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In this paper we describe a new microbunching instability occurring in charged particle beams
propagating along a straight trajectory. The nature of these exponentially growing plasma oscillations
gave the reason for its name: plasma-cascade instability. Such instability can strongly amplify
longitudinal microbunching originating from the beam’s shot noise, even to the point of saturation.
Resulting random density and energy microstructures can drastically reduce beam quality. Conversely,
such instability can drive novel high-power sources of broadband radiation or can be used as a
broadband amplifier. We discovered this phenomenon in a search for such amplifier in the coherent
electron cooling scheme [Phys. Rev. Lett. 102, 114801 (2009)] without separation of electron and
hadron beams. In this paper we present a brief analytical theory of this new phenomenon, detailed
numerical studies, the results of experimental demonstration as well as control of the longitudinal
plasma-cascade instability.
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I. INTRODUCTION

High brightness intense charged particle beams play
a critical role in the exploration of modern science
frontiers [1]. Such beams are central elements of high
luminosity hadron colliders [2–5] as well as for x-ray
femtosecond free-electron lasers (FEL) [6–20]. In the
future, such beams could be necessary for cooling
hadron beams in high-luminosity colliders [21–23],
for driving x-ray FEL oscillators [24–27] and plasma-
wakefield accelerators with TV/m accelerating gradients
[28–36].
Preservation of the beam quality during generation,

acceleration, transportation and compression is important
for attaining the desirable properties of the beam.
Dynamics of high intensity beams are driven by both
external factors—such as focusing and accelerating
fields—and self-induced (collective) effects—such as
space charge [37–58], wakefields from the surrounding
environment and radiation of the beam [59–65]. While
external factors are designed to preserve beam quality, the
collective effects can produce an instability [59] severely

degrading beam emittance(s),1 momentum spread and
creating filamentation of the beam. On the other hand,
such instabilities can be deliberately built in to attain
specific results. The most known application is the FEL
instability used for generating coherent radiation from
THz to x-rays [66–70]. Less known applications are
coherent electron cooling (CeC) of hadron beams [71–
75] and generation of broadband high power radiation by
microbunched beams [76–78].
The plasma-cascade microbunching instability (PCI)

occurs in a beam propagating along a straight line. It is
driven by variation of the beam density and corresponding
modulation of the beam’s plasma frequency [75]. The PCI
differs from the conventional microbunching instability
(occurring in beams traveling along a curved trajectory2);
which is well known and is studied in depth both
theoretically and experimentally [79–97]. Space-charge-
driven parametric transverse instabilities are also well
known (as discussed in [98] and references therein). But
none of them include the PCI—a microbunching longi-
tudinal instability driven by modulations of the transverse
beam size or by a bunch compression.
While we theoretically studied many aspects of the PCI

including the 3D effects [75,99], this paper is focused on
*Corresponding author.
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1Beam emittance is the phase space area (for 1D case) or the
phase space hypervolume (for 2D and 3D cases) occupied by the
beam’s particles.

2The beam traveling through a magnetic chicane or an arc of an
accelerator exemplifies such systems.
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the most important and the most practical aspects of such
instability, e.g., the longitudinal PCI. We start from a
qualitative description of the PCI, which will be followed
by a brief theory, 3D simulations and experimental obser-
vations of this phenomenon.

II. QUALITATIVE DESCRIPTION OF THE
PHENOMENON IN A COLD PLASMA

To set the stage, we start with a simple model of plasma
oscillations in the rest frame of a homogeneous, infinite and
cold beam. Later in the paper we will present more realistic
models.
It is known that small density perturbations in a cold

homogeneous beam (e.g., non-neutral plasma) will undergo
oscillations with plasma frequency ωp ¼ c

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πnorc

p
, where

no is the particle’s density in the comoving beam frame, c is
the speed of light, and rc ¼ e2=mc2 is the particle’s
classical radius [100–102], where e is the particle’s charge
and m is its rest mass.3 An equation for the oscillation in a
cold plasma can be easily derived from the linearized
continuity equation

∂n
∂t þ divðnv⃗Þ ¼ 0: ð1Þ

For a confined plasma with uniform stationary
density no ¼ const and infinitesimally small perturbations
ñðr⃗; tÞ; jñjno

≪ 1, differentiating Eq. (1) and using the
Maxwell equation for the particle’s acceleration,

∂v⃗
∂t ¼

eE⃗
m

; divE⃗ ¼ 4πeñ → div
∂v⃗
∂t ¼

4πe2

m
ñ; ð2Þ

we get

∂2ñ
∂t2 þ4π

e2no
m

ñ¼
�∂v⃗
∂t ·∇⃗ñþ∂ñ

∂t ·divv⃗
�
¼O

����� ñno
����2�; ð3Þ

i.e., the well-known equation for plasma oscillations:

̈ñþ ω2
pñ ¼ 0; ð4Þ

having the well-known oscillating solution:

ñ ¼ δnðr⃗Þ · cos½ωptþ φðr⃗Þ�;
_̃n ¼ −ωpδnðr⃗Þ · sin½ωptþ φðr⃗Þ�; ð5Þ

with constants of motion δn, φ determined by initial
conditions for an arbitrary infinitesimal δnðr⃗Þ; δ _nðr⃗Þ. In
other words, each quarter of the plasma period energy of

the plasma oscillations transfer energy from the electro-
static (density perturbation) to the kinetic (velocity pertur-
bation) and vice versa.
The situation does change when the density of the beam

and the corresponding plasma frequency vary in time. The
time-dependent oscillator equation

̈ñþ ω2
pðtÞñ ¼ 0 ð6Þ

does not have an analytical solution in general, but it
can be represented as a linear symplectic transformation
[102–106] �

ñðt2Þ
_̃nðt2Þ

�
¼ Mðt1jt2Þ

�
ñðt1Þ
_̃nðt1Þ

�
; ð7Þ

which can be formally expressed in the form of an ordered
matrix exponent

Mðt1jt2Þ¼ exp
ordered

�Z
t2

t1

DðtÞdt
�
; DðtÞ¼

�
0 1

−ω2
pðtÞ 0

�
; ð8Þ

which corresponds to a matrix calculated as in the follow-
ing sequence:

exp
ordered

�Z
t2

t1

DðtÞ
�
dt ¼ lim

N→∞

YN
n¼1

ordered

Mn ≡MN…M2M1;

Mn ¼ exp½DðtnÞΔt�

¼
"

cosωpðtnÞΔt sinωpðtnÞΔt
ωpðtnÞ

−ωpðtnÞ sinωpðtnÞΔt cosωpðtnÞΔt

#
;

Δt ¼ t2 − t1
N

; tn ∈ ft1 þ ðn − 1ÞΔt; t1 þ nΔtg: ð9Þ

with

detMðt1jt2Þ ¼ exp
Z

t2

t1

Trace½DðtÞ�dt ¼ 1: ð10Þ

The resulting matrix can correspond to either stable or
unstable oscillations. It is determined by its eigenvalues,

det½M−λI�¼0; I¼
�
1 0

0 1

�
; λ1λ2¼detM¼1; ð11Þ

which in the general case are unknown functions of
ωpðtÞ in the interval ft1; t2g. In a periodic system with
ωpðtþ TÞ ¼ ωpðtÞ the evolution is determined by the
“cell” transport matrix:

Mc ¼Mð0jTÞ¼
�
m11 m12

m21 m22

�
; Mð0jnTÞ¼Mc

n; ð12Þ

with stability range determined by the trace of the cell
matrix [102–106]:

3In this paper we are using CGS units. While using e and m is
typical for describing electron or proton beams, for charged ion
beams one should replace them with Ze and Am.
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−2 < TraceMc < 2: ð13Þ

When jTraceMcj > 2, oscillations become unstable4:

λ1¼ λ2
−1¼TraceMc

2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1− 4

ðTraceMcÞ2
s �

; jλ1j>1;

ð14Þ
with growing amplitude:

ñðnTÞ¼ ñð0Þλ1
nþλ1

−n
2

þ
�
m12

_̃nð0Þþm11−m22

2
ñð0Þ

�
λ1

n−λ1
−n

λ1− λ1
−1 ;

_̃nðnTÞ¼ _̃nð0Þλ1
nþλ1

−n
2

þ
�
m21ñð0Þþ

m22−m11

2
_̃nð0Þ

�
λ1

n−λ1
−n

λ1− λ1
−1 ;

ð15Þ

and an asymptotic exponential growth of amplitude of
oscillations when jλ−n1 j ≪ 1:

ñðnTÞ → ñð0Þ λ1
n

2
þ
�
m12

_̃nð0Þ þm11 −m22

2
ñð0Þ

�
×

λ1
n

λ1 − λ1
−1 ;

_̃nðnTÞ → _̃nð0Þ λ1
n

2
þ
�
m21ñð0Þ þ

m22 −m11

2
_̃nð0Þ

�
×

λ1
n

λ1 − λ1
−1 ; ð16Þ

albeit with alternating sign when λ1 < −1.
It is well known in classical oscillator theory [107] that a

modulation of oscillator frequency with a period close to a

half of the oscillation period would result in an exponential
growth of oscillation amplitude, the phenomena known as
parametric resonance. Both thewidth and growth rate of this
parametric instability can be enormous when the span of the
frequency modulation is large. The extreme case of the δ-
function-likemodulation is alsowell known: as illustrated in
Fig. 1, a periodic focusing lenses with focal length shorter
than a quarter of the separating distances will make rays
unstable. The entire half-space F < l=2 is occupied by this
parametric resonancewith growth rate defined by a negative
eigenvalue λ1 ¼ −ηð1þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − η−2
p

Þ; η ¼ l
F − 1 > 1.

These two examples illustrate that modulation of the
transverse size, either periodic or aperiodic, could lead to an
exponential growth of longitudinal density modulation:
e.g., a solution of s-dependent Hill’s equation [102–106]:

x00 þ KðsÞx ¼ 0 or ̈ñþ ω2
pðtÞñ ¼ 0 ð17Þ

can be unstable—here x00 ≡ d2x
ds2 with s being the length of

the beam trajectory.
A more realistic and practical case of the density

modulation occurs in a charged particle beam propagating
through a focusing channel or/and undergoing bunch
compression/decompression. A sketch of a beam envelope
evolution in a periodic focusing system and the resulting
modulation of the plasma frequency are shown in Fig. 2.
Naturally other effects, such as bunch compression (or

decompression) as well as bunch acceleration (or deceler-
ation),5 would also result in the modulation of the plasma
frequency and could result in the amplification of the
density and velocity perturbations. In an arbitrary linear
accelerator, variation of the density and plasma frequency
are generally aperiodic. Therefore, the density and velocity
perturbations evolve from the start (cathode) to the exit of

FIG. 1. A sketch of unstable ray trajectory in a system of
periodic focusing lenses—an analog of broadband parametric
resonance.

FIG. 2. A sketch of four focusing cells with periodic modu-
lations of beam envelope, aðsÞ, and the plasma frequency, ωp.
Beam envelope has waists, ao, in the middle of each cell where
plasma frequency peaks. Scales are attuned for illustration
purposes. The waists of the beam serve as “short focusing
elements” for the longitudinal plasma oscillations.

4We understand that stability conditions (13) are well known for
readers of this journal. Nevertheless, parametrization of unstable
motion needed for this study is less known—this is the reason for
repeating some of the otherwise well-known derivations in
Eqs. (7)–(12) and adding an Appendix A.

5Change in the relativistic factor results in corresponding
change of the length scale in the comoving frame, e.g., in the
effective change of the density. In the lab frame, plasma
frequency modulation from the acceleration is the result of the
change of its longitudinal mobility.
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the accelerator and, in the case of cold infinite homo-
geneous beam, would be expressed via the transport matrix
(8). It is also well known that in plasma with a finite
temperature such oscillations will decay because of the
Landau damping [108,109] and the perturbations are
thermalized [100,101]. We are considering these effects
later in the paper.

III. BRIEF THEORETICAL DESCRIPTION
OF THE INSTABILITY

The general theory of plasma cascade instability, includ-
ing a number of practical cases, is published elsewhere

[75,99]. Here we limit our theoretical description to use of
the key equations from these papers.
Let us consider first an analytically tractable model for

the condition illustrated in Fig. 2. Specifically, let us
consider a long round beam propagating along the z axis
with constant velocity vo with momentum po ¼ γoβomc
and relativistic parameters βo ¼ vo

c ; γo ¼ ð1 − βo
2Þ−1=2,

and with focusing provided by solenoids, e.g., a system
with an axial symmetry. To find a self-consistent solution
for transverse motion including the space charge forces, we
will consider a transverse Kapchinsky-Vladimirsky (KV)
distribution [110]:

f⊥ðx; x0; y; y0Þ ¼ N · δ

�
x2 þ y2

aðsÞ2 þ ½aðsÞx0 − a0ðsÞx�2 þ ½aðsÞy0 − a0ðsÞy�2
εKV

2
− 1

�
;

a0ðsÞ ¼ daðsÞ
ds

; ð18Þ

where εkV is the envelope emittance.6 The KV distribution
has uniform density inside the beam envelope, r ≤ aðsÞ,
and zero density outside it. It generates uniform defocusing
force and its envelope is described by a second-order
nonlinear differential equation [111]:

a00 þ KðsÞa − 2

βo
3γo

3

Io
IA

1

a
− εKV

2

a3
¼ 0;

KðsÞ ¼
�
eBsolðsÞ
2poc

�
2 ≡

�
eBsolðsÞ
2βoγomc2

�
2

; ð19Þ

where K is external focusing provided by the solenoid’s
field Bsol, Io is the beam current and IA ¼ mc3=e ≈ 17 kA
is the Alfven current. In the general case, an analytical
solution for the beam envelope does not exist and it has to
be found using numerical solvers.
The beam density in the laboratory frame,

ρðzÞ ¼ Io
eoc

1

πa2ðsÞ ; ð20Þ

as well as in the beam comoving (rest) frame,

noðtÞ ¼
Io

eβoγoc
1

πa2ðγoβoctÞ
; ð21Þ

can be expressed using the beam current and the solution
for the beam envelope. Here we use the Lorentz trans-
formation between the proper time t in the comoving frame
and the particle’s position in the lab frame, s. It can be
shown [75,99] that evolution of the high frequency com-
ponent, f̃k (ka ≫ 1) of a weak perturbation of the longi-
tudinal distribution function fk ¼ foðvÞ þ f̃ðs; v; tÞ,
jf̃j < fo (v is the z component of velocity in the comoving
frame) [75,99,112] is described by a linearized set of
Vlasov-Poisson equations [113]:

∂
∂t f̃k þ ikvf̃k þ

eEs

m
·
∂fo
∂v ¼ 0;

ikEs ¼ 4πenoðtÞ ·
Z

∞

−∞
f̃kðv; tÞdv ð22Þ

Assuming a κ�1 longitudinal velocity distribution
foðvÞ ¼ σv=πðσv2 þ v2Þ, with σv being the velocity
spread, this set of equations can be reduced to an oscillator
equation [114,115]:

d2g̃k
dt2

þ ω2
pðtÞg̃k ¼ 0; g̃k ¼ f̃kejkσvtj; ð23Þ

for density perturbation corrected by the Landau damping
expðjkσvtjÞ term [108,109]

ρkðtÞ ¼
Z

∞

−∞
f̃kðv; tÞdv ¼ g̃kðtÞ · expð−jkσvtjÞ: ð24Þ

In other words, the evolution of g̃k is described by an
ordinary second order equation identical to Eq. (6), which
is also known as Hill’s equation in accelerator literature. As
we discussed in a previous section, the solution of Eq. (23)

6It is worth mentioning that the envelope emittance of the KV
distribution is 4 times that of the traditionally defined rms
geometric emittance,

εKV ¼ 4εrms

where the emittance ε describes particles at the edge of the beam
and is fourfold larger than the rms beam emittance.
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is described by a symplectic (detM ¼ 1) transport matrix.
Correcting this solution by Landau damping (24) gives the
evolution of the density modulation in such a system.

A. Periodic lattice

While there is no analytical solution for a general time-
dependent equation (23), many details can be found for
periodic symmetric structures such as that shown in Fig. 2.
In this case, equations for the beam envelope and g̃k can be
reduced to a set of dimensionless equations [75,99]7

d2â
dŝ2

− ksc2â−1 − kβ2â−3 ¼ 0;

d2

dŝ2
g̃k þ 2

k2sc
âðŝÞ2 · g̃k ¼ 0; â ¼ a

ao
≥ 1;

ŝ ¼ s
l
; ŝ ∈ f−1; 1g; ð25Þ

where ao is the waist of the beam envelope in the cell center
(ŝ ¼ 0), and the evolution of both the envelope and the
density perturbations is determined by two dimensionless
parameters:

ksc ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2

βo
3γo

3

Io
IA

l2

ao2

s
; kβ ¼

εl
ao2

: ð26Þ

In a periodic system comprised of m bilaterally sym-
metric cells,8 such as in Fig. 2, evolution is determined by
eigenvalues of the cell transport matrix Mc ¼ Mð0jTÞ,
Mð0jmTÞ ¼ Mc

m [103]:

Mc ¼
�
m11 m12

m21 m11

�
; λ1 ¼ λ2

−1 ¼m11−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m11

2 −1

q
;

g̃kðmTÞ¼ λm1 þλ−m1
2

g̃kð0Þ− m12ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m11

2 −1
p λm1 −λ−m1

2
_̃gkð0Þ;

ð27Þ
with jm11j > 1 indicating exponential growth, e.g., insta-
bility. With jλ1jm ≫ 1, the amplitude grows asymptotically
as λm1 =2.
We evaluated the growth rate per cell in such a system

with a semianalytical code in Mathematica [116] using the
fourth order symplectic integrators [117] as a function
of these two parameters. The results are shown in Figs. 3
and 4. Analysis shows that the growth rates peak along the
ridge kβ ≈ 3 · ðksc − 1.2Þ and can be estimated there as
λ ∝ 1.25ksc ≈ 1.5þ 0.413kβ. It is worth mentioning that
the emittance of the beam, expressed through the value of
kβ, plays an important role in this instability—the space
charge alone (e.g., kβ ¼ 0; ksc ≠ 0) does not generate
significant growth rates.
Equations (25)–(27) are derived for large wave numbers

k,9 ka≫ 1which result in k-independent values of λ. Landau
damping (24) naturally damps the instability at k > kmax;

kmax ¼
ln λ
Tσv

; ωmax ¼
vo
2l

·
γo

3

σγ
ln λ; ð28Þ

where σγ=γo is the relative energy spread in the beam:
σγ=γo ¼ σv=c and T is the propagation time. The energy

FIG. 3. 3D plot of the absolute value of the growth rate per cell:
λ ¼ maxðjReλ1j; jReλ2jÞ. There is a clearly identifiable ridge
along the kβ ≅ 3 · ðksc − 1.2Þ line, where growth rates peak.

FIG. 4. Contour plots of the absolute value of the cell’s growth
rate: λ ¼ maxðjReλ1j; jReλ2jÞ. The purple area highlighted by
white lines shows the areas of the stable oscillations jλ1;2j ¼ 1.
Outside of these areas, the oscillations grow exponentially.

7Equations (25) are canonical with the following Hamiltonians:

ĥ¼
ba02
2
−k2sc ln âþ

k2β
2â2

¼ k2β
2
¼ inv; h̃ðsÞ¼ ñk02

2
þ k2β
â2ðsÞ ñk

2:

8Bilateral symmetry of the cell provides for equality of the
diagonal elements of Mc: m11 ¼ m22.

9Corresponding frequency of modulation in the lab frame is
ωm ¼ γovok.
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spread should take into account angular spread in the beam,
which changes the longitudinal velocity of particles.
The PCI growth is also inhibited at low k; where at

k ≤ kmin, kminhaðsÞi ¼ 1, the period of the density modu-
lation in the comoving frame is comparable with the beam’s
transverse size and the use of a simplified expression for the
electric field (22) is no longer valid. In fact, detailed studies
of the modulation growth at low k (see [75,118]) provide an
approximate scaling of the space charge coefficient at
khaðsÞi < 1: ksc → k�sc ¼ ksc · ½khaðsÞi�. The PCI vani-
shes at long modulation periods (low k) when the “working
point” k�sc; kβ reaches the stable region. Since real beams
neither have transverse KV nor do they have κ�1 energy
distributions, these theoretical results only can be used as a
guide; while, when possible, the PCI should be evaluated
numerically for real beam distributions in a real lattice using
numerical codes (as explained in the next sections).

B. General 3D case

In the general case, the PCI can develop in beams
experiencing complex dynamics, including but not limited
to acceleration (or deceleration), energy chirping, bunch
compression (or decompression), and emittance exchange.
Beams can also be asymmetric and density perturbation
may have both longitudinal and transverse components.
There is a large variety of effects which can affect the
development of PCI and coupling between longitudinal and
transverse degrees of freedom.
For example, longitudinal bunch compression will result

in a change of the longitudinal wave number k propor-
tionally to the increase of peak current. Similarly, trans-
verse focusing will change the corresponding transverse
wave numbers inversely proportionally to the beam sizes.
Furthermore, acceleration (or deceleration) of the beam
violates the assumption that the comoving frame is inertial
and makes it, generally speaking, useless. It means that PCI
theory can be properly developed only in the laboratory
frame, with a number of important assumptions to be
analytically manageable (see [99]).
The most general 3D case requires knowledge of the

self-consistent evolution of the beam described by the
linear 6 × 6 symplectic transport matrix [99,104,119]:

XðtÞ¼MðtÞXð0Þ; Mð0Þ¼I6×6; MTSM¼MSMT ¼S;

S¼
�

0 I3×3
−I3×3 0

�
→detM¼1; M−1¼−SMTS;

M¼
�
A B

C D

�
; M−1¼−SMTS¼

�
DT −BT

−CT AT

�
; ð29Þ

where In×n is an n by n unit matrix, and we are using the
phase space metric introduced by Alex Dragt [120], which
provides for the convenient separation of coordinates (x, y,
z) and canonical momenta (Px; Py; Pz):

XT ¼ fx; y; z; Px; Py; Pzg; ð30Þ

where all six components in Eq. (30) are taken as a
difference from that of a reference particle located close
to the center of the beam. Detailed studies [99] show that
linearized Vlasov-Maxwell equations can be written in the
lab frame for harmonics of the density modulation with k
vector, k⃗lab, satisfying the following criteria:

k⃗lab ¼ k⃗⊥ þ ẑk==; keff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k⃗⊥

2 þ k==2

γ2

s
;

keffax ≫ 1; keffay ≫ 1; γkeffaz ≫ 1; ð31Þ

where ax;y;z are typical scales of the beam density inho-
mogeneity in three directions. These conditions locally
approximate the case of infinite beam with constant spatial
density and we can derive an integral equation for the
evolution of 3D periodic perturbations, ρ̃k⃗0ðtÞ,

fðq; p; tÞ ¼ Fo½q ·DðtÞ − p ·BðtÞ; t� þ f̃ðq; p; tÞ;

ρ̃k⃗ðtÞ ¼ e
Z Z

e−ik⃗ q⃗dq3dp3f̃ðq; p; tÞ;

q ¼ ðx; y; zÞ; p ¼ ðPx; Py; PzÞ; ð32Þ

in the form of a linear integral equation with the kernel
defined by the elements of the transport matrix (29) and the
beam’s initial momentum distribution function FoðPÞ:

ρ̃k⃗ðtÞ ¼ e
Z

e−ik⃗·B
↔ðtÞ·P⃗ f

⌣

k⃗ð0ÞðP; 0ÞdP3 − 4πe2noβoðtÞ
Z

t

o

ρ̃k⃗ðτÞðτÞ
detAðτÞ

dτ
βo

2ðτÞ
k⃗ · U

↔
ðtÞ · k⃗ − k⃗ðτÞ · U

↔
ðτÞ · k⃗ðτÞ

γoðτÞ2½k⃗2ðτÞ − kz2ðτÞβo2ðτÞ�
×
Z

eiðk⃗ðτÞ·B
↔ðτÞ−k⃗·B↔ðtÞÞ·P⃗FoðPÞdP3; ð33Þ

where U ¼ UT ¼ A−1BT and

k≡fkx;ky;kzg≡fk1;k2;k3g; kðtÞ¼ kð0ÞA−1ðtÞ ð34Þ

describes the evolution of the k vector of the perturbation
during the beam transport (e.g., compression, focusing,
acceleration, etc.). It is worth noticing that in this case
we did not make any further assumptions and the
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FoðPÞ; P ¼ ðPx; Py; PzÞjt¼0
can be an arbitrary integrable

function of momenta.
It is rather obvious that, with rare exception, the

integral equation (33) has to be evaluated numerically.
Nevertheless, a number of general observations can be
derived from observing that the exponential term convo-
luted with the momentum distribution function is nothing
else but the generalization of the Landau damping term that
we discussed above.
First, it is well known that in most of the practical cases

for real accelerators the longitudinal motion (compression,
oscillations) is much slower than transverse ones. Usually,
particles execute a number of transverse oscillations during
a single bunch compression or decompression. In other
words, the spread of transverse velocities results in multiple
passing over typical sizes of inhomogeneity ax;y. Thus, one
can conclude that any transverse modulation at a scale
smaller than ax;y will be washed away by Landau damping
and will have no chance to grow. This means that transverse
PCI represents predominantly academic interest, and this is
why our paper focuses on longitudinal PCI.
More details about the integral equation (33) and a

simplification for specific cases such as compression,
acceleration, axial symmetry, etc., can be found in the
main paper about PCI theory [99]. It also proves that under
the same conditions and assumptions the integral equa-
tion (33) can be transformed into ordinary second order
equation (23) for longitudinal PCI.

IV. NUMERICAL STUDIES

While both qualitative and semianalytical studies expose
the nature of the PCI, modern particle-in-cell codes allow
3D investigations of PCI without any predetermined
assumptions. We used the code SPACE [121,122] for
accurate simulation of PCI in an electron beam with a

constant beam energy propagating along a straight section
with focusing solenoids. Using this code, we confirmed
that indeed the PCI could occur in periodic and aperiodic
beam lines for a wide range of parameters, modulation
frequencies and beam energies. Three sets of parameters
listed in Table I were used in our studies.
Initial conditions for these simulations included shot

noise and a weak longitudinal density modulation. The
beam envelope at the entrance and the solenoid strengths
are selected to provide the designed beam envelope with
waists ao in the middle of each cell. The amplitude of the
density modulation, ρ̃k, is tracked as a function of the
propagation distance.
For periodic lattices, each cell consists of a drift section

with a length of 2l between the two focusing solenoids.
Figure 5 shows the self-consistent envelope of the electron
beam propagating through the model four-cell periodic
system with focusing solenoids (case 1), simulated by the
code SPACE. Periodic transverse rms size variations from
0.85 mm in the solenoids to 0.1 mm in the beam waists
result in strong PCI. Similar lattice—but tenfold longer—
was used in the case 2 study. Evolution of the density
perturbations at 25 THz (wavelength of 12 μm) for case 1
and 1,000 THz (wavelength of 0.3 μm) for case 2 is shown
in Fig. 6. Evolution of the amplitude of the density
modulation clearly demonstrates the nature of this insta-
bility; such that as plasma oscillations progress, the density
modulation is transferred into the velocity modulation (at
locations of the density minima), and then the velocity
modulation generates an increased amplitude of density
modulation, but with the opposite sign. This cascade-type
growing plasma oscillation is the origin of the name for this
instability—PCI.
Our 3D simulations confirmed expectations that PCI is a

broadband instability, diminishing both at low and high
frequencies. Figure 7 shows the amplitude gain spectrum of

FIG. 5. Evolution of the transverse rms beam sizes in four cells
of the PCI lattice of case 1: red—horizontal beam size; green—
vertical beam size.

TABLE I. Electron beam parameters for PCI simulations
and tests.

Name Experiment Case 1 Case 2

Lattice Aperiodic,
LEBT

Periodic,
four cells

Periodic,
four cells

γ 3.45 28.5 275
E, MeV 1.7 14.56 140.5
l, m 1.5–3 1 10
a0, mm 0.3, min 0.2 0.1
I0, A 1.75 100 250
εnorm, m 1 × 10−6 8 × 10−6 4 × 10−6
ksc Varies 3.56 3.76
kβ Varies 7.02 14.55

λ1, per cell N/A −4.06 −5.10
Energy spread 1 × 10−4 2 × 10−4 1 × 10−4
Frequency, THz 0.4 25 1,000
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the PCI microbunching instability in the four-cell periodic
lattice (case 1) with bandwidth Δf=f ∼ 1. It means that it
can be used either as a technique for generating high power
broadband THz radiation (with radiation power gain mea-
sured in tens of thousands) or used as a broadband amplifier
(for example in a high energy hadron beam cooler [75]).
These simulations were performed in the linear PCI

regime, with and without Poisson shot noise in the electron
beam. Starting from the shot noise, PCI saturation would

occur for case 1 and case 2 at the amplitude gains above
2,000 and 500, correspondingly.
Because of the exponential nature of the PCI, it is natural

to compare increments of the instability. In case of periodic
lattice, it is the growth rate per cell.
In our analytical model, based on κ�1 energy distribution,

foðγÞ ¼
σγ

π½σγ2 þ ðγ − γoÞ2�
; ð35Þ

the growth rate per cell is the product of the eigenvalue
jλj > 1 (27) and the Landau damping (24):

ξ ¼ jλjLdκ1; Ldκ1 ¼ exp

�
− 2ωol
cðβoγoÞ2

σγ

�
: ð36Þ

Analytical estimations from beam parameters listed in
Table I give the growth rate per cell, of ξ1aκ1 ¼ 3.56 for
case 1 and ξ2aκ1 ¼ 2.93 for case 2. It is worth noting that
these estimations do not include reduction of the growth
rate caused by finite transverse size of the electron beam
and second order effects.
We performed limited number of 3D simulations using

κ�1 energy distribution for case 1. The sole purpose for
this simulation was the comparison with our analytical
estimates. The simulations predict growth rate of ξ1sκ1 ¼
2.70 at frequency of 25 THz, e.g., 24% lower than the
analytical estimate.
In most of our 3D numerical simulations we used

Gaussian energy distribution, which models realistic beams
better10

foðγÞ ¼
1ffiffiffiffiffiffi
2π

p
σγ

e
−ðγ−γoÞ2

2σγ
2 : ð37Þ

The pleasant surprise was that these simulations predict
increments ξ1sG ¼ 3.92 for case 1 and ξ2sG ¼ 3.78 for
case 2, which are slightly higher (by 10% and 29%,
correspondingly) than the analytical estimates for κ�1
energy distribution. The explanation lies in the fact that
the κ�1 distribution is significantly wider than the Gaussian
with the same σγ: it has peak value 25% lower than the
Gaussian and it also has longer tails. The Landau damping
per cell can be estimated for Gaussian distribution as

LdG ¼ exp

�
− 1

2

�
2ωol

cðβoγoÞ2
σγ

�
2
�
: ð38Þ

Using this Landau damping factor for analytical estima-
tion would result in ξ1aG ¼ 4.45 for case 1 and ξ2aκ1 ¼ 4.03
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FIG. 7. Simulated PCI amplitude gain as a function
of the modulation frequency: dots are results of simu-
lation; the red curve is a fit. As expected from analytical studies,
the PCI is a broadband microbunching instability with
Δf=f ∼ 1, but it is suppressed both at very low and very high
frequencies.
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FIG. 6. Evolution of the amplitude of the density modulation
amplitude in the four-cell PCI periodic lattice with parameters
shown in Table I: blue line, case 1, gain ¼ 114; red line,
case 2, gain ¼ 75.

10We found that for a beam with Gaussian energy distribution it
is impossible to reduce density evolution to a differential equation
for analytical studies [99]. Hence, we used κ-1 energy distribution
for analytical studies.
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for case 2, which are 14% and 7% higher than results of our
simulations.
Hence, we concluded that our analytical model works

reasonably well for estimation of the PCI growth rate, but
because of the exponential nature of the instability 3D self-
consistent simulations are required for accurate evaluation
of PCI.
In contrast to the 1D analytical description, the 3D SPACE

provides information about the spatial shape of the density
modulation. Figure 8 illustrates such features as bending of
the modulation wave fronts caused by the slowing down of
electrons with large amplitude of transverse oscillation.11

3D evolution of a single spike in density modulation has
much more complicated dynamics. Because of the charge
conservation in the beam, such ac density perturbations
have zero total charge. Figures 9–12 illustrate the appear-
ance and disappearance of Langmuir waves [100,101] with
a variety of transverse profiles. As a result of the com-
petition, the main mode with maximum increment domi-
nates at the exit of the four-cell structure.
After each cell, the structure resembling the initial

density modulation reappears, albeit with the inverted sign

and larger amplitude of the density modulation. In addition
to amplification of the perturbation (the “color scale”
changed from 109 to 1011), the modulation could acquire
a slight wave-front curvature. Our simulations show that
the sign of the curvature can be either positive or negative
depending on details of the lattice and beam parameters.
While periodic lattices are useful for comparing with

theory or for developing a microbunching amplifier
[75,123,124], it was important to demonstrate the PCI
experimentally and to compare experimental results with
our simulation. The case of the aperiodic lattice is related to
our experiment, which is described in the next section. The
aperiodic lattice is nothing else but the low-energy beam
transport line between the superconducting radio-frequency
(SRF) gun and the SRF linac in the CeC accelerator
comprising six focusing solenoids [125]—we used this
system for our experimental demonstration of the plasma-
cascade instability.
The linear accelerator, shown in Fig. 13, was built for the

coherent electron cooling (CeC). The CeC accelerator has a
ten-meter-long straight section, called low-energy beam
transport (LEBT) with six nonequally spaced solenoids to
propagate the electron beam, with full energy of 1.7 MeV,
from the SRF photoemission electron gun to the SRF linac.
According to our simulations, shown in Fig. 14, this lattice
could excite very strong PCI at sub-THz frequencies in the
electron beams with modest peak current ∼2 A.
From our simulation and theoretical estimations, we get

indication that PCI gain could be sufficiently high to reach
saturation of this instability resulting in a measurable
degree of density modulation. A high degree of density
modulation then could be observed by using a time-
resolving diagnostic system comprised of the SRF linac,
the 45-degree dipole and the YAG4 profile monitor—the
topic of the next section.

V. EXPERIMENTAL PCI DEMONSTRATION

We experimentally observed density modulation caused
by the broadband PCI at frequencies ∼0.5 THz while using
the strong focusing lattice with beam envelopes shown in
Fig. 14(a). The instability vanished when we used relaxed
lattice resulting in a smooth beam envelope.
For this experimental demonstration we used 375 psec

electron bunches with various charges generated in the
1.25 MV SRF photocathode gun. Two room temperature
500 MHz rf cavities were used to correct the gun’s rf
curvature and reduce the relative energy spread in the
bunch to ∼0.01%. A strong-focusing aperiodic lattice
comprised of six solenoids in the LEBT provided beam
an envelope with strong envelope modulation and very high
PCI gain at frequencies ∼0.4 THz (Fig. 14).
To observe the density modulation in the beam we

transformed our linac and the 45-degree dipole beam line
into a time-resolving system with sub-psec resolution. We
operated the 704 MHz SRF linac at zero crossing with low

FIG. 8. Projection on the z-x plane of the evolution of the
25 THz periodic e-beam density modulation (case 1 in Table I).
The background density is subtracted, and only variation of the
density (ac portion) is shown: the red color corresponds to
increased beam density and the blue to reduced beam density.
Color density is normalized to maximum values to accommodate
its exponential growth. (a) At the system entrance; (b) in the
middle of the second cell (beam waist); (c) after the third cell, and
(d) after the four-cell system. The electron beam is azimuthally
symmetric: in the figures above, z is the longitudinal coordinate
with respect to the beam center, while x is one of the transverse
coordinates.

11Longitudinal velocity of a particle traveling with angle θ with
respect to the beam direction is reduced as vs ¼ v=ð1þ θ2=2Þ,
where v is the total velocity of the particle.
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FIG. 9. Details of the single spike evolution in the first cell of the PCI lattice of case 1. Only the ac portion of the density is shown: red
color corresponds to increased beam density and blue to reduced beam density with color density normalized to maximum values.
Appearance of Langmuir waves with varying transverse structures can be seen in profiles taken from z ¼ 1.12 m to z ¼ 1.36 m.
Locations for taking profiles are chosen to illustrate the key processes occurring during the PCI process, including changes in the
“wavefront” curvatures and in the transverse structure.
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FIG. 10. Case 1: evolution of the single spike in density modulation in the second cell of the test PCI lattice. Two mode structures are
visible at z ranging from 3.3 to 3.5 m. Note the reversal of the sign of the density modulation for the central slice, when compared with
the first cell.
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FIG. 11. Case 1: evolution of the single spike in density modulation in the third cell of the test PCI lattice. Fragmentation into multiple
modes is visible at z ranging from 5.05 to 5.5 m. The sign of the density modulation for the central slice flipped again, and has the same
sign as the first cell, but with tenfold larger amplitude.
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FIG. 12. Case 1: evolution of the single spike in density modulation in the fourth cell of the test PCI lattice (from z ¼ 6 to z ¼ 8 m).
The beam was then propagated for 3 meters of free space resulting in well-defined structure shown in the last profile. Density modulation
of the center slice has the same sign as at the entrance with 100-fold increase in the amplitude.
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accelerating voltage, V ∼ 100–200 kV, to correlate the
particle’s energy with its arrival time,

E ¼ Eo þ eV sinωLt;

where ωL ¼ 2πfL and fL ¼ 704 MHz. The 45º dipole and
the profile monitor YAG4 (see Fig. 13) served as the energy
spectrometer. The measured energy distribution was a
carbon copy of the bunch’s longitudinal or time profile.
The temporal resolution of this measurement system

depends on the linac voltage. We tested the system with
voltages from 50 to 200 kV and found that the best data
quality was obtained at 100 kV; where, at lower voltages
we did not have sufficient time resolution, but at higher
voltages, diminishing electron bunch density was reducing
the signal to noise ratio—see Fig. 15. The background
noise from the digital camera was too high to use voltages
above 200 kV, e.g., the signal to noise ratio would be too
low for reliable data analysis.
Since density modulation grows from random shot noise,

averaging images was not an option—it would erase the
random modulation and generate useless smooth profiles.
Hence, it was critical to measure time structure of a single

bunch in a single shot. The 100-kV setting provided
0.373 mm=psec scaling at the profile monitor and, corre-
spondingly, 7 pixel=psec at the digital camera. Combined
with the profile monitor’s YAG crystal spatial resolution
∼0.1 mm, this provided for attainment of sub-psec time
resolution—enabled by fine focusing using three quadru-
poles in front of the dipole magnet.
Quadrupoles between the 45-degree dipole and the

YAG4 profile monitor were turned off to inflate the
horizontal dispersion to Dx ¼ 1.36 m. In this case
the 1” (25.4 mm) YAG crystal was intercepting electrons
with momentum spread of �0.93%, corresponding to a
66 psec time slice in the bunch center chirped by 100 kV
voltage in the linac. The 66 psec slice corresponds to
�8.3° of the rf phase in the 704 MHz SRF linac, which
guarantees linearity of the “time to energy to horizontal
position” scaling:

Δx¼D ·
Δp
po

¼ D
1− γo

−2 ·
Δγ
γo

;
Δγ
γo

¼ eV sinωt
Eo

≈
eV
Eo

ωt;

Δx
t
¼ D
1− γo−2

·
eVω
Eo

≅ 0.37
�
mm
psec

�
:

FIG. 13. Layout of the CeC accelerator (right to left): the SRF electron gun, two room-temperature rf cavities, the LEBT line equipped
with six solenoids and two profile monitors, followed by the 13.1 MeV SRF linac and a 45º bending magnet beam line (with three
quadrupoles and a beam profile monitor).
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The selected PCI lattice provided robust instability for a
variety of bunch currents. We observed a strong modulation
using bunch charges of 0.1 to 1 nC, for peak beam currents
of 0.25 to 2.5 A. Maximum density modulation was
observed using bunches with peak currents of 1 to 2 A.
Only at very low beam currents below 0.2 A was the
instability no longer observable. As we mentioned above,
use of a relaxed focusing lattice with smooth beam
envelope eliminated the instability for all beam charges
and currents.
Figure 16 displays a sample of five typical images taken

with 0.7 nC electron bunches as well as the spectra of the
observed density modulation. Since density modulation
grows from random shot noise, the spectrum of each
individual sample is unique. Hence, we used the averaged
spectrum to compare it with the simulations. As predicted
by simulations, the peak of the density modulation spectra
is located just below 0.5 THz in full agreement with our

simulation predicting the peak to be at 0.45 THz. Because
of the saturation, there are secondary peaks at the double
(0.9 THz) and the triple (1.35 THz) of the 0.45 THz
fundamental frequency. The measured spectrum is in good
agreement with our simulations showing saturation of the
PCI instability and a peak gain located at about 0.45 THz.
Reduction of the PCI gain at low frequencies as well as
high frequencies is also in good agreement with the SPACE

simulations and expectation from the PCI theory. More
details on measuring the density modulation can be found
in Appendix B.
We carefully studied possible sources of density modu-

lation with a special suspicion towards possible mode
competition in the laser driver for our SRF photoemission
electron gun. In fact, with an improperly tuned laser source
it would be possible to observe modulation of the laser
power with a frequency ∼50 GHz, which is easily observ-
able in the electron beam as well. In order to avoid possible

FIG. 16. (a) A subset of five YAG4 profile images showing distinct patterns of the density modulation driven by PCI in 0.7 nC (peak
current of 1.75 A) electron bunches. (b) Twelve overlapped spectra of images taken for 0.7 nC bunches. The noise floor above 1.5 THz is
determined by noise of the digital camera used for the imaging. The yellow curve shows a spectrum of density modulation extracted
from the SPACE PCI simulations, where it has a maximum at about 0.45 THz and secondary peaks at double and triple of this frequency
as a sign of the PCI saturation.

FIG. 15. Raw images from the 1” YAG screen taken with (a) 100 kV and (b) 200 kV voltage in the SRF linac using 0.7 nC electron
bunches. Three quadrupoles in front of the 45-degree dipole magnet were used to maximize the horizontal resolution. The measured
horizontal dispersion of D ¼ 1.36m at the YAG4 profile monitor provides for 0.37 and 0.75 mm=psec resolution for 100 and 200 kV
linac voltages, respectively. The slice of electron beam seen at the screen corresponds to 65 psec in (a) and 32 psec in (b). Structures
captured in these images are irregular with spectrum peaking around 0.5 THz.
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sources of density modulation at frequencies of ∼0.5 THz,
we measured the spectrum of the laser intensity and found
that when improperly tuned it has FWHM bandwidth of
60 GHz (0.06 THz) with diminishing power content above
100 GHz—see Appendix C for details. We also tuned the
laser to a single mode operation for the measurements
shown in Fig. 16.
We also performed self-consistent simulations of elec-

tron beam dynamics in LEBT including wakefields of all
elements in the LEBT and did not observe any instabilities
at THz and sub-THz frequencies. Most importantly, these
simulations clearly demonstrated that without PCI the
longitudinal beam dynamics of the electron beam in the
LEBT does not significantly depend on the transverse
focusing and frequency spectrum of the bunch profile, as it
contains only low (GHz) frequencies for both PCI and
relaxed LEBT lattices.
To clarify that the observed structures were indeed

caused by the PCI we preformed the following tests:
(a) We ran simulations of beam dynamics including and
excluding wakefields from the beam-line components in
LEBT (calculated using codes CST [126], ECHO [127], and
ABCI [128]) and did not find any signature at frequencies
above 0.01 THz. (b) We checked that modulation at
frequencies ∼0.5 THz does not exist in the laser pulses
driving the beam. Moreover, the laser gain curve can
accommodate only two modes separated by 0.05 THz.
(c) We studied dependence of the density modulation on the
electron beam charge. As predicted by simulation, there is a
significant dependence of density modulation amplitude on
the bunch charge. Instability disappears for charge per
bunch below 100 pC. (d) Use of relaxed lattice with a
smooth beam envelope eliminated observable THz-scale
density modulation in the electron beam at all currents. This
fact eliminates the possibility that observed density

modulation can be the result of a conventional micro-
bunching instability [79–97]—see detailed discussion in
Appendix D.
The observed relative density modulations were very

large: typically, at the levels �40% but occasionally
reaching towards 100%; which can be seen both in the
captured images in Fig. 16(a) or in the density profiles
shown in Fig. 17. While these profiles clearly show the
random nature of the induced modulation, they also
indicate that PCI was either saturated or was very close
to saturation. While the profiles of the density modulation
have a random nature, they exhibit similar time structure
and similar depth of the density modulation predicted by
our simulation, as shown in Fig. 17(b).
Hence, we concluded that the observed THz-scale

density modulation was indeed the product of saturated
plasma-cascade instability originating from a random shot
noise in the electron beam.
Nominally, for CeC operations, we compress electron

bunches 20- to 30-fold in the LEBT by applying an energy
chirp by the 500 MHz cavities. Such compression would
transfer the 0.5 THz-scale modulation into that with fre-
quencies ∼10 THz. Our simulations, using Impact-T [129]
code showed (see Fig. 18) that using a strong focusing
lattice in the LEBT would result in strong PCI at frequen-
cies of about 10–15 THz. The simulations also showed that
the use of relaxed lattice would suppress this PCI. These
start-to-end self-consistent simulations were using the
Impact-T code with 20 million microparticles, and running
at the NERSC supercomputer [130]. The low frequency
portion of the spectra represents that of the compressed
electron bunch. At the same time, the noise floor at high
frequencies was defined by the limitations from the code
including the spikes—clearly seen in near 15 and 20 THz
for the relaxed lattice—being nothing else than the

0.5

1

1.5

0 5 10 15 20 25 30

N
or

am
liz

ed
 d

en
si

ty

t (psec)
0

0.5

1

1.5

2

2.5

0 2 4 6 8

N
or

m
al

iz
ed

 d
en

si
ty

t  (psec)

(a) (b)

FIG. 17. (a) A 30-psec section of nine measured normalized density profiles. (b) An 8-psec section of three density profiles: SPACE-
code simulation (green), measured with 100 kV linac voltage (red) and 200 kV linac voltage (blue).
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computing artifacts related to the finite mesh and the finite
time steps.
The Impact-T simulations were the first successful pre-

dictions of the PCI in compressing and accelerating an
electron beam.
To resolve structures at a 15-THz scale, one would need a

system with a resolution of ∼20 fsec, which were beyond
capabilities of our system. Furthermore, our simulations did
not predict PCI saturation with a density modulation of
∼100%, which would further complicate direct observation
of such density modulation.
Since direct observation of the density modulation was

unmanageable, we made use of a measurement of the
power of the far-IR radiation from the 45-degree dipole
magnet as an indirect indication of the density modulation
induced by PCI. Radiated power from the magnet was
extracted by a cooper mirror, installed 0.7 m downstream of
the radiation point, through a 1” diamond window.
Extracted radiation was focused by an off-axis gold-coated
parabolic mirror on the entrance window of the broadband
IR Gentec-EO THZ-I-BNC pyroelectric detector. This
detector has slow ac-coupled response (with a time constant
of ∼50 msec) with a sensitivity of 2.12 mV=nJ to radiation
at frequencies from 0.1 to 30 THz (at wavelengths from
10 μm–3 mm). It has a noise equivalent of 0.6 nW=Hz1=2,
which in our case corresponded to a noise floor of ∼100 pJ

per pulse. In order to cut the sub-THz radiation from
affecting our power measurements, we installed a metal-
mesh screen at the exit window of the system. This mesh
had a cutoff frequency of ∼1 THz.
We observed significant changes—by orders of

magnitude—in the far-IR radiation power from the
14.6 MeVelectron beam when we mismatched the electron
beam envelope or when we increased the electron beam
current. In both cases we used the so-called PCI lattice
with a large modulation of the beam envelope. The peak
current was controlled by the energy chirp provided by the
500-MHz bunching cavities.
We investigated dependencies of the far-IR power

radiated by the electron beam on multiple parameters of
the CeC accelerator with the goal of learning how to
suppress such an instability in a real accelerator environ-
ment and how to control THz-scale noise in the electron
beam. Results of two typical measurements are shown
in Fig. 19.
When the beam is mismatched, and the beam envelope is

undergoing oscillations in the LEBT lattice the micro-
bunching PCI upsurges the density modulation and the
corresponding far-IR radiation power of the electron beam.
This behavior is illustrated Fig. 19(a). Specifically, the
noise level is minimized at a solenoid current of about
3.7 A, but grows when focusing is too weak (e.g., at 2 A)
and the envelope is too large at the next solenoid, or when
focusing is too strong (e.g., at solenoid current of 5 A) and
the beam is focused to a small spot downstream of the
solenoid. Naturally, with weaker focusing, the beam (2 A
setting) would have one less waist in the LEBT lattice when
compared with overfocusing (5 A setting) and therefore
PCI will have a lower gain.
An increase of the peak current by increasing the voltage

in the bunching cavies, as shown in Fig. 19(b), results in an
exponential growth of the radiation power in the PCI
LEBT lattice. The increase of the radiation power by
about 3,000 times corresponds to a growth of the ampli-
tude of the density modulation by 35-fold. If one considers
each “waist” in the envelope—shown in Fig. 14(a)—
serving as the PCI cell, the average growth per cell would
be ∼3.2. Hence, the increase of the radiation power in
this case can be considered as the result of the increase
of the space charge coefficient, ksc., on the PCI cell diagram
in Fig. 4. In other words, the increase of the peak current
(ksc) moves the operating point from the left to the right on
the Fig. 4 diagram resulting in higher and higher gain
per cell.
This part of our experimental program had more quali-

tative than quantitative aspects, when compared with the
direct observation of the density modulation induced by
PCI in the uncompressed electron bunch. Nevertheless, it
provided us with two important improvements: (a) we
indirectly proved that our prediction of PCA at frequencies
∼15 THz were correct; (b) we demonstrated a practical
method of controlling the strength of PCI and, when
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FIG. 18. Power spectra of the time distribution in the 1.5-nC
electron bunch compressed to a peak current of 75 A and
accelerated to 14.6 MeV in the CeC accelerator, simulated by
the Impact-T code. The blue line is for the beam propagating
though a strong focusing PCI lattice, while the red line is for a
beam propagating though the relaxed LEBT lattices. Strong
focusing in the LEBT results in an increase of 1–2 orders of
magnitude of the beam noise power at frequencies around
12.5 THz.
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necessary, suppressing it and reducing the noise in the
electron beam to a desirable level.

VI. CONCLUSIONS AND ACKNOWLEDGMENTS

In conclusion, we would like to announce the discovery
of a novel microbunching instability occurring in charged
particle beams propagating along a straight trajectory—the
plasma-cascade instability. We first discovered the PCI
theoretically, later investigated it in self-consistent simu-
lations, and finally demonstrated it experimentally.
PCI can be both a menace and a blessing. It can strongly

intensify longitudinal microbunching originating from
the beam’s shot noise or from an external source.
Resulting random density and energy microstructures
can degrade the beam quality. On the other hand, such
broadband instability can drive novel high-power sources
of radiation or can be used as a low-noise amplifier. For
example, PCI can serve as a broadband amplifier in the
CeC scheme [75] or can be used for boosting the power of
THz and PHz radiation [76–78].
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APPENDIX A: PARAMETRIZATION OF
UNSTABLE MOTION

The stability criteria and the parametrization of the 1D
linear motion for the stable motion is well known, but it is
generally not the case for the unstable motion. Here we
briefly derive the necessary expression for this case using
the Sylvester formula for matrix functions for a square
matrix with distinct eigenvalues [131,132]. It is indeed the
case for an unstable symplectic 2 × 2 matrix with a unit
determinant:

det½M − λ1;2I� ¼ 0 ⇒ λ1λ2 ¼ detM ¼ 1; λ2 ¼ λ1
−1;

maxðλ1; λ2Þ > 1 ⇒ λ1 ≠ λ2; ðA1Þ
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FIG. 19. Dependences of the IR radiation power from the 14.6-MeVelectron beam with a 1.5-nC bunch charge as a function of (a) the
current in one of the LEBT solenoids; (b) the voltage of the 500-MHz bunching cavities. Vertical axes for the radiation power have a
logarithmic scale. The red continuous lines are smooth fits of the measured data. The radiation power is in units of the base-line value.12

12We define the base-line power as that radiated by an electron
beam with the same average current but with the shot-noise
defined by Poisson statistics.
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which provides a simple expression for any analytical
function of matrix M [131,132]:

fðMÞ ¼ fðλ1Þ
M − λ2I
λ1 − λ2

þ fðλ2Þ
M − λ1I
λ2 − λ1

; ðA2Þ

reducing the power of the matrix M to

Mn ¼ λ1
n − λ2

n

λ1 − λ2
M − λ1

n−1 − λ2
n−1

λ1 − λ2
I; ðA3Þ

where we took into account that λ1λ2 ¼ 1. Hence elements
of the matrix for n periods can be written as functions of
elements of the matrix of the single period:

M ¼
�
m11 m12

m21 m22

�
ðA4Þ

as

Mn ¼ λ1
n − λ2

n

λ1 − λ2
M − λ1

n−1 − λ2
n−1

λ1 − λ2
I ¼

264 λ1
n−λ2n
λ1−λ2 m11 − λ1

n−1−λ2n−1
λ1−λ2

λ1
n−λ2n
λ1−λ2 m12

λ1
n−λ2n
λ1−λ2 m21

λ1
n−λ2n
λ1−λ2 m22 − λ1

n−λ2n
λ1−λ2

375: ðA5Þ

Using the fact that λ1 þ λ2 ¼ TrM ¼ m11 þm22, by simple algebra (A5) can be reduced to

Mn ¼

264 λ1
nþλ1

−n
2

þ m11−m22

2
λ1

n−λ1−n
λ1−λ1−1 m12

λ1
n−λ1−n

λ1−λ1−1

m21
λ1

n−λ1−n
λ1−λ1−1

λ1
nþλ1

−n
2

− m11−m22

2
λ1

n−λ1−n
λ1−λ1−1

375;
ðA6Þ

which is equivalent to Eq. (15).
For stable motion this parametrization is equivalent to that invented by Courant and Snyder for stable

motion in periodical systems [103]. But in contrast to stable motion when both m12 and m21 elements cannot
be equal to zero, in the case of unstable motion, this is allowed. Hence, introduction terms equivalent to β and γ
functions could result in some of them having either zero or infinite values. Thus, (A6) gives the best parametrization for
unstable matrices:

Mn ¼ snn

264 cosh nμþ snn−1 m11−m22

2 sinh μ sinh nμ snn−1 m12

sinh μ sinh nμ

snn−1 m21

sinh μ sinh nμ cosh nμ − snn−1 m11−m22

2 sinh μ sinh nμ

375 ; μ ¼ lnðjλ1jÞ; sn ¼ λ1
jλ1j

: ðA7Þ

APPENDIX B: TIME-RESOLVED
MEASUREMENTS OF THE PCI-INDUCED

MODULATION IN THE E-BEAM

Our experimental setup was designed to measure time
structure of the electron beam density but transferring the
arrival time of particles into their energy deviation using the
SRF linac at zero-crossing phase. Then we used the dogleg
system with 45-degree dipole magnet as the beam energy
spectrometer to convert the particle’s energy into horizontal
position on the beam profile monitor. We are using
horizontal beam distribution on the profile monitor, which
is not coupled with the vertical degree of freedom. Hence,
we ignore motion in the vertical plane by taking slice
at y ¼ const.

Measured distribution on the profile monitor is
given by simple convolution of the beam’s distribution
function:

ηðxÞ ¼
Z

δðx − xmÞfmðXmÞdtmdγmdxmdx0m;

Xm
T ¼ ½xm; x0m; tm; γm�; ðB1Þ

where we use subscript m to indicate the measurement
point. The accelerator section between the exit of the linac
and the profile monitor had the dipole magnet as well as a
set of quadrupoles. The beam central energy, γo, remains
constant and the coordinates are transformed as follows:
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�
xm
x0m

�
¼MðsljsmÞ

�
xl
x0l

�
þ
�
DðsmÞ
D0ðsmÞ

�
δb; δ¼γ−γo

γo
;

tm¼ tmðγl;tlÞþD0xm−Dx0m; γb;m¼γb;mðγl;tlÞ; ðB2Þ

where D is horizontal dispersion at the profile monitor
induced by the bending magnet (indicated by subscriptb)
and M is the horizontal transport matrix for paraxial
betatron motion. To account for possibility of evolving
longitudinal instability after exit from the linac (indicated
by subscriptl) we use a generic symplectic map in the
longitudinal phase space. Finally, the linac introduces time
dependent energy chirp:

γl ¼ γ þ γoΔl · sinωrft; Δl ¼
eVrf

γomc2
; ðB3Þ

where variables at the entrance into the linac do not have
subscripts. The overall transformation from the entrance of
the linac can be now written as

�
xm
x0m

�
¼ MðsijsmÞ

�
x

x0

�
þ
�
DðsmÞ
D0ðsmÞ

�
δb;

tm ¼ τðγ; tÞ þD0xm −Dx0m;

γb;m ¼ γb;mðγ þ γoΔl · sinωrft; tÞ: ðB4Þ

The beam in the linear accelerator has zero dispersion
and therefore the distribution function at the entrance of the
linac can be factorized:

finðXÞ ¼ fkðγ; tÞ · f⊥ðx; x0Þ: ðB5Þ

Conservation of the phase-space density connects dis-
tribution function with the initial as [107]

fm½XmðXÞ� ¼ fiðXÞ ⇔ fmðxm; x0m; tm; γmÞ
¼ fkðγ; tÞ · f⊥ðx; x0Þ; ðB6Þ

which allows us to rewrite (B1) as

ηðxÞ¼
Z

fkðγ; tÞdtdγ
Z

δðx−xmÞ ·f⊥ðx;x0Þdxdx0; ðB7Þ

using simplicity of the X → Xm transfer map and related
unity of the transformation’s Jacobian.
For the next step, let us assume that transverse distri-

bution at the entrance of the linac has standard Gaussian
distribution using the well-known Courant-Snider invariant
for the betatron motion [103]:

f⊥ðx;x0Þ ¼
1

2πεx
e−Ix ; Ix ¼

x2þðβxx0 þαxxÞ2
βx

¼ inv:

Using a standard accelerator physics technique for the
second integral in (B7) we get

�
xm
x0m

�
¼
�xβ
x0β

�
þ
�
D

D0

�
δb;

�xβ
x0β

�
¼M

�
x

x0

�
;

M¼
�
m11 m12

m21 m22

�
;

Iðxβ;x0βÞ¼
xβ2þ½βðsmÞx0βþαðsmÞxβ�2

2βðsmÞ
;

1

2πεx

Z
δðx−xβ−DδbÞ ·e−

Iðxβ ;x0βÞ
2εx dxβdx0β¼e

−ðx−DδbÞ
2σ2x ;

σ2x¼βðsmÞεx; ðB8Þ

reducing (B7) to

ηðxÞ ¼
Z

fkðγ; tÞdtdγe
−ðx−Dδbðγ;tÞÞ2

2σ2x ; ðB9Þ

with δbðγ; tÞ defining correlations between position on the
profile monitor and particle location in the longitudinal
phase space, and σδ ¼ σx=D defining energy resolution of
the system. Naturally, focusing electron beam in small spot
is important for high resolution. We used triplet of quadru-
poles between the linac and the dipole to optimize the
resolution, but did not use focusing downstream of the
dipole magnets to maximize value of the dispersion.
Equation (B9) states that measured distribution ηðxÞ

depends only on the distribution function at the entrance of
the linac, and evolution of the particle’s energy between the
entrance to the linac and the bending magnet. Specifically,
Eq. (B9) states that modifications in the particle’s arriving
time, for example resulting from instability occurring
between the linac and the profile monitor, do not play
any role. In other words, Eq. (B9) is the result of causality
and the fact that measured profile is an integral in time of
the entire electron bunch.
At the same time, as can be seen from Eqs. (B4) and

(B9), induced energy modulation could affect the profile.
Let us assume that energy distribution also has Gaussian
distribution with centroid dependent on the position in the
bunch (slice):

fkðγ; tÞ ¼ fkðtÞe
−½δ−ΔoðtÞ�2

2σ2
δ ;

δbðγ; tÞ ¼ δþ Δl · sinωrftþ Δ1ðtÞ; ðB10Þ

with ΔoðtÞ and Δ1ðtÞ being energy variations accumulated
prior to the linac and between the linac and the energy
spectrometer, correspondingly. Integrating over energy
gives the final expression for the observed profile:
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ηðxÞ ¼
Z

dt · fkðtÞ · e
−ðxD−Δl ·sinωrf tþΔðtÞÞ2

2σ2Δ ;

ΔðtÞ ¼ ΔoðtÞ þ Δ1ðtÞ; σ2Δ ¼ βðsmÞεx
D2

þ σ2δ: ðB11Þ

For a portion of the bunch the energy change in the linac
is linearized, sinωrft ≅ ωrft, introducing linear chirp:

g ¼ Δl ¼
eVrfωrf

γomc2
: ðB12Þ

τ¼ t− x
Dg

þΔðtÞ
g

; t¼ tðτÞ;

ηðxÞ¼
Z

dτ

1þΔ0½tðτÞ�
g

·fk

�
x
Dg

þ τþΔ½tðτÞ�
g

�
·e

− τ2

2σ2τ ; ðB13Þ

with στ indicating available time resolution of the system:

στ ¼
σΔ
g

¼ γomc2

eVrfωrf

�
βðsmÞεx
D2

þ σ2δ

�
: ðB14Þ

In the case of weak energy chirp when jgj ∼ jΔ0j, the
correspondence between longitudinal beam profile and
ηðxÞ on the profile monitor can be strongly distorted.
Since by definition hΔðtÞi ¼ 0, we can select t ¼ 0 at a

location where Δ ¼ 0. Then in the case of the strong chirp,
jΔ0j ≪ jgj, we also have jΔðtÞj ≪ jgtj and

ηðxÞ ≅
Z

dt

�
1 − Δ0ðtÞ

g

�
fk

�
x
Dg

þ t

�
· e

− t2

2σ2τ ; ðB15Þ

e.g., the energy modulation introduces additional modula-
tion of Δ0ðtÞ=g on the profile monitor. This formula is
especially useful, when energy perturbations are very small
(see Appendix D).
In absence of energy modulation (Δ ¼ 0), the system

will generate an image of the time structure in the incoming
beam

ηpmðxÞ ¼ const ·
Z

ft

�
x
Dg

þ τ

�
e
− τ2

2στ
2dτ; ðB16Þ

with time resolution of στ and scaling between the horizontal
position at the monitor and the time of x ¼ Dg · t.
If beam does not have time structure, fkðtÞ ¼ const we

get projection of the time-dependent energy modulation in
the form of

ηðxÞ ¼ const ·
Z

dte
−ð x

Dg−t−
ΔðtÞ
g Þ2

2σ2τ ; ðB17Þ

which only can be evaluated for specific amplitude and
shape of ΔðtÞ. For cold beam we get

ηðxÞ ¼ const
g − Δ0ðt�Þ ; D½gt� þ Δðt�Þ� ¼ x; ðB18Þ

or in parametrric form

ηfD½gtþ ΔðtÞ�g ¼ const
g − Δ0ðtÞ :

For this experiment we generated a single 1.76 MeV
electron bunch in a 113-MHz SRF gun with a flattop time
profile having a FWHM duration of 375 psec with rise
and the fall times of ∼105 psec (see Appendix C, see
Fig. 21(b)). We decelerated the beam by 64 kV in the
500 MHz cavities to compensate for the gun’s voltage
curvature and to generate a flat energy profile in the entire
electron bunch with a remaining relative rms energy spread
of ∼10−4. This monoenergetic beam was propagated
thought the LEBT lattice to the 704-MHz SRF linac.
The phase of the linac was carefully adjusted to have a
zero crossing at the electron bunch center. This 100-kV
linac voltage created an 8.7% energy chirp from head to tail
of the 375-psec bunch and corresponded to a 9.6% energy
change in the particle’s momentum (rigidity). This energy
chirp was doubled at a voltage of 200 kV.
The energy distribution in the electrons was measured

using a YAG transverse beam profile monitor located
1.3 meters downstream of the 45-degree dipole magnet.
Current in the dipole magnet was set to the central energy
of the electron beam to observe the electron bunch
distribution at the YAG screen. The measured horizontal
dispersion function at this location was D ¼ 1.36 meter.
Hence, a �0.93% portion of the beam momentum spread
(e.g., �0.85% of the energy spread) was intercepted by the
1-inch-diameter YAG screen. This portion of the energy
spectra corresponded to �8.3 degrees of the linac phase for
a voltage of 100 kV (and, naturally, half of that for a voltage
of 200 kV) where the energy and momentum chirps are
practically linear functions of the arrival time. In fact, the
deviation of t− > x from the linear scaling is less than
0.4% over the entire YAG image. Hence, we can use
linear correlations between the horizontal position on the
YAG screen and the arrival time of electrons to the linac
entrance as

t ¼ x
ωrfD

·
γomc2

eVrf
; γo ¼ 3.32; ðB19Þ

providing scaling of 2.57 psec=mm for 100-kV and
1.28 psec=mm for 200-kV voltages. This results in 7
and 14 pixel=psec, respectively, at our digital CCD camera.
With proper focusing of the electron beam, this resolution
was sufficient to observe psec-scale density structures in
the electron beam.
The challenges in these measurements were twofold:

(i) the need to measure the structure in a single electron
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bunch with sufficient signal to noise level while maintain-
ing a time resolution sufficient to resolve individual psec-
size structures—because of the random nature of the
density perturbation and broadband of the PCI using
multiple bunches per snapshot or averaging multiple
images were not options since it simply resulted in a smooth
density distribution representing the envelope of the electron
beam; (ii) obtaining proper focusing of a space-charge
dominated electron beam in the horizontal plane for the
best possible energy resolution [Eq. (B11)]. To a lesser
degree, focusing was also important in the vertical plane,
because the signal to noise ratio of the captured images
depends on the vertical beam size.
With the LEBT lattice fixed to drive PCI saturation, we

used three quadrupoles upstream of the 45-degree dipole to
both optimize the time resolution and minimize the vertical
beam size at the beam profile monitor to a level sufficient
for accurate recording of the density modulation of satu-
rated PCI [see Fig. 16(a)]. We estimated that with a voltage
of 100 kV we obtained a time resolution of ∼0.5 psec.

The captured images were analyzed off-line. Profiles
were digitized using the free ImageJ software [133] and a
Fourier analysis was performed using Mathematica [116].
Random density modulation structures resulted in random
Fourier spectra.
As can be seen in the spectra of the six measured

density profiles, shown in Fig. 20, structures do not
repeat themselves from shot to shot and the Fourier
spectra peaks jump from 0.35 to 0.55 THz. Hence, use
of an average power spectrum, as in Fig. 16(b), is the
only proper way of comparing our simulations with the
experiment.
Figure 20(f) shows the spectrum of the density profile

measured with 200-kV linac voltage. It has a signifi-
cantly higher level of noise, when compared with those
measured using a 100-kV voltage. The excessive noise,
the limited contrast and reduced signal-to-noise ratio
with the linac operating at 200 kV and above were the
reasons why most of our measurements were performed
using the 100-kV voltage.

FIG. 20. Fourier spectra of measured structures in the 1.7 MeVelectron beam time: (a)–(e)—using 100-kV linac voltage and (f) using
200-kV linac voltage. The vertical scale is in arbitrary units. Since phases of the harmonics are random, we plot only the amplitudes of
the Fourier transform.

VLADIMIR N. LITVINENKO et al. PHYS. REV. ACCEL. BEAMS 24, 014402 (2021)

014402-22



APPENDIX C: THE CEC SRF GUN
DRIVE LASER

The drive laser for the CeC SRF gun (see Fig. 21(a))
comprises five main five main components: (i) low noise
10 μW, 1064 nm iXBlue seed laser with an 8 Gs= sec 12-
bit arbitrary pulse shaper [134], 78-kHz rep-rate; (ii) low
noise, high (60 dB) gain Nd:YAG regenerative amplifier
with an average output power of 10 W; (iii) second
harmonic (532 nm, green light) converter; (iv) Pockels cell
and beam shutters for laser pulse train controls: trains have
1 to 10-Hz rep-rates, 1 pulse to cw (full number of pulses)
per train; (v) 40-meter long in-vacuum laser transport
system to CeC SRF gun.
Since the laser has a relatively broadband optical

spectrum, it can produce laser pulses with high frequency
modulations. Therefore, this has to be eliminated as a

possible source of the density modulation observed in our
experiments. We performed careful studies of the laser
settings to ensure that this was not the case.
The longitudinal intensity profile of the laser pulses can

be modulated when the peak gain of the amplifier spectrum
is located between two longitudinal modes of the seed laser,
which are separated by about 50 GHz. If one of the
longitudinal modes in the seed laser is lined up with
the maximum gain of the amplifier, it receives most of
the energy during amplification, thereby drowning out the
other modes. If the gain peak is centered between two
modes both receive about equal amounts of energy con-
serving the mode beating present in the seed pulse.
The output spectrum of the seed laser diode can be

controlled by changing the diode temperature. When it was
improperly tuned, we indeed observed a strong modulation

FIG. 22. (a) Normalized small-signal gain of the regenerative amplifier. (b) Measured spectrum of the drive laser before the second
harmonic generation system.

FIG. 21. (a) Photograph of the CeC SRF gun laser located in a dedicated temperature-controlled trailer outside of the RHIC tunnel.
(b) Typical oscillogram of the green laser pulses with a typical FWHM duration of 375 psec used for these experiments.
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on the longitudinal laser pulse profile due to mode beating
and a corresponding electron density modulation at
frequencies of ∼50 GHz. When the seed laser was properly
tuned, a single longitudinal mode dominated the amplified
laser spectrum, which resulted in a reduced noise level
below 100 GHz (see Fig. 22).
For our experiment, we verified that the laser was

properly tuned, and a single mode dominated the seed
laser spectrum resulting in the green laser pulses with a
noise level below 100 GHz (see Fig. 23). These measure-
ments assured us that the density modulation at frequencies
of ∼0.5 THz originated from the instability in the electron
beam and not from the laser.

APPENDIX D: EXAMINING OTHER
POSSIBLE EXPLANATIONS

In this Appendix we prove that there is no alternative to
the plasma cascade instability, which can explain exper-
imental observation of nearly saturated microbunching,
shown in Figs. 15 and 16. Since we excluded wakefields
and laser pulse structure as possible sources for the observe
sub-THz density modulation, we examine two other sus-
pects: energy spread induced by coherent synchrotron
radiation (CSR) in the bending magnet and conventional
microbunching instability (MBI) [79–97].
The CSR instability can be excluded because very low

beam energy results in 0.007 THz critical frequency of the
synchrotron radiation spectrum from the 45-degree bending
magnet. It means that at 0.5 THz this radiation is sup-
pressed astronomical 31 orders of magnitude and that CSR
does not affect the beam. While it is a much weaker
argument, we also confirmed this with CSR simulations
using the code ELEGANT [135].
Similarly, we can eliminate the possibility that the

observed data can be explained by conventional MBI
[79–97]. According to the concept of conventional MBI,
beam propagating in a straight section of linear accelerator

could develop only energy modulation, and this energy
modulation can be transferred into density modulation only
when the beam trajectory is bent.
In our system such bending occurs only in the dipole

magnet, which is located downstream of the linac intro-
ducing the time-dependent chirp. Because of the causality,
illustrated by equation (B9), this time-dependent density
modulation would not affect transverse beam profiles
in our experiment. Hence, conventional MBI can affect
observed profiles only through the time-dependent energy
modulation.
It is well known that acceleration of electron beam freezes

longitudinal motions and corresponding longitudinal tem-
perature plummets to astronomically low levels [111]:

kBTk ¼
1

β2oγ
3
o

ðkBTkcathÞ2
mc2

; ðD1Þ

where kBTkcath < 0.25 eV is the longitudinal temperature of
electron beam at the gun’s photocathode. At the exit
of our 1.25 MV SRF gun, used for this experiment, the
longitudinal temperature drops to 10−9 eV level, corre-
sponding to a minuscular relative rms energy spread
∼10−7. Other sources, which do not have THz frequency
content, keep the relative rms slice energy spread at
10−4 level.
Hence, the high-frequency time-dependent energy

modulation can only develop from the shot noise in
electron beam current via plasma oscillation. It easy to
show (see e.g., [136] and references therein) that measuring
system with response time τ ¼ 1=σω will observe longi-
tudinal density modulation with relative rms amplitude of

σSN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

e
2

ffiffiffi
π

p
Ie · τ

r
: ðD2Þ

This expression is derived for the cold electron beam and
measurement system with the Gaussian kernel, with

FIG. 23. (a) The profile of the second harmonic (green) laser pulse measured by a streak camera having a resolution of a few psec and
(b) the spectrum of this pulse.
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Gaussian frequency acceptance ϕðωÞ ¼ expð−ω2=2σω2Þ.
In our case, with rms time resolution of 0.5 psec and peak
current of 2.5 A relative density modulation from the
Poisson shot noise would result in relative density modu-
lation less than 2 × 10−4—at least 3 orders of magnitude
below the density modulation observed in our experiment.
Naturally, in real beam this fluctuation will be reduced by
the Landau damping.
Plasma oscillations would transfer the density modula-

tion (D2) into energy modulation and vice versa. One can
easily show, using Eqs. (2) and (B14), that resulting
modulation with relative amplitude of

Δρ
ρ

¼ �ðγoβoÞ2
mc2

eVRF

ωp

ωrf
σSN; ðD3Þ

where ωp ¼ c
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4πnorc

p
is the plasma frequency in the

comoving frame (4). With beam parameters used in our
experiment, the resulting relative modulation in the energy
profile would be at 3 × 10−3 level—again, well below
modulation observed in the experiment. Again, this esti-
mation is done for cold plasma, and in real beam this value
will be reduced by the Landau damping term.
Hence, we conclude that conventional MBI concept fails

to explain strong modulation of the energy spectrum, and
the related transverse beam profiles on the YAG screen,
observed in our experiment.
In contrast with the conventional MBI theory, the PCI

concept does not assume that electron beam propagating in
the straight section is stable. In this Appendix we showed
that measured density modulation observed using PCI
lattice exceeds prediction of conventional MBI theory by
2–3 orders of magnitude. Thus, we conclude that there is no
an alternative explanation to our experimental demonstra-
tion of the newly discovered plasma-cascade instability.
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