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Microgrids are frequently employed in remote regions, in part because access to a larger electric grid is
impossible, difficult, or compromises reliability and independence. While small microgrids often employ
spot generation, in which a diesel generator is attached directly to a load, microgrids that combine these
individual loads and augment generators with photovoltaic cells and batteries as a distributed energy system
are emerging as a safer, less costly alternative. We present a model that seeks the minimum-cost microgrid
design and ideal dispatched power to support a small remote site for one year with hourly fidelity under
a detailed battery model; this mixed-integer nonlinear program (MINLP) is intractable with commercial
solvers, but loosely coupled with respect to time. A mixed-integer linear program (MIP) approximates the
model, and a partitioning scheme linearizes the bilinear terms. We introduce a novel policy for loosely
coupled MIPs in which the system reverts to equivalent conditions at regular time intervals; this separates
the problem into subproblems that we solve in parallel. We obtain solutions within 5% of optimality in at
most six minutes across 14 MIP instances from the literature, and solutions within 5% of optimality to the

MINLP instances within 20 minutes.
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1. Introduction and Literature Review

Spot generation is necessary for remote sites at which electric power must be produced
without a connection to the grid, e.g., to administer disaster relief, to maintain quality of life
on Native American reservations, to run mines, or to sustain military combat operations.
In many cases, each load is satisfied by an individual diesel generator, and requires a rated
capacity slightly greater than the designed peak demand for that load source. As a result,
total system efficiency is low in off-peak periods, and estimates of the fully burdened cost of
fuel can reach $1,000/gallon when the fuel is transported by air and armored convoy (Erwin
2010). Microgrids that integrate renewable technologies, such as photovoltaic (PV) systems,
energy storage technologies (e.g., batteries), and diesel generators, are emerging as a means
to power remote sites. Like spot generation, microgrid technology can provide energy needs,
but may include PV and battery modules to limit the use of diesel generators and increase
efficiency. The fuel consumed by a remote site using these technologies, compared to that
by a spot generation strategy, may reduce (i) the required flow of resupply fuel by ground
convoys or helicopters, (ii) the environmental footprint, and (iii) wear and tear on the
diesel generators, among other benefits.

The availability of portable generation technologies at a remote site limits the design to
one or more diesel generators and batteries of various sizes, as well as a modular PV systems
in prespecified capacity increments. The costs of design and dispatch include (i) generator,
PV system, and battery procurement, (ii) diesel fuel consumption, and (iii) generator and
battery “lifecycles,” our measurement of the degradation associated with their use. The
design decision specifies the number and types of generators, PV systems, and batteries
in the microgrid. Dispatch decisions for each time period include which generators to turn
on, the power output of all generators and PV systems, and power allocated to charging or
discharging the batteries; for this small, non-market-driven environment, we do not make
“commitment decisions” typical of large, grid-connected power plants.

In our model, decisions are subject to the following sets of constraints: (i) the design
must meet load and spinning reserve requirements for each time period; (ii) power input
and output from dispatched generators and batteries are limited by their minimum and
maximum rated capacities; (iii) the fuel consumed is a known linear function of each
generator’s power output and state (on or off) in each time period; (iv) battery power

input and output is the (bilinear) product of its voltage and the current into and out of
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the battery, respectively, where voltage is a function of the state-of-charge and direction
of current; (v) a battery’s state-of-charge is a function of that of the previous time period
and the net current in the present time period, and is modeled as a percentage of total
capacity; (vi) PV systems have a maximum power output per unit for each time period;
and, (vii) spatial constraints limit the number of units in the design for each type of PV
system. This paper presents a model that seeks to design and dispatch such a microgrid to
support a remote site at minimum cost, given known load and PV power output per array
at hourly fidelity for an operating time horizon of one year. We refer to this model as the
microgrid design and dispatch problem.

The relevant literature includes work to assess microgrid operation policies in which
batteries and photovoltaics are modeled as distributed energy resources (e.g., van der Kam
and van Sark 2015, Zhang et al. 2016). However, we assume that the area of operation
for the microgrid is the size of a football field, obviating the need to enforce alternating
current power flow requirements, nor do we account for line losses that would be present in
a larger system. The selected set of generators, batteries, and photovoltaics meets alternat-
ing current power demand, where: (i) generators are connected directly to an alternating
current bus; (ii) batteries are connected to the same bus via bi-directional converters that
account for efficiency; and, (iii) the photovoltaics are modeled using a PV Watts calculator
(Dobos 2013) that includes seasonal variations and assumes a direct current-to-alternating
current conversion and maximum power point tracking. Holding a spinning reserve miti-
gates the intermittent nature of the photovoltaics; our model requires that a fraction of the
photovoltaic power be covered, if necessary, through battery or generator operation. We
treat the load as deterministic though our techniques extend to a stochastic environment.

Most microgrid design and dispatch models in the literature enforce nonlinear relation-
ships but restrict operation to a fixed number of potential dispatch strategies, and simulate
operations for one or more load scenarios to estimate the total cost. Because enumerat-
ing all designs is intractable for realistic instances, these models are solved by heuristic
search methods, which use, e.g., a simulation procedure to determine whether a design can
meet load under prespecified dispatch rules. Simulation, or a rule-based heuristic, is used
to dispatch assets to satisfy demand, in part because nonlinear relationships associated

with modeling the incumbent technologies can render problem instances intractable. These
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approaches set operating rules, pre-qualify technology procurements, or use site-specific
data to obtain a microgrid solution that attempts to meet demand at minimum cost.
Green and Manwell (1995) solve a design and dispatch problem with PV, wind, battery,
and diesel generators as candidate technologies by using a time series model to generate
scenarios and running a collection of fixed dispatch schemes for potential designs. Barley
and Winn (1996) evaluate a set of operations strategies for PV-diesel-battery systems that
cycle the batteries to different depths of discharge. The Hybrid Optimization Model for
Electric Renewables, or HOMER (Lambert et al. 2005, Bahramara et al. 2016), enumer-
ates a series of dispatch strategies for a user-directed collection of designs. Dufo-Lopez
and Bernal-Agustin (2005) use a genetic algorithm to design a PV-diesel system by imple-
menting a collection of operations policies borrowed from HOMER and from Barley and
Winn (1996). Katsigiannis and Georgilakis (2008) employ tabu search to size small, iso-
lated hybrid power systems using cycle-charging dispatch, which considers combinations of
hybrid system technologies. Bala and Siddiqui (2009) propose to design a PV-diesel hybrid
system using genetic algorithms that find a dispatch strategy to minimize net present cost.
Gupta et al. (2011) develop a dispatch algorithm to maintain a constant power level for
diesel generators in a hybrid system, to maximize the use of renewable technologies. While
these approaches yield practical, low-cost designs, they lack proof of (near-) optimality.
Most exact solution methods for optimizing microgrid design and dispatch arise via a
MINLP or MIP model, and are limited in time horizon or other model fidelity. Morais
et al. (2010) present a MIP for the optimal design of a hybrid system grid, which considers
fuel cells and wind power technologies and solves 24-hour instances with hourly fidelity.
Huneke et al. (2012) and Barbier et al. (2014) present solutions to year-long instances with
hourly fidelity; the former use linear programming to design a microgrid, and the latter
optimize the design and dispatch strategy of a system with wind turbines, batteries, and
generators via a MIP. Khodaei et al. (2015) present a MIP that optimizes the design and
dispatch of a microgrid with generic dispatchable and non-dispatchable assets and energy
storage, at hourly fidelity, for at least a year of operation, with linear operating constraints;
the authors assume the microgrid is disconnected from the grid for less than one day per
year. Huneke et al. (2012), Barbier et al. (2014), and Khodaei et al. (2015) use battery
operating constraints similar to those of Barley and Winn (1996), which do not address

the variable capacity and degradation of the battery.
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Optimization models that include both design and dispatch and integrate hybrid tech-
nologies such as batteries, diesel generators, and PV systems are often presented as
MINLPs, which are typically intractable for large instances. Pruitt et al. (2013) develop
a non-convex MINLP to describe the design and dispatch of a combined heat and power
system using solid oxide fuel cells for commercial buildings over a time horizon of one year.

MIPs that employ linearization and outer-approximation techniques to bound and solve
the nonlinear problem can serve as tractable alternatives to MINLPs and yield solu-
tions that approximate realistic dispatch. DER-CAM is a software package developed by
Lawrence Berkeley National Laboratory (see, e.g., Stadler et al. 2014) to guide microgrid
design with both AC and DC power flow for a set of technologies such as heat pumps, wind
power, PV, energy storage, and diesel generators. DER-CAM further includes the option
to connect to the grid with associated electricity market considerations. Scioletti et al.
(2017) develop a model with a subset of these technologies and DC-only power flow, but
track the technologies with finer detail: (i) in terms of an individual component’s use by
measuring, and accounting for, lifecycles; (ii) through measurements of state-of-charge and
power flow through the battery; and, (iii) via fuel curves for diesel generators, which are
treated as individual elements that can run isochronous to one another. While the model
of DER-CAM is more widely applicable, the model of Scioletti et al. has higher fidelity for
key aspects of its motivating application, a military forward operating base.

Our first contribution lies in reducing the error associated with linearizing nonlinear bat-
tery power and lifecycle degradation constraints by replacing a single convex envelope with
multiple sub-envelopes, which bound the feasible region of the approximation variable for
the bilinear term and its components. This also allows for construction of a MINLP-feasible
solution to form a high-quality upper bound. Our second contribution is an algorithm
that decomposes the time horizon into smaller time periods, which yield subproblems that
we solve in parallel to obtain upper and lower bounds on the model’s optimal objective
function value. While we illustrate the method using the microgrid design and dispatch
problem from Scioletti et al. (2017), the approach extends to models that have a strate-
gic decision that impacts operational decisions over a long time horizon, including airlift
scheduling (Baker et al. 2002) and capital budgeting (Brown et al. 2004).

The remainder of this paper is organized as follows. Section 2 describes the general

model. Section 3 explains the outer-approximation of bilinear terms associated with the
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product of battery state-of-charge and current. Section 4 details the decomposition method
used to obtain upper and lower bounds on the model’s optimal value. Section 5 assesses
the performance of the proposed outer-approximation and decomposition algorithm using
a collection of instances from the literature. Section 6 concludes and presents possible

extensions of this work.

2. Model Description

Our microgrid design and dispatch problem possesses the following properties: (i) the goal
is to minimize the cost associated with both a time-invariant strategic decision and a series
of time-varying operational (dispatch) decisions; (ii) some operational decisions include
relationships modeled with bilinear terms; (iii) the model is loosely coupled with respect
to time in that only a few constraints link consecutive time periods via inventory; and,
(iv) after specified time intervals, the inventory (state-of-charge) variables must “reset” to
the same value. In what follows, we use t € T to index time periods, and the system must

reset the inventory variables every v time periods, where we assume |7|/v is an integer.

2.1. (P) Formulation

We formulate our microgrid design and dispatch model using constructs that highlight
temporal dependencies and yet are relatively general. This simplifies the notation in our
subsequent descriptions of both the linearization schemes for bilinear terms and the decom-

position methods with accompanying bounds.

Sets
teT={1,2,...,|T|} time periods
te L={1,2,...,|L|} time blocks indexing a partition of T; i.e., Uy, T, =T and

TNTy =0, 0+
TeCT time periods in block /¢
XeX strategic design decisions
Y, € Vi(X) operational decisions made in time period ¢, given decision X
Functions
fo() cost of a design decision
fi () cost of an operational decision at time period ¢
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g:(+) net change in inventory associated with an operational decision

at time period t

Parameters

v number of time periods per block

With these constructs, we have:

Te={(l—1)v+1,(-1v+2,....0v}, V€L

Decision Variables

X strategic design decision

R strategic inventory reset value

Y, operational decision at time period t; Y = (Y})er
Y; inventory at start of time period t; Y = (Y} )ier
Y, inventory at end of time period t; Y = (Y});er

Boundary Condition

Yo initial inventory

(P) Formulation

X’R7Y7YaY

= min fo<X>+Z<t<Yt> (12)

teT
st. XeX (1b)
YieW(X), VteT (1c)
Y, =Y, +g./(Y:), VteT (1d)
YV, =Y, VteT\{1} (le)
Y-y =R, Ve L\{1} (1f)
Vi=Yo (1g)

Through the objective in (1a), we seek a minimum-cost set of strategic and operational

decisions. This objective includes the cost of battery degradation, which grows with deeper
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levels of discharge; therefore, we model lifecycles spent as a function of battery current and
state-of-charge, which involves the product of the two. Constraint (1b) specifies feasible
strategic designs, as defined by the set X. Constraint (1c) restricts operational decisions
Y, to those allowable by the design decision X at each time period ¢; for example, only
an asset purchased as part of a design decision may be operated at time period t. More
generally, constraint (1c) includes nonlinear relationships, which we detail in Section 2.2.
Constraint (1d) captures changes in inventory from the start to the end of a given time
period. Constraint (le) reconciles the inventory between the end of one time period and
the beginning of the next. Constraint (1f) enforces our reset policy by restricting the
inventory at the boundaries of the time blocks to be the same. The reset policy limits
the number of future time periods the model may use to inform dispatch decisions, and
hence limits the model’s ability to over-optimize dispatch to future variations in load.
Constraint (1g) fixes the starting inventory to the boundary condition. The strategic
decisions X and R, along with inventory constraints (le), couple decisions across time.
In Section 4, we develop a method that decomposes model (1) into |£| subproblems, in

which the respective subproblems correspond to decisions within blocks 7, £ € L.

2.2. (M) Formulation: Linearization of (P)

A subset of the relationships within constraint (1c), such as battery lifecycles spent as
a function of current and state-of-charge, include bilinear terms. We can linearize these
bilinear terms using ideas that begin with McCormick (1976) and include significant sub-
sequent work such as Androulakis et al. (1995). Let Y;; and Y2, denote two components of
operational decision Y; that contribute a nonlinear term to constraint (1c), and let aux-
iliary decision variable Z; represent the product Yj; - Y. McCormick (1976) presents an

outer-approximation that replaces the bilinear relationship
Zy =YYy, VLET, (2)

with a convex envelope to constrain Z;, allowing for the reformulation of (P) as an approx-
imating MIP, i.e., as a linear mixed-integer program. The outer-approximation used in

McCormick (1976) is as follows:
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Additional Decision Variables
Yi:, Yo two components of operational decision vector Y; that form a

bilinear relationship
Zy linear approximation variable representing the product Yy, - Yo,

Additional Parameters

Uy upper bound of operational component variable Yy,
[y lower bound of operational component variable Y3,
Us upper bound of operational component variable Yo,
lo lower bound of operational component variable Ya;
Formulation
Zt > 'U/Q}/lt + ull/ét — UiUs2, YVt e T (3&
Zy > LY+ 1LYy —lLly, VEeT (3b

Zy < LYy +w Yo —wuily, VeT (3c
Zy S upYy + 1Yo —liug, VEET (3d

Our application has time-invariant lower and upper bounds (l,u;) and (ly,us) for Y,
and Yy, respectively, though this assumption may be relaxed in general. We refer to
the formulation that starts with (P) and replaces equation (2), which is a part of
constraint (1c), with the relaxation described in constraints (3a)-(3d) as model (M), or

the McCormick relaxation.

2.3. Application to Microgrid Design and Dispatch Problem

Model (M) specializes to the microgrid design and dispatch problem by mapping the
strategic design vector X to the number and type of diesel generators, PV systems, and
batteries in the design, and by mapping the operational decision vector Y; to power input
and output for each asset, and fuel consumption for each time period. Decision vectors
Y and Y denote the available battery storage at the start and end of each time period,
respectively. The variable R denotes the available battery storage at the beginning and end
of each specified time block; this reset value is identical across all time blocks to simplify

the dispatch policy and to limit appropriate adaptation of the dispatch policy to future
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load. In some applications, this target may be a prespecified level of inventory; however, in
what follows, we optimize this value. Because the load and PV availability exhibit diurnal
patterns, we select the duration of a time block to be a day.

Our application assumes that a diesel generator consumes a fixed amount of fuel per
time period when running, in addition to a variable amount that is a linear function of the
power output. Therefore, to maximize efficiency, it is preferable to run a diesel generator
at its rated capacity. However, in response to rapid changes in load, one generator may run
isochronous to the others. For this reason, in the MINLP in Scioletti et al. (2017), multiple
copies of the same generators are modeled as “twins,” each of which has an independent
decision variable for power output at each time period. While the general problem may
include twins of the same battery technology, the instances in Scioletti et al. (2017) restrict
the solution to include at most one battery; this assumption is tantamount to honoring the
policy in which batteries operate in droop, rather than individually, to avoid a situation
in which one battery is used to charge another. This high-level mapping suffices for our
immediate purposes; however, the full microgrid design and dispatch model is detailed in

the Online Supplement, largely following the model of Scioletti et al. (2017).

3. Reducing Linearization Error in (M)

The envelope described in constraints (3a)-(3d) represents the tightest possible convex
relaxation for a bilinear term (Al-Khayyal and Falk 1983); however, the relaxation in these
models may neither yield sufficiently tight lower bounds on (P)’s optimal value, nor produce
implementable solutions to the nonlinear model. Further, constructing a feasible solution
to (P) by starting with a solution to (M) may provide a low-quality upper bound on (P).
Bergamini et al. (2005) and Karuppiah and Grossman (2006) tighten this relaxation by
subdividing the interval defined by the simple bounds of each component; we refer to this
technique as partitioning. We introduce binary variables that determine which subregion
defines the active constraints for Yi;, Yo, and Z; for each time period, and we refer to these
as subregion activation variables. Figure 1 shows an example of such a subdivision when
partitioning the domain of Ys;. Both Wicaksono and Karimi (2008) and Gounaris et al.
(2009) derive ways to partition McCormick’s relaxation, noting that the computational
performance of these formulations is impossible to predict; however, Gounaris et al. (2009)
identify ten partitioning schemes that computationally outperform the other methods they

present.
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(M): single convex envelope (G): two sub-envelopes
1 McCormick (1976) 1 Gounaris et al. (2009)
Yy, = 0.25 Yy, = 0.25
Ze Zy
feasible feasible
values values 1., =0
(shaded) (shaded) 2t —

Ylt Ylt
Note: A‘Zt =1if0.5< YZt < 1,
Ay¢ = 0 otherwise

Figure 1: Example of subdividing the McCormick envelope given Ys, = 0.25, shown on the left-hand side, by partitioning on
one variable, in which we linearize Y7, - Y2:. In this example, Y7, and Ys; have simple bounds l; =15 =0 and u; =us = 1. The
shape on the right-hand side represents the sub-envelope that defines the feasible region for Yi; and Z;, with binary subregion
activation variables; see subsequent constraints (8) and associated variables.

At a computational cost, partitioning reduces the approximation error, which can
improve lower bounds on, and allow for the construction of, a higher-quality solution to
model (P) when using the resulting linear MIP solution as a starting point. Partitioning
requires binary restrictions to activate sub-envelopes, and introduces additional variables
and constraints that grow linearly with the number of total subregions, both of which
may compromise tractability. Vielma et al. (2010a) and Vielma and Nemhauser (2010b)
present a model for piecewise-linear functions in which the number of binary variables
scales logarithmically with the number of segments; Misener et al. (2011) use this model to
implement a partitioning scheme that they then apply to the pooling problem, and show
that the linear partitioning technique we adopt is preferable for situations in which the
number of partitions is relatively low (eight or fewer subregions in their work).

If one component in the bilinear term can be discretized to a finite number of reference
values in place of a continuous domain, an exact linearization can be performed; see,
e.g., Dvorkin et al. (2017). Similarly, Gupte et al. (2013) provide an exact reformulation
for the product of a nonnegative integer variable and a nonnegative continuous variable.
The former is replaced by its binary expansion, and a McCormick envelope linearizes the

resulting product. The authors develop the convex hull of the corresponding MIP set.
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Castro (2015) presents a univariate partitioning scheme that specifies lower and upper
bounds on both components of the bilinear term for each subregion, and applies the pro-
cedure to a subset of the cases in Gounaris et al. (2009). In Section 3.1, we reformulate
a different case from Gounaris et al. (2009) that reduces to a single McCormick envelope
when binary restrictions on the subregion activation variables are relaxed; our improvement

applies to both univariate and bivariate partitioning schemes.

3.1. Partitioning Approach
For a given relaxation of Z; =Y}, - Yy, we define the approximation error as a function of
Y1 as:

5(Y1t) = max [Zt — Y- YZt], (4)

Yar, Zt
in which the maximization over Y5, and Z; is constrained by the simple bounds on Yy,
and the appropriate subregion depending on the outer-approximation in use, e.g., con-
straints (3a)-(3d) if model (M) is used. For the McCormick relaxation, £(Y3;) is maximized
at the midpoint of the interval [l1,u;], and this maximized value is one fourth of the area
defined by the simple bounds on Y3, and Yy, i.e., (u; — 1) - (ug —l3)/4 (Androulakis et al.
1995).

Applying a partitioning scheme to the McCormick relaxation by creating m uniform
subregions on the domain of one variable in the bilinear term (Bergamini et al. 2005,

Karuppiah and Grossman 2006) decreases the worst-case approximation error by a factor

l (uy —1y)(up — 12)> (
m 4 '

Hasan and Karimi (2010) present a bivariate partitioning scheme, which creates m uni-

of m to:

form subregions on one variable and n uniform subregions on the other in the bilinear

term. In this setting, the worst-case approximation error decreases by a factor of mn, to:

1 (U1 —ll)(UQ —l2)>(
mn 4

Figure 2 depicts the maximum approximation error, £(Y3;), as a function of Yj; when

partitioning on one or both variables. Nonuniform partitions, such as those described in
Wicaksono and Karimi (2008), are possible, and even advisable, if partitioning is done

dynamically in the course of solving the problem; Nagarajan et al. (2016) demonstrate
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the effectiveness of such an approach in solving large-scale MINLPs. However, we focus
on uniform partitions built a priori, which minimize the worst-case approximation error
(Hasan and Karimi 2010). Dey and Gupte (2015) provide solution quality guarantees for
applications of partitioning schemes to pooling problems, and show empirically that, for

their application, a uniform partitioning scheme outperforms an asymmetric approach.

1 Yy subregion (M)

2 Yy; subregions

= 4 Yy subregions

10 Y3 subregions

2 Y1t, 2 Y2t subregions
4 Yyt, 4 Yy subregions

0.20 1

0.15 A

(Y1)
\
1
1
/

0.10 A

0.05 A

Figure 2: Approximation error per equation (4), as a function of Y7, under partitioning schemes for different numbers of uniform
subregions, using partitioning on Y3: only, and on both Yi; and Ys:, respectively. This figure assumes that the range of both
Y7, and Yz, is [0,1].

Section 3.2 presents the constraints we propose by partitioning on the variables Y;; and
Ys:. We replace the McCormick relaxation in (M) with new constraints from this approach
to approximate the bilinear terms in (P), and we refer to the resulting model as (/) because

it underestimates (P).

3.2. (U) Formulation
Our scheme partitions the feasible region into subregions according to intervals in the
domain of Y7, which we index by m € M. So, we augment the simple bounds of u; and [;
with boundaries for each active subregion w,,, and ly,,, Vm € M, in which I, ; = l;, uj ) =
uy, and Iy, = Uy ;m-1, Ym € M\ {1}; we perform an analogous augmentation of the simple
bounds of uy and Iy, which we index by n € N.

We introduce binary subregion activation variables to indicate which constraints define
the active part of the feasible region for Yi;, Y5, and Z; when assigned a value of one; the

constraints relax to nominal McCormick bounds otherwise.
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Additional Sets
meM={1,2,...,IM|} set of subregions obtained by partitioning the domain of Y3,
neN={1,2,...,|N|}  set of subregions obtained by partitioning the domain of Y3

Additional Parameters

lim lower bound for Y;; within subregion m
Ui upper bound for Yj; within subregion m
lon lower bound for Y5, within subregion n

Uoy, upper bound for Y5; within subregion n

Additional Decision Variables
Aent 1 if subregion (m,n) defines the active part of the feasible

region of Yy, Y, and Z; in period ¢, 0 otherwise [binary]

Formulation

The following set of constraints represents partitioning on both Yj; and Y5;, which we tailor
from formulation NF2g, the fastest-performing partitioning scheme of those described in
Gounaris et al. (2009) when implemented for our application. Scioletti (2016a) details the
performance of alternative partitioning schemes from Gounaris et al. when applied to the

microgrid design and dispatch problem.

SN =1, VteT (5a)

meMneN
Yie> i+ (i — 1) Amnt, YmeM,neN teT (5b)
Yie <up — (U1 — Uim) Aty VmeMneN teT (5¢)
Yor > o+ (lon — o) Apnt, VYmeM,neN teT (5d)
Yor <up — (U — o) At VmeMneN teT (5e)
Zyp > U9 Y1t + Ut Yor — UimUan — (Ugtls — Ugpmtio, — (ug — ugn)ly — (U1 — wim)l2) (1 — At
vmeM,neN,tcT (5f)
Zy > 1o Y1+ L Yor — limlon — (Iily — Liplon — (I — lop)ur — (11 — i) u2) (1 — Apnt),
VmeMneN,teT (5g)

Zy <lon Y1t + urm Yor — Urmlon + (Uimlon — uile + (I — lon) s 4+ (U1 — Ui ) u2) (1 — ) s
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VmeM,neN,teT (5h)
Zt S u2an1t + lleVQt - llm“?n + (llmu2n - llu2 + (UQ - U'Zn)ul + (ll - llm)l2)(]— - Amnt)a
YmeM,neN,teT (5i)

Aot €{0,1}, YmeM,neN,teT (5)

Constraint (5a) requires exactly one of the subregion activation variables A,,; to assume
a value of one for each time period ¢. Constraints (5b)-(5e) restrict Y3, and Ya; to each
variable’s active subregion. If \,,,;=1, then subregion (m,n) is active, and Y}, and Y3, are
restricted to the intervals [ly,,, u1,] and [lo,, ug,], respectively. If A,,,;=0, the constraints
reduce to simple bounds on Yj; and Yo,.

The McCormick relaxation uses four constraints to restrict Z; as a function of the com-
ponents Yy, and Yy and their simple bounds. The partitioning scheme reduces the size of
the active subregion, which allows for a smaller convex envelope, i.e., sub-envelope, which,
in turn, yields a tighter relaxation. Constraints (5f) through (5i) bound Z; according to
the sub-envelope chosen by the subregion activation variables, \,..;. If A =1, then Z; is
constrained by the convex envelope of the active subregion. If a subregion is not active,
the associated constraints are dominated by McCormick bounds.

As we show in Proposition 1, if A,,,; = 1, then the partitioning scheme of Gounaris
et al. (2009) generates constraints (5), except that the last term in their analog of con-
straints (5f)-(51) is (ug — l1)(ug — l2)(1 — A\pupe) whose coefficient is the smallest value that
reduces constraints (5f)-(51) to simple bounds on Yj; and Yy, when A,,,; = 0. Our approach
differs from Gounaris et al. in that we find the smallest such value for each individual con-
straint, rather than a single value to apply to all constraints. When we use the approach in
Gounaris et al. (2009) rather than constraints (5) to approximate the bilinear terms in (P),
we call the resulting model (G). Proposition 1 characterizes the relative tightness of for-
mulations (U), (G), and (M). Our formulation is tighter than (G) because when A,,,; =0,
our constraints (5) revert to McCormick bounds, while the analogous constraints in (G)
relax to simple bounds. To streamline the notation, we drop the ¢ index, and treat Y, Y5,

and Z as scalar decision variables in the proposition.
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PROPOSITION 1. Let m € M = {1,2,...,IM|}, and lim,ui, satisfy 11 =1,
um =ut, and liy = U1, limo1 < lim, Utm—1 < Uim, Ym € M\ {1}. Like-
wise, let neN={1,2,...,|N|}, and ly,usm satisfy lox = lo, ugy| = ug, and
lon =Usp1, lon-1<lon, Ugp_1<Us,, VR EN\{1}. Let

S={",Y2,2): Z=Y,-Ys, ) <Y1 <y, [, <Yy <y},

and
SM - {(va}/?)Z) 1 Z Z U/QYVI +’U,11/é — UrU2,
Z > 1LY, + 1Yy — 1,
Z <Y1 +uYs —ugly,
Z <usY1 + 1LY — Lo,
L <Y <uy, I <Y; <uy}.
Define
lflzll‘l'(llm_ll))\mm VmGM,nEN (6&)
Y1 <wup — (U1 — Uim) Amn, VmeM,neN (6b)
Y&le-i—(lgn—b))\mn, Vme./\/l,ne./\f (60)
ESUQ_(/U/Q—UQ”)AWL”, VmEM,nEN (6d)
Z Z u2nY1 + uleé — UrmU2n — amn(l - )\mn)a vm € M,V?’L € N (66)
Z Z ZZnYPI + ZlevZ - llml2n - bmn(l - )\mn)7 Vm € Mavn S N (6f)
Z S l2n1/1 + Uleé - Ulml2n + Cmn(l - )‘mn)a vm € ./\/l,‘v’n € N (Gg)
Z S u2n}/1 +llm}/2 - llmu2n +dmn(]— - Amn)7 Vm € M,V’I’L GN' (6h)
Let

5S¢ = {(Y1,Y2,2) : (6) with amn = bmn = Cpn = dpn = (ug — 11) (ug — la),
lléKSUl, ZQSE/QSUQ,

Z ZCWmZI, )\mnG{O,l}, vaM’neN}

meMneN
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and
SV = {(Y1,Y2,Z) : (6) with G, = uius — Upme, — (Ug — Usgp )l — (U — Ugy)la,
b = lile — limlon — (Io — lop)uy — (L1 — by ) ug,
Comn = Uimlan — Urly + (lo — lop) 1y + (w1 — uym)ug,
Ay, = lim oy, — lyug + (ug — ugp)uq + (11 — i) 2,
h<Y1<u, [ <Yz <uy,

S5 Lo =1, Aun € {01}, Yme M,n e N}

meMneN
Then, S CSY C S¢ C SM =SY, C 8¢, where SY, and S¢, represent the linear program-
ming relazation of SU and S¢, respectively; i.e., with Ay, € {0,1} replaced by 0 < A\, <1,
Vm e M,n e N. Moreover, SC SV, S¢CSM and SY, C S, can be strict.

Proof. First, we let (Y1,Y5,7Z) € S, and show (Y1,Y3,2) € SU. To this end, let A\yn =1 for
an interval satisfying Y] € [l15,u1m] and Ys € [lon, usr|, breaking ties arbitrarily, and let
Amn =0, Ym e M,ne N : (m,n) # (m,n). For (m,n) # (m,n), constraints (6a)-(6d) yield
I1 <Y1 <uy, Iy <Y3 <y, and for (m,n) = (m,n), these constraints yield ly,, <Y; < uyp,
lon, < Y5 < uy,. Consider constraints (6e)-(6h). For (m,n)= (m,n), these constraints yield

A 2 u2n1/1 + ule—2 — UimU2n (7a

A 2 ZQanl + lleVQ - llml2n (

Z S ZQanl + ulm}/Z - UlmZQn <7C

A S u2n1/1 + llm}/2 - llmUQn- (7d
The following shows that constraint (7a) holds for (Y;,Ys,2) € S with Y] € [l15, u1,] and
Y5 € [lon, uon:

0 S }/1)/2 - u2nYi - U1m§/2 + UrmU2n

Z Z u2n}/1 + ulm)/2 — UimU2n -

Similarly, constraints (7b)-(7d) hold via:

0 S(Yi - llm)(Yé - l2n) =7 Z lZnYi + lleé - llmZZn
0 S(ulm - }/1)(}/2 - l2n) = Z S l2n1/1 + ulmi/Q - ulmZQn
0 S(Yi - llm)(“Qn - }/2) =7 S u2nyi + llmi/Z - llmUQn-
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Therefore, (Y1,Y2, Z) satisfies constraints (6e)-(6h) for (m,n) = (m,n). If (m,n) # (m,n),
the right-hand sides of these constraints for SY are dominated by those of the McCormick

relaxation of S i.e.,

(6€e): w9, Y) +uim Yo — ugmtio, — (U1ts — Urpmls, — (U — gy )ly — (U1 — Ui )l2)
= U Y1 + Uiy Yo — Urtg + (U — Uy )1 4 (U1 — Urm) 1o
< Upp Y1 4 Ui Yo — Uitz + (Up — u2) Y1 + (w1 — wim) Yo
=upY1 +u1 Yo —ujug V(m,n) e Mx N\ {(m,n)}

(61) 12, Y1 4+ 11 Yo — Limlon — (Iilo — limlon — (Lo — lop)ur — (11 — i) u2)
=10, Y1 + L1 Yo — lily — (Lo — lo)ug — (I1n — I1)uz
<lon Y1+ lim Y2 — lila — (Izn — 12)Y1 — (lim — 11) Yo
=0LY1+1LYs—lLily Y(m,n)e M xN\{(m,n)}

(6g): 12, Y1 4+ urm Yo — uimlon + (Uimlon — urls 4 (o — lon )1 + (U1 — U1 ) ug)
=12, Y1 + U1 Y2 — wrla + (I — lop) 1y + (wg — wpp)us
> b Y1 + 1 Yo — uily + (I — l2p) Y1 + (U1 — wim) Yo
=LY +u Yo —uily Y(m,n) e M x N\ {(m,n)}

(6h): w9, Y1+ lim Yo — limtan + (LimUon — Lius + (us — uop )uy + (I — lim)l2)
= U Y1 + L1 Yo — Liug + (ug — uop )ug + (I — lim)l2
> ugn Y1+ lim Yo — Lyt + (ug — u2,) Y1 + (I — lim) Yo
=uY1 + LYo —liuy Y(m,n) e M x N\ {(m,n)}.

Therefore, (Y7,Ys,7Z) satisfies constraints (6e)-(6h) when (m,n) # (m,n), and so
(Y1,Yy,Z) € S= (Y1,Ys,Z) € SY.

Suppose (Y1,Ys, Z) € SU. The constraints of S¢ are identical to those of SU for (m,n) =
(m,n), and SY has tighter constraints than S¢ when (m,n) # (m,n), because the values
for amn, bmn, Cmn, and d,,, in SY are smaller than the analogous terms specified in the

definition of S¢; i.e.,
(66) : (U1 - 11)(162 - lz) - (U1U2 — UrmU2n — (UQ - U2n)l1 - (Ul - Ulm)l2)

= (U — l1) (U2, —12) >0
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(6f) : (ur —11)(ug —l2) — (l1ly — Limlon — (la — lop)ur — (11 — lim)ug)

= (u1 — lim) (ug — la,) >0

(6g): (u1 — 1) (ug — o) — (wimlon — urle + (Io — lop)ly + (w1 — Urm)u2)

= (U, — l1)(ug — la,) >0

(6h):  (ug —l)(u2 —l2) = (Limugn — liug + (U2 — ugn)ur + (L — lim)la)
= (

uy — i) (u2n — lz) > 0.

Therefore, (Y1,Ys,Z) € SY = (Y1,Y2,2) € S¢ and (Y1,Ys,2) € S¥p = (Y1,Ys, Z) € S¢0.
Suppose (Y1,Y2,Z) € S, V) € [lim,u1m], and Ys € [lon, uss]. We restrict our attention

to the constraints for (m,n) = (m,n), which dominate those for (m,n) # (m,n). Using a

similar argument to that for S C SU above, we can show that the first constraint of S™

holds:

0 <Y1Ys — w1, Ya + uon(urm — Y1) < Y1Yo — w1 Yo + ug(urm — Y1)
0<Y1Ys —uoY) 4+t (ug — Y2) <Y1Ys — upY) + uq (uz — Y2)

Z > w7 +urYo — ujus.

Analogous arguments show that the next three constraints of S™ also hold; hence,
(Y1,Y2,Z) € SY = (Y1,Y5,Z) € SM.

For (m,n) = (IM|,|N]), u1m = w1 and ug, = uz, SO Gy, =0, and constraint (6e) replicates
the first constraint in S™. Likewise, the pairs (1,1),(|M],1), and (1,|N]) yield instances
of constraints (6f), (6g), and (6h) that are equivalent to the second, third, and fourth
constraints in SM, respectively. This shows that SY, C S™. However, the extreme points

of SM are
Séw:{(Ul,U2,U1U2)a(ll,lzylllz),(U1,127U1l2)7(ll,u2,l1uz)}7

all of which are points in S and, by extension, SY,. Further, because SV, is convex,
conv(SM) = SM C SY,,. Therefore, SM = SY,,.

For examples showing that the relationships S C SV and S¢ C SM can be strict, let {; =
lo=0,u; =uy =1, |M| =1, and |N| =2 with intervals of equal length. Then, (Y1,Y>,7) =
(0.6,0.6,0.4) € SY but (0.6,0.6,0.4) ¢ S, and (0.6,0.6,0.6) € S™ but (0.6,0.6,0.6) ¢ S. To
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show SV, C S¢, can be strict, the solution (0.5,0.5,0.75) € S, for A\;; = A2 = 0.5, but
(0.5,0.5,0.75) ¢ SY,. &

Proposition 1 shows that the set we propose, SY, is a tighter relaxation of S than
those available in the literature (i.e., S C SY € S¢ and SY, C S¢,) and, further, that its
linear programming relaxation is as tight as possible (i.e., conv(S) = SM = SY.), where
conv(S) = SM is established in Al-Khayyal and Falk (1983). In our context, the value of
Proposition 1 is that the set S captures how bilinear terms are treated in model (P),
and sets SY, S¢, and SM capture how we relax the bilinear terms in models (i), (G),
and (M), respectively. Section 4 investigates the computational advantage offered by the

tighter model (U).

3.3. Application to Microgrid Design and Dispatch Problem

We adopt the most precise battery modeling paradigm of which the authors are aware
(Scioletti et al. 2016), wherein two sets of physical constraints in the microgrid design
and dispatch problem include bilinear terms: (i) the battery power output (input) at each
time period is the product of outgoing (incoming) current and voltage, which, in turn, is
a linear function of battery state-of-charge; and, (ii) battery degradation is modeled as
a function of current and state-of-charge. Hence, the product of battery state-of-charge
and incoming or outgoing current at each time period comprise all the bilinear terms in
the formulation of (P) because this accounts for both the battery’s power and lifecycle
degradation. The model we adopt presents the round-trip energy losses as a function of
the depth of a given charge-discharge cycle, which informs the voltage differential between
the charge and discharge of the battery. This differs from most battery models in the
literature, which approximate efficiency losses using a piece-wise linear function of battery
charge or discharge power (Madathil et al. 2018), or via a constant efficiency loss to charge
and/or discharge power (see, e.g., Felder and Hiskens 2014, Hari et al. 2018). We apply an
additional, fixed efficiency loss to battery power output and input, which are noted in the
Online Supplement in equations (15a) and (18c), respectively.

The graph in Figure 3 displays the bilinear terms in model (P) for a particular bat-
tery technology; the indices that denote the battery technology and twin are shown in the
Online Supplement, but are removed here for simplicity. For each time period ¢, the bat-
tery’s starting state-of-charge, B;°{, shares a bilinear term with the charge and discharge

current, denoted by I;” and I, , respectively. The graph is bipartite, which suggests three
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®)
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Figure 3: Graph displaying variables in bilinear terms in model (P) for a particular battery technology; an edge between two
nodes indicates that the corresponding variables comprise a bilinear term. For each period t, B;°¢ denotes the battery’s starting
state-of-charge, and I;" and I, , respectively, denote the current charging and discharging the battery. See the Online Supplement
for details including equations (14), (18a), and (18b).

options for partitioning: (i) only partition on state-of-charge variables; (ii) only partition
on current variables; or, (iii) partition on all variables. In Section 5.4, we investigate these
three options. Next, we show the compact formulation for option (ii), which partitions one
variable in each bilinear term and empirically results in better solution times than the
other two options; see Section 5.4.

We use | M| and |N| to denote the number of partitions for each state-of-charge variable
and each current charge and discharge variable, respectively. We map Yj; to the starting
state-of-charge and Y5; to the current discharged from the battery in each time period,
and we have an analogous pairing for the state-of-charge and current used to charge the

battery. Under option (ii) from above, we partition only on Y5 to obtain the following

special case of model (U):

d fu=1, VteT (8a)
neN
ngt Z Z2 + (lgn — lg))\nt, Vn EN,t € 7- (8b

Yor <o — (U — Ugp)Ant, VneN, teT (8¢
Zy > U9 Y1y + U1 Yoy — ugtto, — (ug — 1) (ug —ugp ) (1 — A\pt), VYneN,teT  (8d
Zy > oy Vi + 1Yoy — lilon — (uy — 1) (lon — L) (1= A\pt), VneN teT (
Zy <lon Y1 +u1Yor — urloy + (ug — 1) (lop — o) (1 = A\pt), YneN, teT (8f
Zy <o Y1y + 11 Yoy — liugy, + (ug — 11) (ug — ugn ) (1 — Nyy), VneN teT (8g
Mt €{0,1}, VneN teT. (
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Constraints (8) are the special case of constraints (5) in which | M| = 1; hence, we have
removed index m and only use simple bounds /; and u; in our application. The formulation
in the Online Supplement details the mappings of Yy;, Yo, and Z; to the state-of-charge

and current decision variables in the microgrid design and dispatch problem.

4. Decomposition of MIP Formulation

While the approach we describe in Section 3 reduces approximation error compared to
a McCormick linearization, the additional variables and constraints may compromise
tractability. Because models (P), (U), (G), and (M) are loosely coupled with respect to
time, a temporal decomposition can expedite computation. Rockafellar and Wets (1991)
present the progressive hedging algorithm, which couples a Lagrangian relaxation of nonan-
ticipativity constraints with a proximal term. Gade et al. (2016) and Escudero et al. (2016)
both form lower bounds on the optimal value of multi-stage stochastic programs through
Lagrangian relaxations of (subsets of) nonanticipativity constraints. This section intro-
duces our approach to decomposing a larger problem into subproblems that can be solved
in parallel to obtain upper and lower bounds on each model. While our approach can be
applied to any of (P), (U), (G), and (M), for simplicity, we frame the discussion in terms
of problem (P), and we refer to the modified models that yield upper and lower bounds
as (P) and (P), respectively.

The decomposition procedure begins by exploiting the time blocks indexed by ¢ € L in
model (P) to create a subproblem of the model for each interval. We create a clone of
each strategic decision variable in each subproblem, and we introduce nonanticipativity
constraints that force all subproblem strategic decisions to be equal. Next, we obtain a
lower bound by relaxing the nonanticipativity constraints. We then obtain an upper bound
by selecting and fixing a specific strategic decision, including the inventory level on the
boundaries of each block. Updating the Lagrange multipliers associated with the relaxed
nonanticipativity constraints tightens the lower bound, and we propose an updating scheme

that performs well when applied to the microgrid design and dispatch problem.

4.1. (P) Formulation: Lower Bounds
To decompose model (P) into |£| subproblems that together provide a lower bound on (P),
we start by allowing separate strategic decisions, X and R, per subproblem, and rewriting

model (P) as follows, in which we define ¢ and 6* as dual variables for the nonanticipativity
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constraints on X and R, respectively. (Typically, nonanticipativity constraints prevent
decision variables from adapting to individual scenarios in a stochastic program. Here, they

prevent strategic decisions from adapting to individual time blocks, £.)

Additional Sets
T~ time periods in block ¢, excluding the first period; i.e.,

T =T\ {(l-1v+1}, Vel

Additional Decision Variables

X! strategic design decision for subproblem ¢
R* strategic inventory reset level for subproblem /¢
Formulation

=

= X,Xe,g,lli%lfly, |%| Z (O(XL]) T Z Z fiu¥y) (92)

=7 el leL teTy
s.t. Xlex wer (9b
Y, €V (XY, VteT,ltel (9c
V=Y, +g(V)), VteT (9d

;=Y 1, YteT, LeL (%e
Yi-1yw1 =R, Vle L\ {1} (
Yi.=R Ylel
X=X, Vel: ]
R'=R, WGE:[G‘(;
Y=Y

Model (9) clones the strategic decisions X and R via X* and R, respectively, but enforces
nonanticipativity constraints (9h) and (9i), and hence is equivalent to (P) as specified
in model (1). The objective function in (9a) is modified to incorporate the new X* vari-
ables. Constraints (9b)-(9d) replicate those of (1b)-(1d), when the nonanticipativity con-

straint (9h) is included. Constraint (9e) captures the inventory constraint (le) for time
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periods within a block, i.e., for t € 7,7, ¢ € L. Constraints (9f) and (9g), along with con-
straint (91), maintain inventory across time blocks. Below, we use the dual variables indi-
cated on constraints (9h) and (9i) to develop a Lagrangian relaxation of model (9). We
refer to the following model as (P) because it provides a lower bound on model (P)’s
optimal value.

(P) Formulation

= B Spoe R R Rextesm o

el el teTy lel

st. Xex, wecl (10b
Y, € Vi(XY), VteT,tel (10c
V=Y +gY:), VteT (10d

Y;=Y, 1, VteT, leLl
l/(g_l).v_i_l:Ré, VfGﬁ\{l}
Yi.=R Yel

)
)
)
(10e)
(10f)

(10g)
Vi =Y, (10h)

We require > £ p‘ =0 and > £.6°=0 to avoid an unbounded Lagrangian relax-
ation, which elimipates the free variables X and R. We can compute the lower bound of
model (10), 27, by separating model (P) into |£| subproblems, one for each time block
indexed by ¢ € L. Proposition 2 shows that the optimal value of (P) provides a lower bound
on model (P), and extends the reformulation to create models (i), (G), and (M) to form
lower bounds on models (i), (G), and (M), respectively. The proposition further specifies

relationships among these models.

PROPOSITION 2. Let 27, 2V, 2%, and 2™ be the optimal values of (P), U), (G), and

(M), respectively. Similarly, let 2¥, 2V, 2¢,

and zM be the optimal values of models (P),
U), (G), and (M), i.e., of model (10) specialized to the bilinear representation, or linear
outer-approzimation, under (P), (U), (G), and (M), respectively. Then, z¥' > zF' 2V >
2V, 2G> 2G M > Mo and 2P > 2V > 29 > 2M | Further, assume that the same multipliers

pt 0t Ve e L, are used in models (P), U), (G), and (M). Then, 2F > 2V > 29> M.

Proof. Model (P) as defined in (1) is equivalent to model (9), and model (P) as defined

in (10) is a Lagrangian relaxation of (9) under the restriction on the multipliers of
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Y oer ' =0 and Y over 0 = 0. Thus, z” > 2. An analogous argument shows that 2V >

2V, 2% > 2% and M > M. Using Proposition 1, we have zM < 2% <2V < 2P and zM <

4.2. (P) Formulation: Upper Bounds

We make two modifications to model (9) to obtain an upper bound on (P)’s optimal value,
and call the resulting model (P). First, we fix a design decision X € X, and second, we
fix a “reset point” for inventory levels at boundaries of the partition on 7, which we call
R. We obtain as many as |£| candidate solutions by solving (P), and we may select one
of these; our implementation retrieves candidates from peak demand intervals and retains

that which provides the tightest upper bound upon solving (P).

(P) Formulation

2P =min fo(X)+>_ > fi(V) (11a)
nyy leLl teTy

st. Ve V(X), VteT,lel (11b)

Vi=Y,+¢:(Ys), VteT (11c)

;=Y. 1, VteT, leL (11d)

Y 1ywi1 =R, VLeL\{1} (11e)

Yi,=R, YleL (11f)

Y=Y, (11g)

Fixing the design decision at X and inventory reset value at R allows for the removal of
constraints (9b), (9h) and (9i). The boundary conditions (11e) and (11f) link the pairs of
decision variables Y and Y that span multiple intervals within the partition on 7~ by fixing
their values to the reset point R; these replace constraint (9i), and allow model (11) to

separate by ¢ € L. The optimal value of (P) provides an upper bound on the optimal value
of (P), per Proposition 3.

PROPOSITION 3. Let X € X and R be giwen, and assume that for those X and }A%,
model (P) is feasible. Let z¥', 2V, 2%, and 2™ be the optimal values of (P), U), (G), and
(M), respectively. Similarly, let z2¥, 2V, 2¢, and 2M be the optimal values of models (P),
U), (G), and (M), i.e., of model (11) specialized to the bilinear representation, or linear
outer-approzimation, under (P), (U), (G), and (M), respectively. Then, z¥ > 2F' 2V >

2V, 26> 29 and 2M > M. Further, 280 > zV > 26 > zM,
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Proof. By Proposition 1, feasibility of (P) ensures feasibility of (4), (G), and (M) under X
and R. Consider models (P) as defined in (11) and (P) as re-expressed in (9). Boundary
conditions (11le) and (11f) are equivalent to constraints (9f) and (9g), except that the
inventory variable R = R has been fixed. Additionally, the design decision X = XeXis
fixed. Therefore, (P) is a restriction of (P), and hence its optimal value yields an upper
bound for (P); i.e., zP > 2P, Analogous arguments show 2V > 2V, z¢ > 2@ and zM > M.

Using Proposition 1, we have 2 >zV > 26 > zM 1

4.3. Decomposition Algorithm

Algorithm 1 iteratively improves the solutions to the lower and upper bounding formula-
tions in Sections 4.1 and 4.2, respectively, tightening the bounds as the algorithm proceeds.
For simplicity, we describe the algorithm as applied to a generic model, (A), but it may
be applied to any of (P), (U), (G), and (M). Additionally, valid mixtures according to
Propositions 2 and 3 are possible; for example, we may use (P)=(A) and (U)=(A) to
obtain upper and lower bounds on model (P)=(A).

To obtain e-optimal solutions to model (A), we iteratively solve models (A) and (.A) using
a variation of the progressive hedging method developed by Rockafellar and Wets (1991).
Let Xy and Ry denote a design decision and an inventory level, respectively, obtained by
selecting a candidate from solutions to the subproblems of model (A). Then, Algorithm 1
aims to iteratively improve upper and lower bounds on the optimal value of the model,
which we call 2z, until we obtain a solution whose optimality gap is within the desired
tolerance.

Each iteration in Algorithm 1 updates Lagrange multipliers #° according to step-size
parameters py, the distance between each reset inventory level RY, and its time-weighted
mean value; we update multipliers p‘ using p, and X* under an analogous method. Algo-
rithm 1 is similar to progressive hedging, but in solving (A) we do not include a proximal
term in the objective function; therefore, solving (A) provides a valid lower bound for z*

at every iteration. Figure 4 displays the key outputs of each model under our approach.

4.4. Application to a Microgrid Design and Dispatch Problem
In what follows, we detail our methodology to formulate, and update, models that
bound (P) specific to the microgrid design and dispatch problem developed by Scioletti

et al. (2017). We use multiple models from this paper to approximate (P), and we solve
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Algorithm 1 Decomposition procedure to approximately solve model (A)
procedure DECOMPOSITION

Inputs: € >0,p,>0,p9 >0,k € Z,, k€ Z,,(A),(A) > stopping criterion,
> proximal weights, upper bound search frequency, upper bound search depth,

> models to obtain lower and upper bounds

Outputs: X*, R*,z4, 24 > e-optimal design and inventory,

> upper and lower bounds on z*

i 0; 24 —00; 74 o0 > iteration and initial lower and upper bounds

pt0,00,V0el > initial Lagrange multipliers for model (\A)
while z4 — 24 > 24 do

Solve (A) with u*, 0 to obtain z;, X, R", € L > z; is a lower bound for z4

> |£| subproblems in (A) can be solved in parallel

X« ﬁ S X5 R |—[1:| S>> RY > mean of subproblem designs, reset inventories
leL ter

for /=1,...,|£| do > update Lagrange multipliers

p =+ pu (X = X); 0° <=0+ pg(R" — R)

if z; > 24 then 24 « 2z > update lower bound, if improved
if i mod k=0 then > attempt to find a new upper bound every k iterations
740
for / € £ do

if X' not previously used to solve (A) then
Jjg+1
Solve (A) with X = X*, R=r(X") to obtain
> z¢ is an upper bound for z4
> 7(X*) is the midpoint of upper and lower bounds on R, given X*
> |£] subproblems in (A) can be solved in parallel
if z{ <z then > update upper bound and incumbent solution,
> if improved
Solve (A) with X=X, optimizing R via bisection search
to obtain Rf, z¢
X* X' R+ R, 24« 2
if z4 — 24 <ez4 or j =k then end-for
11+1
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Figure 4: Illustration of direct solution of (P) and Algorithm 1 applied to (A)=(P). Part (a) of the figure depicts how a general
purpose MINLP solver would solve model (P). The bounds z and z are from a branch-and-bound algorithm, and that algorithm
could use multiple processors. Based on Algorithm 1, part (b) shows the reconciliation of the subproblems of (P), while part
(c) shows that of the subproblems of (P).

these via Algorithm 1. Specifically, we use a mixture of (P) and () to obtain upper and

lower bounds, respectively.

4.4.1. Tightening (/) via a lower bound on generator capacity. Design decisions
chosen for subproblems in off-peak time periods may be infeasible to the year-long problem
due to insufficient generator capacity. To address this and to tighten the lower bound
obtained by solving (U), we develop and solve a variant of model (U) in which in each
subproblem we minimize the sum of the capacities of all diesel generators selected in the
optimal design. That is, we seek a feasible solution to each subproblem that uses the
smallest possible total generator capacity. The maximum of the optimal objective function
values, i.e., the sum of the generator capacities, from these subproblems is then used to
form a valid inequality, setting a lower bound on diesel generator capacity when iteratively
solving model (/) in Algorithm 1. Enforcing this minimum generator capacity strengthens
constraints (10b)-(10c) for periods in which average and peak loads are low relative to

those over the time horizon.

4.4.2. Obtaining feasible solutions to model (P), using solutions to model (i/). We

exploit the limited approximation error associated with model (U) to develop solutions
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Input: Design X, reset state-of-charge R, and
dispatch decisions Y; for solution feasible to fet+1
U), vt eT. £ 0.

For all time periods in 7, recalculate battery
state-of-charge according to power input and output under model (P).

For the smallest such t, adjust power
— input and output so that state-of-charge
is at the required minimum.

Is state-of-charge
below the required minimum for an:
teT?

yes

For the smallest such t, adjust power
— input and output so that state-of-charge
is at the required maximum.

Is state-of-charge
above the required maximum for an
teT?

yes

no

yes

For the smallest such t, adjust power
— input and output so that battery flows
are feasible given the state-of-charge.

s battery input or outpu
infeasible given its state-of-charge for
anyt €7,?

yes

For the smallest such t, adjust power
— input and output, or add generators, to
meet spinning reserve requirements.

Output: dispatch
decisions Y; for feasible
solution to (P),
VtET.

| Adjust power input and output, starting
with period 7, so that Y, = R.

Figure 5: Flowchart describing procedure to find a feasible solution to (P), using a solution to (i) as a starting point.

feasible to the nonlinear model (P) by using a solution to model (i) as input. The flowchart
in Figure 5 details the heuristic for obtaining such a solution. For each subproblem ¢, the
heuristic enforces the nonlinear constraints of model (P) and recalculates battery state-of-
charge for each time period in the subproblem, using the battery power from the optimized
dispatch decisions from model (/). Then, the heuristic turns diesel generators on or off

and adjusts their power output until the battery power input and output are feasible to

(P) for each period t € T,.

5. Computational Results

In this section, we first briefly describe the collection of 14 problem instances from Sci-
oletti et al. (2017). Then, we report computational results for these instances under the
partitioning scheme for bilinear terms from Section 3 and the decomposition algorithm
of Section 4. The results: (i) demonstrate the benefit of Algorithm 1 by comparing the
time to solve the McCormick relaxation model (M) using our method to that of solving
model (M) directly; (ii) exhibit the improvements due to our tightened linearization of
bilinear terms by comparing results of our model (i) and that of Gounaris et al. (G);
(iii) validate the use of a partitioning scheme by using solutions to (i) as a starting point

to obtain an upper bound on the nonlinear model (P); and, (iv) detail the impact of

the problem-specific methods from Sections 3.3 and 4.4 on solution quality by comparing
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the bounds on () achieved under subsets of these ideas. For all MIP instances, we used
CPLEX v. 12.6.2.0 (IBM 2017) to either solve the model directly or to solve subproblems
from our decomposition algorithm. Our implementation of Algorithm 1 is in Python 2.7.9
(Rossum 1995), and all results were obtained on a Cray XC40 compute node with two

Intel E5-2690 v3 12-core (Haswell) processors and 64 GB of DDR4 memory.

5.1. Load and Candidate Design Technologies

Forward Operating Bases (FOBs) serve as protected locations from which to project and
sustain combat operations, require significant logistical support, and must produce elec-
trical power without a connection to the grid. While FOBs, or in general, the population
and land mass of any remote site, vary greatly in size and location, we obtained data for
remote locales with no more than 150 soldiers residing within a 100m by 100m area, with
peak power load of at most 300kW over an operating time horizon of one year. This sec-
tion outlines the source of load and candidate storage and generation assets for our model
instances.

The FOB demand profiles were simulated in EnergyPlus (2001), based on an experiment
conducted at the Basecamp Integration Lab at Fort Devens, MA. The four diesel generator
technologies we consider are currently available in the military inventory, and have power
ratings from 15kW to 100kW, with purchase costs between $25K and $38K. The lone type
of PV system we consider is assumed to have fixed-tilt-and-angle panels with a nameplate
rating of 1kW; we assume that spatial restrictions impose a limit of 75 such systems, at a
purchase cost of $2/W. The battery technologies that we consider are sourced from A123
(2018) and have a purchase cost of $500/kWh, with a minimum of one hour for a full

discharge and three hours for a full charge.

5.2. Solution of Model (M) via Decomposition

We demonstrate the benefit of using Algorithm 1 to solve model (M), over solving (M)
directly. Table 1 displays solution times and optimality gaps for our 14 test problems; the
decomposition procedure outperforms direct solution in each instance, decreasing the solu-
tion time from a minimum of 56 minutes for the direct solution procedure to a maximum

of six minutes for Algorithm 1.
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Algorithm 1, |£|=365 Direct Solution
M M Gap Solve Time | Gap Solve Time

Instance ($MM) ($MM) (%) (seconds) | (%) (seconds)
Bagram 1.961 2.031  3.53 285 4.96 15,333
Bamako 1.016 1.050 3.41 52 4.40 8,684
Brazzaville 1.241 1.249  0.70 44 4.06 7,155
Buenos Aires 1.591 1.631 2.50 94 6.67 18,000
Dili 1.438 1.448 0.71 66 4.17 9,273
Dushanbe 2.113 2.166  2.52 328 8.08 18,000
Boston 3.401 3.466  1.92 222 7.43 18,000
Gengneung 2.520 2,575  2.15 195 6.81 18,000
Istanbul 2.157 2.200  2.01 154 8.39 18,000
Kuwait City 1.627 1.702  4.59 146 10.13 18,000
Mexico City 1.127 1.157  2.66 119 9.61 18,000
San Salvador 0.967 0.974 0.76 52 4.53 3,333
Tallinn 2.567 2.620  2.08 190 9.95 18,000
Springfield 3.885 3.978  2.38 245 4.97 11,746

Table 1: Computational results for a collection of year-long (|7 =8,760) instances of model (M). Models are solved using
CPLEX v. 12.6.2.0, via Python 2.7.9.

e Termination criterion for “Algorithm 1”7 and “Direct Solution”: min{time limit < 5 hours, optimality gap < 5%}.

e Termination criterion per subproblem: min{time limit < 60 seconds, optimality gap < 0.5%}; the 60-second time limit was
reached in fewer than 1% of cases.

5.3. Solution of Model (i) vs. Model (G)

We illustrate the impact of our tighter mixed integer linear relaxation, (i), compared to
that of Gounaris et al. (2009), (G), by using Algorithm 1 to solve each formulation over
the 14 instances. Proposition 1 shows that these problems share the same set of feasible
solutions when the binary restrictions in constraint (8h) hold; however, when this constraint
is relaxed, the tighter model (/) allows us to obtain high-quality lower bounds more quickly.
Table 2 compares the solution times from applying Algorithm 1 to models (/) and (G),
as well as another formulation discussed in Nagarajan et al. (2019), which we denote (N),
all using the same tolerance of a 5% optimality gap. Using our tighter relaxation reduces
solution times by about 20%, on average, relative to those obtained from model (G), and

reaches a 5% tolerance in the shortest amount of time of the three models in each instance.
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All three models use | M| =1 (state-of-charge) and |N| =4 (current) uniform subregions.
Unlike our model (i), the model of Nagarajan et al. (2019) does not achieve the convex
hull, but its number of binary variables scales with | M|+ [N rather than our |M|-|N|. The
lower running times for (i) versus (N) may be due to the fact that we can achieve a 5%
gap more quickly by simply using univariate partitioning, i.e., |M|=1 in our application.

We further discuss this choice of | M| and |N| in Section 5.4; see also Section 3.3.

Time to reach 5% tolerance (seconds)
Instance U) (G) (N)
Bagram 671 882 1,858
Bamako 438 451 932
Brazzaville 235 260 331
Buenos Aires 318 339 431
Dili 358 365 572
Dushanbe 827 1,120 3,206
Boston 453 532 622
Gengneung 871 1,375 2,883
Istanbul 257 463 2,482
Kuwait City 510 520 914
Mexico City 318 387 479
San Salvador 221 224 346
Tallinn 261 305 355
Springfield 585 652 2,231

Table 2: Computational results of using Algorithm 1 to approximately solve instances of models () (G), and model (4) from
Nagarajan et al. (2019), which we denote (N). Here, | 7| = 8,760 hrs, |£| = 365, and we use |[M| =1 (state-of-charge) and
|N| =4 (current) uniform subregions in all three approaches.

Models are solved using CPLEX v. 12.6.2.0, via Python 2.7.9.

e Termination criterion for Algorithm 1: optimality gap < 5%.

e Termination criterion per subproblem: min{time limit < 60 seconds, optimality gap < 0.5%}; the 60-second time limit was
reached in fewer than 5% of cases.

5.4. Solution of Model (P)
To obtain a feasible solution to the MINLP model (P), we iteratively solve models ()

and (U), and then use the procedure in Figure 5 to obtain solutions to model (P). Table 3

displays the solution times and optimality gaps achieved on model (P).
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We obtain solutions within 5% of optimality within 20 minutes for all 14 MINLP
instances, a significant result for the nonlinear microgrid design and dispatch problem
using this set of technologies on year-long instances. For comparison, Scioletti et al. (2017)
were unable to achieve 5% optimality gaps for day-long instances (|7 | =24 hours) in the
14 locations within three hours, using any of the general-purpose MINLP solvers BARON
(Sahinidis 1996), Bonmin (Bonami and Lee 2009), or Couenne (Belotti 2009), and for nine

of the instances, they fail to obtain a feasible solution within three hours.

z* z* Gap Solve Time
Instance ($MM) ($MM) (%) (seconds)
Bagram 1.963 2.062  5.00 877
Bamako 1.017 1.061  4.29 883
Brazzaville 1.244 1.268 1.92 443
Buenos Aires 1.594 1.651  3.63 022
Dili 1.442 1.466  1.69 563
Dushanbe 2.114 2.190 3.58 1,172
Boston 3.401 3.486  2.50 651
Gengneung 2.521 2.585 253 1,078
Istanbul 2.157 2.219 287 266
Kuwait City 1.629 1.698  4.29 837
Mexico City 1.129 1.176  4.20 525
San Salvador 0.969 0.992 231 426
Tallinn 2.568 2.635 2.62 476
Springfield 3.886 3.995  2.80 791

Table 3: Computational results of approximately solving MINLP model (P) (|]7| = 8,760 hrs, |£| = 365).

Models (i) and (U) are solved with |M| =1 (state-of-charge) and |[N|=4 (current) uniform subregions using CPLEX v.
12.6.2.0, via Python 2.7.9. The second column (z*) reports the optimal value of (). The third column (Z*) reports the objective
function value of the feasible solution to model () obtained by adjusting solutions to model (/) via the procedure in Figure 5.
e Termination criterion for Algorithm 1: (i) optimality gap < 5%.

e Termination criterion per subproblem: min{time limit < 60 seconds, optimality gap < 0.5%}; the 60-second time limit was
reached in fewer than 5% of cases.

We compare the performance related to different values for |[M| and |[N| in the parti-
tioning scheme we use to create model (/) by adopting two variants of the performance

profile of Dolan and Moré (2002). In the first variant, we compare the optimality gaps
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Figure 6: Performance profile for the partitioning scheme of model (/) in which the number of subregions for battery state-
of-charge, |[M|, and for current, [N, vary between one and four and one and six, respectively, for our 14 instances. Here, we
solve models () and (U) via Algorithm 1, and then use the procedure of Figure 5 to obtain solutions to (P). The value 7, is
calculated using equation (12). For |[M| =1 and |N| = 4, the performance profile reaches the value of 1.0 at x = 1.141, meaning
that the algorithm with this partitioning scheme achieves a gap within 1.141 times the best gap for all nine choices of the
partition across all 14 instances.

achieved for a one-hour time limit as the number of subregions in our partitioning scheme
varies. Let g,s be the optimality gap achieved in one hour of runtime using the p-th design

for the subregions for instance s. Then, our performance ratio, 7, is defined as

ps
T = . 12
"= i (g, 12
=1,..,9
Here, p=1,...,9 ranges over the nine choices for designing the partition shown in Figure 6’s

legend. The figure displays the performance profile as a cumulative distribution function,
using the 14 instances from our application as samples. The z-axis in Figure 6 specifies a
multiplicative factor on the best optimality gap. So, with [M| =1 and |N| =4 subregions,
we can solve 12 out of 14 instances within a factor of 1.08 of the best gap obtained by all
nine partitioning schemes.

In our second variant of the performance profile from Dolan and Moré (2002), we report
the optimality gaps achieved by each partitioning scheme as a function of time in the
following manner. Let g, be the optimality gap achieved in ¢ seconds of runtime using
the p-th partitioning scheme to solve instance s. Then, our performance ratio at time ¢,

Tpst, 15 defined as

Ry n {gpsr}
Tyt = (13)

g pst
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Figure 7: Performance profile of the metric 7,,; over time for our partitioning scheme in which the number of subregions for
battery state-of-charge, |M|, and for current, ||, vary between one and four and one and six, respectively, for the 14 instances
in our application. The value 7, is calculated using equation (13). Part (a) and part (b) display the geometric and arithmetic
means of r,,;, respectively. Here, we solve models () and (U) via Algorithm 1, and then use the procedure of Figure 5 to

obtain solutions to (P).

in which 7= 3,600 seconds, the time limit for each instance.

Unlike the performance measure of equation (12), the measure in equation (13) tracks
the optimality gap as a function of time. Both measures are constructed so that values
“higher and to the left” indicate superior performance. Figure 7 displays the geometric and
arithmetic means of 7,5 across the 14 instances. While the partitioning scheme exhibits the
tightest optimality gaps using |[M| =1 and |[N| = 4 subregions for our collection of instances
with a one-hour time limit, the results suggest that |[M|=1 and |N| =2 subregions may
provide tighter gaps under a stricter computational budget.

Table 4 details the impact of the problem-specific scheme we describe in Section 4.4.1 in
which we add a constraint that provides a lower bound on diesel generator capacity. The
table shows that this significantly reduces solution times when using Algorithm 1 to solve

the nonlinear microgrid design and dispatch problem on our 14 instances.

5.5. Model Validation

Our model was validated using a hardware implementation in a separate effort by team of
collaborators (Foy 2018) at MIT-Lincoln Laboratory (MIT-LL), who developed an algo-
rithm that efficiently dispatches generators and energy storage to meet demand, plus a

reserve for reliability, within certain hardware constraints (e.g., minimum on- and off-times,
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Generator Capacity
(P) and () Only Valid Inequality
Gap Solve Time |Gap Solve Time
Instance (%) (seconds) (%) (seconds)
Bagram 17.77 7,200 5.00 877
Bamako 5.01 7,200 4.29 883
Brazzaville 2.25 325 1.92 443
Buenos Aires | 5.74 7,200 3.63 522
Dili 1.75 524 1.69 563
Dushanbe 5.36 7,200 3.58 1,172
Boston 3.98 7,184 2.50 651
Gangneung 3.73 620 2.53 1,078
Istanbul 4.26 2,824 2.87 266
Kuwait City 5.28 7,200 4.29 837
Mexico City | 4.16 2,021 4.20 525
San Salvador | 2.61 469 2.31 426
Tallinn 4.34 3,570 2.62 476
Springfield 5.57 7,200 2.80 791

Table 4: Computational results of approximately solving instances of MINLP model (P) (|7| = 8,760 hrs, |£| = 365).

Models (i) and (i) are solved with | M| =1 (state-of-charge) and |[N| =4 (current) uniform subregions using CPLEX v. 12.6.2.0,
via Python 2.7.9. Solutions to model (P) were obtained by adjusting solutions to model (i) via the procedure in Figure 5. The
right-most columns include the lower bound on required diesel generator capacity per Section 4.4.1.

e Termination criterion for Algorithm 1: min{time limit < 2 hours, (P) optimality gap < 5%}.

e Termination criterion per subproblem: min{time limit < 60 seconds, optimality gap < 0.5%}; the 60-second time limit was
reached in fewer than 5% of cases.

maximum loading, and ramping) for given sets of equipment similar to those we consider
here. The logic in the algorithm implemented in the hardware tests mimics our heuris-
tic policy (Figure 5); see also the similar heuristics of Scioletti et al. (2017) and Goodall
et al. (2019). The algorithm responds to demand and the battery’s state-of-charge, with
dispatch decisions for the generators and storage, without knowledge of future demand.
The MIT-LL team’s algorithm is run in Simulink for a range of conditions, and used in
multiple, successful field tests with various load profiles to demonstrate its ability to reduce

fuel consumption over legacy (i.e., generator-only) configurations by 25%, which is similar

to the results presented in Table 9 of Scioletti et al. (2017).
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6. Summary and Future Work

This paper advances two integrated methods that take advantage of problems that are
loosely coupled with respect to time and contain bilinear terms. For the latter issue, we
develop a partitioning scheme that approximates bilinear terms. We show that our scheme
achieves the requisite convex hull, and is a tighter relaxation than similar approaches in
the literature, both in practice on our test problems and in theory. We present a decom-
position method that separates the problem into smaller subproblems, using Lagrangian
relaxation to obtain a lower bound and fixing inventory levels at regular intervals to obtain
an upper bound. We apply the methodology to a microgrid design and dispatch problem,
solve instances to within 5% of MIP optimality in at most six minutes, and achieve a 5%
MINLP gap for all instances within 20 minutes, which significantly improves on alternative
approaches.

Our microgrid design and dispatch problem could benefit from a model that more fully
hedges against uncertainty in load and solar irradiance. While our model appears to have
perfect information on these parameters over the course of a year, only the battery’s state-
of-charge links the model temporally. Our computation requires the state-of-charge to
reset daily, and this limits foresight to 24 hours. Once the design variables—which procure
generators, PV, batteries, and select the battery state-of-charge reset value—have been
fixed, the model separates into |£| =365 daily dispatch models. This construct resembles
a two-stage stochastic program in which we face |£| scenarios for load and irradiance.
That said, for a microgrid that faces significant seasonality, many fewer daily scenarios
currently drive the model’s design solution. A stochastic program might yield a more robust
design and further inform construction of our spinning reserve constraint. In terms of our
partitioning scheme, investigating a wider range of applications may help reveal the relative
merits of adaptive versus uniform partitioning. Further work could also yield insight on the
advantages of alternative formulations that have weaker linear programming relaxations,

but scale better with respect to the number of partitions.
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Online Supplement A. Microgrid Design and Dispatch Problem

In this Online Supplement, we describe our adaptation of the microgrid design and dispatch problem of
Scioletti et al. (2017), the mapping of this detailed notation to that used in the main text, and the constraints
we add to develop model (P). The notational conventions follow those of Scioletti et al.; see their paper for

more detail.

Online Supplement A.1. Full (P) Formulation

Sets

teT time periods

e £L={1,2,...,|L]} time blocks indexing a partition of T7; i.e., Uy, To =T and T,N T, =0, L # L
jedJ battery and generator technologies

gegcg generator technologies

beBCcJ battery technologies

se8 PV panel types

ke jj cJ identical twins of technology j, given by size, type, and manufacturer

ke Gg cg generator twins of type g

keB,cB battery twins of type b

Timing Parameters

T length of one time period [hours]
v number of time periods per block [hours]
v ratio of base operation duration to time horizon length [fraction]

Optimization Model Penalty Parameters

C; cost of procuring one twin of technology type j [$/twin]
Cs cost of procuring one panel of technology type s [$/panel]
57 fuel cost penalty in time period ¢ [$/gal]

£ cycle cost penalty for technology type j [$/(hours, cycles)]

Power System Parameters
dr power demand in time period ¢ [W]
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k overage load coefficient [fraction]
k* spinning reserve required relative to PV power [fraction]

Technology Parameters

nj*, n; electric efficiency of power into and out of technology type j, respectively
[fraction]
DjsD; minimum and maximum power rating, respectively, of technology type j [W]

Generator Parameters

bg,cg fuel consumption coefficients for generator g [v%lh’ %’ QT‘”]

PV Parameters

Vst power output of PV technology type s in time period ¢, based on solar
irradiance [ |
Mg maximum allowable number of PV panels of technology type s [panels]

Battery Parameters

ay, by battery b voltage model coefficients [V]

dgoc, a;ee battery b lifetime model coefficients [unitless]

by battery b state-of-charge used in initial condition constraints [fraction]

et battery b manufacturer-specified capacity [Ah]

o, ep battery b charge and discharge capacity rate coeflicients, respectively [hours]

rint battery b internal resistance [Ohms]

i typical current expected from battery b for both charge and discharge activities
A

Sp, Sp l[oa]ttery b state-of-charge minimum and maximum operational bounds,
respectively [fraction]

iv it battery b charge current lower and upper bound, respectively [A]

e il battery b discharge current lower and upper bound, respectively [A]

where, for our application, the above parameter values are computed as:

irt =0, VbeB
Cref
il[>]+ == b7+7 Vb S B
Cp
iy” =0, VbeB
cref
iV =-—"— VbeB
c +T
Continuous Variables
Power Variables
Pf;t, P aggregate power into and out of technology type j, twin k in time period ¢,
respectively [W]
PV aggregate power out of PV technology type s in time period ¢ [W]
Generator Variables
F; amount of fuel used in time period ¢ [gal]
Battery Variables
Bgee state-of-charge of battery type b, twin k at end of time period ¢ [fraction]
L Loy battery b, twin k current for charge and discharge, respectively, in time period ¢
A]
R battery inventory at the beginning and end of each block [Ah]
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R* battery inventory at the beginning and end of block ¢ [Ah]
Boundary Condition
By% initial state-of-charge of battery type b, twin k [fraction]

Binary and Integer Variables
Power Procurement Variables

Wik 1 if technology j, twin k is procured, 0 otherwise

X, integer number of PV panels of technology type s procured [panels]

W].ek 1 if technology j, twin k is procured in block ¢, 0 otherwise

X! integer number of PV panels of technology type s procured in block ¢ [panels]
Generator Variables

Gyt 1 if technology type g, twin k is operating in time period ¢, 0 otherwise
Battery Variables

B, 1 if battery type b, twin k is charging in time period ¢, 0 otherwise

By, 1 if battery type b, twin k is discharging in time period ¢, 0 otherwise

Problem (P)

Objective Function:

Minimize

1 5 -

AP D IPILUEEDIPIN S QVZ 2R DIDIP I,

ELjeJkej. LeL seS teT gggkeggtET
soc + soc -
90(‘ bkt + Ibkt soc Bbk,t—llbkt + Bbk,t—llbkt
D) 3D I S S L R m
bEB kB, tET b

subject to

System Operations:

SIS hPn =D S LAY PR >+ k), vieT (152)

JjET k€.7_7 bEB keB, SES
DN B+ (G — Ppe) 2 kY PRV, VieT (15b)
bEB keB, 9€9 kegy ses
Wi >Wh, VjeT ke, k>1, LeL (15¢)

Generator Operations:

PyGort < Py <5yGore, V9€G kEG, tET (16a)
F, 27 Y (bIPy, +c!Gyn), VEET (16b)

gegkeég
ng:t gkv vgegvkEvatenv £E£ (16C)
Gyn14<Gyp, VgEG kEG teT k>1 (16d)
P 1. <Py, Y9eG.keG, teT k>1 (16e)

PV Operations:

PV <~,X! VseS,teT, leLl (17a)
X'<n,, VseS, lel (17b)
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Battery Operations:

Py =ay B (L, + (b +ig ri ) Iy, VbeBke By, teT (18a)
P =ay By Iy, + (b — iy ry"" )1, Vbe B, keByteT (18b)
B;,g;:Bg,g;_1+—("” Ib’;gf Ib’“), VoeBkEBy,teT (18c)
sy, Wi < Biee < 5,Wt VbeB,kbeBb,ten, el (18d)
Bt < By, +(1—-Wf), YWeBkeBy,,teT,tel k>1 (18e)
Bipe> By —(1-W), YWeBkeBy,teT,lel k>1 (18f)
SO BBy =R Ve L\ {1} (18g)
bEB kEBy,
> I By, =R, YeLl (18h)
bEB kB,
PoBiv: < Py <PpBiy, W0EBKEB,t €T (181)
PoBiy < Py <PoBipy, V0 EB K EB,, t €T (187)
iFT B, <Lt <iVtB), VbeBkeB,teT (18k)
it~ B, <I;, <il B, YbeB,keBy,tecT (181)
I, <i) "B, YbeBkeBy,teT (18m)
B+ By, <WY, YoeBkeB,,teT,leLl (18n)
B, + By, <1, Vb,V €Bik, k' €Byit €T :b£V k#K (180)
Nonanticipativity:
Wi =Wy, VieT keJ, el (19a)
X=X, VseS,lel (19Db)
R'=R, Ve L\ {1} (19¢)
Boundary Condition:
By = bWy, Vbe B,keB, (20)
Nonnegativity and Integrality:
PP >0, VjeT ke T teT (21a)
PEV >0, VseS,teT (21b)
F, >0, teT (21c)
B L Iy >0, YbeBkeB,,teT (21d)
R unrestricted (21e)
R"  unrestricted, Ve L (21f)
B >0, YWeB,keB, (21g)
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W, € {0,1}, Vje T, ke J; (21h

X, €72, Vse8 (213

Wi € {0,1}, VjeT ke, el (21

Xt ezt VseS,teLl (21k

G € {0,1}, Yge G keG,teT (211
Bk, By, € {0,1}, VbeB, ke B, teT (21m

Discussion

Online Supplement A.1.1. Objective function. We minimize the objective function in (14),
which includes the cost of (i) procuring diesel generators, batteries and PV systems, (ii) consuming fuel, and
(iii) using the technologies in dispatch, measured in lifecycles; a generator uses one lifecycle for each hour it
is running, while a battery uses lifecycles according to a function of the charge current and state-of-charge
of the battery in each time period. We assume that the fixed costs associated with procurement of the
generators, batteries, and PV systems account for the operating horizon of the FOB, i.e., each such cost is
the difference in value between a new technology and its salvage value after the deployment is complete. Our
implementation of lifecycle costs is analogous to assigning values to variable L;; via constraints (6a) and (14)
from Scioletti et al. (2017); however, we do not impose a restriction on the number of lifecycles spent per
constraint (6¢) from their paper. The parameter v reconciles the time horizon of the optimization model

with that of the FOB’s duration.

Online Supplement A.1.2. System operations. Constraint (15a) requires that the dispatch
strategy meets demand for each hour; the efficiency parameter, 7, , denotes the (fixed) efficiency losses
applied to battery power output that supplement those that we describe in Section 3.3. Constraint (15b)
enforces a spinning reserve requirement that is equal to a fraction of PV power output in each time period.
Alternative approaches model spinning reserve requirements as a function of the demand not met by PV
systems (see, e.g., Husted et al. 2018). Constraint (15c) breaks symmetry (Sherali and Smith 2001). Our
model adopts the “copper plate” model discussed in Coffrin et al. (2016), which does not include power flow
constraints. Rather, we assume that power supply must meet load in each time period without regard for
line-specific losses or transmission capacity constraints; this assumption is reasonable for the size of microgrid

we consider.

Online Supplement A.1.3. Generator operations. Constraint (16a) restricts power output
of generators to their specific minimum and maximum power ratings. Constraint (16b) determines fuel
consumption as a function of whether each generator in the microgrid design is running, and, if so, its power
output. While Scioletti et al. (2017) include a second-order term in the relationship, i.e.,

B>y N (ag(ngtf FU P el Go), VEET,
9€9 keg,
their implementation sets the value of the parameter ag to zero. Constraint (16¢) connects procurement to

dispatch, and constraints (16d) and (16e) break symmetry.
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Online Supplement A.1.4. PV operations. Constraint (17a) enforces an upper bound on PV
output power per panel according to the solar irradiance in each hour. Constraint (17b) limits the number

of systems in the design according to spatial restrictions.

Online Supplement A.1.5. Battery operations. Constraints (18a) and (18b) restrict the net
power output of the battery to the product of the battery’s voltage and its net current for each time
period; this is consistent with the battery modeling paradigm developed by Scioletti et al. (2016). Our
implementation does not use a decision variable for voltage, but rather, uses the right-hand side of constraint
(5g) from Scioletti et al. (2017) to model battery voltage. While the implementation from Scioletti et al.
includes the products of terms Bl;z,t_l Ik, and By i1 - Iy, on the right-hand sides of constraints (18a) and
(18b), respectively, the bounds provided in constraints (18k)-(181) require that I,;, =0 when the battery is
not charging, and that I,,, = 0 when the battery is not discharging, i.e., B\, - I,t, = I\, and B,,, - I, = I,
As a result, our constraints (18a)-(18b) are an equivalent formulation to constraints (5a), (5b), and (5g)
from the predecessor paper.

Constraint (18c) updates the battery state-of-charge according to charge and discharge currents, the
former of which is modified by an efficiency term, 7, . Constraint (18d) enforces upper and lower bounds
on the battery’s state-of-charge. Constraints (18e) and (18f) force all batteries in the design to maintain the
same state-of-charge. Constraints (18g)-(18h) enforce the reset policy described in Section 2.1. Constraints
(18i) and (18j) provide upper and lower bounds for net power, while constraints (18k) through (18m) provide
similar bounds for net current. Constraints (18n) and (180) preclude simultaneous charging and discharging

of batteries.

Online Supplement A.1.6. Nonanticipativity and boundary condition. Con-
straints (19) require a single design and reset inventory level. In the lower bound model, (P), we implement
a Lagrangian relaxation of these constraints with multipliers that we update via Algorithm 1. In the upper
bound model, (P), we provide (fixed) values for: Wy, Vb€ B, k € By; X,,Vs € S; and, R. Constraint (20)

enforces a specific initial state-of-charge for each battery in the design.

Online Supplement A.1.7. Nonnegativity and integer restrictions. Constraints (21) pro-
vide nonnegativity and integer restrictions for the design and dispatch decision variables. Our implementation

relaxes constraint (21i) to allow fractional values for X, Vs€ S, (€ L.

Online Supplement A.2. Mapping Microgrid Design and Dispatch Problem to
Model (P)

We map the technology purchase decision variables, W;,, j € J,k € jj, and X,, s €S8, to the decision
vector X in model (P), and variable R in the detailed model of this Online Supplement maps directly to
R in model (P). We map B;y5,_; and By, be B,k € By, to Y, and Y,, respectively, in model (P) for all
t € T. We map all other decision variables to Y;, ¢ € T. Focusing on model (9)’s reformulation of model (P),
constraints (15c), (17b), and (21h)-(21k) correspond to constraint (9b). Constraint (18c) corresponds to

constraints (9d)-(9e), which are condensed by substituting the variable for each battery’s starting state-of-

charge in period ¢ with that of its ending state-of-charge at period ¢t — 1. Constraints (18g)-(18h) correspond
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to constraints (9f)-(9g). Nonanticipativity constraints (19) correspond to constraints (9h) and (9i), and the
boundary condition (20) corresponds to constraint (9j). All other constraints constitute (9¢) in model (P).
We model the inventory variables Y; as total battery capacity via:
=% <ng Bye, vteT, (22)
bEB keBy,
and calculate Y, and R similarly. This allows us to use a single value for R when we perform the bisection

search in Algorithm 1.

Online Supplement A.3. Mapping Linearization to Model (/)
Because voltage is a function of battery state-of-charge, we substitute the products B;p%_, - I}, and BsgS_; -
I, with the linearization variables Z}, and Z,,,, respectively, and constraints (23) and (24) enforce the

bilinear relationships in the nonlinear model (P):

Zh, =By L}, YbeEBkeByteT (23)

Ziw =Bt 1 Loy, YWEBKEB, tET. (24)

We map the state-of-charge variables, By _;, and current variables, I},, to Yy, and Ya,, respectively, for
each battery, twin and time period; we perform an analogous mapping for B;p¢ and I,,,. Rather than just
having a simple lower bound, variable I,;, has a lower bound of 3" if binary variable B;;, is one and
otherwise the lower bound is zero, with an analogous bound of it~ for I,,, if B,,, = 1 and zero otherwise;
see constraints (18k)-(18l). Likewise, variable Bsp¢ has a lower bound of s, if W), =1, and zero otherwise.
The following variant of constraints (8) incorporates these restrictions using binary variables B;:,, B;,,, and

‘.
Wyt

Sets
neN set of all subregions in partitioning of support of current

New Battery Parameters

it minimum charge current to battery b in subregion n (A)
it maximum charge current to battery b in subregion n (A)
i minimum discharge current from battery b in subregion n (A)
iV maximum discharge current from battery b in subregion n (A)

New Battery Variables

Zss T battery b, twin k auxiliary variable for product, and charge and discharge current,
respectively, and starting state-of-charge in period ¢ [A]
Mnt 1 if charge current for battery b, twin k is in subregion n at period ¢, 0 otherwise
Abknt 1 if discharge current for battery b, twin k is in subregion n at period ¢, 0 otherwise
Constraints

S K =B, VbEBkEB, teT (25a)
neN
> Pkt = Boyr WEBEEB,tET (25b)
neN
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Lh, > it BE 4 GE — ik, YbeBkeB,neN,teT (25¢)
Lh, <iVT B, — (YT —iUN\L,,, VbeBkeB,neN,teT (25d)
Iy, >Zb Bbkt+(lbLn )A;knﬂ VbEB,kEBb,HEN,tET (25e)
I, <iV" By, — (V" =iV )Ny VbEBkEB,neN teT (25f)
lel;t > ZU+B§IZC1£ 1 + gbI;l;l - gbzl[{n+Wlfk (Sb - Sb)( s - an )(Wbek )\;;cnt)7
VbeBkeB,,neN,teT,leLl (25g)
Zs Zign Byt 1+ suly — svign Wiy — (55— 80) (ign — iy ) (Wi = Nne)
VbeB,kel’S‘b,neN,teE,ﬂeﬁ (25h)
lel_ct <1 +Bzfzict 1+ gbIbIct Sb% ka + (5 )(lbLn+ - Zb )(Wfk - )\l_):mt)?
VbeB,keB,,neN,teT,leLl (251)
Zﬁt < Zb BE;Z’i 1 SbIbkt - §bill)}n+Wb£k: + (5 _§b)(i§]+ - an )(Wbek Alﬁcnt)’
VbeB,keBy,neN,teT, el (257)
Zl;et Z il[jniBgI:,ctfl + gb[l:kt - gl7ibU:r1,7.[/I/belc - (gb - §b)(7’57 - 7’g;':)(v{/fk - )\;knt)7
VbeBkeB,,neN,teT,leLl (25k)
Zl;vt 2 Z’lfn_BlfIg,ctfl +§b[b_kt - §bzl€n_Wb£k - (gb - ‘jb)(ifn_ - Z£_>(szk - Ab_k'nt)’
VbeB,keB,,neN,teT,leLl (251)
Zl;et S Z.IfniBlflj,ct—l + gb[l;ct - gbili; Wbék + (Eb - §b)(ibLn7 - Z.bLi)(‘/VblIc - A;knt)’
VbeB,keB,,neN,teT,leLl (25m)
Zye <ty Bty + Sule — Svi, Wi (55— 80) (i — iy ) (Wa, = Ao
VbeBkeB,,neN,teT,leLl (25n)
Zt, <50k, VYoeBkeB,teT (250)
Zos <Bolp, YhEBkEByteT (25p)
Nt M €401}, VoeB keBy,,neN,teT (25q)
Zgi Zi >0, YbEB kEB, teT. (251)

Constraints (25a)-(25n) replicate the linearization constraints (8) applied to the microgrid design and dis-
patch problem for each battery technology and twin. Constraints (250)-(25p) require that Z,;, =0 when
battery b, twin k is not charging in period ¢, and that Z;,;, =0 when the battery is not discharging, respec-
tively.

Online Supplement B. Repository of Data and Code
Data and code are available in a GitHub repository: https://github.com/zolanaj/RemoteMicrogridOpt.
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