is paper describes objective technical results and analysis. Any subjective views or opinions that might be expres
Ithe paper do not necessarily represent the views of the U.S. Department of Energy or the United States Governm:

SAND2020- 0009C

Multi-Stage Stabilized Continuation for Indirect
Optimal Control of Hypersonic Trajectories

Mihir Vedantam®, Dr. Maruthi Akellal, and Dr. Michael Grant?

Aerospace Engineering and Engineering Mechanics
The University of Texas at Austin?

Sandia National Labs?

01,/06,/2020

ratories is a multimission laboratory managed and operated by National Technology & Engineering Solutions of Sandia,
neywell Internationa Inc., for the U.S. Department of Energy’s National Nuclear Security Administration under contract

Mihir Vedantam®, Dr. Maruthi Akella®, and Dr. Michael Grant? | Multi-Stage Stabilized Continuation



Overview

Introduction
Hypersonic Trajectory Generation
Indirect Optimal Control

Background
Planar Hypersonic Optimal Control Problem
Stabilized Continuation

Stabilized Continuation and the Planar Hypersonic Problem
Example: Explicit Continuation
Parameter Tuning
Computational Burden of Multi-Stage Schemes
Bifurcation Points

Conclusion
Discussion
Future Work

Mihir Vedantam®, Dr. Maruthi Akellal, and Dr. Michael Grant? | Multi-Stage Stabilized Continuation




Introduction

Hypersonic Trajectory Generation

Indirect Optimal Control

Hypersonic Trajectory Generation

e Hypersonic optimal trajectory generation is generally difficult
due to its nonlinearity.

e Direct optimization is the usual approach because it is easier
to implement.

e Indirect optimization provides smooth and continuous
solutions and can distill the trajectory into a compact
representation.
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Introduction

Hypersonic Trajectory Generation

Indirect Optimal Control

Indirect Optimal Control

e Indirect optimal control transforms the optimization problem
into a boundary value problem.

e This transformation is through the maximum principle or
Euler-Lagrange conditions of optimality.

e A representation of the control inputs in terms of states and
co-states is computed.
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Background

Planar Hypersonic Optimal Control Problem
Stabilized Continuation

Planar Hypersonic Equations of Motion and Cost Function

e Planar hypersonic trajectory generation problem is governed
by the following dynamics:
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Background Planar Hypersonic Optimal Control Problem

Stabilized Continuation

Stabilized Continuation

Stabilized continuation is a powerful root solver which provides 3
unique benefits over other root solvers:

e Adaptive step-size selection

e Guaranteed error attenuation over the continuation interval in
a numerically stable fashion

e Guaranteed convergence in one continuation interval
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Example: Explicit Continuation
Parameter Tuning

Stabilized Continuation and the Planar Hypersonic Problem Computational Burden of Multi-Stage Schemes
Bifurcation Points

Continuing on Terminal Downrange

Continuation can be implicit or explicit. An example of explicit
continuation on terminal downrange is:

0¢(5) = 50gesived + (1 — 5)Pinitial

100 F ——— 20 km Solution
~—— 380 km Solution
550 km Solution
——— 1250 km Solution
80 1450 km Solution
[0}
©
2 40
<
20
0

0 500 1000 1500
Downrange (km)

Multi-Stage Stabilized Continuation



Example: Explicit Continuation
Parameter Tuning

Stabilized Continuation and the Planar Hypersonic Problem Computational Burden of Multi-Stage Schemes
Bifurcation Points

Parameter Tuning

When the stability parameter is small, stabilized continuation is
invariant to integration tolerance. However, the algorithm takes
more steps for a stricter tolerance.
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Example: Explicit Continuation
Parameter Tuning

Stabilized Continuation and the Planar Hypersonic Problem Computational Burden of Multi-Stage Schemes
Bifurcation Points

Multi-staged stabilized continuation reduces the computational
effort of the algorithm, while increasing the radius of convergence.
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Example: Explicit Continuation
Parameter Tuning

Stabilized Continuation and the Planar Hypersonic Problem Computational Burden of Multi-Stage Schemes
Bifurcation Points

Initial Guess Robustness Study

Solutions switch when giving a bad initial guess to the stabilized
continuation solution with a “loose” integration tolerance.
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Stabilized Continuation and the Planar Hypersonic Problem

Example: icit Continuation

Parameter Tuning

Computational Burden of Multi-Stage Schemes
Bifurcation Points

Even where multi-stage stabilized continuation encounters
numerical stiffness, it is still robust enough to find a high-quality

trajectory.
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Discussion
Future Work

Conclusion

Discussion

e Stabilized Continuation can transform high quality trajectories
into very different equal quality trajectories over one
continuation interval.

e Multi-Staging the Stabilized Continuation algorithm reduces
the number of floating point operations required while
expanding the robustness of the algorithm.

e Multi-Staged Stabilized Continuation converges even when
given poor numerical accuracy.
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Discussion

Future Work

Conclusion

Future Work

e Testing the Multi-Staged approach on more difficult
Hypersonic applications (Including path constraints).

e Developing an auto-tuner for the number of stages and
tolerance per stage of the Multi-Staged algorithm
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