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ABSTRACT

Aerosols like fog reduce situational awareness and cause down-time that for critical systems or operations is
unacceptable. Information is lost to the random scattering and absorption of light by tiny particles. Computa-
tional diffuse optical imaging methods show promise for interpreting the light transmitted or reflected through
fog, enabling sensing and imaging to improve situational awareness. Developing this capability first requires
verification and validation of diffuse transport models in fog. For this reason, analytical solutions were developed
and compared to experimental data captured at the Sandia National Laboratory Fog Chamber facility. The
weak angular dependence and diffusion approximations to the radiative transfer equation were found sufficient
to predict light propagation in fog under the appropriate conditions.
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1. INTRODUCTION

Degraded visual environments (DVEs) are a major challenge for security and monitoring systems because sit-
uational awareness can be diminished or completely lost, limiting mission effectiveness. When the state of the
environment can change in an unknown way it becomes difficult to manage risk and current solutions usually
require costly actions. Aerosols that are naturally occurring or man-made can create DVEs that are sufficiently
severe to impact security, transportation, aviation, remote sensing, surveillance, and more.' Fog is particu-
larly concerning because it occurs in all climates and at certain locations with high frequency. Information is
scrambled because the propagation direction of light in fog becomes randomized due to scattering from micron
sized particles. Moreover, the light will be absorbed, leading to the loss of information. Therefore, an approach
to maximize information transfer through fog to improve situational awareness is to decipher the scattered light
and minimize the effect of absorption.

One set of such approaches are incoherent methods that do not take advantage of the wave nature of light,
and therefore could be insensitive to particle motion in fog. An example incoherent approach is diffuse optical
imaging (DOI), which was developed for biomedical applications. DOI methods generally rely on computational
imaging to invert a model that describes the propagation of photons in a scattering media.6 Through optimization
techniques,7,8 it becomes possible to detect objects,9 estimate the locations of objects19-12 and even recover the
shape of objects.7, 8,13,14 Our goal is to develop a DOI approach for aerosols like fog. DOI methods suffer
relatively low spatial resolution because the coherent information is not used. However, for applications related
to improving situational awareness and physical security, we expect the resolution of incoherent methods to be
sufficient to locate and identify threats. An advantage of DOI is the potential for a ten times enhancement of
imaging range in aerosols compared to ballistic approaches that reject scattered light.1,15

A first step in developing DOI methods for aerosols is to verify and validate the models of light propagation in
fog. To this end, experiments were performed at the Sandia National Laboratory Fog Chamber facility (SNLFC),
which can generate a repeatable and well characterized natural fog.18-19 In Section 2, the light propagation
models are described. Analytical solutions are derived to be compared to experimental results. In Section 3, the
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relevant optical parameters of fog and corresponding model simulations are presented. In Section 4, a method
used to determine the line of sight of each camera pixel is presented. This measurement model allows comparison
of images captured within the fog to model predictions. The experimental setup is described in Section 5 and
the results are presented in Section 6.

2. MODELS

2.1 Radiative Transfer Equation

Propagation of electromagnetic waves in scattering media can be described by the radiative transfer equation
(RTE)6
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where r denotes the position, c is the speed of light in the medium, I(r, t, O) (W/m2/s/sr) is the radiance at

time t in direction et, pa = aan (m-1) is the absorption coefficient, its = crsn is the scattering coefficient (m-1),
act is the absorption cross section (m2), as is the scattering cross section (m2), n is the particle density (cm-3),

/ = 1/(4 + pa) is the mean free path, f (et' —> O) is the scattering phase function from incidence direction et' to

scattering direction et, and Q(r, t,O) (W/m3/s/sr) is the radiance source term. The RTE provides an incoherent
model that treats light as particles undergoing elastic collisions within a medium where interference effects are
assumed to average to zero. Integrating over solid angle results in a continuity equation

c at 
0(r t) + V • J(r, t) + ita0(r,t) = S(r, t) (2)

where c b (r , t) = f4„ clO I (r , t, O) is the fluence rate (W/m2/s), J(r, t) = J., clOO I (r , t, O) is the flux density
(W/m2/s), and S(r, t) = f47, dOQ(r,t,O) is the source (W/m3/s).

2.2 Diffusion Equation

We can assume the radiance is linearly anisotropic with weak angular dependence and expand to first order in
O20, 21

/(r, t, O) = T17 0(r, t) + T37J(r, t) . Ô. (3)

Furthermore, assuming an isotropic source and that the rate of time variation in J is much slower than the
collision frequency, it possible to relate the flux density to the fluence rate, resulting in Fick's law22

J(r, t) = -D00(r,t), (4)

where the diffusion coefficient D = 1/[3(p's + pa)], its = ps(1 - g) is the reduced scattering coefficient, g is
the average cosine of the scattering angle, or the anisotropy parameter, and l* = 1/(p's + pa) is the transport
mean free path. As g decreases from 1, the light becomes less forward scattered, 0 implies isotropic scatter, and
negative values imply backwards scattering. Plugging (4) into (2), the result is the diffusion equation (DE)

1 0

v 8t
0(r, t) — V • [D(r)V0(r, 0] + pa (r)O(r, t) = S(r, t). (5)

It has been found that the weak angular dependence assumption (3) can be invalid when pa is large relative to
its and near boundaries and sources.21 The solution to the DE is

0(r, t) = f g(r, r, t) * S(r',t)dri, (6)
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where g(r, r', t) is a Green's function to be determined and * signifies a temporal convolution. If the medium is
homogeneous with constant D and µa, and S(r',t) = S06(r,, t), where r, is the location of a point source with
power S, (W) and 6 is the Dirac delta function, the temporal analytic Green's function solution to the DE is23

Solving for J using (4) gives
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Taking the Fourier transform of (5) with exp(jwt) time dependence results in the frequency domain form of
the DE

V • [D(r)V0(r,w)] — [ita(r) + jw/c] 0(r, w) = —S(r; w), (9)

where the fiuence rate 0(r, w) has units of W/m2. Within a homogeneous medium and far from the light source,
(9) simplifies to a scalar wave equation

V20(r,w) + k20(r,w) = 0, (10)

where k2 = (—itac — jw)/(Dc) is the wave number squared, and the solution,

o(r,w) (4,570 exp (rjkIrrs—1 rs1),

is the temporal Fourier transform of (7) and describes the propagation of what have been called diffuse photon
density waves (DPDW's).24 The modulation frequency w is on the order of MHz, and for the case of continuous
wave or unmodulated (w = 0) light, (11) simplifies to

o(r) ( ,50D) exp r.1) (12)
= 47 rlr

Again, solving for J using (4) gives
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2.3 Radiance at a Detector in Fog

A solution to the RTE in (1) can be found by treating the in-scattering term as a source and integrating over
the line of sight defined by distance R in Fig. 1.20, 21 Within a homogeneous medium and assuming no temporal
variation (w = 0)

00
I(r, O) = its f dRexp Hits + ita)R] f d(2' f (ST —> 52)I(r — (2). (14)

0 4ir

In this context O is directed towards a detector or pixel in fog. Considering Fig. 1, in-scattered light at positions
r — R52 directed towards the pixel along the line of sight is attenuated and integrated at the detector. Assuming
isotropic scatter (f (ni - 1/47), we arrive at

„ co
/(r,O) = f dRexp [—(its + tta)R] 0(r — R(2). (15)
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Figure 1. Coordinate system for calculating the radiance incident on a pixel at position r in fog. In-scattered light at
positions r — RS/ directed towards the pixel along the line of sight is attenuated and integrated at the detector according
to (14).

Furthermore, assuming weak angular dependence from (3), we find that

00
I(r, et) = 1147r8 fo dR exp [— + itta)R] [O(r — Ret) + 3gJ(r — RO) • 141 . (16)

Equation (16) contains an additional ansiotropic term compared to (15), and for the case of isotropic scatter
(g = 0), reduces to (15), as expected. Combining (16) with (12) and (13) provides an analytic solutions for
the light incident on a detector within a scattering media subject to the diffusion approximation to radiative
transport. This solution is simulated in Section 3 with optical properties (its, ita, and g) representative of fog,
and compared to experiments in Section 6.

3. LIGHT PROPAGATION IN FOG

Interest at Sandia in characterizing and sensing in fog engendered the creation of one of the world's largest fog
chambers in 2015 in Albuquerque, New Mexico.25 At 3 x 3 x 55 m, the SNLFC provides a unique capability for
sensor testing and the development of imaging methods in realistic and repeatable fog conditions. To characterize
the fog, a transmissometer measures light attenuation and a particle sizer measures the size distribution of the
water droplets.19' 26 This characterization of the fog is ideal for verification and validation of models that describe
light transport in scattering media. In this section we present simulations of the spatial solutions (12) and (13)
using the optical properties of the fog generated at the SNLFC.

3.1 Fog Optical Properties

Mie's solution to Maxwell's equations describes the scattering of a plane wave in a homogeneous medium by a
sphere of known diameter and refractive index (RI).27, 28 The fields are written as an expansion in vector spherical
harmonics, and coefficients describing the amplitudes of the scattered and internal fields can be calculated from
the boundary conditions. The scattering and absorption efficiencies, Q„a and Qabs, as well as the anisotropy, g,
can be written in terms of these coefficients. Assuming the spheres are far apart, ns = QscaArt and pa = Qabsiln,
where A = 7r(d/2)2 is the cross-sectional area of a sphere with diameter d, and n is the density of spheres (cm-3).
In fog, the spheres will have a distribution of diameters, di, where i denotes a parameter of the ith sphere. We
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Figure 2. Parameters used for simulation studies. (a) Real and imaginary parts of the refractive index (RI) of the
scattering particle (water) and the background (free space). (b) Particle size distribution measured at the SNLFC.

then find that
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where f.„ is the particle volume fraction and vi is the percent of the total volume contributed by particles
of diameter di. Experimentally, fv and vi can be determined from the transmissometer and particle sizer
measurements at the SNLFC.19

We simulate fog optical properties using the RI and particle size distribution of Fig. 2. Figure 2(a) shows
the real and imaginary parts of the RI of the sphere that is scattering light (water) and the background medium
(assumed to be free space) as functions of wavelength A. Figure 2(b) shows a particle size distribution measured
at the SNLFC. Most particles have diameters less than 10 tim, which is typical of a radiation fog. Radiation fog
commonly forms overnight above ground that is cooling by thermal radiation.' As the air temperature drops
below the dew point, water vapor changes to a liquid state and forms microscopic spheres that remain suspended
in the air due to collisions with gas molecules. The thermodynamics of the droplet formation is described by
Köhler theory,29 which allows prediction of droplet radius as a function of concentration of dissolved solute under
conditions of supersaturation.18

Simulated optical properties from (17), (18), and (19), calculated for different fog particle densities n, are
shown in Fig. 3. The averaged anisotropy g was computed as g = 1 — As the wavelength is increased, the
amount of scattering decreases, the light becomes less forward scattered, and the amount of absorption increases.
Peaks in absorption corresponding to the resonances in Fig. 2(a) are observed at 2.95 itm and 6.1 itm. Two
regions are found where its > ita and the diffusion approximation used to derive (5) applies. The first is at
wavelengths between 200 nm and 2.7 pm, and the second is at wavelengths between 3.4 itm and 5.6/..tm. At
wavelengths outside of these two regions, the diffusion approximation is expected to be insufficient to describe
the light propagation.

3.2 Simulations

We use fog optical properties from Fig. 3 that are relevant to the experiment to simulate analytical solutions in
Fig. 4. Light at A = 450 nm and a fog density of 105 cm-3 were assumed, giving from Fig. 3, its = 0.33 m-1,
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Figure 3. Fog optical properties simulated using Mie theory for different representative particle densities n using the
parameters in Fig. 2.
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Figure 4. Light propagation simulations of spatial solutions using fog parameters and dimensions relevant to the experi-
ment. An isotropic source is located at rs = (0,0,0) m, and a detector is located at rd = (0,0,13.5) m. A volume slice at
y = 0 m is shown as an image. (a) Effect of extinction, where R = Ird r is distance to the detector, (b) Fluence rate
from (12), and (c) Flux density from (13) in the direction of the detector. These three components allow calculation of
the radiance at the detector using (16).

g = 0.8, and tia = 6.6 x 10-9 m-1. A 450 nm isotropic source is located at r, = (x, y, z) = (0, 0, 0) m with
So = 2 W. A detector is located at rd = (0, 0, 13.5) m, and the simulation domain was discretized uniformly
at 3 cm. The three components in Fig. 4(a), (b), and (c) contribute to the radiance at the detector according
to (16).

4. CAMERA MEASUREMENT

Solving (16) with (12) and (13) requires that the line of sight for the detector is known. For a camera in fog, the
line of sight of each pixel is defined by the imaging optics. We use the magnification principle to determine the
positions of voxels in (x, y, z) space that are within the line of sight of a pixel in (x', y', z') space according to

—di
= x = —Mx (20)

do — z 
,
= do — = —My,

where di is the distance from the lens to the pixel array, do is the distance from the lens to the furthest point
within the volume of interest, and M is the magnification of the lens. This type of problem can also be addressed
experimentally using nonlinear calibration methods.'

5. EXPERIMENT

(21)

To validate the models developed in Sections 3.2 and 4, an experiment was performed at the SNLFC. A schematic
showing the experimental setup is shown in Fig. 5. Details of the fog generation are described elsewhere.18,19
Briefly, salt water solution was sprayed from 64 nozzles uniformly distributed along the length of the chamber. A
Spraytec particle sizer from Malvern Instruments and a transmissometer provided the particle size distribution
(yi) and the particle density (n). The salt water was periodically sprayed in 25 minute cycles. During a cycle the
fog density increases, and after the cycle is complete the fog density decreases. Throughout each cycle data was
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Figure 5. Experimental setup at the SNLFC. A three-band transmissometer at 0.532, 1.55, and 9.58 pm measures the
light attenuation and a Spraytec particle sizer measures the particle size distribution. A visible camera is placed 13.5 m
away from a 2 W LED emitting 450 nm light.

captured continuously by a visible CMOS camera (Basler acA2440) and the particle sizer and transmissometer,
allowing camera images to be matched to the corresponding fog optical parameters µs, g, and µa using (17), (18),
and (19). The light source was a 450 nm, 2 W mounted LED (Thorlabs M450LP1). The output of the LED was
directed towards the camera, and assumed to approximate an isotropic source for the purposes of verifying (16).
The distance between the LED and the camera was 13.5 m, nearly equivalent to the transmissometer distance,
which may help account for any spatial variations in fog density n within the SNLFC.

6. RESULTS

Here we compare the experimental measurements to the model predictions. First, (20) and (21) were used with
= 5 cm and d, = 13.5 m to determine the line of sight of each camera pixel. The camera was focused at

infinity. The free-space projection of the pixel positions (x', y', z') into (x, y, z) space was tested using images of
a resolution target at multiple depths, and the error was found to be less than 5%.

Images were captured using the experimental setup shown in Fig. 5 to compare to (16). The fog optical
parameters its, g, and [ta were computed using (17), (18), and (19) and the transmissometer and particle sizer
data. Representative results are presented in Fig. 6. The fog optical parameters µis and ita are shown above the
images in the left column. The plots to the right of each image compare measured data along the dashed white
lines to the model predictions. The image counts were first converted to photons using the detector quantum
efficiency and pixel saturation capacity. The photons measured by each pixel were then converted to energy (J),
and finally to mW/m2 using the detector integration time and the physical size of the pixel. The source power
was not the same in each image; it was increased with fog density n to achieve sufficient signal at the pixels, and
this was accounted for in the model. It was required to scale the experimental data by a constant value close
to 1 so that the spatial variation of the model and data could be easily compared. Future work will include a
calibration step to determine this constant scaling factor. The plots from left to right correspond to the dashed
white lines from left to right, respectively. At low fog density, light scattered from the transmissometer is visible
on the right in the images. We believe this scattered transmissometer light had a minimal impact on the results.
To compare the measured and modeled data, we calculate the normalized mean square error (NMSE)7

NMSE =
[Pie"(rik )] 2

}1/2

(22)

where Prod(rik) is the model predicted pixel value, PrP(rik ) is the experimentally measured value, and k is an
index from 1 to N of the pixel positions ri used for the comparison.

In general, the model provides a very good prediction of the measured data. Considering the rows from
top to bottom, the fog density n has increased by over an order of magnitude causing the image spatial profile
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Figure 6. Modeling results using the DE's spatial analytical Green's function solutions demonstrated in Fig 4(a) and
(20) and (21) to determine the line of sight for each pixel.

to change significantly, and this is captured by the model. At low density, the mostly forward scattered light
contributes to the peak in the radiance near the center of the image. Further away from the center of the image,
light that is more highly scattered or diffuse contributes. At max density, only the highly scattered or diffuse
glow is present with almost no spatial variation (the signal in the bottom image is well above the background).

Follow up simulations and experiments are planned to treat objects in fog. Numerical solutions based on
the finite element method (FEM)31 may be employed to better model sources, boundaries, and heterogeneous
fog. These initial modeling and experimental results suggest that the diffusion approximation to the radiative
transfer equation can predict the light propagation in fog. In future work, computational sensing and imaging
methods will be explored that invert the models to enable detection, localization, and imaging of objects in fog
for improved situational awareness.
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