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ARTICLE INFO ABSTRACT

Keywords: This paper describes the measurement of convective heat transfer coefficients and friction factors for sCOy
Supercritical carbon dioxide flowing in additively manufactured tubes with internal pin fins at the US DOE’s National Energy Technology
Recuperator

Laboratory in Morgantown, WV. The measurement procedures were validated by conducting benchmark tests
with smooth stainless-steel tube and comparing the results with published correlations for Nusselt number (Nu)
and friction factor. Over Reynolds numbers (Rep) ranging from 5 x 10* to 2.5 x 10°, measured Nu was within 5%
of the Dittus-Boelter correlation and measured friction factors were within 5% of the McAdams correlation for
smooth tube flow.

The candidate pin fin patterned pipes were additively manufactured (AM) at the Oak Ridge National Labo-
ratory. The pins were circular or elliptical in cross-section and were printed at a 30° angle relative to the inner
wall (to meet AM constraints). The pin arrangement was helical to promote enhanced heat transfer due to swirl
flow. Pin length to diameter aspect ratio was 1.33, 2, and 8, while the pin diameter to tube diameter ratio was
0.188, 0.125, and 0.063. Tests were performed for Rep varying from 6.9 x 10* to 2.2 x 10° and at conditions
equivalent to the low pressure (LP) outlet (8.69 MPa, 361 K) and the high pressure (HP) inlet (20.7 MPa, 350 K)
of the low temperature recuperator (LTR) in an indirect sCO5 cycle. The Wilson plot technique was utilized to
measure the bulk heat transfer coefficients.

For the best performing design (tube A, pin length to tube diameter ratio: 1.33, pin diameter to tube diameter
ratio: 0.19), the local heat transfer coefficient increased by 136% relative to the Dittus-Boelter correlation at the
LTR low pressure outlet and 194% at the LTR high pressure inlet. These correspond to a 282% and a 271%
increase in the product of the heat transfer coefficient and surface area (adjusted for fin efficiency) product,
respectively. Large pressure drops across the test articles were observed. For Tube Design A, the average friction
factor, across the range of Rep considered, was significantly larger than the McAdams correlation at both the LTR
LP outlet and the LTR HP inlet. A thermal performance factor was utilized to express the ratio of material
required to build a finned heat exchanger relative to a finless heat exchanger with the same heat duty and
pumping power. Tube Design A was estimated to decrease the required heat exchanger material by 13%.
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1. Introduction

Presently there is worldwide interest in sCO, power generation

Applied Thermal Engineering 181 (2020) 116030

pressure drop. The criterion for decreased material volume is that the
heat transfer enhancement is sufficiently large relative to the increase in
pressure drop, as discussed in Section 2.6.

Nomenclature

A tube internal area

An smooth tube internal surface area per unit length
Aq finned tube internal surface area per unit length
A secondary (finned) area

A, primary (finned) area

D inner diameter of tube

d major diameter of pin fin

f friction factor

G tube mass flux

h heat transfer coefficient

k¢ fluid thermal conductivity

km metal thermal conductivity

L tube length

LMTD  log mean temperature difference across heat exchanger
m mass flow rate

M material volume per unit length

Nu Nusselt number, Nu = hD/ks

P pitch of helix

p test condition pressure

P fin perimeter

Pr Prandtl number

Q heat transfer rate

R, surface roughness (arithmetic average)

Roy overall thermal resistance of heat exchanger
Ry kurtosis (roughness parameter)

Ry surface roughness (root mean square)

Ry skewness (roughness parameter)

R, wall thermal resistance

technology as it has the potential to offer a five-percentage point in-
crease in cycle efficiency and an order of magnitude decrease in turbo-
machinery volume relative to conventional steam Rankine cycles. The
five-percentage point increase in efficiency corresponds to an 11% in-
crease from a steam Rankine cycle efficiency of 45% to an indirect sCO4
recompression Brayton cycle efficiency of 50%, with both cycles oper-
ating at a turbine inlet temperature of 700 °C [1]. Thermodynamic
models for direct and indirect sCO, cycles have been considered. A
direct cycle combusts fuel in an oxygen-rich environment and uses the
combustion products as the working fluid. The indirect cycle adds heat
to a nearly pure carbon dioxide stream through a heat exchanger as
shown in Fig. 1. The heat can originate from any source such as fossil,
solar, or nuclear. Both cycles are based on the recuperated Brayton cycle
[2,3]. Although the results of the present study consider heat transfer at
conditions in the indirect Brayton cycle, the concepts presented are
applicable for both cycles.

Both direct and indirect sCO5 cycles require significant recuperation
(3-4 times net plant output), which is very expensive to attain [4]. Thus,
cost-effective recuperators are required [4]. For a given heat exchanger
manufacturing technology, the capital cost of the heat exchanger
equipment scales with the material volume. The material volume may be
reduced through strategies for enhancing heat transfer from the hot
stream to the cold stream. One strategy is the addition of internal heat
transfer enhancement features, which increase the heat transfer through
larger internal surface area and larger heat transfer coefficients. This
strategy is successful when the heat exchanger material volume de-
creases significantly, while still achieving the same heat duty and

R, mean roughness depth
R thermal resistance
Rep Reynolds number based on tube diameter, Rep = GD/u
s spacing of pin fins along helix, scaled by pin fin major
diameter
T test condition temperature
U overall conductance of heat exchanger, relative to internal
heat transfer area
Vv material volume for finned tube
bel pin semimajor radius
X2 pin semiminor radius
y fin vertical height
Greek Variables
a pin angle
AP pressure drop across tube
e sand grain roughness
n overall surface efficiency
1y fin efficiency
u dynamic viscosity
] arithmetic mean
v fin equation parameter
p fluid density
o standard deviation
Subscripts
finless (smooth) tube (if no subscript “0”, with respect to
finned tube)
c cold side (tube)
h hot side (shell)
I
Main
Compressor Egg:::ssor
.
§

Fig. 1. Schematic of an indirect sCO, cycle showing the primary heat
exchanger (PHx), turbine, high temperature recuperator (HTR), low tempera-
ture recuperator (LTR), cooler, main compressor, and recycle compressor. The
cycle points are numbered.

Two heat exchanger technologies that are being considered for
implementation in sCO, power cycles are: (1) printed circuit heat ex-
changers (PCHE), and (2) shell-and-tube heat exchangers. Since heat
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Fig. 2. Block diagram of NETL HEET rig.

transfer coefficients increase as tube hydraulic diameter increase, there
has been a trend to consider shell-and-tube heat exchangers with smaller
tube diameters. These so-called “microtube and shell heat exchangers”
utilize small tubes with hydraulic diameters on the order of a millimeter.

PCHE have received significant attention [5-7]. One-dimensional
models of PCHE were previously developed at NETL for design and
dynamic analysis. These models were previously validated with exper-
imental data from the Naval Nuclear Laboratory and then utilized to
design and model recuperators for a 10 MWe supercritical recom-
pression Brayton cycle. Both PCHE and, micro shell and tube heat ex-
changers, were considered [8-9]. The PCHE design had metal masses
slightly larger than the micro tube shell-and-tube heat exchanger design
but the authors noted that the PCHE design was attractive due to mature
PCHE manufacturing technology and significant industrial experience.

Micro tube and shell heat exchangers have also received attention. A
recent project designed and tested a microtube tube and shell prototype
and found that manufacturing processes limited the approach [10].
Present PCHE designs have higher thermal performance than conven-
tional shell-and-tube heat exchangers. However, heat transfer
enhancement features for conventional heat exchangers, such as shell-
and-tube heat exchangers, which were previously challenging to
manufacture by conventional processes can now be manufactured by
additive manufacturing (AM).

The present work considers a novel helical patterned pin fin geom-
etry with the intent to determine if the heat exchanger heat transfer
would increase without an excessive increase in the pressure drop. The
helical pattern enhances heat transfer by creating swirl flow, while the
pinned pattern promotes mixing through vortex shedding. This geom-
etry cannot be fabricated without additive manufacturing and, thus, has
received no prior attention in the literature.

AM enhanced heat transfer features in shell and tube heat exchangers
may increase their thermal performance to exceed that of PCHE.
Further, additive manufacture will allow enhanced shell-and-tube heat
exchangers to be fabricated in a single build. Thus, additively manu-
factured shell-and-tube technology could replace the etch, diffusion
bonding, and manifold welding steps required to fabricate PCHE.

Other benefits of additively manufactured shell and tube heat ex-
changers for use in supercritical carbon dioxide cycles include lower
pressure drop, decreased weight, customizability, enhanced heat trans-
fer resulting from the AM process surface roughness, and decreased cost.

To characterize the benefit of including additively manufactured
internal fins on the heat exchanger performance, it is necessary to
measure the heat transfer coefficient on the inside of the tube with in-
ternal pin fins.

This is accomplished through the Wilson plot technique, which

Fig. 3. Photograph of NETL HEET rig.

allows experimental measurement of heat transfer coefficients on the
hot or cold side of a heat exchanger. The Wilson plot technique consists
in keeping the thermal resistance constant on one side of the heat
exchanger (reference side) while varying the thermal resistance (by
changing the flow rate) on the side where the heat transfer coefficient is
measured. Wilson first introduced the technique for scenarios where
there was a high heat transfer coefficient (typical of boiling or
condensation) on the reference side [11]. Later, the Wilson plot tech-
nique was modified to consider scenarios where the requirement of a
large heat transfer coefficient on the reference side was relaxed [12]. In
this scenario, the heat transfer coefficient of the test side is obtained by
varying the flow rate of the test side, while maintaining the thermal
resistance on the reference side constant by controlling the reference
side flow rate and average temperature [4,12-13]. In this study, we
utilize the modified Wilson plot method to measure the heat transfer
coefficient at the tube side of the test article.

2. Experiment and data analysis
2.1. Experimental facility

The NETL Heat Exchange and Experimental Testing (HEET) rig at the
U.S. DOE’s National Energy Technology Laboratory is a closed loop,
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Table 1
Table of dimensional parameters for all tubes considered.
Tube Tube Tube Conv. Welded Finless
A B C Tube Conv. AM
Tube
Tube ID (mm), D 7 7 7 7 7
Tube OD (mm) 9.5 9.5 9.5 9.5 9.5 9.5
Ellipse Major 075 05 1.50
Diameter (mm),
d
Aspect Ratio 1 1 6
(Major/Minor)
Pin Length (mm) 1.75 1.75 3.51
Pin Angle from 30° 30° 30°
Tube Wall
Major Diameter 60° 60° 60°
Angle to Flow
Number of Helix 4 4 4
Paths
Pin Helical 2 2 2
Spacing, s/d
Dimensionless 2 2 2
Helix Pitch, p/D
Fin Cross 0.44 1.96 0.29
Sectional Area
(mm®)
Pins per Axial 6 9 3
Length
(number/mm)
A/Ao 1.8 1.8 2.32 1 1 1
M/M, 1.12 1.08 1.08 1 1 1
Total Length 635 635 635 152 635 635
(mm)
Segment Length 127 127 127 N/A 127 127
(mm)
Welded Yes Yes Yes No Yes Yes

(©)
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sCO; heat exchanger test rig [4]. In the present test, the rig was utilized
to measure tube-side heat transfer coefficients in a sCO» single-pass,
counter-flow heat exchanger. The inlets and outlets of the heat
exchanger were instrumented so that the inlet and outlet temperatures
were measured as well as the differential pressures and inlet gauge
pressures. A block diagram of the system is shown in Fig. 2 and a
photograph is displayed in Fig. 3.

The flow is circulated using a Parker/Autoclave Engineering 5.6 kW
(7.5 horsepower) variable speed, magnetically coupled, centrifugal
pump. After leaving the circulating pump, the flow loop divides into
three streams. The first stream (moving from top to bottom in Fig. 2) is a
bypass loop which was not utilized for these tests. The flow in the second
and third streams are controlled with automated valves and instru-
mented with Coriolis mass flow meters (Micro Motion, +0.5% full
scale). The second stream (hot stream) passes through tube sections
wrapped with wire coil heaters before entering the shell-side of the heat
exchanger. The power input to these heaters is controlled to maintain a
constant average temperature for the hot (reference) CO, in the heat
exchanger. The third stream (cold stream) passes through the tube-side
of the heat exchanger. After the test section, all three streams join and
pass through a cooler, which is a water-cooled, tube-in-tube heat
exchanger. Following the cooler, the stream is directed to the inlet of the
circulating pump.

Capabilities of the HEET rig include pressure to 24 MPa (3,500 psia),
temperature to 811 K (1,000°F), mass flow rate to 1.5 kg/s (3 1bm/s),
and Re to 500,000 for pipe inner diameters of 7 mm. In its present state,
the maximum operating temperature on the cold fluid side is limited to
477 K (400°F) due to the maximum allowable temperature for the Co-
riolis flow meters and 671 K (750°F) on the hot fluid side due to the
maximum allowable tube temperature.

Class A resistance temperature detectors are used for temperature
measurement. The transducers were immersed in the working fluid
10-15 probe diameters. Fisher/Rosemount transducers are used for
pressure and differential pressure measurement. A Teledyne ISCO

(b)

(d)

Fig. 4. (a) Sectioned and non-sectioned helical pin—fin patterned tubes are shown for the three designs (A, B, and C) considered in this study. (b-d) CAD models of the
pin fin designs, A, B, and C, respectively.
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Fig. 5. Example of sample surface roughness: (a) AM surface using a white light
interferometer (b) Surface profile acquired along the horizontal line shown
at (a).

syringe pump (not shown) is used to charge the system with COx. Prior
to filling the system to the operating pressure, all air is removed by
purging the system three times with CO,.

2.2. Test articles
Six tube designs were considered:

1. a conventional seamless tube

. a tube composed of welded segments (referred to as the “welded
conventional tube™)

. a tube composed of finless AM tube segments

. a tube composed of welded AM Tube Design A segments

. a tube composed of welded AM Tube Design B segments

. a tube composed of welded AM Tube Design C segments

N

U bW

All test articles were made of 316 stainless steel. The tubing had an
inner diameter of 7 mm (0.275 in.) and a wall thickness of 1.2 mm
(0.049 in.). The AM test articles were fabricated using the laser powder
bed process on the Renishaw AM250 system at the Oak Ridge National
Laboratory.

The tube length was limited to 127 mm (5 in.) due to limitations in
the AM volume chamber. To create a test article, five tubes were joined
by orbital welding. All heat exchanger lengths were 0.64 m (2.1 ft)
except for the conventional tube which was 1.52 m (5 ft).

Dimensional parameters for the Tube Designs A, B, and C are shown
in Table 1. Relative to Tube A, Tube B has a smaller diameter fin and
Tube C has a longer length fin and larger fin aspect ratio. A and A, are
the internal surface area for finned and finless tubes, respectively. M and
M, are the tube material volume per unit length for finned and finless

Applied Thermal Engineering 181 (2020) 116030

Table 2
Surface roughness parameters for AM manufactured finless tube, average and
standard deviation (i + o).

R, (um) Rq (um) R, (um) Rek Riu
4.4+1.1 55+14 21.4 £5.7 0.34 £+ 0.50 2.64 + 0.67
Table 3

Test condition parameters considered in the present study.

Test Cycle Location T (K P (MPa Re range of test

Condition Point °F) (psia)) condition (cold)

I 8 LTR, LP 361 8.69 75 k-250 k
Outlet (190) (1260)

1I 2 LTR, HP 350 20.7 75 k-250 k
Inlet (170) (3000)

tubes, respectively. We note that the pin helical spacing and the helix
pitch are nondimensional. The pin helical spacing, s, is scaled by the pin
major diameter and the helix pitch, p, is scaled by the tube inner
diameter.

In Fig. 4 panel (a), sectioned and non-sectioned samples of Tube
Designs A, B, and C are shown. Note that these tubes are 4:7 scale re-
productions of the experimental tubes and have shorter lengths. In
panels (b-d) CAD models of the tubes are displayed.

2.3. Surface roughness characterization

Three-dimensional surface roughness profiles were acquired using a
white light interferometer (Olympus DSX510). A typical microscope
image and surface elevation profile are shown in Fig. 5. As visible in the
photomicrograph and profile, one important feature of the AM surface
roughness are sintered particles, which have a particle size which varies
from 15 pym to 45 um. The average line roughness metrics (Rq,Rq, Rz, Rk,
Ry,) and their standard deviations are reported in Table 2. The rough-
ness parameters were calculated for each profile and then averaged
across 14 samples. This surface roughness characterization procedure
was selected following the approach outlined by Stimpson et al. [14]. In
Appendix A, we report the expressions for calculating these parameters.

2.4. Test methodology

The test conditions selected for this study are the LP outlet and HP
inlet in the LTR. In the HEET rig, these conditions are applied to the cold
(tube) side inlet. As shown in Table 3, the LP outlet of the LTR (cycle
point 8 — see Fig. 1) was test condition I. The HP inlet of the LTR (cycle
point 2) was test condition II.

The HEET system was purged and charged with carbon dioxide to the
test pressure before acquiring the data. Simultaneously, the system was
heated to the test condition temperature. Careful manual control of the
system pressure, heater temperature setpoint, cooling water flow rate,
and hot stream and cold stream mass flow rates was required to ensure
control points were reached and remained stable. Following a test plan,
the cold side flow rate on the tube side was varied while maintaining a
constant hot side flow rate (shell side) and constant average hot side
temperature. The hot side average heater temperature was determined
by estimating the hot inlet temperature necessary to reach the desired
operating conditions, heating the system to this condition, recording the
average hot side temperature setpoint required to reach the condition,
and using this setpoint for all subsequent tests. Steady state operation
was assured by waiting before recording data until the standard devia-
tion in the pressure drop was less than 0.069 kPa (0.01 psi).

2.5. Data reduction and analysis

The current study relies on the Wilson plot technique applied to a
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Fig. 6. Schematic illustration of resistance network considered.

heat exchanger model to obtain the heat transfer coefficient at the cold
(tube) side [4,12-13]. Under conditions of small property variations,
negligible conjugate conduction, and small heat transfer to the envi-
ronment, the rate of heat transfer (Q) from the hot fluid to a cold fluid in
a heat exchanger is:

LMTD

Q=UxAxLMID ==,

(€Y

where U is the overall conductance (relative to the tube side area), A is
the heat transfer area at the tube side, and LMTD is the log mean tem-
perature difference (measured between the inlets and outlets of the tube
and shell) [15]. R,y = 1/UA is the total resistance between the hot and
cold streams. Rearranging Eq. (1) yields the overall resistance

LMD

Ry = 2
0 (2)

The overall resistance between the hot stream and the cold stream is the
sum of convection resistance at the cold side wall (R.), conduction
resistance in the tube wall (R,,), and convection resistance at hot side
wall (Rp).

R, =R.+R,+R, 3

The thermal resistance network is schematically illustrated in Fig. 6.

The convection resistances are expressed as R, = 1/nh.A; and R, =
1/hyAp where h, is the heat transfer coefficient at the cold side, A, is the
cold side area, hy, is the heat transfer coefficient at the hot side, and Ay, is
the hot side area. R., Ry, and Ry are each unknown. However, R,, can be
calculated from experimental temperature measurements utilizing Eq.
(2). The experiments are performed so that R, varies while R,, and Ry
remain constant. This is achieved by varying the mass flow rate on the
cold side while controlling the mass flow rate and average temperature
on the hot side, as stated at Section 2.1.

Even though R, is unknown, one can calculate a cold side resistance
value, Ry, with the heat transfer coefficient calculated from the Dittus-
Boelter relationship for a heated, fully-developed internal flow, which is
given, as:

Nuy = 0.023Re(l))'8PrU'4 (C))

where Nuy = h.D/ks will serve as the baseline Nusselt number, Rep =
GD/yu is the Reynolds number based on the tube internal diameter, and
Pr is the Prandtl number. Here, h, is the cold side heat transfer coeffi-
cient. ks is the fluid conductivity. G is the average mass flux. u is the
dynamic viscosity. The fluid properties are estimated at average tem-
perature and pressure inside the tube using NIST REFPROP [16] and
which implements the Span-Wagner equation of state [17]. R, is
calculated with h, = hy and A, = Aq

1D
- thg - NMQka()

0 (5)

where Ay is the smooth (finless) tube area and hy is the heat transfer
coefficient as calculated with the Dittus-Boelter correlation (Eq. (4)). It
must be emphasized that hy is defined with respect to the finless tube
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Slope = R./R.

1 Intercept =Ry + R,

RCO

Fig. 7. Schematic illustration of a Wilson plot.

surface area, Ag. Assuming that R, /R, is a constant, Eq. (3) can be
expressed as:

R, = (£> Ro+R,+ R, (6)
Rc()

The Wilson plot is now formed by plotting R,, as a function of R.
Such a plot is shown schematically in Fig. 7. It must be emphasized that
(R¢/Reo) is the slope of the line and the y-intercept is R, + Rj. If the
calculated values, Ry, equal the unknown experimental value, R, then
R./R,o =1 and the R,, vs. R, line has a slope of 1. Otherwise, the R. /R
value can be used to calculate Nu/Nuy.

At this point, it is important to consider if the assumption that Reo /R,
is a constant is valid and how the approximation may be validated. If
Rco/R.is constant, then the Wilson plot will have no curvature. However,
if a curve is recorded experimentally, then the assumption of constant
Rco/R. must be re-evaluated. For all results presented in this work,
negligible curvature was observed in the Wilson plots.

An expression similar to Eq. (5) can be obtained for the finned tube
with h. = h and A, = A, yielding R. = D/(NukzA). It must be empha-
sized that h is the heat transfer coefficient in the finned tube with respect
to the finned surface area, A. Taking the ratio of R, to R, yields

Rr D AokaM() o A()NMO

Ro nAkNu D nANu 2
Rearranging yields,

Nu R¢7A

Nug Ry A ®)

Thus, the Nusselt number ratio (Eq. (8)) may be determined iteratively
with the Wilson plot line slope (R./R.), the ratio of A to Ay, and a
formula which provides the overall surface efficiency as a function of the
heat transfer coefficient

Nu R 1A

A = 9
Nuy  Reo Ao ©

The overall surface efficiency is a function of the fin efficiency and
the surface primary and secondary areas.
The efficiency of an angled elliptical pin fin, 77, (Appendix C) is given

2 2
S Pk 1+(X2/xl)/6025(a) (10)
knAccos(a) 1+ (x2/x))
I <Si“h<vy’> + #h”))
-1 an

vy <cosh(zxy’) + k—ws,f“)” sinh(vy’) )

where y’ is the fin vertical height, « is the fin angle, k is the fin material
thermal conductivity, h is the heat transfer coefficient, P is the fin
perimeter, A, is the fin cross sectional area, x; is the ellipse major
semidiameter, and x; is the ellipse minor semidiameter.

The overall surface efficiency is expressed
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A:nf +A,
— 12
n A 5A, (12)

where A, is the primary (non-finned) surface area and A; is the sec-
ondary (finned) surface area.

An experimental study of a heat exchanger is incomplete without
reporting the pressure drop of the heat exchanger. The tube-side pres-
sure drop is reported in terms of its friction factor

_ 7 APpD®
-8 Li?

13)

where AP is the pressure drop across the tube, L is the length of the tube,
D is the tube inner diameter, p is the density of the fluid in the tube
evaluated at the average temperature and pressure, and m is the mass
flow rate in the tube [18]. A reference friction factor for turbulent flow
in a smooth tube is calculated using the McAdams correlation

fo = 0.184Re0? (14)

which is valid for 3x10% < Rep < 2 x 10°. This value is utilized to es-
timate f/fo.

2.6. Thermal performance factor

A barrier to market acceptance of indirect supercritical carbon di-
oxide power cycles is the expense of heat exchangers. sCO, cycles
require high and low temperature recuperators, a primary heater, and a
cooler. The heat duty in these recuperators is large [4]. One route to
reduce the cost of these heat exchangers is to additively manufacture
them. The means of cost reduction would be a dramatic decrease in
volume of required heat exchanger material (not yet shown experi-
mentally) and the potential for reduced labor expenses.

Both the Nusselt number and the friction factor increase due to the
introduction of the pin fins. The material volume required to make a
heat exchanger with the same heat duty and pressure drop will decrease
if the introduction of pin fins yields an increase in the internal 7hA,
which is sufficiently large relative to increase in pressure drop. A ther-
mal performance factor needs to be introduced to capture this rela-
tionship. Such parameters allow the optimization of one performance
characteristic (e.g. heat load, friction power, material volume) of the
heat exchanger while the other performance characteristics are con-
strained [19].

A candidate thermal performance factor is the classical parameter,

TPF = (Nu/Nuo)/(f/fo)"/®. This performance factor indicates how much
the heat transfer rate will increase when internal fins are added if the
finned and finless heat exchangers have the same surface area and the
same pumping power [19]. However, an examination of the derivation
of this parameter shows that it provides no information on the change in
material volume of the heat exchanger [20]. Clearly, the classical
thermal performance factor is the incorrect objective for minimizing the
heat exchanger material volume while all other parameters are kept
constant.

Thus, a thermal performance factor is selected, which minimizes
volume while keeping both the heat duty and pumping power constant
[18]. If the thermal resistance of the outer heat exchanger surface is
small (Appendix B), this performance factor is expressed, as:

V_ " AM as)
Vo (yNu/Nug)** Aa Mo
where V is the total material volume with fins, Vj is the total material
volume without fins. A, and A, are the internal surface area per unit
length of finned and finless tubes, respectively.

It is important to differentiate the notation A, and A, from A and A,.
The latter equals the total internal surface area, while the former equals
the total internal surface area per unit length. A, is related to A and A, is
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Table 4
Uncertainties of measured variables.

Measurement Uncertainty Manufacturer Model
Temperature +(0.15 + TEMPCO RTD2-SA3FCO60KMO00
“Q) 0.002T)
Pressure +0.2% ROSEMOUNT 3051TG4A2B21AB4E5Q4
measured
value
Differential +0.2% ROSEMOUNT 3051S1CD3A2E12A1AB4E5Q4
Pressure measured
value
Mass Flow +0.25% MICRO CMFS050P319N4BAE2CZZ
Rate measured MOTION
value
Tube Length +6.35 mm N/A N/A
(0.25 in)
Tube +0.25 mm N/A N/A
Diameter (0.01 in)

related to Ay by the relationships, A = NLA, and Ay = N,L,A,. The
ratio, A/Ao, may differ from the ratio, A;/A, when the number, N, or
segment length, L, of parallel internal flow paths for the finned and
finless heat exchangers are different. This nomenclature is retained to
maintain consistency with the prior derivation [19].

The derivation of V/V, is provided in Appendix B with minor mod-
ifications from its original derivation [19]. This derivation also yields
the classical thermal performance factor under the constraint of equal
surface area and pressure drop.

2.7. Uncertainty analysis

An analysis was performed to determine the uncertainty in each
dependent variable calculated from measured variables. This analysis,
shown in a general form here, was applied to the Nusselt number, the
friction factor, the ratios of each parameter relative to the smooth tube
correlation, and the thermal performance factor. The uncertainty anal-
ysis is outlined generally. A result calculated from measured variables
may be expressed as a function of those variables

y=f(x1,x2, "',xi,"'«,xn)

where x; are measured experimental variables, y is the calculated vari-
able, and the function f may be expressed analytically or numerically.

In general, the uncertainty in a result calculated from measured
experimental variables may be determined by multiplying the error of
each measured variable by the derivative of the function with respect to
that variable evaluated at the operating conditions and combining the
errors by summing the square of each contribution.

n ay 2
uy, = ; <a—x1_u,~> (16)
where u; are the associated uncertainties in each variable. Uncertainties
for the temperature, pressure, differential pressure, and mass flow rate
instruments are provided in Table 4.

Determining the propagation of error through the Wilson plot tech-
nique and the friction factor calculation is important to interpreting the
results of the present work, thus the uncertainty analysis was applied to
each, utilizing analytical derivatives for the friction factor and a nu-
merical approach for the Nusselt number.

The error in f/f, was estimated utilizing the Kline and McClintock
method. The approach estimates the uncertainty in a calculated value as
the square root sum of squares of contributions to uncertainty from each
input variable in the expression for the calculated variable [21]. When
estimating the error in the friction factor, instrumentation/measure-
ment errors in pressure drop, tube side mass flow rate, pipe diameter,
and length of the pipe were considered.

The friction factor calculation is a function of pressure drop, tube
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Fig. 8. Wilson plot for test condition I (79k < Rep < 246k).

length and tube diameter, cold side temperature, and cold mass flow.
The pressure drop uncertainty is dominated by uncertainty in the tube
diameter. This analysis yielded an uncertainty of + 5% in f/f, (95%
confidence interval). Since it is challenging to calculate analytical de-
rivatives for the Wilson plot analysis, a sequential perturbation tech-
nique [22] was utilized in place of the Kline and McClintock method to
estimate Nu/Nuy. In sequential perturbation, the Nusselt number is
calculated with one input variable increased by its error (perturbed) and
the other variables held constant. Then, the variable is decreased by its
error and the Nusselt number is calculated again. The error in the
Nusselt number resulting from these calculations is averaged. The cal-
culations are repeated for each variable and the result is recorded. The
overall error in the Nusselt number is the square root sum of squares of
the perturbation errors. An uncertainty analysis for the Nusselt Number
was performed and included the cold inlet temperature, cold outlet
temperature, cold mass flow, cold side pressure, hot inlet temperature,
and hot outlet temperature. The Nusselt number uncertainty was
dominated by the inlet and outlet cold side temperatures. This approach
yielded a 15% uncertainty in Nu/Nuo, each at 95% confidence intervals.

The Kline and McClintock method was utilized again to estimate the
uncertainty in the thermal performance factor, V/V,, combining the
uncertainties from the f/fopand Nu/Nu, error analyses, yielding a + 13%
uncertainty in V/Vy (95% confidence interval). Uncertainty in the
thermal performance factor, (V/V,) was determined utilizing the un-
certainty in #, Nu/Nuop, and f/fo and was dominated by uncertainty in
Nu/Nu.

To verify that the welds did not influence the results, a conventional
tube was cut into five segments and welded back together. Tests were
performed on this article and the difference in Nusselt number ratio,
Nu/Nugy, was less than 10%.

3. Results and discussion

The first set of results to be discussed are the Wilson plots that are
displayed along with pressure drop per unit length. This will be followed
by a discussion on the heat transfer enhancement (increase in heat duty).
Finally, consideration is given to how much the addition of enhanced
internal surfaces can reduce the heat exchanger material.

3.1. Wilson plot

The Wilson plot, as introduced in the analysis section, is a graphical
method of determining the heat transfer coefficient on either the hot or
cold side of a heat exchanger. In this work, the cold side (tube side) of a
single pass shell and tube heat exchanger is considered. The Wilson plot
is constructed by plotting the measured total heat transfer resistance,
Ry, as a function of the local resistance, R, as calculated by the Dittus-
Boelter correlation. Lines may be fit to each data set, where the slope is
the ratio, hpAo/nhA, and the intercept is Ry + R,,. A slope of 1 indicates
that the experimental data agrees with the value predicted by the Dittus-
Boelter correlation. A slope less than 1 indicates that the heat transfer is
greater, while a slope greater than 1 indicates that the heat transfer has
decreased.

A Wilson plot is displayed in Fig. 8 for results obtained at test con-
dition I (refer to Table 3). The uncertainty in the overall thermal resis-
tance is 5% (95% confidence interval). Error bars are shown on all data
sets except for Tube Designs B and C where they are smaller than the size
of the markers. Results for the conventional tube, the finless AM tube,
and Tube Designs A, B, and C are shown. A linear fit to the conventional
tube data with a slope near 1 (1.03) shows that the Dittus-Boelter cor-
relation predicts the tube side heat transfer coefficient within 4% over
Rep ranging from 79 k to 246 k at test condition I. At test condition II, a
similar plot (not shown here) shows that the Dittus-Boelter correlation

1
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Fig. 9. Pressure drop per unit length (AP/L) for varying Rep.
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predicts the tube side heat transfer coefficient within 5% over Rep
ranging from 72 k to 238 k. Both results demonstrate that the Dittus-
Boelter correlation is well within the 95% confidence interval for the
experimental data (+15%).

In Fig. 9, pressure drop per unit length (kPa/mm) is shown at
different Rep, for each tube design considered in this study. The AM Tube
Designs, A, B, and C have an order of magnitude larger pressure drop per
unit length, with Tube Design C having the largest pressure drop per unit
length. Tube C has the largest pressure drop because the pins are longer
than the fins of Tubes A and B. Tubes A and B have similar pressure drops
despite having different diameter pin fins but the same non-dimensional
pitch. This is due to a higher number of pins per axial length for Tube B
than Tube A. The uncertainty in the pressure drop per unit length,
+0.5% (95% confidence interval), yields error bars that are smaller than
the size of the markers and thus these error bars are not shown.

3.2. Heat transfer enhancement

The heat transfer enhancement, 7hA /hoAo, at test condition I and test
condition II is plotted in Fig. 10 panel (a) for each tube design listed on
the horizontal axis. 7hA /hoAo represents the increase in heat transfer per
unit log mean temperature difference in the finned tubes relative to the
heat transfer in the smooth tube, where hy is calculated with the Dittus-
Boelter correlation. For the finned tubes, the increase is nominally
threefold. At test condition I, nhA/hoAo increases by 282%, 278%, and
204%, for Tube Designs A, C, and B, respectively. At test condition II,
nhA/hoAy increases by 271%, 233%, and 206%.

The uncertainty in the results has been reported with error bars on
the nhA/hoA, data. These error bars represent the 95% confidence in-
terval for the measured results (+15%). nhA/(hA), varies between test
condition I and test condition II. However, this variation is on the order

of the measurement uncertainty and can be neglected.

Having ruled out the variation between test condition I and test
condition II, attention is now turned to variation between the AM tube
designs. Tube Design B has a heat transfer enhancement that is less than
Tube Design A by 15%. 7hA/(hA), is smaller for Tube Design B because
the fin efficiency is smaller for this design. The variation in nhA/hoAg
between AM Tube Design A and AM Tube Design C is within the
experimental uncertainty.

As a final observation, the finless AM tube has a larger heat transfer
rate than the conventional tube (27% at test condition I and 56% at test
condition II) but less than the finned designs. This can be attributed to
the surface roughness. It must be noted that the analysis estimates the
surface area of the rough AM tube to be the same as the smooth tube.

nhA/hoA¢ may increase due to an increase in the heat transfer co-
efficient, the heat transfer area, or the surface efficiency. To differentiate
between the increase due to the heat transfer coefficient and the increase
due to the surface area and surface efficiency, Nu/Nug = h/hy is plotted
in Fig. 10 panel (b). The Nusselt number ratio is valuable because it
represents how much advection has increased through the addition of
the pin fins. It must be kept in mind that Nu/Nuy is equal to nhA /hoAo for
the conventional tube and the finless AM tube. As listed in Table 1, the
area ratios for Tube Design A, B, and C are 1.8, 1.8, and 2.32 respec-
tively. Iteratively solving for  and Nu/Nu, yields values for Nu/Nugy
(panel (b)) that are less than values for nhA/hoAo (panel (b)).

The uncertainty in the results has been reported with error bars on
the Nu/Nu, data. The error bars represent the 95% confidence interval
for the measured results (+15%). Nu/Nu, varies between test condition I
and test condition II. However, this variation is on the order of the
measurement uncertainty and can be neglected. Attention is now turned
to the variation in Nu/Nu, between the tube designs. Similar to the
observations made for yNuA/nNuoAo, Tubes A and C have Nu/Nug
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Fig. 11. (a) Friction factor ratio for varying Rep, at test condition I (b) Friction factor ratio for varying Rep at test condition II.

values equal within experimental uncertainty and Tube B has a smaller
value by 15%. The effect of area dominates the effect of surface effi-
ciency. This is visible in the uniform decrease in value for each tube
observed when comparing the plot of #NuA/NugA, and the plot of
Nu/Nuy. The decrease would be nonuniform if surface efficiency varied
significantly. Slight variation in Nu/Nu, between test condition I and
test condition II arise as measurement uncertainty amplifies in the
iterative process of calculating n and Nu.

3.3. Friction factor and thermal performance factor

While the increase in 7hA/hoAo and Nu/Nu, shown in the previous
section is encouraging, this enhancement must be weighted by the in-
crease in the friction factor when considering the thermal performance
of the tube designs. Shown in Fig. 11 panels (a) and (b) are the results for
f/fo at test conditions I and II, respectively. The uncertainty in f/f is +
5% (95% confidence interval) and is less than the size of the markers,
thus error bars are not shown. The friction factors for the conventional
tube agree within 3% with the McAdams correlation at test conditions I
and II. The finless AM tube has friction factors 134% and 148% larger
than the McAdams correlation at test conditions I and II, respectively.

A correlation is available to back out the relative roughness based on
the measured friction factor and Reynolds number [18].

1
1 69 T
g=3.7(1048ﬁ _E) a7

These friction factors correspond to a relative surface roughness of
0.0046 and nominal “sand grain” roughness, <, of 33 um which is 50%
larger than the R, roughness reported by a profilometer in Section 2.3.

The sand grain roughness can deviate from the measured roughness as
the sand grain roughness was determined for surfaces artificially
roughened with glued sand grains, while the profilometer results mea-
sure the roughness of the actual surfaces utilized in these studies. A
correlation is required to relate the “sand grain roughness” to measured
surface roughness but the roughness considered here is lower than the
range of available correlations [14].

The finned tube designs have friction factors an order of magnitude
larger than the smooth tube correlation (nominally 2300%). Further,
Tube Design C has a friction factor twice as large as Tube Designs A and
B. While several parameters change between Tube Design C and Tube
Design A, the cause for the increase in the friction factor is the increase
in the length of the pin fins, since the longer pin fins dramatically
decrease the flow area. The performance of Tube Design C may be
improved by decreasing the length of the fins.

Tube Design A has an f/fy that is slightly larger than Tube Design B.
This corresponds to the larger Nusselt number for Tube Design A than
Tube Design B, where the increase is expected from the Reynolds
analogy.

The Nusselt number and friction factor ratios are used to determine
how much material could be reduced by replacing the smooth tubes with
finned tubes. This is done under the constraint of equal heat duty and
pumping power. The performance factor to minimize material volume,
V/Vy, was given in Eq. (11) [20]. If V/V, < 1, a heat exchanger con-
structed with the finned tube design will require less material than a
heat exchanger constructed with finless tube under the same constraints.
V/Vy is plotted as a function of Reynolds number in Fig. 12 at test
conditions I and II, panels (a) and (b), respectively. Results are shown for
the tubes listed in the figure legends. At both test conditions, the results
for the conventional tube deviate by no more than + 10% from V/V, =
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1. This is within the 95% confidence interval for the experimental data

(£13%).

The best performing design is Tube Design A which yields an average
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material is due to the pin fins causing a sufficiently large increase in
Nu/Nuy, relative to the increase in f /fo, to yield a decrease in V/V,. Test
condition II for Tube Design A is not displayed since it is an outlier,
resulting from measurement uncertainties amplified by the iterative
process of calculating the Nusselt number and surface efficiency.

Tube Designs B and C perform poorly at both test conditions
requiring 10%-20% more material on average. Tube Design B requires
more heat exchanger material because Nu/Nuy is less than Tube Design
A (f/fo is nearly equal). The lower Nu/Nuy results from the greater
number of smaller pin fins. Tube Design C requires more heat exchanger
material because f/fy is much greater than f/f, for Tube Design A
(Nu/Nuy is equal within uncertainty) and the larger f/f, results from the
increased blockage due to the longer pin fins.

A heat exchanger constructed with the finless AM tube requires more
material than the conventional tube at test condition I (V/V, = 1) but
requires 17% less material than Tube Design A at test condition II. The
reason for this variation is due to the closer proximity of test condition I
to the critical point where greater variation of properties with pressure
and temperature are observed. The decrease in required material at test
condition I is attributed to the introduction of surface roughness. The
surface roughness causes a sufficiently large increase in Nu/Nuy, relative
to the increase in f/fy, to yield a decrease in V/Vj.

3.4. Companion study and future work

A companion study at NETL is seeking to reduce the material volume
of pin fin designs by utilizing computational fluid dynamics (CFD) to
determine Nu/Nuy and f/fy of candidate pin fin tubes. We present here a
benchmark of the CFD analysis with the present experimental results.

Results obtained with CFD and experiments for helical pin fin design
B are shown in Fig. 13. Here, Nu/Nug and (Nu/Nuo)/(f/fo)"/* are plotted
as a function of Re. It is important to note that the Wilson plot technique
cannot measure Nu/Nu, at a single Reynolds number but rather mea-
sures this ratio across a range of Reynolds numbers. Thus, a single
Nusselt number ratio is reported in Fig. 13 at the center of the range of
Reynolds numbers (60 k to 160 k). The CFD and experimental results for
Nu/Nuy, agree within 2.5% and, thus, the CFD results lie within the 95%
confidence interval for the experimental results (+5%).

However, f/fo may be measured at each Re and thus experimental
results are reported for (Nu/Nuy)/(f/. fo)l/ 3at varying Re and use Nu/Nuq
for the entire range at each point. The CFD and experimental results for
(Nu/Nuo)/(f/ fo)l/ % agree within 10% and, thus, the CFD results lie
within the 95% confidence interval for the experimental results (+20%).

The present experiments have provided a benchmark for the CFD
studies. This benchmark increases the confidence in the CFD and the
results of the optimization. When the CFD optimization concludes, the
optimal candidate(s) will be printed and tested at NETL as a validation.

4. Conclusions

This work reports experiments performed in the HEET rig at the U.S.
DOE’s National Energy Technology Laboratory. The Wilson plot tech-
nique was utilized to measure the heat transfer coefficients in super-
critical carbon dioxide flowing through additively manufactured tubing
with novel helical pin fins. The following conclusions were made:

e The results for a smooth, conventional tube agreed within 5% of the

Dittus-Boelter correlation and within 5% of the McAdams
correlation.

Appendix A:. Surface roughness parameters

Applied Thermal Engineering 181 (2020) 116030

e For the best performing helical pin fin design, the tube side
conductance increased by 277% and the heat transfer coefficient
increased by 132% relative to the Dittus-Boelter correlation.

e Across the range of Rep considered (7 x 10* to 2.5 x 10°), the

average friction factor increased by 2300% relative to the McAdams

correlation.

Using conventional heat exchanger scaling relations for constant

heat duty and pumping power, the heat exchanger fabricated with

the pin fin design (Design A) will require 10% less material than the
heat exchanger fabricated with the smooth tubes.

e The Nusselt number measured in the present study agreed within
2.5% of the Nusselt number calculated in a companion CFD study.
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Surface roughness characterization of AM surfaces was well-defined in a paper by Stimpson et al. [14]. Five roughness parameters were defined:
arithmetic mean roughness, R,, root-mean-square roughness, Ry, mean roughness depth, R;, skewness, Rq, and kurtosis, Ry,. The expressions for these
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roughness parameters are repeated here and their significance explained.
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where z; are profile heights along a surface roughness profile, y is the mean height, 2, is the minimum height, 2, is the maximum height, and n is
the number of points along the profile.

R, is the arithmetic average roughness and is a measure of the average variation of the roughness profile about the mean. R, is the root-mean-
square roughness and is a measure of the variation of the roughness profile about the mean, but unlike the arithmetic roughness weights larger
variations more than smaller variations. R, is the mean roughness depth and can be defined in different ways. Here it is defined as the average of the
maximum minus the minimum height for five different regions along the profile. Ry is the skewness and is a measure of how the data are distributed
about the mean. A positive skewness means there are more peak-like features while a negative skewness means that there are more valley-like features.
Ry is the kurtosis and is a measure of the width of the roughness distribution relative to a Gaussian distribution. A large kurtosis implies that the height
changes rapidly and has sharp features while a small kurtosis implies that the height changes slowly and has smooth features.

Appendix B:. Thermal performance factor derivation

Webb and Scott previously derived a thermal performance factor to minimize heat exchanger tube material volume, V, under the constraint of
equal heat duty per unit log mean temperature difference, UA, and equal pumping power, P [19-20]. Their solution is reproduced here with minor
modifications.

In many heat exchangers, it is reasonable to assume negligible wall resistance. The overall thermal resistance in a heat exchanger composed of
smooth tubes and having negligible wall resistance may be expressed, as:

R B
UA;  hA; oA

(B.1)

where U is the overall heat transfer conductance, A is the heat transfer area, and h is the heat transfer coefficient. The subscript “s” indicates a
smooth, finless tube and the subscript “0” indicates the outer surface. Equation (B.1) can be written

1 1

UA;  hA,

(I+7) (B.2)

where r = hyA;/(hosAos)- For a heat exchanger composed of internally finned tubes
1 1 1

— B.

UA  nhA + hoAo (B.3)
where the lack of a subscript, “s”, indicates a finned tube and 7 is the overall surface efficiency. The surface area ratio A/A; is defined by

A NL

—=—A,/A B.

A (NJLS)( afAn) B.4)

where N is the number of flow circuits in parallel, L is the length of each flow circuit, A, is the finned tube internal surface area per unit length, and
A, is the smooth tube surface area per unit length. Since A/A, equals A,/A,, when NL = N,L;, A;A./(AA,) = 1, multiplying Eq. (B.3) by A;A,/(AA;)
yields

AA, 1 AA, 1 AA, ]

i _ _ B.5
AA, UA  AA, hA ~ AA, hyAg (B.5)
Which may be simplified to
1 1 AA,
= B.
UA  nhA  hoAyAA, (B.6)
There is no added surface at the tube outer wall, thus hy = hy; and Ay = Aos. Making this substitution yields
1 1 AA
1 _ b sAa B.7
UA ™~ hA " hoAndd, o7
Factoring out 1/hA yields
1 1 /1 A AhA
Ly el B.8
UA hA (7’] * hOJAOSAAn) ( )

Rearranging yields
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L L1 hA A,
UA~ hA\R " hoAos hua,

r may be substituted for h;A;/(hosA¢s) yielding
L1 (1
UA~ nA\n " haA,

Combining Egs. (B.2) and (B.10) yields

UJA.‘ hy rAq
(%)

The heat transfer coefficient can be written in terms of the Stanton number

h_st(G

hy 81, \G,
where St = h/Gc,, G is the tube mass flux, and ¢, is the tube specific heat at constant pressure.
Substituting Eq. (B.12) into Eq. (B.11) yields

UA (Ai‘) (1+7)
U‘Al\ - St Gy rAqy
@ﬂz

The friction power ratio of the internally finned and smooth tube heat exchangers is

P fA[GY
E‘ﬁl(i)

where f is the Fanning friction factor. Eliminating G/G, by combining Eqgs. (B.13) and (B.14) yields
UA L+r

UA, ]
Aa
e |y )
£ <§>4,
(5)(+)
Py Ag

The surface area ratio A/A; is defined by

A NL
X: = (NJLS)(Aa/An)

=

where N is the number of flow circuits in parallel and L is the length of each flow circuit.
Defining M as the tube material volume per unit length,

V. _NL M

V. NL M,

Combining Egs. (B.16) and (B.17) yields,
VM AA,

V. M, A A,
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(B.9)

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)

(B.15)

(B.16)

(B.17)

(B.18)

Simplifying assumptions and constraints are now applied to Eq. (B.15). First, enhancing a heat transfer surface with fins is most beneficial when the
thermal resistance on that side of the heat exchanger is large. Thus, we assume that the thermal resistance of the outer heat exchanger surface is small.
This requires that r = h;A,/(hosAos)approach zero. Next, we constrain the smooth tube and finned tube heat exchangers so that they have equal heat

duty and receive equal pumping power. Making these substitutions yields

Ay

I
A P Sty
n 2 St
<A>

Solving for A/A; yields

AT N
St

We substitute this result into Eq. (B.18) yielding

14
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T(0
© T(0)=T,

Fig. C1. An elliptical pin fin is shown with dimensions

(5

1S

V _MA,
V, M A,

<
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when the heat exchangers are constrained to have the same heat duty and pumping power.

Appendix C:. Angled pin fin efficiency

The efficiency of an angled elliptical pin fin, 7;, was derived by a co-author (Ed Robey). In Fig. C1, a single pin fin is displayed. The pin length is L
and the angle from the vertical is a. The pin vertical height is y* and x; and x; are the semimajor and semiminor radii, respectively.

A control volume is obtained which is differential in the y-axis and a heat conduction balance is performed

Oy +dy) = Q) +dQns
By Newton’s law of cooling

dQony = hdA{(T — T.,)

where h is the heat transfer coefficient and dA; is the differential surface area.

The perimeter, P, and surface area, A;, are

V2ry x4/ cos (@) + (x2/x1)°
s cos(a)

and

2
P= \/Eﬂxl 1+ ()2>
V X1

Dividing Eq C.4 by Eq. C.3 and taking the differential yields

dA, = dypy | (Xz/xlf/conZ(a)
1+ (x2/x1)

Substituting this result into equation C.2 yields

. iy 1+ (x2/x1)° /cos?(a) B
O(y+dy) = O(y) + hdyP Tt m? (T -Ts)

Fourier’s law yields

0(y) = — kA, (‘%) cos(a)

where the cos(a) results from the conduction path no longer being perpendicular to the pin axis

Substituting from (C.6) and dividing by dy yields

o|@)l.,-@

1+ (ch/x])2

)»] o 1+ (xz/xl)z/cosz(a){Ti

kA cos &
Defining 6(y) = T(y) —Twfor 0 <y <y’ and

Ts)
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(B.15)

3
5 2
()
V/V; < lindicates that a heat exchanger fabricated with finned tubes will require less material than a heat exchanger fabricated with smooth tubes

€

(C2)

(€3

(c4

(C.5)

(C.6)

(c.7
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_Ph
" kA.cos(a)

1+ (x2/x1)° /cos(a)?
1+ (x/x)°

MZ

Substituting these equations into Eq. (C.7) yields

&oly)
dy?

M*0(y) =0

after the definition of a derivative is applied and Eq (C.8) is substituted
The boundary conditions are

BCI : 6(0) = T, — T,

BC2:Q(y) = —keos(a)A, (%(y”) = hAO(Y)

Solving this system yields a fin efficiency of

(sinh(My’) + Mcosh(My’) )

Ny =+
My (cosh(My’) + W sinh(My") )
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