrogates. The bottom plots compare
the frequency of error overestimation cvalidation with the desired value c (red line).

As the probabilistically rigorous ROMES surrogates �|||�u|||
c

are stochastic processes, we
can measure their (most common) e�ectivity as

(5.9) �(c,µ) :=
mode

�
�|||�u|||

c
(⇢(µ))

�

|||�u(µ)||| .

The top plots of Figure 10 report the mean, median, standard deviation, and extrema
of the e�ectivities �(0.5,µ) and �(0.9,µ) for all validation points µ 2 Pvalidation. Again, we

compare with ��uni, which is a uniform distribution on an interval whose endpoints correspond
to the lower and upper bounds for the error |||�u(µ)|||. We also compare with the corresponding
statistics for the e�ectivity of the RB error bound �µ

u. The lower bound for the coercivity
constant that is needed in the RB error bound �µ

u is chosen as the minimum over all parameter
components ↵LB(µ) = mini2{1,...,9} µi. This simple choice is e�ective because the example is
a�nely parameter dependent and linear [29, Chap. 4.2].

We observe that the ROMES surrogate yields better results than both the error bound �µ
u

(which produces e�ectivities roughly between one and eight) and the uniform distribution ��uni

(which produces mode e�ectivities roughly between one and four). The 50%-rigorous ROMES
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histogram inferred pdf

Figure 5. Gaussian-process validation for the ROMES surrogate (GP kernel, � = |||�u|||, � = log r, d = log)
with a varying number of training points N . The histogram corresponds to samples of D(µ), and the red curve
depicts the probability distribution function N (0, �2). The table reports how often the actual error lies in the
inferred confidence intervals.

the system inputs as error-surrogate inputs, i.e., � = �s, ⇢ = µ, and d = idR. In this
section, we construct this multifidelity-correction surrogate using the same GP kernel method
as ROMES. In [27] it is demonstrated that this error surrogate fails to improve the “corrected
output” when the low-fidelity model corresponds to an ROM. We now verify this result and
show that—in contrast to the multifidelity-correction approach—the ROMES surrogate ��s

constructed via the GP kernel method with � = �s, ⇢ = log r, and d = log yields impressive
results: on average, the output “corrected” by the ROMES surrogate reduces the error by an
order of magnitude, and the Gaussian-process assumptions can be validated. The validation
quality improves as the number of training points increases, but a moderately sized set of only
N = 20 training points leads to a converged surrogate.

The reason multifidelity correction fails for most ROMs is twofold. First, the mapping
µ �� �s can be highly oscillatory in the input space. This behavior arises from the fact that the
reduced-order-model error is zero at the (greedily chosen) ROM training points but grows (and
can grow quickly) away from these points. Such complex behavior requires a large number
of error-surrogate training points to accurately capture. In addition, the number of system
inputs is often large (in this case nine); this introduces curse-of-dimensionality di�culties
in modeling the error. Figure 6(ii) visualizes this problem. The depicted mapping between

of
o
cc

ur
re

nc
e

no
rm

al
iz

ed
ra

te
deviation from GP mean

ov
er

es
ti
m

at
io

n
fa

ct
or

# training points
|DROMES| b

ou
nd

+ Unbiased, low-variance model of the error

+ Numerically validated

- Error bound overprediction as high as 8.0

Reducing nonlinear dynamical systems Kevin Carlberg 32

‣ error:	norm	of	state	error		
‣ 1	feature					:	residual	norm	
‣ regression:	Gaussian	process

kx��x̂k
⇢ kr(�x̂)k2

+ low-variance	model	of	the	error		
+ numerically	validated	on	test	set		
- error	bound	overproducDon	as	high	as	8.0

deviaDon	from	GP	mean

Error: energy norm of state-space error
Error indicator: residual norm
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Figure 4. Visualization of ROMES surrogates (� = |||�u||| and ��u�X , � = log r, d = log), computed using
N = 100 training points and the (i) GP kernel method and (ii) RVM.

We now assess the validity of the Gaussian-process assumptions underlying the ROMES

surrogates �|||�u||| and ��s, i.e., condition 3 of section 3.1. From the discussion in Remark 4.1,
we know if the underlying GP model form is correct, then as the number of training points
increases, the uncertainty about the mean decreases and the set {D(µ) | µ 2 Pvalidation} with

(5.7) D(µ) := d (|||�u(µ)|||) � E
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should behave like samples from the distribution N (0,�2). Figure 5 reports this validation
test and verifies that this condition does indeed hold for a su�ciently large number of training
points.

Further, we can validate the inferred confidence intervals as proposed in (3.1). The table
within Figure 5 reports �validation (�) (see (3.2)), which represents the frequency of observed
predictions in the validation set that lie within the inferred confidence interval C�. We declare
the ROMES model to be validated, as �validation (�) ⇡ � for several values of � as the number
of training points increases.

The results for the ROMES surrogate ��s are very similar to those presented in Figure 5
and will be further discussed in section 5.3. Note that the inferred Gaussian process is well
converged with a moderately sized training set consisting of only N = 35 points.

5.3. Output error: Comparison with multifidelity correction. As discussed in section

3.2, multifidelity-correction methods construct a surrogate ��s,MF of the output error using
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Figure 10. Validation of the probabilistically rigorous ROMES surrogates �|||�u|||
c

(GP kernel, � = |||�u|||,
� = log r, d = log) and comparison with RB error upper bound �µ

u and uniform distribution based on reduced-

basis error bounds ��uni. The top plots compare statistics of the e�ectivities �(c, µ) with c = 0.5 and c = 0.9 of
the probabilistically rigorous ROMES surrogates with the RB error-bound surrogates. The bottom plots compare
the frequency of error overestimation cvalidation with the desired value c (red line).

As the probabilistically rigorous ROMES surrogates �|||�u|||
c

are stochastic processes, we
can measure their (most common) e�ectivity as

(5.9) �(c,µ) :=
mode

�
�|||�u|||

c
(⇢(µ))

�

|||�u(µ)||| .

The top plots of Figure 10 report the mean, median, standard deviation, and extrema
of the e�ectivities �(0.5,µ) and �(0.9,µ) for all validation points µ 2 Pvalidation. Again, we

compare with ��uni, which is a uniform distribution on an interval whose endpoints correspond
to the lower and upper bounds for the error |||�u(µ)|||. We also compare with the corresponding
statistics for the e�ectivity of the RB error bound �µ

u. The lower bound for the coercivity
constant that is needed in the RB error bound �µ

u is chosen as the minimum over all parameter
components ↵LB(µ) = mini2{1,...,9} µi. This simple choice is e�ective because the example is
a�nely parameter dependent and linear [29, Chap. 4.2].

We observe that the ROMES surrogate yields better results than both the error bound �µ
u

(which produces e�ectivities roughly between one and eight) and the uniform distribution ��uni

(which produces mode e�ectivities roughly between one and four). The 50%-rigorous ROMES

residual norm

st
at

e-
sp

ac
e

er
ro

r
en

er
gy

no
rm

of

ROMES METHOD 133

�
0.

2 0

0.
2

0

5

10

deviation from GP–mean

n
or

m
al

iz
ed

ra
te

of
o
cc

u
rr

en
ce

N = 10

�
0.

2 0

0.
2

0

2

4

6

8

deviation from GP–mean

n
or

m
al

iz
ed

ra
te

of
o
cc

u
rr

en
ce

N = 35

�
0.

2 0

0.
2

0

2

4

6

8

deviation from GP–mean

n
or

m
al

iz
ed

ra
te

of
o
cc

u
rr

en
ce

N = 65

�
0.

2 0

0.
2

0

2

4

6

deviation from GP–mean
n
or

m
al

iz
ed

ra
te

of
o
cc

u
rr

en
ce

N = 95
Validation frequency �validation (�)

predicted � N = 10 N = 35 N = 65 N = 95

0.80 0.49 0.71 0.76 0.78
0.90 0.59 0.82 0.87 0.88
0.95 0.68 0.89 0.92 0.93
0.98 0.76 0.93 0.95 0.96
0.99 0.80 0.94 0.96 0.97

histogram inferred pdf

Figure 5. Gaussian-process validation for the ROMES surrogate (GP kernel, � = |||�u|||, � = log r, d = log)
with a varying number of training points N . The histogram corresponds to samples of D(µ), and the red curve
depicts the probability distribution function N (0, �2). The table reports how often the actual error lies in the
inferred confidence intervals.

the system inputs as error-surrogate inputs, i.e., � = �s, ⇢ = µ, and d = idR. In this
section, we construct this multifidelity-correction surrogate using the same GP kernel method
as ROMES. In [27] it is demonstrated that this error surrogate fails to improve the “corrected
output” when the low-fidelity model corresponds to an ROM. We now verify this result and
show that—in contrast to the multifidelity-correction approach—the ROMES surrogate ��s

constructed via the GP kernel method with � = �s, ⇢ = log r, and d = log yields impressive
results: on average, the output “corrected” by the ROMES surrogate reduces the error by an
order of magnitude, and the Gaussian-process assumptions can be validated. The validation
quality improves as the number of training points increases, but a moderately sized set of only
N = 20 training points leads to a converged surrogate.

The reason multifidelity correction fails for most ROMs is twofold. First, the mapping
µ �� �s can be highly oscillatory in the input space. This behavior arises from the fact that the
reduced-order-model error is zero at the (greedily chosen) ROM training points but grows (and
can grow quickly) away from these points. Such complex behavior requires a large number
of error-surrogate training points to accurately capture. In addition, the number of system
inputs is often large (in this case nine); this introduces curse-of-dimensionality di�culties
in modeling the error. Figure 6(ii) visualizes this problem. The depicted mapping between
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‣ error:	error	in	temperature	at	a	point		
‣ 1	feature				:	dual-weighted	residual	
‣ regression:	Gaussian	process
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Figure 15. Relationship between between dual-weighted-residual indicators �1 = yred,1(µ)tr (ured; µ) and
errors in the (non-compliant) first output �s1 .

5.6. Multiple and non-compliant outputs. Finally, we assess the performance of ROMES
on a model with multiple and non-compliant output functionals as discussed in Section 3.2.2.
For this experiment, we set two outputs to be temperate measurements at points x1 and x2:

si (µ) := gi (u (µ)) := ḡi (u (µ)) =

�

�
�Dirac(x � xi)u (xi; µ) dx = u (xi; µ) , i = 1, 2.(5.11)

where �Dirac denotes the Dirac delta function. In this case, we construct a separate ROMES
surrogates for each output error ��s1 and ��s2 . As previously discussed, we use dual-weighted
residuals as indicators ⇢i(µ) = yred,i(µ)tr (ured; µ), i = 1, 2 and no transformation d � idR.
This necessitates the computation of approximate dual solutions, for which dual reduced-basis
spaces must be generated in the o�ine stage. The corresponding finite element problem can
be found in Eq. (S1.28), where Eq. (5.11) above provides the right-hand sides. The algebraic
problems can be inferred from Eq. (S1.29), where the discrete right-hand sides are canonical
unit vectors because the points x1 and x2 coincide with nodes of the finite-element mesh.

Like the primal reduced basis, the dual counterpart can be generated with a greedy algo-
rithm that minimizes the approximation error for the reduced dual solutions.

To assess the ability for uncertainty control with the dual-weighted-residual indicators (see
Remark 3.2) we generate three dual reduced bases of increasing fidelity: 1) error tolerance of
1 (basis sizes py of 10 and 11), 2) error tolerance of 0.5 (basis sizes py of 15 and 17), 3) error
tolerance of 0.1 (basis sizes py of 20 and 23).

To train the surrogates, we compute �s1(µ), �s2(µ), ⇢1(µ) (of varying fidelity), ⇢2(µ) (of
varying fidelity), for µ 2 P̄ ⇢ P with card

�
P̄

�
= 500. The first T = 100 points define the

training set Plearn ⇢ P̄ and the following 400 points constitute the validation set Pvalidation ⇢
P̄.

Figure 15 depicts the observed relationship between indicators ⇢1(µ) (of di�erent fidelity)
and the error in the first output �s1(µ). Note that as the dual-basis size py increases, the
output error exhibits a nearly exact linear dependence on the dual-weighted residuals. This
is expected, as the residual operator is linear in the state. Therefore, the RVM with a linear
polynomial basis produces the best (i.e., minimum variance) results for the ROMES surrogates
in this case.
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where �Dirac denotes the Dirac delta function. In this case, we construct a separate ROMES
surrogates for each output error ��s1 and ��s2 . As previously discussed, we use dual-weighted
residuals as indicators ⇢i(µ) = yred,i(µ)tr (ured; µ), i = 1, 2 and no transformation d � idR.
This necessitates the computation of approximate dual solutions, for which dual reduced-basis
spaces must be generated in the o�ine stage. The corresponding finite element problem can
be found in Eq. (S1.28), where Eq. (5.11) above provides the right-hand sides. The algebraic
problems can be inferred from Eq. (S1.29), where the discrete right-hand sides are canonical
unit vectors because the points x1 and x2 coincide with nodes of the finite-element mesh.

Like the primal reduced basis, the dual counterpart can be generated with a greedy algo-
rithm that minimizes the approximation error for the reduced dual solutions.

To assess the ability for uncertainty control with the dual-weighted-residual indicators (see
Remark 3.2) we generate three dual reduced bases of increasing fidelity: 1) error tolerance of
1 (basis sizes py of 10 and 11), 2) error tolerance of 0.5 (basis sizes py of 15 and 17), 3) error
tolerance of 0.1 (basis sizes py of 20 and 23).
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and the error in the first output �s1(µ). Note that as the dual-basis size py increases, the
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polynomial basis produces the best (i.e., minimum variance) results for the ROMES surrogates
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Figure 16 reflects the necessity of employing a large enough dual reduced basis to compute
the dual-weighted-residual error indicators. For a small dual reduced basis, there is almost no
improvement in the mean, and only a slight improvement in the median; in some cases, the
‘corrected’ outputs are actually less accurate. However, the most accurate dual solutions yield
a mean and median error improvement of two orders of magnitude. This illustrates the ability
and utility of uncertainty control when dual-weighted residuals are used as error indicators.
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Figure 16. Expected improvement I(��, µ) for ROMES surrogate (RVM, � = �s, �i = yred,i(µ)tr (ured; µ),
i = 1, 2, d = idR) for a varying number of training points T and di�erent dual reduced-basis-space dimensions.
Compare with Figure 7 (1: no improvement, > 1: error worsened, < 1: error improved).

Table 17 reports validation results for the inferred confidence intervals. While the valida-
tion results are quite good (and appear to be converging to the correct values), they are not
as accurate as those obtained for the compliant output.

6. Conclusions and outlook. This work presented the ROMES method for statistically
modeling reduced-order-model errors. In contrast to rigorous error bounds, such statistical
models are useful for tasks in uncertainty quantification. The method employs supervised
machine learning methods to construct a mapping from existing, cheaply computable ROM
error indicators to a distribution over the true error. This distribution reflects the epistemic
uncertainty introduced by the ROM. We proposed ROMES ingredients (supervised-learning
method, error indicators, and transformation function) that yield low-variance, numerically
validated models for di�erent types of ROM errors.
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+ Uncertainty control: lower variance as columns added to Y
+ Error can be reduced by up to two orders of magnitude
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+ uncertainty	control:	variance	reduced	as	feature	improved

Application 1: Poisson equation [Drohmann, Carlberg, 2015]

‣ Other	applica(on:	rigorous	integraDon	with	Bayesian	inference	
[Carlberg,	Uy,	Lu,	Morzfeld,	2017]
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Example 2: ML and GP, stationary problem [Freno and C, 2017]
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Figure 24: PCAP: Mesh with boundary conditions and nodes of interest: red denotes pressure (Neumann boundary
condition), blue denotes blue denotes planar constraint (Dirichlet boundary condition), orange denotes nodes of
interest
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Figure 25: PCAP: Largest simulated deformation (right) compared to undeformed state (left)
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Predictive Capability Assessment Project (PCAP)

Mechanical response

2.8 ⇥ 105 degrees of freedom

Inputs: µ 2 [50 GPa, 100 GPa] ⇥ [0.2, 0.35] define tube
elastic modulus and Poisson ratio

QoI: displacement of node of interest (orange)

ROM: POD–Galerkin with |DROM| = 8

ROMES: 150 data points (|DROMES| = 30 and five ROM
basis dimensions)

Reducing nonlinear dynamical systems Kevin Carlberg 34

‣ high-fidelity	model	dimension:	
‣ reduced-order	model	dimension:	
‣ inputs				:	elasDc	modulus,	Poisson	raDo	
‣ error:	error	in	y-displacement	at	point	
‣ 50	features					:	residual	approx																						,		inputs	
‣ regression:	random	forest,	SVM,	k-NN

⇢

µ

+ ML	methods	yield	low-variance	error	predic(ons

er
ro
r

support	vector	machine	
error	predicDon

k-NN	
error	predicDon

random	forest	
error	predicDon

µ

2.8⇥ 105

6

rn ⇡ r̃n = �r(P�r)
+Prn

Application 2: nonlinear static mechanical response 
[Freno, Carlberg,  2017]

R2 = 0.951R2 = 0.990R2 = 0.965

‣ Other	applica(on:	nonlinear	oil–water	flow	[Trehan,	Carlberg,	Durlofsky,	2017]
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My research 42

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

Enable	extreme-scale	simula(ons	for	many-query	problems
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Model reduction can work well… 43

vor(city	field pressure	field

LSPG	ROM	with	

32	min,	2	cores

+229x	savings	in	core–hours	
+<	1%	error	in	(me-averaged	drag

A = (P�r)
+P

high-fidelity	
5	hours,	48	cores

…	however,	this	is	not	guaranteed

x(t) ⇡ x̃(t) = �x̂(t)x(t) ⇡ x̃(t) = �

Accuracy	limited	by	informa)on	inx(t) ⇡ x̃(t) = �
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Illustration: viscous 1D Burgers’ equation 44
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error	
tolerance

Key insight 45

wall	(me

error

Idea:	the	data	provide	an	ini(al,	low-dim	subspace	that		
can	be	refined	to	sa(sfy	any	error	tolerance

x

n = argmin
v2S

kArn(v)k22

1. GeneralizaDon	of	mesh-adapDve	h-refinement	[Carlberg,	2015]
S = range(�h-refine) � range(�)

S = range(�) +K(A, b)

2. Augmented	Krylov	method	[Carlberg,	Forstall,	Tuminaro,	2016]

reduced-order	model

x(t) ⇡ x̃(t) = �

x

n =

S = range(�) ⇢ RN

x̂

n

high-fidelity	model

x

n = I x̂

n

S = range(I) = RN
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Main idea [Carlberg, 2015] 46

Model-reduc)on	analogue	to	mesh-adap)ve	h-refinement

Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement
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finite-element	
h-refinement reduced-order-model	

h-refinement

‣ ‘Split’	basis	vectors

‣ Generate	hierarchical	subspaces
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range range (( ( (✓

‣ Converges	to	the	high-fidelity	model

Main idea
ROM analog to mesh-adaptive h-refinement

‘Split’ basis vectors

finite element h-refinement ROM h-refinement
Generate hierarchical subspaces

ROM converges to the FOM

Nonlinear model reduction Kevin Carlberg 44
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Tree encodes splitting 47
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Tree requirements 48

Tree-construc5on	algorithm	
‣ IdenDfies	hierarchy	of	correlated	states	via	k-means	clustering	
+ Ensures	theorem	condiDons	are	saDsfied

Theorem	[Carlberg,	2015]

h-adapDvity	generates	a	hierarchy	of	subspaces	if:	
1.	children	have	disjoint	support,	and	
2.	the	union	of	the	children	is	equal	to	
	the	parent	elements
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Theorem	[Carlberg,	2015]

h-adapDvity	converges	to	the	high-fidelity	model	if	
1. every	element	has	a	nonzero	entry	in	>1	basis	vector,	
2. the	root	node	includes	all	elements,	and	
3. each	element	has	a	leaf	node.

Theorem	[Carlberg,	2015]
h-adapDvity	generates	a	hierarchy	of	subspaces	if	
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2. the	union	of	children	elements	is	equal	to														
the	parent	elements
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while	
1.	Solve:	dual	solve	with	coarse	basis	

2. 	Es5mate:	prolongate	and	compute	fine	error	indicators	

3. 	Mark:	idenDfy	basis	vectors	to	refine	
4. 	Refine:	split	idenDfied	basis	vectors	
5. 	Compute	soluDon	with	refined	basis	
end

Which vectors to split? 49/38
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1.	Solve:	dual	solve	with	coarse	basis
|�̂n| > ✏

Which vectors to split?

y
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H = argmin
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v2range(�h)
kArn(v)k2
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1.	Solve:	dual	solve	with	coarse	basis

2.	Es5mate:	prolongate	and	compute	fine	error	indicators

3.	Mark:	idenDfy	basis	vectors	to	refine
4.	Refine:	split	idenDfied	basis	vectors
5.	Compute	soluDon	with	refined	basis

|�̂n| > ✏

Which vectors to split?

{j |
X

i2C(j)

�n
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Illustration: inviscid 1D Burgers’ equation 50

high-fidelity	model

h-adap)ve	subspace	(mean	dim	48.5)reduced-order	model	(dim	50)

+ no	longer	limited	
by	training	data
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h-adaptivity enables error control 51

high-fidelity	model reduced-order	models

h-adap)ve	subspaces

tolerance	0.3	
mean	dimension	31.7

tolerance	0.1	
mean	dimension	41.0

tolerance	0.01	
mean	dimension	55.0

dimension	50 (maximum)	dimension	150
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101 102

subspace dimension

10-4

10-3

10-2

10-1

100
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Reduced-order	models	
-minimum	error	7.5%	
- cannot	overcome	insufficient	training	data

h-adap)ve	subspaces	
+minimum	error	<0.01%	with	lower	subspace	dimension	
+ can	overcome	insufficient	training	data	without	collec(ng	more	
+ can	sa(sfy	any	prescribed	error	tolerance

subspace	dimension

re
la
(v
e	
er
ro
r

reduced-order	models	
h-adapDve	subspaces

h-adaptivity provides an accurate, low-dim subspace



/38

Kevin	CarlbergBreaking	computa5onal	barriers

My research 53

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ accuracy:	LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ low	cost:	sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preserva(on	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

Enable	extreme-scale	simula(ons	for	many-query	problems
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Temporal complexity 54

r

n(xn) = 0, n = 1, ... ,T

number	of	
Dme	steps	T

nu
m
be

r	
of
	

st
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s	
N

So	far,	we	have	focused	on	reducing	the	spa(al	complexity

What	about	the	temporal	complexity?
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1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition 55

X ijk =

dx

dt
= f(x; t,µ)ODE:

X(1) =

=

Compute	dominant	leU	singular	values	of	mode-1	unfolding

U ⌃ VT�

columns	are	principal	components	of	the	spa)al	simula(on	data�

µ 2 Dtraining

µ 2 Dquery \ Dtraining
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1. Training:	Solve	ODE	for																							and	collect	simulaDon	data		
2. Machine	learning:	IdenDfy	structure	in	data	
3. Reduc(on:	Reduce	the	cost	of	solving	ODE	for	

Tensor decomposition 56

X ijk =

dx

dt
= f(x; t,µ)ODE:

=

Compute	dominant	leU	singular	values	of	mode-2	unfolding

U ⌃ VT

µ 2 Dtraining

µ 2 Dquery \ Dtraining

⌅

columns	are	principal	components	of	the	temporal	simula(on	data⌅

X(2) =

How	to	integrate	these	data	with	the	computa)onal	model?
1. Space–Dme	LSPG	projecDon	[Choi	and	Carlberg,	2017]	
2. Data-driven	solvers	[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017]



/38

Kevin	CarlbergBreaking	computa5onal	barriers

Idea: forecasting via Gappy PCA in time 
[Carlberg, Ray, van Bloemen Waanders, 2015]

57

xi (t) ⇡ x̃i (t) = ⌅(t)(P⌅(t))+Pxi (t)

Data-driven	nonlinear	solver	
[Carlberg,	Ray,	van	Bloemen	Waanders,	2015]	

‣ use	forecast					as	accurate	iniDal	guess	for	the	Newton	solver	
+ 50%	speedup	improvement	observed;	no	accuracy	loss

x̃i

Data-driven	5me-parallel	solver	
[Carlberg,	Brencher,	Haasdonk,	Barth,	2016]	

‣ use	forecast					as	accurate	coarse	propagator	
‣ provably	stable;	ideal	speedups	possible;	no	accuracy	loss	
‣ 10x	speedup	improvements	observed

x̃i
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Summary 58

1.Nonlinear	model	reduc5on	
+ reduces	model	dimensionality	and	complexity	
‣ LSPG	projecDon	[Carlberg,	Bou-Mosleh,	Farhat,	2011;	Carlberg,	AnDl,	Barone,	2017]	

‣ sample	mesh	[Carlberg,	Farhat,	CorDal,	Amsallem,	2013]	

‣ structure	preservaDon	[Carlberg,	Tuminaro,	Boggs,	2015;	Peng	and	Carlberg,	2017;	Carlberg	and	Choi,	2017]	

2.Data-driven	error	modeling	
+ rigorously	accounts	for	model-reducDon	error	
‣ regression	error	modeling	

[Drohmann	and	Carlberg,	2015;	Trehan,	Carlberg,	Durlofsky,	2017;	Freno	and	Carlberg,	2017]	

3.Data-driven	numerical	solvers	
+ improves	performance	of	numerical	solvers	
‣ adapDve	subspaces	[Carlberg,	2015;	Carlberg,	Forstall,	Tuminaro,	2016]		
‣ reduce	temporal	complexity	

[Carlberg,	Ray,	van	Bloemen	Waanders,	2015;	Carlberg,	Brencher,	Haasdonk,	Barth,	2017;	Choi	and	Carlberg,	2017]

Enable	extreme-scale	simula(ons	for	many-query	problems
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Questions?

X ijk =
Ingredient 3: Error indicators

1 Adaptive algorithm

2 Refinement

finite element h-refinement ROM h-refinement

3 Error indicators: a) dual solve (coarse), b) prolongation (fine)

dual solve prolongation dual solve prolongation

finite element h-refinement ROM h-refinement

Nonlinear model reduction Kevin Carlberg 54

µ reduced-order	model

⇢n, n = 1, ... ,N

regression	model

qnROM, n = 1, ... ,N

�̂n ⇡ qnHFM � qnROM, n = 1, ... ,N

wall	Dme

error
error	

tolerance

Example 2: ML and GP, stationary problem [Freno and C, 2017]

x

y

z

Figure 24: PCAP: Mesh with boundary conditions and nodes of interest: red denotes pressure (Neumann boundary
condition), blue denotes blue denotes planar constraint (Dirichlet boundary condition), orange denotes nodes of
interest
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Figure 25: PCAP: Largest simulated deformation (right) compared to undeformed state (left)

39

Predictive Capability Assessment Project (PCAP)

Mechanical response

2.8 ⇥ 105 degrees of freedom

Inputs: µ 2 [50 GPa, 100 GPa] ⇥ [0.2, 0.35] define tube
elastic modulus and Poisson ratio

QoI: displacement of node of interest (orange)

ROM: POD–Galerkin with |DROM| = 8

ROMES: 150 data points (|DROMES| = 30 and five ROM
basis dimensions)

Reducing nonlinear dynamical systems Kevin Carlberg 34
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⌦j

�j�j

⌦

Sandia	Na(onal	Laboratories	is	a	mul(mission	laboratory	managed	and	operated	by	Na(onal	Technology	
and	Engineering	Solu(ons	of	Sandia,	LLC.,	a	wholly	owned	subsidiary	of	Honeywell	Interna(onal,	Inc.,	for	
the	U.S.	Department	of	Energy's	Na(onal	Nuclear	Security	Administra(on	under	contract	DE-NA0003525

Questions?


