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Abstract

The effect of hydrolytic aging on mechanical quasi-static responses of rubber-like materials, in particular, the
idealized Mullins effect and permanent set have been modeled. The effect of Hydrolytic damage on the mechanical
integrity of the polymer matrix is modeled as the direct competition of two micro-structural phenomena (i) chain
scission and (ii) reduction of cross-links. Both phenomena and their correlation were modeled and thus, the strain
energy of the polymer matrix is written with respect to three independent mechanisms; i) the shrinking original matrix
that has not been attacked by water, ii) conversion of the first network to a new network due to the reduction of the
crosslinks, and iii) energy loss from network degradation due to water attacks to polymer active agents. The proposed
model satisfies the Clausius-Duhem inequality and is thus physically feasible. The model is validated with respect to
sets of our experimental data and other sets available in the literature. The proposed model is based on the assumption
of homogeneous diffusion and mainly relevant for thin samples. In view of its accuracy, interpret-ability and deep
insight it provides into the nature of damage accumulation, the model is a good choice for further implementation in
FE applications.

1. Introduction1

In view of the high resistance to abrasion, corrosion and chemical degradation, elastomers are widely used in2

many sensitive applications to transfer load in high deformation regime or to dissipate kinetic energy in high fre-3

quency. In many industrial applications, it is necessary to provide a realistic approximation of the nominal service4

life of a sample subjected to specific loading profile. In many cases, elastomers are expected to sustain millions of5

load cycles or sustain extreme environmental loads for years, if not decades. However, environmental factors along6

with the mechanical loads will contribute to chemo-physical damages that will eventually lead to material failure [1].7

Understanding the relation between chemical damages and decay in mechanical performance is critical for prediction8

of elastomers failure in extreme applications, such as offshore platforms. Such decay can be formed due to an individ-9

ual or combined effects of different degradation processes [2]. Those mechanisms can be categorized into those with10

the major impacts such as thermo-oxidation [3, 4], hygro-thermal [5], hydrolysis [6, 7], deformation-induced aging11

[8, 9, 10] , and those with the less severe impact such as chemical corrosion [11], and ozone cracking [12]. While each12

of those mechanisms can significantly reduce the life of an elastomeric material in certain condition, the latter group13

are not as prevalent in nature as those of the first group are. The aging process can be formed due to an individual or14

combined effects of different degradation processes such as thermos-oxidation, photo-oxidation, and hydrolysis [13].15

While predicting the individual contribution of those mechanisms have been the center of attention in the last few16

years, there is still a long way to go in modeling the damage accumulation in materials exposed to multiple damages17

simultaneously. To this end, reliable lifetime estimation of products made by cross-linked polymers can be extremely18

challenging, especially for the products that are exposed to multiple damages.19
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Elastomeric systems are used in a variety of applications ranging from tires to adhesives, sealants, and thin films20

[14]. In view of their excellent properties, e.g. abrasion resistance and durability, elastomeric components can be21

reliably designed to be subjected to a high number of cyclic loading in harsh environments. However, their reliability22

considerably decreases over time due to the so-called aging process. The aging process, often described by a gradual23

decay of the mechanical performance, is a menace to the polymeric components such as joints, adhesives, sealant and24

fillers that are used in different components in multiple applications.25

In the last 15 years, our predicative abilities has been significantly improved, and many theories were developed26

to describe different aging mechanisms, most of which were focused on thermo-oxidative aging. To this end, Loeffel27

and Anand [15] investigated a multi-physics model for the thermal oxidation aging of coatings in severe operating28

conditions. Some approaches described the thermo-oxidative aging of a polymer matrix with respect to the chemical29

reactions, diffusion and mechanical coupling [16, 17, 18], and some described it using the mechanism of curing30

[19, 20] . In all the aforementioned studies, the damage has been micro-mechanically modeled by a coupled approach31

to link chemical/physical aging to the thermo-mechanical state of the network [21, 22, 23].32

The effect of time on constitutive behaviour of elastomers is often described by visco-elastic behavior, which33

is more of the short term effects of time [24, 25, 26]. Visco-elastic properties has been studies extensively both34

theoretically [27, 28] and experimentally [29]. Ayoub et al. [30] proposed a constitutive model using a Zener-type35

framework. Their model predicts the behavior by integrating the physics of polymer chains and their alteration36

under cyclic loading. Furthermore, Khan et al. [31] proposed a phenomenological model to characterize the thermo-37

mechanical behavior of visco-elastic polymers.38

Here, we mainly focus on Quasi-static behaviour of samples submerged in water for a long time (hydrolytic aging)39

[32], e.g. those used in off-shore plants, biological systems or within the cooling systems [33]. At this stage, the40

model cannot take into account the effects of loading frequency as well as visco-elastic effects. In such applications,41

the predictive models can prevent catastrophic failure of the systems due to aging of components. To this end, a model42

for the Hydrolytic aging and its effect on the mechanical properties of rubber-like material can be subject of broader43

interest to our community. Hydrolytic aging can be described in two categories: physical or chemical [34]. Physical44

aging has no effect on the chemical structure and is a result of the movement of polymer chains. Chemical aging, on45

the other hand, is an irreversible process that changes the morphology of the matrix and directly affects the mechanical46

performance of the sample and probability of premature failure.47

Hydroletic aging has been mostly studied through experimental studies. So far, only a few phenomenological48

models, and no micro-mechanical model, are available which can successfully take into account the effect of hy-49

drolytic aging on behavior of elastomeric materials. Vieira et al. [35] proposed a model for hydrolytic aging of50

PLA-PCL fibers used in surgeries, and Breche et al. [36] who used a non-linear viscoelastic model to predict the51

response of biodegradable materials throughout hydrolytic aging. From experimental side, several studies were con-52

ducted to explore the relation between hydrolytic aging and loss of mechanical performance in different materials,53

such as poly-ester urethane [37], and thermoplastic polyurethanes [38]. On another approach, many studies were54

focused on describing the correlation between aging and changes of the matrix morphology, such as molecular weight55

[39], cross-link density [40] and formation/detachment of cross- links [41].56

In this work, a new micro-mechanical model is developed to predict the non-linear behavior of rubber-like mate-57

rials such as the Mullins effect and Permanent set during hydrolytic aging. ”Mullins effect” refers specifically to the58

softening observed between the first loading and the subsequent reloadings. However, for the sake of simplicity, many59

models [42, 43, 44] exclude the difference between unload and reload, and thus come up with a stabilized stress strain60

curve that has considerably less noise for fitting. The stabilized softening, is often referred to as Idealized Mullins61

effect [45], and our model is also developed to predict this behaviour.The fundamentals of hydrolysis kinetics and62

assumptions are first discussed in Section 2. Then, experimental study is presented in Section 3. Next, in section 4,63

the constitutive model is presented. After a parameter study in section 5, evaluation of the proposed model in compar-64

ison to our experimental data and other sets available in literature is presented (section 6). Finally, the summary and65

discussion is provided in section 7.66

2. Hydrolysis Kinetics and Assumptions67

Hydrolytic aging results from the interaction of elastomer matrix with the hydroxyl(OH−) or hydrogen(H+) ions in68

water [46]. In general, this process can occur in any media with OH− or H+ e.g. acids or alkaline, while the hydrolysis69
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reaction rate is influenced mainly by ions concentration. Esters, amide, imide, and carbonates are particularly vulner-70

able to hydrolysis which occurs during water attack. Regardless of the location of those groups in macromolecules,71

hydrolytic attack of water molecules to those groups can cause chain scission which consequently leads to the pro-72

duction of carboxylic and alcohol end-groups (see eqn.1). Thus aging results in increased concentration of carboxylic73

end-groups. On the other hand, hydrolytic attack reduces the molecular weight of the matrix, which consequently,74

influences the mechanical behaviour.75

H2O+ROC

O

HO ROHC

O

+

(1)
Kinetic equations are mathematical models to predict and describe a chemical reaction. In this respect, the hydrolysis76

process can be best modeled via a first order kinetic equation with respect to the carboxylic end groups’ formation77

rate[39]78

d[COOH]
dt

= ζ[Ester][Water][COOH] = K[COOH], (2)

where [COOH] = [COOH]0 exp(K t). Here, the [Ester],[Water], and [COOH] are the concentration of ester, dif-79

fused water, and carboxyl end-groups in the polymer matrix, respectively. The parameter ζ is the hydrolysis constant80

which defines the rate of hydrolytic attackK = ζ[Ester][Water]. Here, t is the time variable, and subsequently, we de-81

fine the subscript •0 to represent the magnitude of a non-kinematic parameter at t = 0, e.g. [COOH]0 represents initial82

concentration of carboxylic group. Since carboxyl end groups concentration is inversely related to number-average83

molecular weight Mn, one can determine K by measuring Mn during hydrolytic aging using84

[COOH] =
1

Mn
⇒ Mn = Mn,0 exp(−K t). (3)

In view of Eq.3, the factors that influence the hydrolysis rate K are the [Ester], [Water], [COOH] and the hydrolysis85

constant ζ which itself is a function of temperature, and media’s pH, where86

• temperature increases the polymer chain mobility and thus increases the ζ [35]87

• PH of the degradation environment affects reaction rates through catalysis. and thus increases the ζ [47, 48, 49]88

In this study, ζ is assumed to be constant since the temperature, and the PH were kept constant. Accordingly, the89

proposed model in this work are based on the following assumptions90

• The process of water diffusion into the sample is considered to be complete and thus d[Water]
dt = 0. In fact, the91

proposed model is based on the assumption that the water diffusion time tdi f f inside the sample is significantly92

smaller than the hydrolytic aging time taging ( i.e. tdi f f << taging) [50]. The proposed model is mainly relevant93

for super-thin samples where the assumption of homogeneous diffusion is relevant. Here, we will not investigate94

in-homogeneous water diffusion due to the sample thickness. Accordingly, all experiments used for validation95

were performed on super-thin samples (thickness< 2mm ) that are stored for a duration much longer than a few96

minutes [51].97

• Following completion of water diffusion, the water concentration allover the sample is identical and equal to98

the maximum saturation level possible [Water]|S∈V = where V represents the sample volume.99

• The model is not valid for short time intervals, or ultra thick samples in which ∇[Water] 6= 0 [52].100

• Likewise, the concentration of the ester groups [Ester] located at the backbone chains is considered to be almost101

constant, despite their random scission during the early stages of the aging process [53].102

Satisfying the conditions used for the assumption of constant ζ, [Ester] and [water], one can derive the setting at which103

we can assume K to be constant. Obviously, this assumption is not relevant in cases where ζ, [Ester] and [water] are104

non-constant, such as non-uniform water diffusion or varying temperature, and those conditions are not the subject of105

interest in this work.106
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3. Experiment107

Material: Styrene-butadiene rubber (SBR) procured in rectangular sheets of 24” × 12” × 0.125” were used for108

validation of the model. The SBR sheets were processed from one batch and provided by one supplier. Standardized109

dumbbell shape samples were cut from the sheets with a punch die (Die C from the ASTM-D412).110

Accelerated aging: Samples were fully immersed in several sealed containers filled with distilled water at tem-111

peratures 60◦C and 80◦C under constant pressure. After a specific aging time, samples were removed and dried at112

room temperature (i.e. 23◦C) for ten day before characterization.113

Gravimetric measurement: To measure water-uptake, each sample was individually weighed before and after114

aging/drying with an accuracy of 0.01mg. Samples were aged in two individual ovens (i.e. 60◦C & 80◦C) for 1, 10,115

and 30 days each. Immediately after aging, the samples were carefully dried with a tissue paper and weighed on the116

same electronic balance. In this respect, the percentage of the water uptake WC can be written as117

Wc =
Wt −W0

W0
× 100 , (4)

where Wt and W0 are the sample weights at time t and virgin state, respectively. Fig. 1a is the plot of the water118

absorption content versus the square root of hydrolytic aging time for the aging temperature of 60◦C. Our data shows119

that the water uptake is linearly correlated with the square root of aging time (i.e. Wc ∝
√

t), representing that it120

follows the Fick’s second law [54].121

In order to investigate the efficacy of the drying process , the aged samples were kept at ambient temperature122

(i.e. 23◦C) and their weights Wt∗ were recorded at three different drying times t∗ ( i.e. 3, 5, and 10 days) . For each123

case, all the weights were then compared with the weight of the virgin sample by substituting Wt with Wt∗ in Eq.4.124

Fig. 1b shows the loss of absorbed water along the drying period for two different accelerated aging conditions. The125

water maintained in the sample reduced exponentially with time and after 10 days, the water content nearly reached126

its equilibrium value.127
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Figure 1: Water content of samples (a) extent of water absorption versus the square root of hydrolytic aging time for 60◦C aging temperature, and
(b) the loss of absorbed water versus drying time for aged samples.

Mechanical test: United testing machine SFM-20 with a load cell of 1000 lb. was used for quasi-static tensile128

tests. All tests were displacement controlled with the strain rates of 43.29 %
min . The distance between the machine129

grips was set to 2.71 inches and all the experiments were performed at room temperature. In monotonic failure tests,130

the samples were stretched until breakage while in the cyclic test, the samples were stretched to preset amplitudes131

of 1.3, 1.6, 1.9, and 2.1. Each sample is subjected to a non-relaxing cyclic test with increasing amplitude, where the132

samples is loaded two times at each amplitudes. In the course of deformation, the elongation of the central zone has133

been measured by an external extensometer (see Fig. 2). The cyclic experiment is designed to illustrate the evolution134

of the permanent set and stress softening during the primary loading for both unaged and aged samples.135
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Figure 2: Constitutive behaviour of the dog-bone SBR sample at various aging times shown in (a) failure, and (b) cyclic tests that were performed
at 60◦C.

Data treatment: The aim of the present work is the modeling of the nonlinear inelastic phenomena such as136

permanent set, idealized Mullins effect during hydrolytic aging. To this end, the experimental data must be treated137

to highlight the characteristics of these inelastic features. To derive the idealized Mullins effect, the following data138

treatment will be applied to the experimental data139

• The difference between the reloading and unloading curves will be skipped (see Fig. 3a).140

• The unloading responses are extended to meet the primary loading that is obtained from the monotonic tensile141

test. The maximum stress is set to that of the maximum stretch in loading history.142
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Figure 3: (A) a schematic diagram of idealized Mullins effect, and (b) the treated experimental results of SBR at 60◦C for modeling purpose.
dashed lines refer to the result of the monotonic tensile tests, while solid lines refer to result of cyclic tests.

The modified experimental results for unaged and aged SBR at 60◦C are presented in Fig. 3b. In this figure, the143

dashed lines refer to the result of monotonic tensile tests and are considered as the primary loading curves. The solid144

lines are referred to as the secondary curves which correspond to the unloading curves. Each sample experiences a145

continuous cyclic test regime with increasing stretches in each cycle. The experimental data after the above-mentioned146

treatment will be used as the basis for the discussion on the modeling of inelastic phenomena such as idealized Mullins147

effect and permanent set in rubber-like material during hydrolytic aging.148

4. Constitutive Model149

Damage in the polymer matrix should be described with respect to three independent variables temperature T ,150

time t, and deformation which is given by deformation gradient tensor F. To describe the state of damage with respect151

to time, one can use the status of the matrix at time 0 and ∞ as the reference points and then define a shape function152
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to interpolate the damage status at time t. Representing the energy of the matrix in the virgin state by Ψ0 and after153

indefinite aging time by Ψ∞, one can approximate the strain energy of the matrix ΨM at time t as154

ΨM(t,T,F) = N(t,T )Ψ0(F) + N′(t,T )Ψ∞(F), (5)

where N(t,T ) and N′(t,T ) = 1 − N(t,T ) represent the weight of each state. To define the changes of the matrix in the155

course of hydrolytic aging, one needs to describe the matrix degradation with respect to the shape function N and the156

energy states Ψ0, and Ψ∞. By representing the evolution of the shape function by the Arrhenius function [55], one can157

write N(t,T )158

N(t,T ) = exp
(
−γ exp(−

Ea

RT
)t
)
, (6)

where γ is the degradation constant that defines the rate of hydrolytic aging, Ea the activation energy, and R =159

8.314[J]/[mol][K] the gas constant (see Fig. 4a).160

Experimental Derivation of N(t,T ) can be carried out through specific relaxation tests, in which samples were161

aged at constant stretch amplitude for an indefinite time. The changes of the mechanical response from time 0 to162

∞ can be associated with the energy states of the material, namely Ψ0 and Ψ∞. Having the test results at multiple163

temperatures, the resulted curves can be used to derive the 3D surface of the N(t,T ) directly from the experimental164

data. Similar approach can be used in other types of aging including, thermo-oxidative or photo-oxidative. For165

example, by considering similar tests that were performed by Johlitz et al [4] on thermo-oxidative aging (see Fig.166

4b2), one can derive the 3D surface of N(t,T ) directly from the experiments (see Fig. 4c). However, in view of the167

excessive costs associated with relaxation tests, especially in hydrolysis condition, we introduced another approach to168

approximate N(t,T ) based on simpler experiments and a fitting procedure.169
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Figure 4: (a) Shape functions in one dimension using Arrhenius function, and (b) Relaxation tests designed to capture the changes in the stress
during a deformation controlled aging scenario [4] , and (c) the reconstructed surface of N(t,T ).

In matrix of rubber-like materials, the polymer macro-molecules are often cross-linked or bonded to aggregate170

surfaces at many points along their length. Thus, each macro-molecule has been often bonded at many locations and171

from multiple polymers strands which are named as ”chains” throughout this manuscript [56]. Here, the definition of172

a chain is considered as the whole or a part of a polymer molecule restricted between two constrained segments, which173

are either cross-linked or entangled with other chains or alternatively bonded to the aggregate surface. Considering174

that the length of an active chain is measured between two cross-linked regions along a polymer molecule, the less175

the cross-link density within a polymeric material, the lengthier the active chains will be. Accordingly, once water176

attacks the matrix, two parallel phenomena occurs [40] (i) reduction of the cross-links which increases average chain177

length in the matrix, and (ii) Energy dissipation due to the reduction of polymer active agents. To this end, a fully178

attacked matrix Ψ∞ can be decomposed into two independent networks, namely a newly morphed network Ψm and a179

deactivated network Ψd as given below180

Ψ∞ = αΨm + (1 − α)Ψd, (7)

where Ψm and Ψd represent the energies of the morphed and deactivated networks, respectively. The morphed network181

results from the reduction of the unattacked network cross-links, and consequently, it has chains that are longer than182

2Data were completed to capture time 0, and the tests were originally performed to capture thermo-oxidative aging.
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those of the virgin matrix. Moreover, the deactivated network is resulted from water attack to polymer chains. Hence,183

in this network, the chain length distribution are similar to that of original polymer matrix.184
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Figure 5: Development of longer chains due to chain scission

The parameter α defines the contribution of each network. Substituting Eq.7 into Eq.5, one gets the total strain185

energy of the polymer matrix as186

ΨM = N(t,T )Ψ0 + α N′(t,T )Ψm + (1 − α)N′(t,T )Ψd. (8)

Fig. 6 shows the evolution of the polymer matrix with respect to time. At time t = 0, polymer matrix can be187

represented by Ψ0 state only. As time passes, contribution of Ψ∞ grows which itself can be decomposed into two188

networks, m and d. This process continues until the contribution of Ψ0 becomes negligible and ΨM ≈ Ψ∞.189

We assume that all chains which are exposed to water attack within the deactivated network will form free-end190

chains with no contribution to entropic energy, so Ψd = 0. So in Eq.8, ΨM is mainly determined by the energies of the191

other two networks, namely Ψ0 and Ψm.192

Networks and Subnetworks. Each network is considered to have a unique composition, and describes a specific
energy-dissipating damage mechanism. Using the concept of micro-sphere,[57, 58] each network is considered as
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a 3D composition of infinite 1D subnetworks that are distributed in all spatial directions. Subnetworks can only be
subjected to uniaxial deformation λ, and thus will experience different deformations based on their directions (see
Fig. 6)[59, 60]. To develop a model for the subnetwork in direction d, only a simplified form of entropic energy is
needed, with respect to uni-axial deformation, λd. The parameter ψd represents the energy of the subnetwork in an
arbitrary direction, d. Integrating a subnetwork in all directions, the consequent network is a representation of that
concept in a 3D configuration. Here, by assuming the isotropic spatial distribution of the polymer matrix in reference
configuration, the macroscopic energy of an arbitrary network, Ψ•, can be written as

Ψ• =
1
As

∫
S

d
ψ•d

d
u ∼=

k∑
i=1

di
ψ• wi, ⇒

d
ψM = N(t,T )

d
ψ0 + αN′(t,T )

d
ψm, (9)

where As is the surface area of a micro-sphere S , and ud the unit area of the surface with the normal direction d.193

The parameters wi are weight factors corresponding to the collocation directions di (i = 1, 2, . . . , k). A set of k = 45194

integration points on the half sphere was found to yield the best optimization between computational expenses and195

the resulted error [61, 62]. Fig. 6 depicts the composition of the polymer matrix into the three networks 0, m and d to196

describe hydrolysis-induced damages.197

Probability Distribution Function of a Polymer Chain. Assuming all subnetworks of each network to have the same198

composition of chains, one can derive a Gaussian probability function like P•(L|σ, µ•,R•) which holds for both net-199

work [63]. Here, L = nl and R• represent the contour length and the end-to-end distance of a polymer chain, while200

µ• and σ denote the mean and the standard deviation. Considering n to be the number and l to be the length of201

the segments, one can normalize L and R by segment length to achieve normalized length n = L
l , and R̄• = R•

l .202

Moreover, considering R̄• to be constant in each sub-network, the distribution function can be abstractly written as203

P•(n) := P•(L|σ, µ•,R•) where204

P• (n) =
1

2
√
πσ2

exp(
(n − µ•)2

−2σ2 ), (10)

where the subscript X• represents the network the parameter X is associated with.205

Strain energy of a single chain at networks 0, and m . Based on non-Gaussian theory of rubber elasticity and its
approximation through Kuhn-Grün (KG) model, the entropic energy of a single freely jointed chain is given by

ψc (n, r̄•) = nKbT
(
ϕβ + ln

β

sinh β

)
= nKbT

∫ ϕ

0
β dϕ, (11)

β = L−1(ϕ) where coth(β) −
1
β

= L(ϕ)

where β = L−1(ϕ) is the inverse Langevin function, ϕ = r•
L = r̄•

n the extensibility ratio ( r̄•
n ), and r̄• is end-to-end206

distance of the chain in the deformed configuration . Recent studies show that the relative error of Kuhn-Grün is207

significantly large in shorter length (n < 40) [64], and can cause significant overs estimation of force in highly cross-208

linked materials. Therefore, the KG is not a proper option for estimating the entropic energy of matrix with short209

chains. To this end, an enhanced version of non-Gaussian distribution function of short chains will be used, namely210

ψ̂c (n, r̄•) = nKbT
∫ ϕ

0
β̂dϕ, β̂ =

[
1 −

1 + ϕ2

n

]
β. (12)

Having the same computational cost as the KG model, the enhanced model can provide us with a significantly more211

accurate description of force in shorter chains.212

ILF Approximation. The majority of the micromechanical models either calculate the ILF implicitly, or approximate213

it with rational functions, as it cannot be explicitly derived. In the whole range of extensibility of polymer chains,214

it is preferable to approximate the ILF with a highly accurate simple approximation . Thus, a first-order fractional215

approximation with two polynomial terms (relative error of 1.0%), is used to approximate ILF [65, 66]216

L−1 (x) ∼=
1

1 − x
+ x −

8
9

x2. (13)
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4.1. Damage217

Damage in the polymer matrix will take place with respect to two main factors: time t and deformation F. Here,218

we consider temperature to only maximize the rate of damage rather than being an initiating factor in the damage. The219

time and deformation-induced damages are considered to be taken place in the following forms in networks 0 and m220

• Time-induced damage is mainly associated to the dissolution of the cross-links in the course of aging which221

results in homogeneous detachment of polymer chains regardless of their length (random chain scission). Such222

damage can be best modeled by the changes in the end-to-end distance R̄• of a polymer chain (see Fig. 7) and223

the peak location of the distribution function P• (n) (see Fig. 5).224

Ru

t = t0

RuRm

t = t

>

Aging

Unattacked network

Morphed network

Deactivated network

Figure 7: Illustration of time-induced damage due to change of the network morphology

• Deformation-induced damage is mainly associated to the detachment of shorter chains due to entropic force225

that exceeds the strength of the weakest link of the chain F f b. Such damage results in deactivation of shorter226

polymer chains and does not have any effects on other longer chains and thus does not change the distribution227

profile (see Fig. 8 ).228

(a)

λ=1

λ=λ1

λ=λ2>λ1

R.

λ1R.

λ2R. (b)
R. M

R. M
R.

Figure 8: Illustration of deformation-induced Damage. (a) Detachment of shorter chains during primary loading, and (b) Distribution function and
the force developed by chains with an equal initial relative end-to-end distance R̄• and pre-stretched by λM

Hence, the shortest available chain in an arbitrary direction of a deformed network is given by229

F
( r̄•

n

)
≤ F f b −→ n•min = ν

d
λMR̄•, (14)

where λM
d is the maximal micro-stretch previously reached in the loading history, while ν = L( F f b

KbT )
−1

> 1230

refers to a material parameter representing the sliding ratio of a polymer chain (see [67] for details). Considering231

n•M = µ• + 5σ to be the length of longest available chain in each network and use it as a cut-off length of P• (n),232

can significantly reduce the computational cost of the model and eliminate the negligible contribution of super-233

long chains. Consequently, the length of available chains in the direction d of an arbitrary network is given234

through the following set235
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Figure 9: Alteration of the morphed network chain length distribution with respect to the µm

D•

(
d
λM

)
=

{
n

∣∣∣∣∣∣n•min

(
d
λM

)
≤ n ≤ n•M

}
. (15)

4.2. Network Rearrangement236

Time-induced Rearrangement . The chain length distribution function P• (n) in each network is not a function of time237

and only its multiplicative amplitude, N(t,T ) is evolving over time. Thus, one can show that the total number of bonds238

at time 0 and∞ are identical as a result of the conservation of the number of active chains in the matrix. However, the239

chains of virgin network transformed into the new chains of attacked networks, which can be summarized as follows240

N(0,T )N0

∫
D0(1)

P0 (n) ndn = N′(∞,T )αNm

∫
Dm(1)

Pm (n) ndn

+ N′(∞,T )(1 − α)Nd

∫
Dd(1)

Pd (n) ndn,
(16)

whereN• represents the number of chains in an arbitrary network. Here, one should note that the process of hydrolysis
can be defined as the conversion of chains of the virgin network N0 to the chains of the deactivated and morphed
networks αNm + (1−α)Nd. In other words, initial polymer chains transform into two states in the course of hydrolytic
aging; (i) longer chains formed by merger of original detached chains and (ii) detached chains that could not stay
active in the system. Here, we assumed water attacks to the part of chains in the virgin network and deactivate them.
Thus, the chain length distribution, Pd (n) and number of chains,Nd, in the deactivated networks are considered to be
the same as the ones ones of the virgin network, Pd (n) ≈ P0 (n) and Nd = N0. Thus, Eq.16 can be rewritten as

N0

∫
D0(1)

P0 (n) ndn = Nm

∫
D0(1)

Pm (n) ndn (17)

⇒ N̂ =
Nm

N0
=

∫
D0(1)
P0 (n) n dn∫

Dm(1)
Pm (n) n dn

,

where N̂ is a normalization constant, which satisfy the mass conservation in the networks during aging time.241

In this respect, Fig. 9 shows the alteration of the chain distribution function due to the change of Nm with respect242

to µm in the morphed network. By increasing µm, Nm decreases and moves the distribution function to the right and243

down (See Fig. 9).244
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χ

Figure 10: Effect of chain detachment on the number of active segments.

Deformation-induced Rearrangement . Considering that the detached chains still remain part of a longer macro-245

molecules, two presumptive conclusions can be made; (i) the detachment of the chains does not lead to full dissipation246

of their energy, and (ii) the number of active segments within a network remains constant in the course of deformation247

(see e.g. To implement this assumption, we consider the detached chains to be evenly distributed among available248

chains and thus increase the number of active chains, though with the same probability function P• (n). Accordingly,249

in the course of primary loading shorter chains detach and become part of the longer chains ( see Fig. 10). In the250

unloading and reloading no further damage occurs, as long as λM remains the same. [67, 68] for details). The network251

rearrangement can be best quantified through an amplification factor Φ•(λM) which amplifies the distribution profiles252

P• (n) as more chains are detached from the matrix [69]. This process can take place in m or 0 networks depending253

on the λM on that direction. Assuming the number of segments to be identical before and after deformation, one can254

write255

N•Φ•(1)
∫

D•(1)

P• (n) ndn = N•Φ•(λM)
∫

D•(λM )

P• (n) ndn. (18)

The detachment process is irreversible; we consider no new bonds to be formed during reloading and unloading, and
thus one can rewrite Eq. 18 by considering Φ•(1) = 1 as

Φ• (λM) =

∫
D•(1)
P• (n) ndn∫

D•(λM )
P• (n) ndn

. (19)

4.3. Strain Energy of Networks256

The free energy of networks 0 and m in an arbitrary direction d can be written with respect to Eqs. 12, 17, and 19257

d
ψ• =

∫
D•

(
λM

d
) Φ•

(
d
λM

)
ψc (n, r̄•)P• (n) dn, (20)

where D• represents the available chains’ length in •th network.258

Micro-Macro Scale Transition is used to define the relationship between the micro and macro deformation within
the polymer matrix. Here, the non-affine directional model is used to relate the macro-stretch χ, and the micro-stretch
λ. Based on this concept, a non-homogenous distribution of the stretch within the network domain is assumed. Here, a
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classical strain amplification function which is often used in rubber-like materials [70, 71] is used, however the model
can be changed for polymers with more elaborate behaviour.

d
λ =

χd −Cp

1 −Cp (21)

where C ∈ [0, 1] is the volume fraction of hard segments per unit volume of the rubber matrix, and p depends on the259

structure of the network (p ≈ 1/3 for details see [72]).260

4.4. Constitutive formulation261

For an incompressible polymer matrix262

det F = 1 (22)

where F stands for the macro-scale deformation gradient. The first Piola-Kirchhoff stress tensor P can be written as263

P =
∂ΨM

∂F
− pF−T =

∂Ψ0

∂F
+
∂Ψm

∂F
− pF−T , (23)

where p denotes an arbitrary scalar parameter which can be defined to assure incompressibility, and264

∂Ψ0

∂F
= N(t,T )

k∑
j=1

w j
∂

d
ψ0

∂
d j

λ

∂
d j

λ

∂
d j
χ

1

2
d j
χ

∂d jC̄d j

∂F̄
:
∂F̄
∂F

,

∂Ψm

∂F
= αN′(t,T )

k∑
j=1

w j
∂

d
ψm

∂
d j

λ

∂
d j

λ

∂
d j
χ

1

2
d j
χ

∂d jC̄d j

∂F̄
:
∂F̄
∂F

,

(24)

where C denotes the right Cauchy–Green tensor, J2 = det C, and C̄ = J−2/3C . Detailed description of the derivation265

procedure of each of the terms of Eq. 24 has been provided in Appendix A.266

5. Parameters Study267

Parameter study is carried out to evaluate the contribution of the physical parameters and validate the properties268

associated with them. First, a reference set of values is selected for all parameters which is given in Table 1. The269

values are specifically chosen to provide high resolution in material behavior during the aging time (See Fig. 11). To270

investigate the effects of each parameter on model predictions, we investigate the increased and decreased values of271

that parameter while all others are kept constant. In view of different effects of parameters at different aging times, we272

investigated each parameter at three different times, namely t = 0, t = t1, and t = ∞.273
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Figure 11: Model prediction with the selected material parameters during the aging time.
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Table 1: The reference set of parameters of the proposed model.

N0kbT [Mpa] R̄0 R̄m µ0 µm σ ν α γ exp(− Ea
RT )

40 3 18 13 15 4.5 1.0065 0.02 0.1

The proposed model has ten material parameters, four represents the behaviour of unchanged network (R̄0, µ0,274

σ, and ν), five those of morphed network (R̄m, µm, α, E and γ), and one parameter namely N0 just serves as a275

multiplication factor to describe the response of the polymer matrix. Due to similarity of the effect of Ea
RT and γ on276

the response of the material in a constant aging temperature, here, we only investigate the variation of γ exp(− Ea
RT ) as277

a rate of aging. In order to analyze the parameters, first, the effect of unchanged network parameters are investigated278

along the aging trajectory. Fig. 12 shows a summary of the parametric analysis of (R̄0, µ0, σ, ν, α, and γ exp(− Ea
RT ))279

during aging time.280

• Parameter R̄0, which represents the end-to-end distance of unchanged network, governs the minimum available281

chain length (n0min = νλMR̄0 ) in the unattacked network in any arbitrary direction. Thus by increasing R̄0, n0min282

increases while the mean length of polymer chains in the network, which is governed by µ0, remains constant.283

As shown in Fig. 12a, decreasing R̄0 decreases the inelastic effects such as the hysteresis ratio. As expected, the284

effects of R̄0 on material response diminishes along aging time since contribution of Ψ0 becomes negligible .285

• Parameter µ0 defines the peak of chain distribution, P0(n), and can be represented as a multiplicative factor of286

R̄0. In virgin material, µ0 plays a significant role in defining the evolution of damage. Accordingly, the damage287

will increase when R̄0 reaches the peak of probability, µ0 (see Fig. 12b) as the network loses more chain due288

to deformation. In addition, this parameter control the number of chain in the morphed network through the289

normalization constant, Nm. Thus, response of the material will change along the aging time. It is shown (Fig.290

12b) that by increasing the µ0 the softening of material response decreases at t = 0 and increases at t = ∞.291

• Parameters σ defines the variance of of chain distribution, P•(n), and thus have a direct effect on the amount292

of damage the material experience during deformation. Regardless of aging time, higher values of σ represents293

wider distribution and consequently lower damage as shown in figures see Fig. 12c.294

• Parameter v governs the magnitude of energy dissipation in detachment of a chain, and thus the hysteresis295

ratio and also the profile of the unloading curves. Regardless of aging time, lower values of v represents higher296

energy dissipation per chain and consequently results in stronger and yet more damageable networks as shown297

in Figures 12d.298

• Parameter α defines the composition of the transformed matrix, in particular it is correlated with the percentage299

of the polymers that transform into m and inversely correlated with those that transform into d networks.300

Considering the zero contribution of the d network in energy of the matrix, parameter α can be considered as a301

multiplicative scaling factor for Ψm that can linearly scale the contribution of morphed network. As expected,302

the contribution of α in the final response increases over time as Ψm grows with aging as shown in Fig. 12e.303

• Parameter γ exp(− Ea
RT ), or the hydrolysis constant, mainly governs the decay rate of the 0 network and forma-304

tion rate of the m network. Higher values of γ exp(− Ea
RT ), thus, represents a faster transformation from 0 to m305

networks (See Fig. 12f).306

6. Validation and Results307

To validate the proposed model, its predictions were bench-marked against a set of new experimental data specif-308

ically designed to capture the effects of (1) deformation χ, (2) deformation history χM , (3) aging time t and (4)309

aging temperature T . Hereafter, t refer to the time that samples were aged before inducing the deformation χ. The310

model was optimized by fitting the aforementioned ten material parameters to the following set of load-unload curves311
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Figure 12: Sensitivity analysis of the material parameters included in the model. Each plot consists of three independent lines. Solid lines represent
the reference curve, and dashed lines depict model predictions due to the variation of the control parameters. In some cases, all three lines are on
top of each other.

14



• Primary loading curve of the unaged sample, to study χ312

• One unload cycle of the 1.3 stretch amplitude of the unaged sample, to study χM313

• Only loading curve of 10 days aged sample at 80◦C, to study χ, χM , and t314

• One point: stress at 1.5 stretch for 6 days aged sample 60◦C, to study t, and T315

To this end, the least square error function was minimized with the aid of the Levenberg–Marquardt algorithm. Once316

the material parameters are obtained, the model can predict the other loading-unloading curves of materials for a317

different amount of aging times and strains. In this regard, the model predictions are validated against our own318

experimental tests for different aging times and temperatures in Fig. 13, while the obtained values of the material319

parameters are given in Table 2.320

Here, we validate the model predictions on different types of damages as given below321

• Fig. 13a: Damages induced by deformation, and deformation history in multiple cycles322

• Fig. 13b: Damages induced by time and temperature in one cycle323

• Fig. 13c and d: Effect of time on damages induced by deformation, and deformation history in multiple cycles324

• Fig. 13e and f: Effect of temperature on damages induced by deformation, and deformation history in multiple325

cycles326

Table 2: Material parameters of the proposed model for SBR

N0kbT [psi] R̄0 R̄m µ0 µm σ ν α γ[1/day] Ea
R

[K]
95.4 3.0547 3.3849 7.04 7.24 7.28 1.0055 0.001 1459 3700

Moreover, to quantify the deformation-induced damages of polymers in the course of hydrolytic aging, the dis-327

sipated energy in each cycle in the model is predicted and compared to those of the experimental data. Throughout328

this contribution, the term ”Hysteresis” will be used to refer to ”quasi-static” energy dissipation observed in one load-329

unload cycle in uni-axial tensile tests. In elastomers, while hysteresis is strongly dependent on deformation rate, even330

at close to zero rates, certain hysteresis can be observed which is referred to as rate-independent or ”quasi-static”331

hysteresis. We generally refer to the hysteresis of the first cycle as idealized Mullins effect, while those of the second332

and next cycles are referred to as hysteresis. Please note that this ”Hysteresis” is different than frequency dependent333

visco-elastic hysteresis since this one is resulted by a combination of reversible and irreversible energies observed334

in quasi-static loading as the result of sub-structural damages such as bond detachments. At any aging time t and335

temperature T , the dissipated energy per unit of volume during the first cycle can be calculated from the experiments336

as follows337

Uhys
t,T

=

∫
loading

Pt,T X ⊗ Xdχ −
∫

unloading

Pt,T X ⊗ Xdχ, (25)

where X is the deformation vector applied on the matrix. Fig. 14 show the evolution of dissipated energy against χM338

for different aging times at 60◦C, and 80◦C, respectively. As expected, the dissipated energy increases exponentially339

with χM while the growth rate is being inversely correlated to aging time t.340

Considering the micromechanical nature of the mode, the concept can be further generalized and implemented341

for other types of cross-linked polymers with complex inelastic patterns such as hardening behavior and alteration342

of curvature. Here, we generalized the model to predict the hydrolytic aging behavior of three other compounds form343

experimental data that are available in literature344

• Polyurethane [73]345
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Figure 13: Validation of model predictions for SBR in multiple conditions; (a) unaged, (b) Comparison of one cycle load on samples stored at 60◦C
and 80◦C for 6 and 10 days, (c) constitutive behaviour for 6 days aged sample at temperature 60◦C, (d) constitutive behaviour for 10 days aged
sample at temperature 60◦C, (e) constitutive behaviour for 6 days aged sample at temperature 80◦C, (f) constitutive behaviour for 10 days aged
sample at temperature 80◦C.
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Figure 14: Evolution of dissipated energy during aging at different temperatures; (a) 60◦C, (b) 80◦C
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Figure 15: Validation of model predictions against aging of three different materials; (a) PolyUrethane (PU) submerged in seawater at 100◦C[73],
(b) PLA–PCL fiber submerged in phosphate buffer solution at 37◦C[35], (c) Natural rubber (vulcanized A) submerged in seawater at 40◦C [74]

• Suture fibers of PLA–PCL[35]346

• Natural rubber[74]347

To fit the parameters for each material, two loading curves of unaged and aged samples, as well as one point of an348

additional loading curve from another sample with a different aging period were considered for fitting. The parameters349

for each of the above mentioned materials are derived and summarized in Table 3. In this table, the decay constant350

γ exp(− Ea
RT ) presented as single parameter as material responses captured only in one temperature. Fig. 15 shows the351

predictive capabilities of the presented model against the experiments for all three materials, and the good agreement352

for rest of curves were obtained automatically.353

Table 3: Material parameters of the proposed model for different Set of rubber-like materials

Ref. N0kbT R̄0 R̄m µ0 µm σ ν α γ exp(− Ea
RT )

[Mpa] [1/day]
Gac et al.[73] 0.32 13.374 17.535 5.5 7.5 5.1 1.005 0.3 0.0209

Vieira et al.[35] 4.88 10.567 21.795 13.04 15.5 4.28 1.01 0.128 0.0443
Stevenson.[74] 0.13 6.027 12.582 17.04 19.04 8.28 1.055 0.36 0.001

Depending on the polymer matrix, we assume that all chains which are exposed to water attack within the deac-354

tivated network will form free-end chains, which will have no further contribution to entropic energy. Accordingly,355

the ratio of morphed network to deactivated network α describes how the matrix elasticity is perceived at time ∞.356

In this work, we assume that α has been inversely correlated to Ψ∞, so for α = 0 we expect the material to show357

no retention force at time ∞, and for α = 1 we expect the system to remain fully elastic. Since SBR loses most of358

its elasticity due to hydrolysis, the response can be simply described by transformation of the virgin network to the359

deactivated network with almost negligible contribution of morphed network α ≈ 0. Hence, the energy at infinity360
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state can be considered zero (i.e. Ψ∞ = 0) which shows that the material will be annihilated through aging. However,361

for other type of the material such as polyurethane which retain elasticity at time∞, α will remain relatively high and362

Ψ∞ = αΨm.363

Using micro-sphere as the basis of deactivated and morphed networks in our model, the proposed model can be364

independently used to predict aging in different mechanical loading scenarios. Once the model has been fitted to365

uni-axial data, its predictions were validated against shear and uni-axial tensile loads in virgin-state (see Fig. 16).366

While we did not find data on the multi-axial performance of elastomeric samples under hydrolytic aging, model367

predictions on the aging of samples under different loading were predicted but only validated with respect to uni-axial368

loading. Using the data of [75] on uni-axial and pure shear of filled silicone rubber, the proposed model validated369

for different loading scenarios in Fig.16. For the fitting, we used one loading-unloading cycle of the 1.413 stretch370

amplitude in the uni-axial tensile direction. The good agreement with all loading-unloading curves in pure shear, as371

well as other loading-unloading curves of uni-axial tensile, was attained automatically. The obtained values of the372

material parameters are given in Table 4.373

Table 4: Material parameters of the proposed model for filled silicone rubber

Ref. N0kbT R̄0 R̄m µ0 µm σ ν α γ Ea
R

[Mpa] [1/day] [K]
Machado et al.[75] 0.2858 2.0640 4.25 13.04 15.04 6.28 1.004 0.04 1759 3700
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Figure 16: Validation of model predictions for silicone rubber under different loading scenarios against experimental data from [75]; (a) unaged
sample under uni-axial tension, (b) unaged sample under pure shear, (c) Comparison of one cycle of uni-axial tension load on samples stored at
60◦C and 80◦C for 5 and 10 days, (d) Comparison of one cycle of pure shear load on samples stored at 60◦C and 80◦C for 5 and 10 days.

7. Summary and Discussion374

We have developed a large strain three-dimensional micro-mechanical constitutive model to describe the hy-375

drolytic aging of a cross-linked polymers matrix with permanent chemical cross-links that can break and reform the376
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matrix with respect to four external load factors of (i) deformation, (ii) deformation history, (iii) aging time and (iv)377

aging temperature. Our model show excellent agreements with the experimental data on five different types of loading378

and on four different materials. To the best of our knowledge, this is the first micromechanical model of hydrolytic379

aging.380

The model has been based on the concept that the chemical cross-links can break, can consequently transform381

the network in the course of aging. We hypothesized two different types of network transformation depending on the382

source of cross-link breakage, namely time or deformation. During a test with continuous loading, the deformation-383

induced damage will lead to detachment of shorter chains and thus results in a rearranged network with slightly longer384

polymer chains. In the course of aging and in the absence of deformation, we assume that the chain detachment385

due to water attack on polymer active agents occurs randomly and thus the reformed network will have a different386

composition from the original network with fewer chains. Rearrangement of the chains contributes significantly to the387

overall stress of the cross-linked polymer matrix and was accurately represented by our model. Although our model388

has ten independent parameters, two of them can be immediately eliminated if deformation controlled relaxation aging389

tests are available. Here, Our formulation neglects rate dependency and viscoelasticity while the major focus of this390

work is on relatively long aging times and low deformation rates where the effects of viscoelasticity is assumed to391

disappear. Thus, if the deformation rate is sufficiently low one can assume the tests, pre- and post-aging, as quasi-static392

tests which makes the unloading curves insensitive to the loading rate and mainly a function of deformation history.393

The proposed model captures the basic physical laws governing the hydrolytic aging of cross-linked polymers as394

frequently encountered in nature and thus is relevant to to other types of chemically crosslinked polymers such as395

rubber-like materials, adhesives and sealants. For polymeric systems with more complex morphology, e.g. those with396

two or more types of cross-links or polymers, while the proposed concepts are still relevant, the models describing397

the dynamics of breaking of cross-links and network rearrangement should be updated and probably, would be way398

more complex than those used in this work. The proposed model has ten material parameters, all of which have a399

clear physical meaning. The excellent performance of the proposed method was proven by validating against different400

experimental data on different materials that are particularly selected to reveal the evolution of inelastic behaviour401

during hydrolytic aging. The model predictions was further validated by comparing the evolution of hysteresis against402

experiments. Our model and experiments illustrate how polymer networks with their mechanical behaviour dominated403

by entropic chains, can respond to time, temperature and deformation at the micro-structural level and further explore404

the relation to describe macroscopic response with respect to micro-structural changes.405
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Appendix A. Energy Derivatives418

The terms of Eq.24 can be further simplified by means of the following identities419
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∂ψc

(
n, xR̄

)
∂x

= R̄KBT β̂
(

xR̄
n
, n

)
, (A.1)

420

∂ψd
0

∂ λd j
= N0N(t,T )Φ

(
d j

λM

) ∫
Dn

0(λd j M )

P0 (n)
∂ψc (n, x)

∂x

∣∣∣∣∣
x=λdj

dn, (A.2)

421

∂ψd
m

∂ λd j
= αNmN′(t,T )Φ

(
d j

λM

) ∫
Dn

m(λd j M )

Pm (n)
∂ψc (n, x)

∂x

∣∣∣∣∣
x=λdj

dn, (A.3)

∂ λd j

∂ χd j
=

1
1 −Cp , (A.4)

∂dC̄d
∂F̄

:
∂F̄
∂F

= 2F̄(d ⊗ d) : J−
1
3 I = 2J−

1
3 F̄(d ⊗ d). (A.5)

In the Eq. A.1, β̂ is the modified version of Langevin elastic force for a short chain. Thus, Eq. 23 yields

P =
KBT

1 −Cp

k∑
i=1

[
N0N(t,T )P0 (di) + αNmN′(t,T )Pm (di)

] wi

di

λ

J−
1
3 F̄(di ⊗ di), (A.6)

where422

P0(x) = Φ

(x
λM

) ∫
Dn0

 d
λM


P0 (n)L−1 (ϕ)

(
1 −

1 + ϕ2

n

)
dn, ϕ =

x
λ R̄0

n

423

Pm(x) = Φ

(x
λM

) ∫
Dnm

 d
λM


Pm (n)L−1 (ϕ)

(
1 −

1 + ϕ2

n

)
dn, ϕ =

λx R̄m

n
(A.7)

Appendix B. Thermodynamic Consistency424

Since the strain energy of the polymer matrix ΨM is influenced by only one internal variable, namely
d
λM , one can

rewrite ΨM as

ΨM = ΨM(C̄,ΛMΛMΛM) = Ψ̃M(F̄,ΛMΛMΛM) = Ψo(C̄,ΛMΛMΛM) + Ψm(C̄,ΛMΛMΛM), (B.1)

where

ΛMΛMΛM =

{
d
λM : d ∈ V3 ∧ |d| = 1

}
. (B.2)

The second law of thermodynamics can be reduced to the Clausius-Duhem inequality to show the thermodynamic425

consistency of the model in an arbitrary direction d [76]426

∂D
λM

ΨM ·

( ˙D
λM

)
≤ 0 ∀ d. (B.3)
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The maximum stretch remains constant during unloading and reloading. Hence,
˙d
λM = 0 in unloading-reloading while427

˙D
λM > 0 in the primary loading. Thus, the Clausius–Duhem inequality is satisfied if during the primary loading, the428

following inequality:429

∂ΨM

∂
d
λM

≤ 0 ∀ d (B.4)

With respect to Eq.9, Eq.B.3 yields430

∂ΨM

∂
d
λM

=
∂

d
Ψ0

∂
d
λM

+
∂

d
Ψm

∂
d
λM

≤ 0 ∀ d. (B.5)

If each term of the (B.5) be less or equal to zero separately, the Clausius-Duhem inequality will be satisfied. First,431

let’s consider the case of ∂
d
Ψ0

∂
d
λM

. Generally, (B.5) can be proved for an arbitrary direction d of primary loading. For the432

sake of simplicity,
d
λM and

d
λ are replaced by x in primary loading . Using (20), one can further obtain433

∂
d
Ψ0

∂
d
λM

=
∂

d
Ψ0

∂x
= N0N(t,T )

dΦ (x)
dx

∫
Dn(x)

ψc(n, x)P0 (n) dn −
dnmin (x)

dx
Φ (x)ψc(nmin (x) , x)P0 (nmin (x))

 (B.6)

where nmin (x) = νxR̄0, dnmin(x)
dx = νR̄0, and434

dΦ (x)
dx

= R̄0νP (nmin (x)) nmin (x)
Φ(x)∫

Dn0 (x)
n P0 (n) dn

. (B.7)

By substituting (B.7) in (B.6), one can obtain435

∂
d
Ψ0

∂x
= N0N(t,T )νR̄0P (nmin (x))

nmin (x)
Φ(x)∫

Dn0 (x)
n P0 (n) dn

∫
Dn0 (x)

ψc(n, x)P0 (n) dn − Φ (x)ψc(nmin (x) , x)

 ≤ 0 (B.8)

As N(t,T )νR̄0P0 (nmin (x)), and Φ(x) > 0, (B.8) holds if only we have the following inequality436

nmin (x)∫
Dn0 (x)

n P0 (n) dn

∫
Dn0 (x)

ψc(n, x)P0 (n) dn − ψc(nmin (x) , x) ≤ 0
(B.9)

(B.9) can be rewritten as437

nmin (x)
∫

Dn0 (x)

ψc(n, x)P0 (n) dn − ψc(nmin (x) , x)
∫

Dn0 (x)

n P0 (n) dn ≤ 0 (B.10)

As nmin (x) and ψc(nmin (x) , x) are not functions of n, they can be moved inside the integration, thus438 ∫
Dn0 (x)

P0 (n)
[
nmin (x)ψc(n, x) − nψc(nmin (x) , x)

]
dn ≤ 0 (B.11)

As nmin (x) ≤ n and the strain energy of the shortest chain is always higher than the energy of the rest of the chains439

(ψc(n, x) � ψc(nmin (x) , x))), one can conclude nmin (x)ψc(n, x) − ψc(nmin (x) , x)n ≤ 0 for all n ∈ Dn0 (x). While the440

bracket in the inequality (B.11) is less than zero for all chain lengths (n), the ∂
d
Ψ0

∂
d
λM

is always less than zero . Checking441
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∂
d
Ψm

∂
d
λM

≤ 0 is pretty similar to what we have done for the ∂
d
Ψ0

∂
d
λM

and for the sake of brevity will not be presented here. While442

each terms in the inequality (B.5) is less than zero , the proposed model holds the condition of the thermodynamic443

consistency.444
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