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Background on Sobol' Indices
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Hierarchical Decomposition

Consider a function f : IR.P R and assume
• X = (X1, X2, . . , Xp) has some known probability distribution
• f(X) is square integrable

Joseph Hart (SNL) Distributional Uncertainty UQ- 2020 4 / 25



Hierarchical Decomposition

Consider a function f : RP IR and assume
• X = (X1, X2,..., Xp) has some known probability distribution
• f(X) is square integrable

Then

where

f(X) = fo + E fipo + E xi) + • • • = fo + E E fu(c)
i k=1 lul=k

fu(Xu) = E(f (X)P(p) — E fv(Xu), u c {1, 2, ... , p}
vcu

is a function of only X.
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Hierarchical Decomposition

Consider a function f : IRP R and assume

• X = (X1, X2, ...,Xu) has some known probability distribution
• f(X) is square integrable

Then

where

f (X) = fo +E t;(Xi) +E fi,i(Xi XJ) + • • • = fo + E E fu(Xu)
i k=1 lul=k

fu(X„) = E(f(X)1Xp) Z; fv(X„), u C {1, 2, .. . ,
vcu

is a function of only X.

• this hierarchical decomposition exists Vf such that f (X) E L2
• if Xj., X2, , Xp are statistically independent then

E(fu(Xu)fv(Xv)) = 0 I v

> Var(f(X)) = E E Var(fu(Xu))
k=1 lul=k
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Sobol' Indices with Independent Variables

Assuming independence, use the decomposition of variance

p

Var(f(X)) = E E Var(fu(Xu)),
k=1 lukk

to define the Sobol' indices as 1

Var(fu(Xu))
Su =

Var(f(X))

and define the kth total Sobol' index as

u c {1,2, ...,p}.

Tk = E Su
unf000

1Sensitivity estimates for non linear mathematical models. Sobol' 1993 Q .-1••
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Sobol' Indices with Independent Variables

Assuming independence, use the decomposition of variance

p

Var(f (X)) = E Var(QX,)),
k=1 ul=k

to define the Sobol' indices as 1

Var(fu(Xu))
Su =  

Var(f(X))

and define the kth total Sobol' index as

u c

Tk = E
un{k}40

• Sk only measures contribution of Xk
• Tk measures the contribution of all interactions involving Xk

• {Sk, TX, 1 may be estimated via Monte Carlo integration with N(p + 2
evaluations of f, where N is the number of Monte Carlo samples

'Sensitivity estimates for non linear mathematical models. Sobol'. 1993 (7)
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Users Guide to Sobol' Indices

O Define distributions for X1, X2,..., XP

(;) Draw samples from these distributions

O Evaluate f at these samples

O Estimate the Sobol' indices using these evaluations of f
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Users Guide to Sobol' Indices

O Define distributions for X1,

• Draw samples from these distributions

• Evaluate f at these samples

O Estimate the Sobol' indices using these evaluations of f

What if we do not know the distributions of X1 X2 XP • ?

• Distributions are typically defined from limited data and/or knowledge.

• They are frequently uncertain.

• How robust are the Sobol' indices to changes in the distributions?
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Goa I

Goal: Develop a numerical method to assess the robustness of the Sobol' indices
to distributional uncertainty that:

• Does not require a priori knowledge about parametric form of the
distributions of X1, X2,..., Xp

• Does not require additional evaluations of f beyond what is computed to
estimate Sobol' indices
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Assumptions

Assume that,

• X1, X2,...,Xp are independent

• Xi is supported on a compact interval c2; with PDF Oh i = 1,2, ..., p

• 0; is continuous on 52i, i = 1, p

• f is bounded on S2 = S21 x S22 x • • • x S2f,
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Assumptions

Assume that,

• X1, X2,...,Xp are independent

• Xi is supported on a compact interval c2; with PDF Oh i = 1,2, ..., p

• 0; is continuous on 52i, i = 1,2,..., p

• f is bounded on S2 = S21 x S22 x • • • x

Idea:

• define a Banach space in which we may vary marginal PDFs

• compute the Frechet derivative of the Sobol' indices with respect to the
marginal PDFs (only requires existing function evaluations)

• define "optimal perturbations" according to the directions of steepest ascent
and estimate perturbed Sobol' indices (using existing function evaluations)
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Banach Space Containing PDF's

Define V; as the Banach space of bounded functions on Q, with

0
0; I L°.(2,)

for i = 1, p and V = Vl x V2 X • • • x Vp with norm

=

11(01, 02, • 'IPA v = max Willy,
1<i<p
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Banach Space Containing PDF's

Define V; as the Banach space of bounded functions on Q with

=
L°.(f),)

for i = 1, p and V = V1 X V2 X • • • X Vp with norm

11(01, 02, • • • OPOI v = max Nil I v,

For any (01, 02, • • • , Op) C V with 1101 v< 1

+ 
1 + fc2, 0)(x;)dx;

is a PDF on Q. Define the Sobol' indices as an operators

Sk : V
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Banach Space Containing PDF's

Define V; as the Banach space of bounded functions on f2; with

Why =
L°.(0,)

for i = 1, p and V =1/1 X v2 X • • • X Vp with norm

11(01,02,•••,0p)1117 = max
1<i<t)

For any N1,V)2,...,0p) E V with 101 v < 1

p H  + 
li 1 + fRi Oi(x;)dx;

1\4*

is a PDF on S-2. Define the Sobol' indices as an operators

Sk : R and Tk : R

• Sk(cb) and Tk(0) are the Sobol' indices you compute

• Sk((b + 0) and Tk(q5+ 0) is well defined for all 1/) E V , < 1

• Compute the Frechet derivative of Sk and Tk with respect to___5
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Fréchet Differentiability

The total Sobol' index is given by

where

Tk (11) = 
Gkei) 

1 1
p

'))2 nic(4c)dxthekUkUID = 2 Lk im(y)dy Lk 
(f (x) — f (x ni(xi)

i=1

Hk(n) = f f (x)2 ni(xi)dx p 
i=1 

f (x) H n-(x.)dx) 2

II L. iliCY)dy (12
1=1

— 0
NIP
Lln,rat,,
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Frechet Differentiability

The Frechet derivative of the total Sobol' index is given by

DGk(0)0 D4K

(0)
Tk(OK = T k (0)

H k (0) H k 
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Fréchet Differentiabili

The Frechet derivative of the total Sobol' indek(x:0 givke(nob:

DGk(0)0 DHi-1k K
Tk (0)0 = 

T

Hk(g6)

where

231Gk(0) 
1 
fuxclk(f(x) — f(xT2 ("(4) + 1Pi(xl)) 1P10000k(4,)dxdx'
2 Ok(4) i=1 Oik) i=1 k

f ktY)dy (f (X) f (>0)2 110i(MSbk(4)dxchek

2 glk f2><Qk 1=1
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Fréchet Differentiability

The Frechet derivative of the total Sobol'

DGk(0)1,b 
Tk(0)0 = H k (0)

index is given by

DH k (OK
Tk (01 Hk(0)

where

1 ) (Xi) 
2) G&W (f (x) f (x' ))2 k E )lloi(xook(xodxthekc_2><Q, ok (4) i (xi)i=1 i=1

2
fnk 'Ok(Y)dY 

1.2 
(f(x) f(x1))2 H Oi(xi)Ok(4)dxdx/k

xnk 1=1

DHk(OK = j f(x)2 x')) fl 45 i(xi)dx
Oi(xi) j=1

+ (12 ( 1)]. 
'CbOii((Xxii))) 

A,i(xodx) 7/ f (x) cbi(xi)dx
i=i

— 2 / f f(x) 0;(xi)dx) f (x) 1Pi(xi)) flOi(

\* Q Q
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Optimal Perturbation of 0

Idea: Using the existing evaluations of f ,

Determine closed form solutions to the optimization problems

= arg max IDSk(0)Vd = arg max ID Tk(95K1
v 0E1/

1101Iv<1 1101Iv<1

where D denotes the Frechet derivative operator

Estimate perturbed Sobol' indices for each optimal perturbation by
reweighting the existing function evaluations

Weight the perturbation of each marginal according to its Fréchet derivative

Use sample estimator standard deviation to determine the maximum
admissible perturbation size

_.411C1)
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Users Guide to Sobol' Indices with Robustness Assessment

O Define distributions for X1, X2,... , Xp

O Draw samples from these distribution

O Evaluate f at these samples

O Estimate the Sobol' indices using these evaluations of f

O For each Sobol' index, use the existing evaluations of f to determine an
optimal PDF perturbation and estimate the Sobol' indices corresponding to
this perturbed PDF using weighted averages

- Does not require any additional evaluations of f
- Computational cost of step 5 is small relative to step 3
- Robustness and corresponding optimal perturbations may be visualize

alongside the Sobol' indices
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Numerical Results
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An Illustrative Example

f (X) = 2X2e-2x1 + X 1.

• Xi is uniformly distributed on the interval [Ai, i = 1,2,3

• Ai and Bi are random variables which are uniformly distributed on [0,.1] and
[.9, 1], respectively, i = 1, 2, 3

• Emulates an application with uncertainty in the distributions support

---- LEA, 
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Perturbed Total Sobol' Indices

f (X) = 2X2e-2)(1 + X .

0.6

0.5

"20.4
-0, 0.3

0.2

,2 0.1 hr d 11
Variable

11•11k ANIL
Figure: Top: Total Sobol' indices. Blue bars denote the indices computed using the
nominal distribution, red bars denote the indices when the distribution is perturbed to
maximize T2, cyan bars denote the indices when the distribution is perturbed to
minimize T2 . Bottom: perturbed distributions corresponding to the perturbed whic
maximizes T2 .

El) .1*,
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A PDE Example

—E A u + v • Vu = s

u = 0

u = 0

n • Vu = vlu

n • Vu = v2u

on (0,1)2

on {0} x (0,1)

on (0,1) x

on {1} x (0,1)

on (0,1) x {1}

• v(3'1, .Y2) = (cti(yi. + 0.5), a2(.Y2 + 0.5))

• s(yi, Y2) = 6.-7((Y1-6)2+(Y2-W2)

• X = (€,ai,a2,676,7,i3,111.7 v2)
• assume inputs are independent uniform random variables with ±30%

uncertainty about nominal values

• define f(X) = 15.7 15.7 1.(Y11.1/2)dhdy2
C-_0 !A-
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The PDE Solution

50

40

30

20

10

0.75

>;‘' 0.5

0.25

0.25 0.5 0.75 1

y1

0.05

0.04

0.03

0.02

0.01

0

Figure: Left: contours of the average source with the average velocity field overlaid with
red arrows. Right: contours of the average contaminant concentration u. The cyan and
magenta lines indicate the Robin and Dirichlet boundaries, respectively. The black box
encloses the region over which we integrate to compute f.
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Minimum and Maximum Total Sobol' Indices
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Figure. Total Sobol' indices for the advection diffusion example. The top of the green
bars and bottom of the magenta bars denote the maximum and minimum perturbed
total Sobol' indices, respectively; the blue area between them indicates the nominal total
Sobol' indices.
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A Particular Perturbation
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Figure: Total Sobol' indices for the advection diffusion example. Blue bars denote the
indices computed using the nominal distribution, red bars denote the indices when the
distribution is perturbed to maximize the total Sobol' index for )3, cyan bars denote th
indices when the distribution is perturbed to minimize the total Sobol' index for )3.
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What About Statistical Dependencies?

• The previous developments assume that the inputs are independent
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What About Statistical Dependencies?

• The previous developments assume that the inputs are independent

• An analogous framework can be applied to find optimal perturbations of joint
distributions instead of marginals

• Perturbations of the joint distribution may be useful when you have assumed
the inputs are independent but you are concerned they might not be

• Assuming independence gives computational advantages in high dimensions
because the dimensions are decoupled, the method in this talk scales more
efficiency to high dimensions
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What About Statistical Dependencies?

• The previous developments assume that the inputs are independent

• An analogous framework can be applied to find optimal perturbations of joint
distributions instead of marginals

• Perturbations of the joint distribution may be useful when you have assumed
the inputs are independent but you are concerned they might not be

• Assuming independence gives computational advantages in high dimensions
because the dimensions are decoupled, the method in this talk scales more
efficiency to high dimensions

• A comparison of the two approaches is given in the paper (citation on final
slide)
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Summary

• Wrap classical theory for Sobol' indices in a function theoretic framework

• Use a derivative based approach to assess the robustness of Sobol' indices to
distribution uncertainty with no additional model evaluations

• Easily visualize the resulting perturbations and perturbed indices to gain
physical insights

• The approach has two important properties

- We do not make assumptions on the parametric form of the distributions
- We do not require any additional model evaluations
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Questions?

Joseph Hart

Sandia National Laboratories

joshart@sandia.gov

J Hart and P.A. Gremaud. Robustness of the Sobol' indices to marginal
distribution uncertainty. SIAM/ASA Journal on Uncertainty Quantification, 7(4)
1224-1244, 2019.

J. Hart and P.A. Gremaud. Robustness of the Sobol' indices to distributional
uncertainty. International Journal for Uncertainty Quantification, 9(5) 453-469,
2019.

https://github.com/jIhart352/Sobol_Index_Robustness
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