
1

Flexibility Reserve in Power Systems: Definition
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Abstract—This paper defines flexibility reserve trajectory as
a single reserve product that not only supplies the energy
imbalance in real-time operation but also the resulting ramping
requirements by embedding the flexible ramping trajectories as
time derivative of the reserve trajectories. Further, a stochastic
optimization model is proposed for multi-fidelity co-optimization
of energy and flexibility reserve in day-ahead power systems
operation. The proposed model integrates operation decisions
with different levels of modeling fidelity in a single stochastic
optimization problem. More specifically, day-ahead energy tra-
jectories, day-ahead flexibility reserve capacity trajectories, and
real-time flexibility reserve deployment trajectories are modeled
by Bernstein polynomials with different degrees as required to
match the load and renewable generation with different levels of
variability in day-ahead and real-time operations. The proposed
model is implemented on the IEEE reliability test system using
load and solar generation data of California ISO, where the
numerical results demonstrate that the proposed model schedules
a reserve capacity that more accurately matches the real-time
energy imbalance and ramping requirements of net-load, while
reducing the total operation cost of the system.

Index Terms—Continuous-time unit commitment, stochastic
optimization, flexibility reserve, uncertainty characterization,
mixed integer linear programming.

I. INTRODUCTION

LARGE-scale integration of intermittent renewable en-

ergy sources (RES) is calling for additional flexibility

resources as well as more advanced modeling and optimization

techniques to account for the increasing uncertainty and vari-

ability in power systems operation [1]. As the RES integration

gains momentum, the magnitude and frequency of their vari-

ations increase, which may trigger ramping scarcity events in

real-time power systems operation [2]–[4]. This necessitates

revisiting the present definition of power systems flexibility

and reserve services in order to reflect their robustness and

adequacy towards sub-interval variations of the load and RES,

as well as adjusting the operation models to accomodate the

new reserve services [2]–[5].

Multiple research works have been conducted on devel-

oping models for evaluating flexibility of power systems. A

probabilistic metric, called insufficient ramping resource ex-

pectation, is developed in [6], [7] for evaluating the flexibility

of power systems. A statistical analysis is conducted in [8]

to evaluate the flexibility requirement of power systems in
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European power systems, where the flexibility is defined based

on the magnitude and frequency of ramping events of net-

load (load minus renewable generation). In [9], a deterministic

multi-time-scale day-ahead scheduling model is proposed that

enables co-optimizing the energy and ancillary services, with

sub-hourly flexible ramping products. In [10], look-ahead

security-constrained unified unit commitment and economic

dispatch models are formulated to tap the flexibility resources

in case of contingency events, where each receding horizon

embeds four sets of time intervals with different resolutions.

In addition, there has been significant advancement in

the application of stochastic optimization models for reserve

and flexibility scheduling in power systems operation [11]–

[13]. A security constrained unit commitment (UC) model is

developed in [14] that takes into account the intermittency and

volatility of wind power generation in day-ahead scheduling

decisions. In [15], spinning and non-spinning reserve require-

ments are evaluated for a power system with uncertain wind

power output, and metrics are calculated to evaluate the cost

saving due to utilization of wind power and the cost incurred

due to reserve deployment when the wind power output does

not meet the scheduled level. A two-stage stochastic UC model

is proposed in [16] that utilizes the operating reserve provided

by flexible loads to enhance the operational security of bulk

power systems. A stochastic UC model is proposed in [17]

where the day-ahead energy schedule of the thermal generating

units, flexible loads, and ES devices are co-optimized with

the flexible ramping offered by thermal units. In [18], a two-

stage stochastic optimization model is proposed to explore the

potential capability of wind units in providing flexible ramping

services, including the real-time UC and economic dispatch as

first and second stages. A chance-constrained stochastic UC

model is proposed in [19] for scheduling reserve to supply the

expected net-load uncertainties.

Although different in problem formulation and solution

techniques, the stochastic flexibility scheduling models in

literature utilize the same discrete-time piecewise constant

trajectories for modeling the decisions in day-ahead scheduling

and real-time realization stages. However, in reality, the real-

time reserve deployment decisions are taken in faster pace

than the day-ahead scheduling decisions (e.g., 5-min real-

time decisions versus hourly day-ahead schedules). Therefore,

approximating the real-time operation decisions with the same

modeling accuracy of the day-ahead decisions in stochastic UC

models prevents capturing faster real-time net-load variations

and reserving adequate generation capacity to compensate the

variation [4], which may trigger ramping scarctiy events and

necessitate scheduling flexible ramping products in real-time
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operation, as experienced by few system operators [2], [3].

A. Contribution

This paper proposes a novel stochastic optimization model

for multi-fidelity scheduling of energy and flexibility reserve

capacity in day-ahead operation. The proposed model, for-

mulated as a two-stage stochastic optimization problem, co-

optimizes day-ahead decision trajectories in the first stage with

higher-fidelity real-time decision trajectories in the second

stage. The term fidelity refers to the modeling accuracy of

parameters and decision trajectories in the optimization prob-

lem. The proposed multi-fidelity modeling approach enables

integrating and optimizing different decision trajectories with

different levels of accuracy in a single optimization problem

[20]. The major contributions of this paper include:

• This paper defines flexibility reserve trajectory that com-

bines the balancing reserve and flexible ramping products

in current markets, as it embeds flexible ramping trajecto-

ries as time derivative of the reserve trajectories. Thus, the

flexibility reserve not only supplies the real-time energy

imbalance, but also the real-time ramping requirements

by a single reserve product.

• The variability and uncertainty of load and RES are

characterized by continuous-time stochastic processes.

A second-order moment matching method is proposed

to reduce the dimensionality of continuous probability

spaces and Bernstein polynomials of different degrees

are used to model the day-ahead mean and real-time

realizations with different fidelity.

• The proposed model integrates decisions with different

levels of fidelity in a single stochastic optimization prob-

lem: day-ahead energy trajectories, day-ahead flexibility

reserve capacity trajectories, and real-time flexibility re-

serve deployment trajectories are modeled with Bernstein

polynomials with three different degrees as required to

match the variability and uncertainty of load and RES

in day-ahead and real-time operations. The proposed

model includes as a special case the current discrete-time

stochastic UC model by choosing Bernstein polynomials

of degree 0 for modeling all decision variables.

The proposed stochastic optimization model is formulated

in Section II, where the decision variable are modeled as

continuous-time trajectories. In Section III, Bernstein polyno-

mials are utilized to model load and RES generation with dif-

ferent fidelity over time, and a second-order moment matching

method is proposed to reduce the probability space dimen-

sionality of the processes. Using the models in Section III,

the multi-fidelity stochastic optimization model is formulated

in Section IV as a mixed-integer linear programming (MILP)

problem. The numerical results, conducted on the IEEE-RTS

using California ISO load and solar generation, are presented

in Section V, and the conclusions are drawn in Section VI.

B. Notation

The following notation is used throughout the paper: bold-

face letters indicate the matrices and vectors. The subscripts k,

j, q, n, and ω respectively represent the indexes of generating

units, time intervals, Bernstein polynomials covering a single

time interval, lineariztion segments of the cost function, and

net-load realizations. The superscripts u and d respectively

represent the up and down flexibility reserve. The letters G,

R, I , r, D, GR, N , SP respectively represent the day-ahead

generation, flexibility reserve capacity, and commitment status

of generating units, real-time flexibility reserve deployment

of generating units, load, renewable generation, net-load, and

renewable spillage. The dots over decision variables, i.e., Ġ,

İ , and ṙ represent their time-derivatives. The overlined and

underlined letters respectively represent the upper and lower

limits of trajectories. The continuous time is t, a specific time

is tj , Tj = tj+1 − tj and scheduling horizon is represented

by T . The letters Ω, F , and P together form the probability

space of stochastic processes and respectively represent the

sample space, set of events, and probability measure. The

superscripts d and g distinguish the probability spaces of load

and renewable generation.

II. THE PROPOSED STOCHASTIC OPTIMIZATION MODEL

1) Characterizing the Uncertainty of Load and Solar Gen-

eration: Let the total load and non-dispatchable renewable

generation be independent continuous-time stochastic pro-

cesses, respectively shown by D(t) and GR(t), and defined

over probability spaces (Ωd,Fd,Pd) and (Ωg,Fg,Pg). Let us

also represent the realizations of such processes with dω(t) and

gRω (t), where ω is an event in either Ωd or Ωg , and t∈T . Fur-

ther, let us define a stochastic process N(t)=(D(t), GR(t)) as

the concatenation of load and renewable generation processes,

where nω(t) = (dω(t), g
R
ω (t)) is a realization of the process.

Formally, this process can be associated to a new probability

space (Ω,F ,P), where Ω=Ωd×Ωg , F=Fg⊗Fd, and P is the

product measure formed from P
d and P

g . We assume hereafter

that all stochastic quantities, denoted with or dependent on ω,

are members of the probability space (Ω,F ,P).
This paper characterizes the probability spaces of load

and renewable generation by continuous-time Gaussian pro-

cesses, i.e., D(t) ∼ GP
(

D0(t), c
d(t, t′)

)

and GR(t) ∼
GP

(

GR
0 (t), c

g(t, t′)
)

, where D0(t) and GR
0 (t) are the mean,

and cd(t, t′) and cg(t, t′) represent the covariance functions

of the processes. Therefore, the net-load process N(t) is also

a Gaussian process, i.e., N(t) ∼ GP (N0(t), c
n(t, t′)), where

N0(t) and cn(t, t′) are the mean and covariance functions.

Gaussian process with customized covariance function is

shown to be effective to model load and renewable power

generation (see e.g., [21]–[24]).

2) Modeling Generating Units: Assume that a set of K

generating units are available to supply the net-load over

the scheduling horizon T . We model generating units by

vector of positive day-ahead generation trajectories G(t) =
(G1(t), . . . , GK(t))

T
, along with day-ahead commitment sta-

tuses I(t) = (I1(t), . . . , IK(t))
T

, and ramping trajectories

Ġ(t) =
(

Ġ1(t), . . . , ĠK(t)
)T

that are defined as time deriva-

tives of the generation trajectories. The day-ahead generation

cost of generating unit k is shown by C (Gk(t)). In addition,

vectors SU(t) and SD(t) show the startup and shutdown cost

variables of units.
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3) Modeling Flexibility Reserve and Flexible Ramping:

this paper defines up and down flexibility reserves as the

reserve trajectories that are provided by generating units

to compensate the variability and uncertainty of net-load

trajectory in power systems operation. The up and down

flexibility reserves are characterized by the day-ahead capacity

and real-time deployment trajectories. The day-ahead capacity

trajectories of up and down flexibility reserves are respec-

tively represented by vectors of positive variables Ru(t) =
(Ru

1 (t), . . . , R
u
K(t))

T
and Rd(t) =

(

Rd
1(t), . . . , R

d
K(t)

)

. The

real-time deployment trajectories of up and down flexibility re-

serves are respectively represented by positive vectors ruω(t) =
(

ru1,ω(t), . . . , r
u
K,ω(t)

)T
and rdω(t) =

(

rd1,ω(t), . . . , r
d
K,ω(t)

)T
.

In addition, the real-time up and down flexible ramping

trajectories are respectively represented by vectors ṙ+ω (t) =
(

ṙ+1,ω(t), . . . , ṙ
+
K,ω(t)

)T
and ṙ−ω (t) =

(

ṙ−1,ω(t), . . . , ṙ
−

K,ω(t)
)T

,

which are defined as positive and negative components of term
(

ṙuω(t)− ṙdω(t)
)

in equation (15) of the following problem

formulation. Therefore, the proposed flexibility reserve com-

bines the balancing reserve and flexible ramping products in

current market practices, as it embeds the up and down flexible

ramping trajectories as defined above.

A. The Problem Formulation

The proposed model is formulated as a two-stage stochastic

optimization problem. The first stage of the proposed model

represents the day-ahead operation where the generation and

ramping trajectories and commitment status of generating units

are scheduled to supply the mean value of net-load process.

The decisions on flexibility reserve capacity trajectories of the

units is also made in the first stage. The real-time operation

is modeled in the second stage, where the up and down

flexibility reserves of generating units and renewable spillage

are deployed to compensate the variability and uncertainty

of real-time net-load realizations. The proposed stochastic

continuous-time UC is formulated in (1)-(16).

min

∫

T

[

C(G(t)) + 1K
(

SU(t) + SD(t)
)

+ 1K
(

µ
u,CRu(t) + µ

d,CRd(t)
)

]

dt

+

∫

T

∫

Ω

1K(µu,Eruω(t) + µ
d,Erdω(t))P(ω)dt dω

+

∫

T

∫

Ω

1K(µ+ṙ+ω (t) + µ
−ṙ−ω (t))P(ω)dt dω

+

∫

T

∫

Ω

µSSPω(t)P(ω)dt dω, (1)

s.t. 1KG(t) = D0(t)−GR
0 (t), t ∈ T , (2)

G(t) +Ru(t) ≤ GI(t), t ∈ T , (3)

G(t)−Rd(t) ≥ GI(t), t ∈ T , (4)

ĠI(t)+Ġ
SD

∫ t+ǫ

t−ǫ

İ(t′)dt′≤Ġ(t)

≤ ĠI(t)+Ġ
SU

∫ t+ǫ

t−ǫ

İ(t′)dt′, t ∈ T , (5)

SU(t) ≥ V

∫ t+ǫ

t−ǫ

İ(t′)dt′, SU(t) ≥ 0, t ∈ T , (6)

SD(t) ≥ W

∫ t+ǫ

t−ǫ

−İ(t′)dt′, SD(t) ≥ 0, t ∈ T , (7)
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∫ t+UT

t

I(t′)dt′ ≥ Diag(UT)

∫ t+ǫ

t−ǫ

İ(t′)dt′, t ∈ T , (8)

∫ t+DT

t

(1K−I(t′))dt′≥Diag(DT)

∫ t+ǫ

t−ǫ

−İ(t′)dt′, t ∈ T (9)

1K
(

G(t) + ruω(t)−rdω(t)
)

=dω(t)− (gRω (t)− SPω(t)), ω ∈ Ω, t ∈ T , (10)

−Rd(t) ≤ ruω(t)− rdω(t) ≤ Ru(t), ω ∈ Ω, t ∈ T ,(11)

ruω(t) ≥ 0, rdω(t) ≥ 0, ω ∈ Ω, t ∈ T ,(12)

0 ≤ SPω(t) ≤ gRω (t), ω ∈ Ω, t ∈ T , (13)

ĠI(t)+Ġ
SD

∫ t+ǫ

t−ǫ

İ(t′)dt′≤Ġ(t) + ṙuω(t)−ṙdω(t)

≤ ĠI(t)+Ġ
SU

∫ t+ǫ

t−ǫ

İ(t′)dt′, ω ∈ Ω, t ∈ T ,(14)

ṙ+ω (t)−ṙ−ω (t) = ṙuω(t)−ṙdω(t), ω ∈ Ω, t ∈ T , (15)

ṙ+ω (t) ≥ 0, ṙ−ω (t) ≥ 0, ω ∈ Ω, t ∈ T . (16)

The objective of the proposed model, formulated in (1),

is to minimize the total cost of first stage decisions and

the total expected cost of second stage decisions. The first

stage costs are represented in (1) by the first integral over

scheduling horizon T , which includes the total generation

cost C(G(t)) =
∑K

k=1 C(Gk(t)) and startup and shutdown

costs of units in first line, and the up and down flexibility

reserve capacity costs in second line where µ
u,C and µ

d,C

are diagonal matrices of up and down flexibility capacity cost

coefficients.

The last three lines in (1) represent the second-stage re-

course function over scheduling horizon T and sample space

Ω. The third line of (1) formulates the expected cost of

deploying up and down flexibility reserve, where µ
u,E and

µ
d,E are diagonal matrices of up and down flexibility reserve

deployment cost coefficients. The fourth line of (1) formulates

the expected cost of deploying up and down flexible ramping,

where µ
+ and µ

− are diagonal matrices of up and down

flexible ramping deployment cost coefficients. The fifth line

of (1) formulates the expected cost of renewable spillage,

where µS is the cost coefficeint of renewable spillage variable

SPω(t), and reflects the costs imposed to promote renewable

integration and the carbon emission cost avoided by renewable

generation [12].

The continuous-time day-ahead power balance constraint

(2) schedules the day-ahead generation trajectories of units to

supply the expected net-load trajectory of system defined as

the mean load trajectory minus the mean renewable generation

trajectory, i.e., D0(t)−GR
0 (t). Constraints (3) and (4) ensure

that the generation trajectories plus and minus the up and down

flexibility reserve capacities are within capacity limits of the

units. The day-ahead ramping trajectories of units are con-

strained in (5), taking into account the startup and shutdown

ramping limits. The startup and shutdown costs are calculated

in (6) and (7), where V and W are diagonal matrices of startup

and shutdown cost parameters. The minimum up and down

time constraints are imposed in (8) and (9), where UT and

DT are the vectors of minimum up and down times. In (5)-(9),

İ(t) = (İ1(t), . . . , İK(t))T is time derivative of commitment

variables that models the startup and shutdown of the units,

where ǫ is an infinitesimally small positive number.

The real-time power balance constraints are presented in

(10), where the day-ahead schedule of units, G(t), stays

unchanged and the up and down flexibility reserve and the

renewable spillage trajectories are deployed to supply the real-

time realizations of net-load, i.e., dω(t) − gRω (t). The up and

down flexibility reserve deployment trajectories are positive

variables that are limited in (11) to the capacity trajectories

scheduled in first stage. The renewable spillage trajectory is

limited in (13) to the renewable generation in each scenario.

The ramping constraint (14) ensures that real-time deployment

of the up and down flexibility reserves in scenarios would

not violate the ramping capability of units. The up and down

flexible ramping trajectories are defined as positive variables

in (15) and (16) as the positive and negative components of

the flexibility reserve ramping trajectories of units.

The proposed stochastic continuous-time UC model (1)-(16)

is a two-stage stochastic optimizaiton problem with infinite-

dimensional decision space in both time and probability

sample space, which renders the problem computationally

intractable. In the following Sections III and IV, we propose

models to reduce the decision space dimension of the problem.

III. FINITE-DIMENSIONAL REPRESENTATION OF LOAD

AND RENEWABLE GENERATION PROCESSES

The goal here is to reduce the dimensionality of the stochas-

tic processes of load and renewable generation over time, and

probability space. In this regard, we first develop a function

space model in Section III.A to reduce the dimensionality of

the processes over time. The function space model involves

modeling the continuous-time mean and realizations of the

processes with two different fidelity. In addition, in Section

III.B, we develop a second-order moment matching method to

reduce the probability spaces dimensionality of the processes.

A. Dimensionality Reduction over Time

A function space model is proposed here to reduce the di-

mensionality of load and renewable generation processes over

time. In the proposed model, we first subdivide the scheduling

horizon T into J intervals Tj = [tj , tj+1),→ T = ∪J−1
j=0 Tj ,

with the same lengths Tj = T = tj+1− tj , and construct a

subset of basis functions formed by the Bernstein polynomials

of degree Q in each interval Tj , forming a spline function

space e(Q)(t)=(e
(Q)
1 (t), . . . , e

(Q)
(Q+1)J(t))

T to model temporal

variations over T , which contains (Q+1)J functions with the

following components:

e
(Q)
j(Q+1)+q+1(t) = bq,Q

(

t− tj

Tj

)

, t ∈ [tj , tj+1), (17)

for j = 0, . . . , J − 1; q = 0, . . . , Q, where bq,Q(t) is a

Bernstein polynomial of degree Q defined as [25]:

bq,Q(t) =

(

Q

q

)

tq(1− t)Q−q, t ∈ [0, 1). (18)

The function space e(Q)(t) guarantees the continuity within

each interval Tj , but maintaining continuity of trajectories at
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interval connection points imposes constraints on the Bernstein

coefficients of adjacent intervals, which forms a new reduced-

order Bernstein function space w(Q)(t) = Be(Q)(t) with

dimension Z=(Q− 1)J+2, where B is the mapping matrix.

We model the stochastic processes of load, D(t), renewable

generation, GR(t), and the net-load process N(t) on the

Bernstein function space w(Q)(t) as follows:

D(t) = Dw(Q)(t), ∀t ∈ T , (19)

GR(t) = GRw(Q)(t), ∀t ∈ T , (20)

N(t) = N

(

w(Q)(t)
−w(Q)(t)

)

, ∀t ∈ T , (21)

where Roman letters D and GR are Z-dimensional random

row vectors, and N is a 2Z-dimensional random row vector

representing Bernstein coefficients of projecting the processes

on w(Q)(t). Hereafter, the degree of a Bernstein function space

is used as an indicator of fidelity of that function space.

1) Multi-Fidelity Modeling of Mean and Realization Trajec-

tories: the load and renewable generation realization scenarios

Dω(t) and GR
ω (t) are modeled using higher fidelity Bernstein

function space Q in (22)-(23), and the mean trajectories D0(t)
and GR

0 (t) using a lower fidelity Bernstein function space of

degree Q′ = Q− α in (24)-(25):

dω(t) = dωw
(Q)(t), (22)

gRω (t) = gR
ωw

(Q)(t), (23)

D0(t) = D0w
(Q′)(t) = D0M

αw(Q)(t), (24)

GR
0 (t) = GR

0 w
(Q′)(t) = GR

0 M
αw(Q)(t), (25)

where dω and gR
ω are Z-dimensional row vectors, D0 and GR

0

are Z ′=
(

(Q′−1)J+2
)

-dimensional row vectors of Bernstein

coefficients. In (24)-(25), the degree-raising property of Bern-

stein polynomials is utilized to cast the Bernstein coefficients

of trajectories, projected on a lower fidelity function space of

degree Q′, into a higher fidelity function space of degree Q,

where Mα is the Z ′ × Z mapping matrix [25].

In addition, we model the realizations nω(t) and mean

value N0(t) of the net-load process respectively in Bernstein

function spaces of degree Q and Q′, the coefficients of which

are related to the respective coefficients of load and renewable

generation as follows:

nω =
(

dω,g
R
ω

)

, N0 =
(

D0M
α,GR

0 M
α
)

(26)

where N0 and nω are 2Z-dimensional row vectors of Bern-

stein coefficients.

B. Dimensionality Reduction over Probability Space

Here we aim at reducing the probability space dimensional-

ity of load, renewable generation, and the net-load stochastic

processes. Assuming a Gaussian process model for D(t),
GR(t) and N(t), the Bernstein random coefficients D, GR,

and N in (19)-(21) would inherit the Gaussian properties

of the processes and form a multivariate Gaussian distribu-

tion, i.e., D ∼ N (D0M
α,Kd), GR ∼ N (GR

0 M
α,Kg),

N ∼ N (N0,K
n), where Kd and Kg are Z × Z covari-

ance matrices, and Kn is a 2Z × 2Z covariance matrix. In

Appendix A, given D0(t), G
R
0 (t), c

d(t, t′), and cg(t, t′), the

derivation of multivariate distributions D ∼ N (D0M
α,Kd)

and GR ∼ N (GR
0 M

α,Kg) is elaborated. Detailed discussion

on continuous-time stochastic modeling and estimation of load

in Bernstein function space is presented in [26].

We leverage the independence of load and renewable gen-

eration processes and write the covariance of the net-load

distribution N in terms of the covariance of load and renewable

generation distribution as:

Kn =

(

Kd 0

0 Kg

)

. (27)

The task here is to find the appropriate finite set of

S realizations Ω̂ = {1, . . . , ω, . . . , S} ⊂ Ω that form a

representative subset of the infinite-dimensional probability

space Ω. To address this, we develop a second-order mo-

ment matching method to reduce the dimensionality of the

probability spaces. Let NS=(n1; . . . ;nω; . . . ;nS) be S×2Z
matrix of Bernstein coefficients of S realizations in Ω̂, and

π=(π1, . . . , πω, . . . , πS) be a vector of probabilities. The fol-

lowing Theorem 1 ensures the second-order moment matching

between Ω̂ and Ω with minimum of S = 2Z + 1 realizations.

Theorem 1. Second-Order Moment Matching Dimensional-

ity Reduction: For any S realizations NS of N with associated

probability weights π that satisfy the following conditions:

π1S = 1, (28)

πNS = N0, (29)
(

NS − 1SN0

)T
Diag(π)

(

NS − 1SN0

)

= Kn, (30)

the sample space Ω̂ match the first and second moments of

N ∼ N (N0,K
n), where 1S is S-dimensional vector of ones.

Proof: In (28), we ensure that π forms a probability mea-

sure where its components sum up to 1. Relations (29) and (30)

show that the mean and covariance of the realizations match

respectively the mean and covariance of N ∼ N (N0,K
n).

These three conditions together ensure the moment matching

of order two for min number of realizations S=2Z + 1.

In order to calculate the matrix of realizations NS and the

associated probabilities π, one needs to solve the system of

nonlinear equations (28)-(30). For day-ahead operation with

J=24 intervals, this problem includes a very large number of

unknowns even for the Bernstein polynomials of low degrees.

This procedure would be computationally cumbersome, and

the solution convergence highly depends on the choice of

initial values. One way to circumvent this problem is to gener-

ate second-order moment matching scenarios for the standard

uncorrelated Gaussian distribution using the solution offered

in [27], and then establish the correlation using the Cholesky

decomposition of covariance matrix Kn, as in Theorem 2.

Theorem 2. Let L be the Cholesky decomposition of 2Z×2Z
covariance matrix Kn such that Kn = LTL, and let H be

S×2Z matrix of realizations matching the first two moments

of standard Gaussian distribution N (0, I), and π
H be vector

of associated probabilities. The realizations calculated as:

NS = 1SN0 +HL, (31)
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Fig. 1. Fidelity of trajectories: (a) Day-ahead generation trajectory,
(b) Real-time generation trajectories associated with net-load realiza-
tions, (c) up and down flexibility reserve capacity trajectories.

match the first two moments of N∼N (N0,K
n), and π=π

H.

Proof: We seek to establish the relations in Theorem 1

for the realizations defined in (31) and the scenario proba-

bilities π = π
H. Since the scenarios and probabilities in

H and π
H match the mean and covariance of the standard

Gaussian distribution, then π
H1S = 1, π

HH = 0, and

HTDiag(πH)H = I. Since π = π
H, this shows (28).

Multiplying (31) by π
H, we have:

π
HNS = π

H1SN0 + π
HHL = N0, (32)

which shows (29). Finally, substituting the value of NS −
1SN0 from (31) in the left hand side of (30), we have:

(

NS − 1SN0

)T
Diag(π)

(

NS − 1SN0

)T

= (HL)
T
Diag(πH)HL

= LTHTDiag(πH)HL

= LT IL = LTL = Kn, (33)

showing (30). This concludes our proof.

IV. MULTI-FIDELITY MODELING OF DECISION

TRAJECTORIES AND OPERATING CONSTRAINTS

This section develops a reduced-order model for decision

variables and constraints of the proposed stochastic UC model

(1)-(15). Similar to the ideas in Section III.A, the method in

this section is based on reducing the dimensionality of decision

trajectories by projecting them in Bernstein function spaces.

The models in this section involve using three Bernstein

function spaces with different fidelity to model three sets of

decision trajectories, shown in Fig. 1, with different fidelity

requirements. The day-ahead generation trajectories of units

are modeled with the same fidelity as the day-ahead load and

renewable trajectories (Fig. 1-(a)). The real-time deployment

trajectories of up and down flexibility reserve and renewable

spillage are modeled with the same fidelity as the real-time

load and renewable realization trajectories (Fig. 1-(b)). The up

and down flexibility reserve capacity trajectories, however, are

meant to provide adequate fidelity to follow respectively the up

and down uncertainty requirements of net-load, which undergo

even faster changes. Thus, the flexibility reserve capacity

trajectories of generating units are modeled on a function space

of higher fidelity Q′′ = Q + β (Fig. 1-(c)). Details of the

proposed multi-fidelity modeling approach are presented next.

A. Modeling the Decision Variables of Generating Units

Here we model the decision variables of generating units in

Bernstein function spaces with different fidelity.

1) Modeling Generation Trajectories: day-ahead genera-

tion trajectories G(t) are modeled in the space spanned by

w(Q′)(t) as follows:

G(t) = Gw(Q′)(t) = GMαw(Q)(t), (34)

where G is a K×Z ′ matrix of projection coefficients.

2) Modeling Flexibility Reserve Trajectories: up and down

flexibility reserve capacity trajectories Ru(t) and Rd(t) are

modeled in the space spanned by w(Q′′)(t) as:

Ru(t) = Ruw(Q′′)(t), Rd(t) = Rdw(Q′′)(t), (35)

where Ru and Rd are K×Z ′′ matrices of projection coeffi-

cients on the function space and Z ′′=(Q′′ − 1)J + 2.

Further, the up and down flexibility reserve deployment

trajectories are modeled in the space spanned by w(Q)(t) as:

ruω(t) = ruωw
(Q)(t), rdω(t) = rdωw

(Q)(t), ∀ω ∈ Ω̂ (36)

where ruω and rdω are K×Z matrices of projection coefficients.

3) Modeling the Commitment Status Variables: day-ahead

commitment statuses of generating units are projected on the

space spanned by w(Q′)(t) as:

I(t) = Iw(Q′)(t), (37)

where I=(I1; . . . ; Ik; . . . ; IK) is K×Z ′ matrix of projection

coefficients. The vector Ik = (Ik,1, . . . , Ik,Z′) represents the

projection coefficients of generating unit k.

4) Modeling the Ramping Trajectories: time derivatives of

Bernstein polynomials of a certain degree can be expressed as

a linear combination of Bernstein polynomials of smaller de-

grees [28]. Using this property, day-ahead ramping trajectories

are defined in the space spanned by w(Q′
−1)(t) as:

Ġ(t)=Gẇ(Q′)(t)=GMw(Q′
−1)(t)=Ġw(Q′

−1)(t), (38)

where M is a Z ′× (Z ′−J) matrix relating ẇ(Q′)(t) and

w(Q′
−1)(t), and Ġ is K ×(Z ′−J) matrix of Bernstein coeffi-

cients of ramping trajectories, which are linearly related to the

Bernstein coefficients of generation trajectories as follows:

Ġ = GM. (39)

Similarly, Bernstein coefficients of the deployment ramping

trajectories of flexibility reserves are expressed in terms of

Bernstein coefficients of the deployment trajectories as:

ṙuω = ruωH, ṙdω = rdωH, ω ∈ Ω̂, (40)

where H is a Z × (Z − J) matrix relating ẇ(Q)(t) and

w(Q−1)(t), and ṙuω and ṙdω are K × (Z − J) matrices of

Bernstein coefficients. Using (41), constraint (15) can be

written in terms of the associated Bernstein coefficients as:

ṙ+ω − ṙ−ω = ṙuω − ṙdω, ṙ+ω , ṙ
−
ω ≥ 0, ω ∈ Ω̂, (41)

where ṙ+ω and ṙ−ω are K × (Z − J) matrices of Bernstein

coefficients of the up and down flexible ramping trajectories.
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B. Modeling the Operation Constraints of Generating Units

1) Generation and Reserve Capacity Constraints: We uti-

lize the convex hull property of Bernstein polynomials to ef-

ficiently impose continuous-time inequality constraints. More

specifically, the convex hull property states that a trajectory

will never be outside of the convex hull formed by Bernstein

coefficients of the trajectory [4], [29]. Therefore, the genera-

tion capacity constraints (3) and (4), the reserve deployment

constraints (11) and (12), and the renewable spillage constraint

(13) can be imposed by constraining the associated Bernstein

coefficients as follows:

GMαMβ +Ru ≤ GIMαMβ , (42)

GMαMβ −Rd ≥ GIMαMβ , (43)

−Rd ≤
(

ruω − rdω
)

Mβ ≤ Ru, ∀ω ∈ Ω̂, (44)

ruω ≥ 0, rdω ≥ 0, ∀ω ∈ Ω̂, (45)

0 ≤ SPω ≤ gR
ω , ∀ω ∈ Ω̂, (46)

where G and G are K×K diagonal matrices of minimum

and maximum generation capacity limits, Mβ is a Z×Z ′′

linear mapping that relates the Bernstein coefficients of degree

Q with Bernstein coefficients of degree Q′′, and SPω is

coefficients row vector of projecting the renewable spillage

trajectory SPω(t) in the space spanned by w(Q)(t) defined

as:

SPω(t) = SPωw
(Q)(t). (47)

2) Ramping Constraints: Similar to (42)-(46), the convex

hull property of Bernstein polynomials is utilized to impose the

day-ahead and real-time ramping constraints (5) and (14) by

constraining the associated Bernstein coefficients as follows:

Ġ ≤ Ġ ≤ Ġ, (48)

ĠM′α ≤ ĠM′α + ṙuω−ṙdω ≤ ĠM′α, ∀ω ∈ Ω̂. (49)

where Ġ and Ġ are K×(Z ′−J) matrices representing respec-

tively the left and right hand side limits of (5) projected on the

space spanned by w(Q′
−1)(t), and M′α is a (Z ′−J)×(Z−J)

matrix that relates Bernstein coefficients of degree Q′−1 with

the Bernstein coefficients of degree Q − 1. The readers are

referred to [4] for details on calculation of Ġ and Ġ.
3) Startup and Shutdown Cost Constraints: startup and

shutdown cost constraints (6)-(7) are reformulated as:

SUk(tj) ≥ Vk (Ik(tj)− Ik(tj−1)) , j > 0, ∀k, (50)

SDk(tj) ≥ Wk (Ik(tj−1)− Ik(tj)) , j > 0, ∀k, (51)

where Vk and Wk are respectively the startup and shutdown

cost parameters of unit k.
4) Minimum Up/Down Time Constraints: minimum

up/down time constraints (8)-(9) are reformulated as:

j+UTk−1
∑

j′=j

TjIk(t
′
j)≥ UTk (Ik(tj)−Ik(tj−1)) , j > 0, ∀k (52)

j+DTk−1
∑

j′=j

Tj

(

1−Ik(t
′
j)
)

≥DTk (Ik(tj−1)−Ik(tj)) , j >0, ∀k,

(53)

where UTk and DTk respectively represent the minimum up

and down times of unit k.

C. Modeling Power Balance Constraints

Projecting the day-ahead and real-time decision variables on

the spaces spanned by w(Q′)(t) and w(Q)(t) converts the day-

ahead and real-time power balance constraints (2) and (10)

into sets of algebraic equations on the associated Bernstein

coefficients as follows:

1KG = D0 −GR
0 , (54)

1K
(

GMα+ruω−rdω
)

= dω−
(

gR
ω −SPω

)

, ∀ω ∈ Ω̂. (55)

D. Modeling the Objective Function

Here we derive the components of objective function (1) in

Bernstein function space. Let us consider a prevalent piecewise

linear cost function for generating unit k with Ak linear

segments of lengths gk,1, . . . , gk,Ak
, and associate positive

auxiliary variable trajectories gk,n(t) with each of linear

segments n = 1, . . . , Ak. The linearized generation trajectories

and cost functions of units are respectively modeled as:

Gk(t) = GkIk(t) +

Ak
∑

n=1

gk,n(t), t ∈ T , ∀k, (56)

Ĉ (Gk(t))=C (Gk) Ik(t)+

Ak
∑

n=1

µ
g
k,ngk,n(t), t ∈ T , ∀k, (57)

where Ĉ (Gk(t)) and µ
g
k,n respectively represent the linearized

cost function and the slope of linearization segment n. In order

to model Ĉ (Gk(t)) in Bernstein function space, we expand

the auxiliary variables in w(Q′)(t) space as follows:

gk,n(t) = gk,nw
(Q′)(t), ∀k, ∀n, (58)

where gk,n is a Z ′-dimensional row vector of Bernstein

coefficients, which are constrained to their limits as:

0 ≤ gk,n ≤ gk,n1
Z′

, ∀k, n = 1, . . . , Ak,n, (59)

where 1Z′

is a Z ′-dimensional row vector of ones. Substituting

Bernstein models of Gk(t), Ik(t) and gk,n(t) in (56), Bernstein

coefficients of linearized generation trajectory is calculated as:

Gk = GkIk +

Ak
∑

n=1

gk,n, ∀k, (60)

where Gk is row k of matrix G defined in (34). Finally, we

substitute Bernstein representation of auxiliary variables from

(58) in (57), form the linearized total generation cost function

as Ĉ
(

Gk(t)
)

=
∑K

k=1 Ĉ
(

Gk(t)
)

, and integrate it over T as:

∫

T

Ĉ
(

Gk(t)
)

dt=

K
∑

k=1

∫

T

(

C (Gk) Ik+

Ak
∑

n=1

µ
g
k,ngk,n

)

w(Q′)(t)dt

=

K
∑

k=1

(

C (Gk) Ik+

Ak
∑

n=1

µ
g
k,ngk,n

)

∫

T

w(Q′)(t)dt. (61)
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The integral in right hand side of (61) equals to [25]:

∫

T

w(Q′)(t)dt=

∫

T

B′e(Q
′)(t)dt = T

B′1(Q′+1)J

Q′ + 1
, (62)

where B′ is the matrix relating e(Q
′)(t) and w(Q′)(t), while

1(Q′+1)J is a vector of ones. Substituting (62) in (61), the

generation cost is calculated as:

∫

T

Ĉ
(

Gk(t)
)

dt = T

K
∑

k=1

J−1
∑

j=0

C (Gk) Ik(tj)

+ T

K
∑

k=1

(
∑Ak

n=1 µ
g
k,ngk,n

)

(B′1(Q′+1)J)

Q′ + 1
. (63)

The flexibility reserve capacity cost in line 2 of (1) is

calculated as:
∫

T

1K
(

µ
u,CRu(t) + µ

d,CRd(t)
)

dt

= 1K
(

µ
u,CRu + µ

d,CRd
)

∫

T

e(Q
′′)(t)dt

= T
1K

(

µ
u,CRu + µ

d,CRd
)

(B′′1(Q′′+1)J)

Q′′ + 1
(64)

where B′′ is the matrix relating e(Q
′′)(t) and w(Q′′)(t). The

flexibility reserve deployment cost, flexible ramping cost, and

renewable spillage cost in lines 3-5 of (1) are also calculated

in a similar way. The function space representation of the

objective function (1) is, therefore, calculated as follows:

T

K
∑

k=1

J−1
∑

j=0

(C (Gk) Ik(tj) + SUk(tj) + SDk(tj))

+ T

K
∑

k=1

(
∑Ak

n=1 µ
g
k,ngk,n

)

(B′1(Q′+1)J)

Q′ + 1

+ T
1K

(

µ
u,CRu + µ

d,CRd
)

(B′′1(Q′′+1)J)

Q′′ + 1

+ T
∑

ω∈Ω̂

πω

1K(µu,Eruω+µ
d,Erdω)(B1(Q+1)J)

Q+ 1

+ T
∑

ω∈Ω̂

πω

1K(µ+ṙ+ω +µ
−ṙ−ω )(Ḃ1QJ)

Q

+ T
∑

ω∈Ω̂

πω

(µSSP)(B1(Q+1)J)

Q+ 1
, (65)

where Ḃ is the matrix relating e(Q−1)(t) and w(Q−1)(t).

V. NUMERICAL STUDIES

In this section, the proposed multi-fidelity stochastic UC

model is implemented on the IEEE-RTS, using the data

given in [30], and the results are provided and compared for

multiple studies. The up/down flexibility reserve capacity and

deployment costs of units are assumed to be respectively 0.4

and 1.3 times their highest incremental cost given in [30].

Three cases are studied with increasing levels of fidelity

for modeling load, solar, generation, reserve capacity and

deployment trajectories, as specified in Table I in terms of

TABLE I
BERNSTEIN POLYNOMIAL DEGREES OF TRAJECTORIES IN STUDY CASES

Trajectory 
Day-ahead 

Load, Solar, and 
Generation (Q') 

Day-ahead 
Reserve 

Capacity (Q’’) 

Real-time Load, 
Solar, and Reserve 

Deployment (Q) 
Case 1 0 0 0 
Case 2 3 6 3 
Case 3 3 8 6 

 

Bernstein polynomials of degrees Q, Q′ and Q′′. Note that

Case 1 represents the discrete-time stochastic UC model in

[12]. We leverage our work in [26] and estimate Gaussian

processes for load and solar generation for the three cases,

where 5-min CAISO load data of three consecutive Tuesdays

from Dec. 5 to Dec. 19, 2017 [31] are used as training data

to characterize the load process at Dec. 26, 2017, while the

5-minute CAISO solar power data of three nearest days to

Dec. 26, 2017 [31] with similar weather conditions to the

day of interest, are utilized as training data for the solar

generation predictor. The probability space dimensionality of

the estimated processes in three cases is reduced using the

moment-matching method developed in Section III, and a total

of thirty load and solar generation scenarios are utilized for

each case after backward scenario reduction [32]. The results

are presented next.

A. Results

1) System Operation Cost: The first-stage and second-stage

costs of the proposed model that represent the day-ahead and

expected real-time operation costs are provided in Table II for

three cases. The total day-ahead operation cost is comparable

for Cases 1 and 3 while it is slightly less for Case 2. However,

the sum of day-ahead start-up and energy costs declines from

Case 1 to Case 3. The expected real-time operation cost also

decreases from Case 1 to Case 3. Note that the flexibility

reserve capacity cost increases from Case 1 to Case 3 as

we increase the modeling fidelity of trajectories, while the

flexibility reserve deployment cost decreases for the cases.

2) Flexibility Reserve Schedule: The aggregate up and

down flexibility reserve capacities provided by the units, as

well as the envelope of solar spillage trajectories in the

scenarios are shown in Figs. 2, where the fine gray trajectories

represent the real-time net-load deviation scenarios. In Figs.

2, the positive real-time net-load deviation is compensated by

deploying up flexibility reserve, but the negative part is com-

pensated by either deploying down flexibility reserve or solar

generation spillage. In the latter, deploying down flexibility

reserve not only imposes expected real-time deployment cost

but also requires purchasing the associated capacity in day-

ahead. However, solar spillage only imposes expected real-

time spillage cost. The proposed model would optimize the

most economic portfolio of the alternatives to supply the real-

time net-load deviation in each scenario. As clear in Fig. 2-(b)

and (c), Cases 2 and 3, with higher fidelity trajectory modeling

and probability space quantification, capture more variability

and uncertainty of net-load as compared to the lower fidelity
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TABLE II
OPERATION COST COMPONENTS OF THE PROPOSED STOCHASTIC MODEL

  Case1 Case2 Case3 

First Stage 
(day-ahead) 
Operation 

Cost ($) 

Start-up Cost 3,610.0 5,083.2 4,866.8 

Energy Cost 378,537.3 372,483.7 372,340.1 
Up Flexibility Reserve 

Capacity Cost 9,417.1 11,295.4 14,616.6 

Down Flexibility Reserve 
Capacity Cost 8,106.1 8,796.4 8,535.9 

Total Day-ahead Cost 399,670.5 397,658.6 400,359.4 

Second Stage 
(expected 
real-time) 
Operation 

Cost ($) 

Up Flexibility Reserve 
Deployment Cost 7,481.7 6,628.3 5,506.4 

Down Flexibility Reserve 
Deployment Cost 6,929.8 6,198.4 4,647.6 

Spillage Cost 112.5 1,069.4 1,462.0 

Total Expected Real-time Cost 14,523.9  13,896.2  11,616.0 

Total Operation Cost ($) 414,194.4 411,554.8  411,975.4 
 

 

 Case 1 Case 2 Case 3 
Flexibility Reserve 

Deployment Cost ($) 16,284.5 10,589.4 10,970.1 

Spillage Cost  ($) 27.5 0.0 0.0 
Flexibility Reserve 
Scarcity Cost  ($) 21,906.9 1,463.7 0.0 

Total Cost  ($) 38,219.0 12,053.1 10,970.1 
 

 
Expected Energy Expected Max 

Case 1 924.58 81.51 

Case 2 713.64 73.88 

Case 3 614.14 70.94 
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Fig. 2. Flexibility reserve capacity and solar spillage envelope: a)
Case 1, b) Case 2, c) Case 3

model in Case 1, which results in higher reserved capacity

scheduled in the cases. Quantifying the uncertainty coverage

in terms of the area between the reserved capacities, Cases 2

and 3 cover respectively 21.1% and 44.5% more uncertainty

as compared to Case 1, while saving respectively $2, 639.6
and $2, 219.0 in total operation cost in Table II.

3) Flexible Ramping Trajectories: total flexible ramping

trajectories provided by the units in each scenario are shown

by fine gray trajectories in Figs. 3-(a) and (b) for Cases 2 and
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Fig. 3. Flexible ramping capacity: a) Case 2, b) Case 3

3. In Figs. 3, up and down flexible ramping capacities, shown

with dashed and dotted black lines, represent the upper and

lower envelopes of total flexible ramping trajectories provided

by the units in all scenarios. An analogous approach is also

adopted for the discrete-time model in Case 1, where the upper

and lower envelopes of finite difference of hourly flexibility

reserve deployment values (shown by the blue lines in Figs.

3) represent the up and down flexible ramping capacities. As

clearly shown in Figs. 3, Cases 2 and 3 secure higher amounts

of ramping capacity, scheduled in higher fidelity, to supply the

real-time ramping requirements of net-load.

4) Real-time Operation Benefits: Here we aim at compar-

ing the real-time operation benefits of the three cases. In this

regard, we generate 10 real-time net-load realizations using the

estimated stochastic processes of load and solar generation,

and simulate the real-time operation for each realization by

solving 288 five-min real-time economic dispatch, considering

a ramping scarcity price of $120 per MWh and the day-

ahead generation and flexibility reserve schedules of the

cases as input parameters. The average values of real-time

operation cost components are provided in Table III. In Table

III, higher fidelity models in Cases 2 and 3 exhibit lower

ramping scarcity, solar spillage, and real-time operation costs.

This demonstrate that the proposed multi-fidelity stochastic

optimization model schedules a flexibility reserve capacity that

more accurately matches the real-time energy imbalance and

ramping requirements of net-load.

B. Computation Time

The study cases were solved using CPLEX 12.6.2 [33]

on a desktop computer with a 3.6 GHz i7 processor and

64GB of RAM. The computation times to obtain the optimal

solution are 4, 33, and 47 minutes for Cases 1 to 3, with an

optimality gap of 1%. The computation time of the proposed
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TABLE III
AVERAGE REAL-TIME ECONOMIC DISPATCH COST COMPONENTS FOR 10

NET-LOAD REALIZATIONS
 

 
Case 1 Case 2 Case 3 

Average F lexibility R eserve 

Deployment Cost ($) 

14,715.1 8,191.4 8,432.9 

Average Spillage Cost  ($) 20.7 0.0 13.6 

Average F lexibility R eserve 

Scarcity Cost  ($) 

21,552.8 352.9 0.0 

Average T otal Cost  ($) 36,288.5 8,544.3 8,446.5 

 

 model for a given system and a given number of scenarios

depends on the fidelity of trajectories. As evidenced in the

case studies, increasing the degree of Bernstein polynomials

used to model the trajectories not only reduces the day-ahead

operation cost of the system in Table II, but also the real-

time operation and ramping scarcity costs in Table III. The

benefits come at the cost of extra computation time, as the

problem size (number of variables and constraints) increases

with increasing the degree of Bernstein polynomials. This

is, however, an advantage of the proposed model that offers

customizable levels of accuracy and computation complexity

in approximating the decision space of day-ahead operation

problem, which can be tuned by the system operator to match

the available time and computational power.

VI. CONCLUSION

This paper presented a stochastic optimization model for

multi-fidelity optimization of energy and flexibility reserve

in day-ahead power systems operation. The proposed model,

formulated as a MILP problem, co-optimizes the day-ahead

and real-time operation decisions with different levels of

fidelity in a single stochastic optimization problem, which

enables capturing and compensating the variability and uncer-

tainty of load and renewable generation that exhibit different

levels of variations in day-ahead and real-time operation. The

simulation results, conducted on the IEEE-RTS, demonstrate

that higher fidelity modeling of day-ahead and expected real-

time operation decisions in day-ahead operation results in

generation and reserve capacity schedules that more accurately

matches the energy and ramping requirements of real-time net-

load while saving on total operation cost of the system. Future

works include expanding the model to consider transmission

constraints, development of a method to determine the opti-

mal degrees of Bernstein function spaces, and investigating

options to enhance the computation efficiency of the proposed

stochastic optimization model.

APPENDIX A

MULTI-VARIATE GAUSSIAN DISTRIBUTION OF BERNSTEIN

RANDOM COEFFCIENTS

Suppose that the mean and covariance of Gaussian load

process, D0(t) and cd(t, t′), are estimated from the historical

load data. The mean and covariance of the multi-variate

Gaussian distribution of Bernstein random coeffcients, D ∼
N (D0M

α,Kd), are linearly related to D0(t) and cd(t, t′) as:

D0(t) = D0M
αw(Q)(t), t ∈ T , (66)

cd(t, t′) = E[(D(t)−D0(t)) (D(t′)−D0(t
′))

=
(

w(Q)(t)
)T

E[(D−D0M
α)

T
(D−D0M

α)]w(Q)(t′)

=
(

w(Q)(t)
)T

Kdw(Q)(t′), (t, t′) ∈ (T , T ). (67)

In order to calculate D0M
α and Kd from (66) and (67),

we first choose Z evaluation points {t1, . . . , tZ} such that Q

points be allocated to the first and last intervals (i.e., j = 0 and

j = J−1), and Q−1 points be allocated to the rest of intervals.

Then we calculate the mean and covariance function D0(t)
and cd(t, t′) at the evaluation points and form respectively the

Z-dimensional vector D0(ts) and the Z × Z matrix Cd =
[cd(ts, ts′)], s, s′ ∈ {1, 2, . . . , Z}, which are substituted in

(66) and (67) forming the following linear set of equations:

D0(ts) = D0M
αW, (68)

Cd = WTKdW, (69)

where W=
(

w(Q)(t1), . . . ,w
(Q)(tZ)

)

is the matrix of Bern-

stein basis functions calculated at the evaluation points. The

mean vector and covariance matrix of the Bernstein coeffi-

cients, D0M
α and Kd, are calculated from (68) and (69) as:

D0M
α = D0(ts) (W)

−1
, (70)

Kd =
(

WT
)−1

Cd (W)
−1

. (71)

Similar derivations apply to random Bernstein coefficients

of renewable generation GR ∼ N (GR
0 M

α,Kg).
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