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.THE OHIO STATE UNIVERSITY Effective Preconditioner for IE

Mission Statement:

Find an effective preconditioner for integral equation

Step 1: Schur — PCA block
inverse

Step 2: Local and global
preconditioner

Problem 1:
No advantage of MLFMM
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.THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

Mission Statement:

Find an effective preconditioner for integral equation

Step 1: Schur — PCA block
inverse

LIngredient 1: Schur
Complement

.

Ingredient 2: Principal Ingredient 3:
Component Analysis Transpose of MLFMM
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THE OHIO STATE UNIVERSITY Step 1. Schur — PCA Block Inverse

➢ Ingredient 1: Schur-Complement via octree 

• Matrix Decomposition

A
A1 C12

C21 A2

where

• A is system matrix of CFIE

• Let's assume A1, C12, A2 and C21 are 2 x 2 partition of entire A

PAx = Pb Ax = b

A21C21

0 A21 C2

0 pi

1

1C12

I

C12A2

Schur Decomposition I iciCi2

_0 I

[I Al 1C12A21C21 0

A21C21
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THE OHIO STATE UNIVERSITY Step 1. Schur — PCA Block Inverse

➢ Ingredient 1: Schur-Complement via octree 

Let Ali =
Ai-1 

0-11
jk

f-vi —1
kkj 

Jr, 1 r(im - fcicikAlcki)-1 AVGjki [Ail
Then (A!i)-1 = [Ak Cki 17i L Li] AV-i

lith level of oct-tree
/th level of binary-tree

Introduce Auxiliary Level

k — 1th level of oct-tree
/ — 3th level of binary-tree

Note: A;1 and Ak-1- are recursive call until reach to the leaf level
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.THE OHIO STATE UNIVERSITY Schur PC with Octree

Pictorial explanation for recursive factorization: The finest level

Level 0:
(finest) A1 A2 A3

Octree Structure

A4 A5 A6 A7 A8

Preconditioner

C12

C21

C43

C34

A51 C56

C65 A6

C87

C78
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.THE OHIO STATE UNIVERSITY Schur PC with Octree

Pictorial explanation for recursive factorization: Intermediate level

Level 1:

Octree Structure Preconditioner

c12

c21

A;1 c34

c43 Alt1
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.THE OHIO STATE UNIVERSITY Schur PC with Octree

Pictorial explanation for recursive factorization: Intermediate level

Level 2:

Z\

Octree Structure Preconditioner

ici C12

C21 A21
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.THE OHIO STATE UNIVERSITY Schur PC with Octree

Pictorial explanation for recursive factorization: The Coarsest level

Octree Structure

Level 3:

Preconditioner

...........,

A
1
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1 THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

➢ Ingredient 2: Compress with PCA

Let =
Ai-1 

0-11jk
f-4-1
kj k

r

.4*

4,4

Compress Here with
PCA + matrix identity

Then (A!i. 
A Cki 17i

)-1 
l

[
i

0 - IfleikAk lCki)

lith level of oct-tree
/th level of binary-tree

Introduce Auxiliary Level

k — 1th level of oct-tree
/ — 3th level of binary-tree

0 ej k [Ai 1 0
r
rm
n
u 0

1

Note: A71 and Ak-1- are recursive call until reach to the leaf level
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THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Ingredient 2: Compress with PCA

Woodbury
Matrix Identity

(Im-A.T1C3kAvc,k3)-1 tjE-vH)-1 41+U(E-1 v-Hurl-H-v

•
•
•

Compress with
PCA (Low-rank)

. m x q matrix with left singular vectors

: q x q diagonal matrix with singular values

I : q x n matrix with right singular vectors
s: q x q matrix -> Compute explicitly due to a« m, n

S (E-1 -

How to determine q? -> (T1 F where E is predetermined tolerance



THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

During the PCA process, one need to compute a matrix-vector-multiplication
and can accelerate with MLFMM

A 1C A 1C3 ik k3 USVH

•

Need Cikxj, Ckixk, CTik.x.k and CTkix with MLFMM MVM
(No explicitly form a coupling matrix)

How to compute?

Change
1. direction of displacement vectors and propagation vectors

2. Order of radiation pattern and receiving pattern

12



THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

Example of EFIE and MFIE term with single level FMM,

nth Box

Regular FMM

WWWWW

r .
nj

th 
basis

CE.FIE

1". _', =apr, ink

o'irn)Tmn(k • 4n,n)V,E(k, 77,2i)d0

mth Box

.th 
basis

where VE, Tmn, Vf , and Vivi are functions to compute radiation pattern, translation, and
receiving pattern for EFIE and MFIE



THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

Example of EFIE and MFIE term with single level FMM,

nth Box

Regular FMM

.1.11M WWWWW .M•M

rn •

.1"

jth basis

crtiF E 
VfE (k, 4m)Tmn(k • fmn)V8E 17n j)dk2

cfp;IFIE 
IjjfCk 47n)Tinn(k • 4-nn)VsE(k, fni)A2

mth Box

.th 
basis

where yE T VE and Vm are functions to compute radiation pattern, translation, and.f
receiving pattern forEFIE and MFIE
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THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

Example of EFIE and MFIE term with single level FMM,

nth Box

Regular FMM

Transpose of FMM

• I.YW.e.• ..

r

jth basis

Finn

cf;rIE vfE (k, 77.,i7n)Tmn(k 4noysE
(k fni)C1k2

OVIFIE = vfM (k,,rim)Tmn(k /-;'
V s (k 41i)dk2

{<FIE)T

mth Box

th
1 basis

VsE(4, —47,j)Tmn(-1C —9"mn)17fE(41 —77WC/k2

where yE T VJE and Vm are functions to compute radiation pattern, translation, and
receiving pattern for EFIE and MFIE
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THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

Example of EFIE and MFIE term with single level FMM,

nth Box

Regular FMM

Transpose of FMM

lip I.YW

r

jth basis

Finn
1irn

♦

mth Box

th
1 basis

qFIE vfE (k, 77.,i7n)Tmn(k fnn)---sEV (k fn,i)dk2

ci‘Af-FIE I vfM (k,,rim)Tmn(k vs (k 4,,i)dk2

(crii-E)T I vsEt T, T L
rb nj ' v fE plis;2

(cizMFIE)T = vsE( 1
;1, j)Trnm( ,,, mnyvf(

where VE T ytE and V." are functions to compute radiation pattern, translation, and
receiving pattern for EFIE and

f
MFIE
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THE OHIO STATE UNIVERSITY Step 1. Schur - PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

• Radiation and Receiving pattern of EFIE

vsE(k, fnj)

vECk =f

kk)

. kk)
•

 %
• ai(r)e-Ak.fnj  dS =1/811/1 (—k,

• ai (r)e-311""Ti dS = VJE (—ky —trim)

• Receiving pattern of MFIE

v-m(k im = —.f 

vfm(—k, —,F;m) = x 17',)dS = -Vfm(ic, Fim)
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THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Ingredient 3: Transpose of MLFMM 

➢ Test Target: Well Separated Two Cubes

----- 
62

---------------------------------
------

• Relative Error:

ZTx :=

1Z MEX. Z MLFMM  = 2.488 x10-2

ZT CFIE X ZT MLFMM X

ZT CFIE
 = 3.054 x10-2

* Assembled Explicitly

, —

st,
LCFIE

Z11 Z12

Z21 Z22

Z11 / Z22 •

Z12 / Z21

ZFMM
Z11

Z FMM21

Z12FMM

Near Coupling (Zero out)

Far Coupling

Z22

Z12FMM Z21
FMM 18MLFMM Coupling 



THE OHIO STATE UNIVERSITY Step 1. Schur — PCA Block Inverse

➢ Matrix Vector Multiplication

Let S = (1)-1 RL)

ry1
[Ar

0- 011 I -k1C12 0
[x][—A2C21 I

[so

0 I 0 /4c1

1 

Oirs 0 I -k1C12 A 1 0

21C2, I_ILO I 0 I 0 A-21

LX1

X2

LX1
X2

A
A1 C12

C21 A2

0 CD i- C) Recursive MVM call for i4i 1x2

'S
I

[

1 _ A1 1C12i 'A21x221:_ 
-

CD

0 Recursive

© Update S

MVM call for kix,

pcix1 k1 Cl2A 1 x2]with 0 and CD
19 CD

r
-A 1C2:iS

r 1 -1
Licix, - AciCi2A 1x2:iHA-21X2:

0 Update —A21C21S

with CD and

[AI 1.xl 1C12A21x2 ]+A21,x2

CD

1 9



THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Example: PEC Slotted Cylinder

ttt
Argal"OVANNI,WOMMIOMMUftmu

IONNAVNISPAWASVmillei.-.0111YArArassrimaii0400PArAirem
ffil°1"40ArArAnsriIffaellagodirwArgoimonitimis, "OW

1602°140W Amur"
leawqj —Amu
W410 04+410
Pir"g Mr41.1=1'
tiNONIV 17#44**
"Oki
10404
1, "AvA0144)
‘10" 4IterAviik'
P*10 14,10,- 1.40
0.4 "rot° 4

if.k• 44,
144"itkA.4..4* Al NI ea. ry"

'1/4*4311. '''''''''''''
ra alk7A VAL.%ANIL po ird g
P  VOA

k inc

• Cylinder height h=0.6096m, inner
radius=0.1016m

• Metal thickness 0.00635m

• Aperture slot 0.000508m

• Analyze SE around first TM resonance at
1.1294GHz

AM= AM= TMz010: 1.062956 [GHz]TMz0115: 1.129391 [GHz]
TMz011: 1.091026 [GHz]TMz011: 1.155849 [GHz]

Polz012: 1.231818 [GHz] TMz012: 1.171208 [GHz]

TMz013: 1_34896 [GHz] TMz013: 1.293849 [GHz]

Inner wall modes —
TMz014: 1.497643 [Gdz]

Outer wall modes —
TMZ014: 1.448201 [GHz]

TEz111: 0.8988588 [GHz] TEz111: 0.8500555 [GHz]

TEz112: 0_9946542 [GHz] TEz112: 0.9507808 [GHz]
TEz113: 1.136509 [GHz] TEz113: 1.098317 [GHz]
TEz114: 1.30954 FGHz]

•••
TEz114: 1.276536 [GHz]
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THE OHIO STATE UNIVERSITY Step 1. Schur PCA Block Inverse

➢ Example: PEC Slotted Cylinder (Different PCA tolerance)

Re
la

ti
ve

 R
es
id
ua
l 

Tolerance: le-3
Effective Rank: 526 :
16 Iterations

Tolerance: le-4
Effective Rank: 788
Iterations

2 4 6 B 10 12 14 16 1B

Nurnber of Iteration

20

Tolerance: le-2
Effective Rank: 141
1165 Iterations

266 466 600 BOO 1000 1200
Number of Iteration

• PEC

• Freq: 1132.43 MHz

• # of Basis: 28,944 ( A. /15 Mesh )

• The finest block size: 0.3

• The number of oct-tree level: 4

• EFIE + IEDG (with MLFMM)

• Iterative Solver (GCR, Ek =10 5 ) 21
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.THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

Mission Statement:

Find an effective preconditioner for integral equation

Step 2: Two Level
Preconditioner

i

.
Ingredient 1: Local
Preconditioner

(Schur-PCA Block Inverse)

r
i

L

.

Ingredient 2: Global
Preconditioner
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.THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

Propose two level preconditioner

For given matrix equation, Ax = b

We define two preconditioner Qk and /31 and solve for x the following equation:

QkPIAx = QkPlb

where

/31: Local Preconditioner

Qk: Global Preconditioner

23



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Ingredient 1: Local Preconditioner

• Schur — PCA Block Inverse at the / level of the binary-tree

For example:

• • •

is the number of boxes at the level / = 6

3rd finest level of the oct-
tree

(/ = 6 of the binary tree)

•
•

2nd finest level
of the oct-tree

• • • • • • • •

The Finest Level of the oct-tree
(leaf level, / = 0 of the binary tree ) 24
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> Ingredient 2: Global Preconditioner

• Compress off-diagonal terms with PCA

Qk := (13114)-1 = (I + 0-1 ,-_, (1 + limxk Dkxk Rkxm) 
1 = I — 1(D-1 + RI,)-1R

N Low-rank
Approximation

• P1 is the local preconditioner

• 6 is off-diagonal terms of matrix A

• (D-1 + RL)-1 will compute explicitly (k « m)

• k fixed to 50 to minimize computation time



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

Applications of Step 2
(two level preconditioner)

Example 1: IBC
Slotted Cylinder

(at resonance freq)

trrI ;

law

1/4,4
04. A*11

„vet
0004-01talartv
INE00:10ftripAvis
wrootoomasuwgthalsoaranw,
vamoza0PdarAss
Nitt,0441t►revmadmil-.00-inastnersteusitan
ring0.01,01torrierA
wee10401-40 ATM'1030004\vAilto.
040407-011P
"0"4*-44-r-4"014:4,14,-",

1"0 *+4-0"1,"0 *Ow 0 r
't§0010 40401 411+
100 toay /
44 torospay

VA 'Aug

1,44 word; At444*.eirt "
•

44 7,4

4: r,

26



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Example: IBC Slotted Cylinder

'fr
tet

044"OVANNI,WOMMIOMMUftmu
IONNAVNISPAWASVmillei.-.0111YArArassrimaii0400PArAirem

ffil°1"40ArAttesriIffaellagodirwArgoimonitimis, "TOW
1602°140W Amur"megosorik..406.,
leawqj —Amu
W410 04+410
Pir"g Mr41.1=1'
tiNONIV 17#44**
"Oki
10404
1, "AvA0144)
‘10" 4IterAviik'
P*10 14,10,- 1.40
0.4 "rot° 4

if.k• 44,
144"itkA.4..4* Al Wen. ry"

'1/4*4311. '''''''''''''
ra alk7A VAL.%ANIL po ird g
P  VOA

k inc

• Cylinder height h=0.6096m, inner
radius=0.1016m

• Metal thickness 0.00635m

• Aperture slot 0.000508m

• Analyze SE around first TM resonance at
1.1294GHz

AM= AM= TMz010: 1.062956 [GHz]TMz0115: 1.129391 [GHz]
TMz011: 1.091026 [GHz]TMz011: 1.155849 [GHz]

Polz012: 1.231818 [GHz] TMz012: 1.171208 [GHz]

TMz013: 1_34896 [GHz] TMz013: 1.293849 [GHz]

Inner wall modes —
TMz014: 1.497643 [Gdz]

Outer wall modes —
TMZ014: 1.448201 [GHz]

TEz111: 0.8988588 [GHz] TEz111: 0.8500555 [GHz]

TEz112: 0_9946542 [GHz] TEz112: 0.9507808 [GHz]
TEz113: 1.136509 [GHz] TEz113: 1.098317 [GHz]
TEz114: 1.30954 FGHz]

•••
TEz114: 1.276536 [GHz]



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

• Convergence Behavior compared to PCA tolerance

Re
la

ti
ve

 R
es
id
ua
l 

10o

10-

10-

10-

10-

Block Diagonal

Approximate Direct Inverse
72 Iterations

500 1000 1500 2000 2500

Number of Iteration

• IBC

• Freq: 1132.4207 MHz

• # of Basis: 28,944 ( 1 15 Mesh )

• The finest block size: 0.52

• The number of oct-tree level: 4

• EFIE + IEDG (with MLFMM)

• Iterative Solver (GCR, Eh = 10-6)

• Approximate Direct Inverse

P6: Schur-PCA (E = 10- 4)

Qk: (P1A)-1 with PCA (k = 50)



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Memory Comparison

,
...Av;)- .ik-V2---;
4-----.- .„ ,itik
k tiA A

?Lk 
V i

VOA. IAN ir 
NW AnnItyggr
NOWAN111102110 g
nakIliAlkreeitigA
viii0041,1ANAigrAW
MENtboOrAvauggs
vaill'iiinlrOARin
imffligailigiAng r
legffiewsvioggrausel
0600,01'406̀ -laraW.b
imegfiraboyAlwArAga
4negurtu -*-0►safari i
1 1111(0040400030Ingo. -dot v *ig0 

001.40jaal#4443/4,,,- -.0.2100"/.
40:44-3=trail ";t 04.1%.4*-AwfN;1 4 Itil"r4U1,- 40IN * Attu 4614

tiltaxif PP4'tkv"..41P4r -4Pr
11.41110 44111

) ON0110404401
til "w "O'

V 4.-"i"."114.4.114---0:41-41." A ̀i, AU-►41 P '),, Iity

* 
AA 44 k. A r0.4 4

• IBC

• Freq: 1132.4207 MHz

• The finest block size: 0.5A.

Block-Diag. Approx. Direct Inverse

Far Terms (MLFMM)

Near/Self Terms

Preconditioner

Total Memory

0.35

1.77

0.33

2.45

Table 1. Memory Comparison [GB]

P6

Qk

0.35

1.77

4.73

2.57

0.04

29



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Wall Time Comparison

..-,
iiik:)- .it-VE---
4--------.. ..., ,i
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Oir4 V i
Osi . IAIANNow Ann1141,
NOWANAllerAtatt I
NNO0k7i0kreattitivoii004glemirAinew
Ing101,14r0tAvauses
vaill'"Vinirdatm
moisegtatio2w rlearew..-Noorwasten
060000'40112faVb
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nocitot404/0►safari i

1111(004000000Ingo. -04 v vt-1,040 
0011.4010544141 A.- -.0.2100"/.

0:4"..iat ";t 0 1"..i. dkur.1.4)1401;
1 4 IttOtar4W- 40IN +0476, 4,04tiltaxi PP4'g.kv". 41Par 4Pr

11.41110 44111
) OVIrOa044#1
" **AI Ale

VIV4411,4110440,1.4-- -,A10,40" A ì, AU- 4IP'),, ,

* 
AA lyfr r
4416.1 .14/

elm. I1
II.vv Ak, A

• IBC

• Freq: 1132.4207 MHz

• The finest block size: 0.5A.

Block-Diag. Approx. Direct Inverse

Filling Far Terms (MLFMM)

Filling Near/Self Terms

1.2 1.2

642.3 642.3

Preconditioner 0.5
P 6 156.8

Qk 5.2

Solve System Matrix 725.6 11.3

Total Wall Time 1369.6 816.8

Table 2. Wall Time Comparison [sec]

30



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

• Shielding Effectiveness

-30

-40

Q : 27,474
Max : 14.6dB
@1131.988MHz

LL.

Schur

Q : 8,088
Max : 10.0dB
@1132.420MHz

1120 1122 1124 1126 1125 1130 1132 1134 1136 1135

Frequency [MHz]

1140

LU
@ 1131.988MHz

Var. Jreaoligioc60

I.
—0.003750

[0.002500

0.001250

0.0000
Max: 0.007156
Vin: 2.967e-05 Outer Surface Inner Surface

Schur Op3 FMM
@1132.420MHz

Var. Jreachgalo

Or
—0.003750

1 0.002500

0.001250

0.0000
Max: 0.01557
Min: 2.007e-05 Outer Surface Inner Surface



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

> Application: PEC F-16

,. 
9.4m (94A)

Intake unnel Closed-Off

14.5m (145A)

4.5m (45A)

• 5GHz Head on Incident

• # of Basis: 7,700,888 (A/5 Mesh)

• The finest FMM block size: 0.5 A

• The number of MLFMM level: 10

• CFIE + IEDG

• Iterative Solver (GCR, Er = 10-3)

• 2 x Intel Xeon 6148, 48 threads



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Application: PEC F-16

Var:Jreal_rnag
0.005000

—0.003750

0.002500

0.001250

0.0000
Max: 0.03892
Min: 2.951e-07

94

Block Diag.
Apprx. Direct Inv.

• Freq: 5GHz

• # of Basis: 7,700,888 (A/5 Mesh )

• The finest FMM block size: 0.5A

• Number of Recycle: 40

• Approximate Direct Inverse 
P6: Schur-PCA (E = 10-4)
Qk: (P1A)-1 with PCA (k = 50)
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> Application: PEC F-16

Far Terms (MLFMM)

Near/Self Terms

Preconditioner

Block-Diag.

93.1

61.4

I L.L

Approx. Direct Inverse

P6

Qk

Total Memory 166.7

Table 1. Memory Comparison [GB]

Filling Far Terms (MLFMM)

Filling Near/Self Terms

Block-Diag.

93.1

61.4

57.8

11.4

223.7

Approx. Direct Inverse

4.7 4.7

56.9 56.9

Preconditioner 0.5

Solve System Matrix

Total Wall Time

38.6 (Plateau)

100.7

P6

Qk

Table 2. Wall Time Comparison [min]



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Application: Monostatic RCS of PEC Vivaldi Antenna

12 Elements 28 Arrays with
16 Elements

12 Elements

472 Elements Vivaldi Antenna

17.0mm
(0.56/1@10G1-1z)

44.6mm
(1.48/1@1OGHZ)

0.5mm
(0.162.@1OGH

Unit Elements

35



THE OHIO STATE UNIVERSITY Step 2. Two Level Preconditioner

➢ Application: Monostatic RCS of PEC Vivaldi Antenna
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• The finest FMM block size: 0.5A.

• The number of MLFMM level: 6
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➢ Single Incident (10GHz , 0 = 60°,0 = 0°)
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*# of Recycle: 40

Plateau
(6.94959E-01)

iv-PPM-043k Diag,

Appr. Direct. Inv.

150 200 250 no 354 400 450 500

Number of iteration

Convergence Behavior
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> Computation Resources

Memory [GB] Wall Time [min]

Far Terms (MLFMM) 21.7 1.0

Near/Self Terms 89.9 185.2

Preconditioner 84.6 41.6

61 RHS Iterative Solve 22.4 574

Total 218.6 801.8
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