
GEOMETRICALLY SYMMETRIC QUADRATURE RULES
FOR SINGULAR INTEGRALS IN THE

METHOD-OF-MOMENTS IMPLEMENTATION OF
THE ELECTRIC-FIELD INTEGRAL EQUATION

Brian A. Freno, William A. Johnson, Brian F. Zinser, Salvatore Campione
Sandia National Laboratories

Donald R. Wilton Francesca Vipiana
University of Houston Politecnico di Torino

2020 IEEE International Symposium on Antennas and Propagation
and North American Radio Science Meeting

July 5-10, 2020

ion laboratory m ged and operated by National Technologyand Engineering Solutions of Sandia, LLC., a wholly

al ENERGY NASA O Sandia National Laboratories

SAND2020-6400C

This paper describes objective technical results and analysis. Any subjective views or opinions that might be expressed
in the paper do not necessarily represent the views of the U.S. Department of Energy or the United States Government.

Sandia National Laboratories is a multimission laboratory managed and operated by National Technology & Engineering Solutions of Sandia, LLC, a wholly owned
subsidiary of Honeywell International Inc., for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA0003525.



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
0000 000000000 00000000000000 00000000000000000 oo

• Introduction

• Triangle Quadrature Rules

• Logarithmic Singularities in the Test Integrand of the EFIE

• Numerical Experiments for (Near-)Singular and Far Interactions

• Summary

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 2 / 50 0 Sandia National Laboratories



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
ik000 000000000 00000000000000 00000000000000000 oo

• Introduction
— The Method of Moments Implementation of the EFIE
— Existing Approaches for (Near-)Singularities
— This Work

• Triangle Quadrature Rules

• Logarithmic Singularities in the Test Integrand of the EFIE

• Numerical Experiments for (Near-)Singular and Far Interactions

• Summary

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 3 / 50 0 Sandia National Laboratories



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
o•oo 000000000 00000000000000 00000000000000000 oo

pl'TiffirliTiTiltillariT717111"TarrTAINTICTIMIVITING111 

• Surfaces are discretized using planar or curvilinear mesh elements

• 4D integrals are evaluated over source and test elements

• Green's function yields (near-)singularities in higher-order derivatives

— In scalar and vector potential terms

— Singularities: test and source elements share one or more edges or vertices

— Near-Singularities: test and source elements are otherwise close
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xisting pproac es or ear- ingu arities

• Approaches for inner, source-element integral

— Singularity subtraction

— Singularity cancellation through variable transformation

— Hybrid schemes that combine subtraction and cancellation

• Approaches for outer, test-element integral

— Outer product of 1D quadrature rules

— Series of variable transformations and integration reordering

— Other approaches for MFIE and CFIE
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• Development of geometrically symmetric quadrature rules

• Characterization of logarithmic singularities in the test integral
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Overview

• An n-point quadrature rule exactly integrates a sequence of nf functions
f(x) = {fl (x), , f„f (x)}, such that

f(x)dA = wif (xi)
i=1

• In 1D, nf = 2n and, for polynomials, f (x) = {1, , x272-1}

• In 2D, n f= 3n,

— This is unproven

— If rules are symmetric, the efficiency can be significantly lower
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a enges to enerate

• Regardless of dimension and function sequence, equations for computing
quadrature rules are stiff and highly dependent upon initial guess

• In multiple dimensions, for a given number of points, nf is unknown
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Triangles

• Quadrature rules for triangles useful for evaluating surface integrals

• Several authors have computed symmetric rules for polynomials

— Rules do not converge monotonically or rapidly for singular integrands

— For 1D, rules have been developed for singular functions

• Geometrically symmetric rules are desirable

— Mapping is straightforward

— Points are not more concentrated at a single vertex

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 10 / 50 0 Sandia National Laboratories
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ymmetric u es or Triang es

• Invariant to rotation and reflection about the medians for equilateral
triangles

• Triangles can be isoparametrically transformed to other triangles

• Rules are constructed from a combination of orbits, such that
n = no + 3ni 6n2

type-0 orbit type-1 orbit type-2 orbit

Freno et al. Quadraturc Rulcs for Singular Test Intcgrals in the EFIE 11 / 50 0 Sandia National Laboratories
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pproac 1: • verview

• Goal is to efficiently integrate polynomials and singularities

• Compute points & weights through optimization — nonlinear least squares

• This approach uses polynomial rules as a baseline

— Initial guesses near the polynomial rule

— Same orbit counts for each n

• Replace higher polynomial degrees with singular functions

• Attempt to increase number of functions integrated
(1, 0, 0)

(0, 1, 0) (0.0
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pproac 1: omputation

• Given a function sequence, we formulate problem as unconstrained
optimization problem in barycentric coordinates:

where

arg min F(a03, w),
ci, 0, w

F(a, 0,w) =

2

17fi '

n 11-0

Ifi = wfifi (ail = h(a, 0)dadi 3,
i=1 0 0

with the expectation that F(a, 0,w) = 0

• We only consider interior points
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pproac 1: unction equence

• Weigh number of singular functions against maximum polynomial degree

• Ability to integrate polynomials includes ability to integrate cross terms
(e.g., x3 includes x2y)

• Ability to integrate singular functions does not extend to cross terms

• Three approaches to address this issue:

• Use 2D characterization of singularity, if available

• Use 1D characterization of singularity, assume cross terms are not essential

• Include cross terms for 1D characterization and reduce polynomial degree

• Alternatively, one can use Approach 2

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 14 / 50 0 Sandia National Laboratories



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
0000 00000000•

pproac 2: • verview
00000000000000 00000000000000000 00

• In multiple dimensions, number of integrable functions not straightforward

• Computation is expensive and multiple solutions exist

• For large nf , we employ ni-point 1D rules that integrate 1D function
sequences, such that n =

71/ points

0 1

(0 0)

points Tni2 points

D

3n/2 points
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Singular integrals in EFIE when using MoM take the form

e—jkR
Is = f V • A.37- f4s  R  V A'sdAsdAy,

—3kR
= f

y A 

/VT • f
s e R 

dAsdAy,
A 

where Is appears in scalar potential, I„ appears in vector potential

• As and Ay are source- and test-element surfaces

• R(xs, xy) = Pcs — )cy112

• xs and xy are source and test points

• A37-(xy) is test basis function associated with edge j

• Azs(xs) is source basis function associated with edge i

Freno et al. Quadrature Rulcs for Singular Test Integrals in thc EFIE 17 / 50 0 Sandia National Laboratories
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FM= iffirrirll 

When kly and Ais are linear (e.g., RWG), V • A3 and V • Ais are constants:

e-jkR

dAsdATIs = fAy jAs 

Taylor-series expansion test integrand about R:

f(xy)= E "kr f
P!

p=o

R(xs,xy)P-1dAs

Odd powers of R yield unbounded derivatives along boundaries of As
Even powers of R remain smooth and integrable

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 18 / 50 0 Sandia National Laboratories
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ector otentia

When A3,7-(xy) = x7- - xi and Ais(xs) = xs - x2 (unnormalized RWG)

• xi is vertex of test element opposite edge j

• xi is vertex of source element opposite edge i

A. • A's = (xy - xi) • (xs - xi) = 
Xy — 

2 

s XT 

2 

Xs 
Xi)

= Do + D1R+ D2R2,

xy) = (xs + xy)/2, 0(xs, xy) is angle between (x7- - xs) and (xi -

Do (xs, xT) = 11542 - (xi xj) • ic+ xi • xj, Di (xs, x7-) = 11,E.i - II P..2 cos 0, D2 = -1/4

e-jkR
Iv = f f  Ay As DO dAsdAT f f Die-ikRdAsdAy + D2 fAy fAs ~kRRdAsdAT

Ay .As

Taylor series expansion leads to integer powers of R (odd powers yield singularities)

Freno ct al. Quadraturc Rulcs for Singular Test Integrals in thc EFIE 19 / 50 0 Sandia National Laboratories
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Scalar and vector potential contain singularities of the form

L s
R(xs,xy)4dAs, for q = —1, 0, 1, ...

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 20 / 50 0 Sandia National Laboratories
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Coplanar Domains: q = —1

For q = —1,

Ls

d fb

fa Ja ,v(xy—xs)2+(y7-- ys)2 dxsdysR(xs,xyridAs = 
1

= {ai ln + ,Vcq + — ai _n [-yi + ,Va?
i=i

a = {yr — c, yy — d, xy — a, xy — b},

/3= {xT — a, xy — b, — c, — d},

-y = {xT — b, xy — a, yy — d, yy — c}

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 21 / 50 0 Sandia National Laboratories
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op anar omains: ertex ingu arities q = —1

Approaching edges of As, where = 0 or 72 = 0,

lim ai ln + N/cq + = a21n
Oi—>c)

lim ai ln + ,Vo4 + -yd = aZ ln

At vertices of As, where ai = 0, ai ln lad is singular (unbounded derivatives)

a = {yr — c, yy — d, xT — a, xy — b},

/3= {xy — a, xy — b, yy — c, yy — d},

-y = {xy — b, xy — a, yy — d, yy — c}

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 22 / 50 0 Sandia National Laboratories
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op anar Domains: sge ingu arities q = —1

On edges of As not at vertices, ai = 0, and and ryi have opposite signs

Taylor series expansions of logarithm argument:

+ 1/i1+
?

+ (9(4),A + VaF + /3? = 210%1
a?

+ == -F Ilql -F -F (9(4),
2h1

These yield terms with ai singularities

a = {yr — c, yy — d, xT — a, xy — b},

/3= {xy — a, xy — b, yy — c, yy — d},

-y = {xy — b, xy — a, yy — d, yT—c}

a?
when 0, < 0, r-z-.1  

210i

when ryi < 0, r-z-.1  
a?

2
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op anar Domains: eries xpansions an. 1ig er 'owers

Along an edge of As, a series expansion of q = —1 integrand as ai —> 0 is

1, ozi, ln aF, c4, al ,

For q = 1, fAs R(xs,x7-)dAs, yield additional terms, including singular terms

+ \/ai?, + R], a31n [-yi + Vcq + -yd

and series expansion

1, c4, a31n iai 4 ...

Trend continues for odd powers of R, yielding 4+2 ln from

aq+2 + Va? + i3d , 4+2 ln [-yi \ cx,? + 111

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 24 / 50 0 Sandia National Laboratories
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Ay and As share an edge:
Shared edge and vertices
have singularities

AT = As:
Entire boundary has singularities

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 25 / 50 0 Sandia National Laboratories
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erpen icu ar omains: q= —1

For q = —1,

R(xs,xy)—ldAs
As

fa fd 1
 dysdzs

A c \14- + (yy—ys)2 + zs

= — xy arctan  ayc 
ayd 

+ xy arctan  ,
xyRe xynd

— 
2 c 7- 2

ln [x2 + y2] + ln [4-- + d]

+ yc ln [a + Rc] — yd ln [a + Rd]

+ a ln [yc + Rc] — a ln [yd + Rd]

Re2 = (yy — c)2 a2 ,

./=6 = + (yy — d)2 a2,

Yc = yr

Yd = yr — d

Freno et al. Quadrature Rules for Singular Test Integrals in thc EFIE 26 / 50 0 Sandia National Laboratories
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erpen icu ar omains: ertex ingu arities q = — 1

Approaching
Ay, xy = 0,

lim —Yc
xy—>o 2

Em —Yd
xy—xo 2

shared vertices from inside

ln [x3 + 2Jc] = Ye 111 lycl,

ln + = Yd 111 Y dl

At shared vertices, where y, = 0 or yd = 0,

Yc 111 Yc or yd ln lydl is singular

Trend continues for other odd q powers,
with 0+2 ln y, and yr2 ln yd

Arctangent terms are also singular at
shared vertices but behave differently

Re2 = + (yy — c)2 + a2,

./=6 = (yy — d)2 + a2,

Yc = YT C,

Yd = YT d

Freno et al. Quadrature Rules for Singular Test Integrals in thc EFIE 27 / 50 0 Sandia National Laboratories
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ne- imensiona aracterization

• Series expansion about singularity location

• Expansion alternates between monomials and singularities

• From coplanar and perpendicular cases,

f(x) = {1, x, xlnx, x2, x3, x3lnx, x4, x5, x5lnx,...}

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 28 / 50 0 Sandia National Laboratories
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Two- imensiona aracterization

• Expansions alternate between monomials and singularities

• From coplanar case,

xln(y — 1 + Vx2 + (y _ 1)2)

xln(y + Vx2+ y2)

x2, xy

x3, x2y

x31n(y — 1+ -Vx2 + (y — 1)2)

x3 ln(y + Vx2 + 
y2)

x4, x3y, x2y2

x5, x4y, x3y2

x51n(y —1+ A.42 + (y 1)2)

x5 ln(y + Vx2+ y2)

x6, x5y, x4y2, x3y3

x7, x6y, x5y2, x4y3

x71n(y — 1 + Vx2 + (y — 1)2)

x7 ln(y + Vx2+ y2)

x8, x7y, x6y2, x5y3, x4y4

x9, x8y, x7y2, x6y3, x5y4

Freno et al. Quadrature Rules for Singular Tcst Intcgrals in the EFIE 29 / 50 0 Sandia National Laboratories
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For convenience, we assume k is real and A = 1 m

Scalar Potential

1,,e=frf 
cos(R27R) 

dAsdAT
,  

— 
f f s  Rsin(27R)  

dAsdAT

Vector Potential

= fAy(xy xj)

= (3c7- xj)
Ay

cos(27R) 
(xs xi)dAsdAT

jAs R

sin(27R)(xs xj)dAsdAT
/4, R

z

As has vertices (0 m, O m), (1/20 m, 1/20 m), and (-1/20 m. 1/20 m)

Ay has same shape

z

Frcno ct aL Quadrature Rules for Singular Test Integrals in the EFIE 31 / 50 0 Sandia National Laboratories
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pproac 1 unction equences

ID Singularities

1

X

x ln x

x2, xy

x3, x2y

x3 ln x
x4, x3y, x2y2

x5, x4y, x3y2

x5 lnx
x6, x5y, x4y2, x3y3

x7 x6y, x5y2, x4y3

x7 In x
x8, x7y, x6y2, x5y3, x4y4

x9, x8y, x7y2, x6y3, x5y4

x9 ln x

X10, X9y, x8y2, 7y3, 6y4, x5y5

212 Singularit ies

1

X

x ln(y - 1 + N/x2 (y - 1)2)

x1n(y+ X2 + y2)

x2, xy

x3, x2y

x3 ln(y - 1 + \/x2 (y - 1)2)

x3 ln(y -Vx2 + y2)
x4, x3y, x2y2

x5, x4y, x3y2

x5 ln(y - 1 + Vx2 (y - 1)2)
x5 In(y Vx2 + y2)

x6, x5y, x4y2, x3y3

x7, x6y, x5y2, x4y3

ln(y - 1 + Vx2 (y - 1)2)

,.71„ („ / ,.2 112)

Freno et al. Quadraturc Rulcs for Singular Test Integrals in the EFIE 32 / 50 0 Sandia National Laboratories



Introduction
0000

Quadrature Rules Log Singularities
0 00 00 0 00 0 00 00 00 00 00 00 00

Numerical Experiments Summary
000.0000000000000 00

pproac 1, 1 ingu arities

71 = 3

n = 7

ft = 4

— 12

n = 6

n = 16
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pproac 1, 1 ingu arities continue

n = 25

0 —

n = 27

.
• •

• Ar #
• l • •  •

n = 42

n = 33

Freno et al. Quadrature Rules for Singular Test Intcgrals in the EFIE 34 / 50 0 Sandia National Laboratories
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pproac 1, 2 ingu arities

71 = 3

= 7

n = 4

n = 12

n = 6

n = 16
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pproac 1, 2 ingu arities continue

7L = 19

n = 33

To = 25

n = 42

n = 27

n = 52
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pproac 2 unction equence

f(x) = {1, x, xlnx, x2, x3, x3lnx, x4, x5, x5 lnx, ...}

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 37 / 50 0 Sandia National Laboratories
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Approach 2

77 = 3

n = 48

n = 12

• •

• • •
• •
• 

#

• • 
•

• Vir • •

• ir • •i• • 17 •

0. • • •l • • •

n = 75

n = 27

n = 108
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Case 1: Scalar potential, singular interaction, B= 0°, Ay = 0, and Az = 0

—4

—6

—8
eFO

—10

—12

—14

16 
0

T

/so (Nonsingular) _

20 40 60
nT

80 100 120

—+— Polynomial Rules

—x— DMRW (Averaged)

—Y— Approach 1, 1D Singularities

—A— Approach 1, 2D Singularities

Approach 2

z
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Case 2: Scalar potential, singular interaction, B= 450, Ay = 0, and Az = 0

—4

—6

—8
eFO

—10

—12

—14

16 
0

T

/so (Nonsingular) _

20 40 60
nT

80 100 120

—+— Polynomial Rules

—x— DMRW (Averaged)

—Y— Approach 1, 1D Singularities

—A— Approach 1, 2D Singularities

Approach 2

z

Freno et al. Quadraturc Rules for Singular Test Integrals in the EFIE 40 / 50 0 Sandia National Laboratodos



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
0000 000000000 00000000000000 00000000000.00000 oo

Case 3: Scalar potential, singular interaction, B= 90°, Ay = 0, and Az = 0

0

—2

—3

—4

—5

—6

—7

(Singular)

8 
0

—4

—6

—8

—10

—12

—14

16 
0

20 40 60

T

80 100 120

/so (Nonsingular) _

20 40 60

nT

80 100 120

-+- Polynomial Rules

-x- DMRW (Averaged)

-Y- Approach 1, 1D Singularities

-A- Approach 1, 2D Singularities

Approach 2

z
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Case 4: Scalar potential, singular interaction, B= 180°, Ay = 0, and Az = 0

—4

—6

—8
eFO

—10

—12

—14

16 
0

T

Iso (Nonsingular) _

20 40 60
nT

80 100 120

—+— Polynomial Rules

—x— DMRW (Averaged)

—Y— Approach 1, 1D Singularities

—A— Approach 1, 2D Singularities

Approach 2

z
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Case 5: Scalar potential, near-singular interaction, B= 180°, Ay = 0, and Az = Sz
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(5z = 1/200 of maximum edge length

Freno et al. Quadraturc Rulcs for Singular Tcst Integrals in thc EFIE 43 / 50 0 Sandia National Laboratories



Introduction Quadrature Rules Log Singularities Numerical Experiments Summary
0000 000000000 00000000000000 00000000000000000 oo

Case 6: Scalar potential, far interaction, 6) = 0°, Ay = Sy, and Az = 0
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Case 7: Vector potential, singular interaction, 0 = 90°, Ay = 0, and Az = 0
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Case 8: Vector potential, singular interaction, 0 = 180°, Ay = 0, and Az = 0
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• Introduction

• Triangle Quadrature Rules

• Logarithmic Singularities in the Test Integrand of the EFIE

• Numerical Experiments for (Near-)Singular and Far Interactions

• Summary
— Concluding Remarks

Freno et al. Quadrature Rules for Singular Test Integrals in the EFIE 47 / 50 0 Sandia National Laboratories



Introduction
0000

Summary

Quadrature Rules
000000000

Log Singularities Numerical Experiments Summary
00000000000000 00000000000000000

• Introduced 2 symmetric quadrature approaches for arbitrary functions

• Motivated by need to integrate singular test integrands in EFIE

• Approach 1

- Generally most efficient for singular integrands - outperformed polynomial rules
by orders of magnitude

- Similar efficiency to polynomial rules for nonsingular integrands

• Approach 2

- More efficient than polynomial rules for singular integrands

- Error decreases monotonically relative to number of integration points

- Points are cheap to compute (from 1D rules)
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itiona n ormation

• B. Freno, W. Johnson, B. Zinser, S. Campione
Symmetric triangle quadrature rules for arbitrary functions
Computers e4 Mathematics with Applications (2020) arXiv:1909.01480

• B. Freno, W. Johnson, B. Zinser, D. Wilton, F. Vipiana, S. Campione
Symmetric numerical integration techniques for singular integrals in the
method-of-moments implementation of the electric-field integral equation
arXiv:1911.02107
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Questions?

Sandia National Laboratories is a multimission laboratory managed and
operated by National Technology & Engineering Solutions of Sandia,

LLC, a wholly owned subsidiary of Honeywell International Inc., for the

U.S. Department of Energy's National Nuclear Security Administration

under contract DE-NA0003525.

This presentation describes objective technical results and analysis. Any

subjective views or opinions that might be expressed in the presentation
do not necessarily represent the views of the U.S. Department of Energy
or the United States Government.
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