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Abstract

The phase diagram of tungsten (W) to a pressure (P ) of 2500 GPa is investigated using

a comprehensive ab initio approach that includes (i) the calculation of the zero temperature

(T ) free energies (enthalpies) of different solid structures, (ii) the quantum molecular dynamics

simulation of the melting curves of different solid structures, (iii) the derivation of the analytic

form for the solid-solid phase transition boundary, and (iv) the simulations of the solidification

of liquid W into the final solid states on both sides of the solid-solid phase transition boundary,

in order to confirm the corresponding analytic form. There are two solid structures confirmed

to be present on the phase diagram of W, the ambient body-centered cubic (bcc) and the high-

pressure double hexagonal close-packed (dhcp). At T = 0, the bcc-dhcp transition occurs at

1060 GPa, and the transition boundary has a positive slope dT/dP : the bcc-dhcp-liquid triple

point is at (P, T ) = (1675 GPa, 23680 K).

PACS numbers: 64.10.+h, 64.70.Dv, 64.70.Kb, 71.15.Pd, 81.30.-t, 81.30.Bx
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INTRODUCTION

Body-centered cubic (bcc) transition metals such as vanadium (V), niobium (Nb),

molybdenum (Mo) and tungsten (W) are technologically important materials. The me-

chanical behavior of these metals under high static pressures has been a subject of interest

since the pioneering work of Bridgman [1]. The advantages of W such as, e.g., the high

strength and thermal conductivity, the low thermal expansion, low tritium inventory and

low erosion rate, make it attractive to be used in a wide range of applications for future

fusion power plants [2, 3]. Refractory metals such as W and its alloys are also finding

increasing structural applications which involve impact loading [4], and the high density

(19.3 g/cm3), high strength, good ductility, and high melting point makes tungsten an

attractive candidate material. The mechanical properties of the material at high pressures

(P ) and/or high temperatures (T ), as well as high strain rates is of great importance in

the design and analysis of such applications. Unfortunately, W has been one of the less

studied materials, so that its phase diagram, specifically the high-P melting curve and

a possible high-P–high-T (HP-HT) polymorphism which its materials strength modeling

crucially depends on, has remained virtually unknown.

Research interest in HP-HT polymorphism in the bcc transition metals has reemerged

in connection with laser-heated diamond anvil cell (DAC) melting experiments in which

melting curves with a small slope (dT/dP ) in the megabar pressure range have been

determined [5–12]. These flat melting curves do not agree with the results of more recent

experiments [13–19] and calculations [20–25]. Several hypotheses have been proposed to

explain these apparent discrepancies. One of them suggests that the flat melting curves

could in fact correspond to solid-solid (s-s) phase boundaries that occur under HP-HT

below melting. In particular, HP-HT solid-solid transitions have been predicted to take

place in Ta [24, 26, 27] and Mo [28]. In contrast to these metals, there are only few studies

on (W). The experimental melting curve of W is one of the flat ones [7]; it has a slope of

∼ 7 − 8 K/GPa and reaches ∼ 4000 K at ∼ 100 GPa which contradicts both the initial

slope of 44 K/GPa from isobaric expansion measurements [29] and the shock Hugoniot

melting points of ∼ 12000 K at ∼ 400 GPa [30]. The experimental melting curves of

Refs. [31], [32] and [33] have even higher slopes of ∼ 90, 75 and 60 K/GPa, respectively.

As noted in [33], large experimental errors of Ref. [34] lead to ∼ 50% error in the value
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of the corresponding slope, 70 ± 35 K/GPa. The other, theoretical, value of the slope is

28.7 K/GPa [35].

Here we present an extensive theoretical study of the phase diagram of W to a pressure

of 2500 GPa (25 Mbar).

THE PHASE DIAGRAM OF W

Although the phase diagram of W has not been known in detail, there are several

features of this phase diagram that have been firmly established. First, melting on the

shock Hugoniot of W occurs at ∼ 400 GPa and presumably at T ∼ 12000 K [30]; these

values are extracted from the corresponding P = P (Up) and T = T (Up) dependences

on the particle velocity Up as those at Up ∼ 2.5 km/s at which melting occurs on the

shock Hugoniot of W [30]. Second, the stability of bcc-W has been confirmed experi-

mentally under room-T isothermal compression to 420 GPa [36] and to 500 GPa [37].

There is presently no experimental evidence for a s-s transition in W. However, there is

compelling theoretical evidence for a s-s phase transition at high P. Calculations of the

phonon spectra of both the bcc and face-centered cubic (fcc) structures of W show that

bcc-W becomes mechanically unstable at pressures above 12 Mbar, while fcc-W being

mechanically unstable at low P gets fully stabilized above 4 Mbar [38]. A very recent the-

oretical study [39] demonstrates that fcc-W becomes mechanically stable at ∼ 450 GPa

while bcc-W becomes mechanically unstable with increasing P ; above 12 Mbar bcc-W is

unstable at low T but remains stable above 1000 K. Hence, a s-s phase transformation to

another solid phase that is mechanically stable is expected to occur at P
<∼ 12 Mbar at

low T, and the s-s transition boundary is expected to have positive slope (dT/dP > 0)

since the bcc-W stability range widens with increasing T. Because fcc-W also becomes

thermodynamically more stable than bcc-W [39], fcc-W is one of the candidates for the

high-P solid structure of W. In fact, the bcc-fcc s-s phase transition was predictied to

occur at ∼ 12 Mbar, and calculations show that the bcc-fcc phase boundary does have

positive slope at P ≥ 12 Mbar [39]. However, in [40] a transformation to a different solid

structure, namely, dhcp, which is thermodynamically more stable than fcc, is predicted

to occur, albeit at much lower pressure of 650 GPa. If a bcc-dhcp s-s phase transition

does occur in W, just like in Mo [41], the two phase diagrams may look similar. As we
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demonstrate in what follows, this is indeed the case.

We begin our theoretical study of the phase diagram of W with the calculation of the

cold (T = 0) free energies (i.e., enthalpies) of a number of different solid structures of W

as a function of P.

Cold enthalpies of different solid structures of W

The calculations were based on density-functional theory (DFT) with the projector-

augmented-wave (PAW) [42] implementation and the generalized gradient approximation

(GGA) for exchange-correlation energy, in the form known as Perdew-Burke-Ernzerhof

(PBE) [43]. All the calculations were done using VASP (Vienna Ab initio Simulation

Package). Since the simulations were performed at high-PT conditions, we used accurate

pseudopotentials where the semi-core 5s and 5p states were treated as valence states.

Specifically, W was modeled with 14 valence electrons per atom (5s, 5p, 5d, and 6s

orbitals). Cold enthalpies were calcualted using unit cells with very dense k-point meshes

(e.g., 50×50×50 for bcc-Nb) for high accuracy. In all the non-cubic cases we first relaxed

the structure to determine its unit cell parameters at each volume.

Our calculated cold enthalpies of five different solid structures of W are shown in

Fig. 1. It is seen that, with inceasing P, a number of other solid structures become

thermodynamically more stable than bcc, but it is dhcp that does it first, at a pressure

of 1060 GPa. Hence, in the case of W the s-s transition boundary is the bcc-dhcp one,

and its starting point is (P, T ) = (1060, 0).

Equations of state of bcc-W and dhcp-W

Next, we calculate the cold equations of state of both bcc-W and dhcp-W. For dhcp-W,

we also determine the density dependence of the c/a ratio, where a and c are the lattice

constants of the dhcp unit cell.

Our ab initio results on the cold equation of state (EOS) of bcc-W are described by

the third-order Birch-Murnaghan (BM3) form

P (ρ) =
3
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where B0 and B′

0 are the values of the bulk modulus and its pressure derivative at the

reference point ρ = ρ0. In our case of bcc-W,

ρ0 = 19.3 g/cm3, B0 = 314.1 GPa, B′

0 = 4.07. (2)

Since the P = 0 values of the density of W at T = 0 and 300 K differ by ∼ 0.3% (19.31

vs. 19.26 g/cc), and T = 300 K introduces a negligibly small thermal pressure correction,

the T = 0 and T = 300 K isotherms can be described by the same values of B0 and B′

0.

Consequently, we can compare room-T isotherm data of Refs. [37, 44–47] to our T = 0

isotherm as determined from QMD. A comparison is shown in Fig. 2. It is seen that our

EOS is virtually identical to the experimental isotherm of [47], for which B0 = 317.5 GPa

and B′

0 = 4.05 are very similar to ours, as well as to the theoretical calculations of [45] in

the so-called mean-field potential (MFP) approach.

For dhcp-W, the P dependence of the c/a ratio for the lattice constants of the dhcp

unit cell is accurately described by

c

a
= 3.2660 − 0.4912

(

a

a0

)3

+ 0.7484
(

a

a0

)5

, (3)

where a0 = 2.8525 Å coresponds to the ideal (c/a = 4
√

2/3 ≈ 3.2660) unit cell of the

same reference density ρ0 as for the corresponding cold EOS. Since the unit cell volume

is ca2
√
3/8 (a3/

√
2 for the ideal structure), the above relation can be translated into the

P dependence of c/a, via the corresponding cold EOS of dhcp-W that we obtained. It is

described by the BM3 form, Eq. (1), with

ρ0 = 18.6 g/cm3, B0 = 290.8 GPa, B′

0 = 3.95. (4)

Above 1000 GPa, the dhcp-W structure is virtually ideal. At the transition pressure of

1060 GPa, the two density values predicted by these EOSs are, respectively (in g/cm3),

40.38 for bcc-W and and 40.53 for dhcp-W; hence the bcc-dhcp transition corresponds to

a small volume change of ∼ 0.4%.

MELTING CURVES OF DIFFERENT SOLID STRUCTURES OF W

We now discuss the calculation of the melting curves of different solid structures of W.

For this calculation, we used the Z method which is described in detail in [24, 48, 49]. We
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calculated the melting curves of bcc-W as well as a number of other solid structures of

W which have been mentioned in the literature in connection with transition metals: all

the close-packed structures with different layer stacking (fcc, hcp, dhcp, thcp, 9R), open

structures (simple cubic, A15, hex-ω), and different orthorhombic structures. Again, in

all the non-cubic cases we relaxed the structure to determine its unit cell parameters;

those unit cells were used for the construction of the corresponding supercells. We used

systems of 400-500 atoms in each case.

Ab initio melting curve of bcc-W

For the calculation of the melting curve of bcc-W (with the Z method) we used a

432-atom (6 × 6 × 6) supercell with a single Γ-point. Full energy convergence (to
<∼

1 meV/atom) was verified by performing short runs with 2× 2× 2 and 3× 3× 3 k-point

meshes and comparing their output with that of the run with a single Γ-point. For each of

the five points listed in Table 1, we performed ten NV E runs (five values of V correspond

to five values of densities in Table 1) of 10000-20000 time steps of 1 fs each, with an

increment of the initial T of 250 K for the first datapoint, 750 K for the last datapoint,

and 625 K for the remaining four. Since the error in T is half of the increment [49], the T

errors of our six values of Tm are within 5% each. The P errors are negligibly small: less

than 1 GPa for the first point and 1-2 GPa for the remaining five. Hence, our melting

results on bcc-W are very accurate.

lattice constant (Å) density (g/cm3) Pm (GPa) Tm (K) ∆Tm (K)

3.350 16.240 -17.7 2800 125.0

3.050 21.519 90.6 6520 312.5

2.850 26.375 258 9840 312.5

2.675 31.897 543 13760 312.5

2.535 37.479 947 18070 312.5

2.400 44.166 1596 23130 375.0

Table 1. The six ab initio melting points of bcc-W, (Pm, Tm ±∆Tm), obtained from the
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Z method implemented with VASP.

The best fit to the six bcc-W melting points gives the melting curve of bcc-W in the

Simon-Glatzel form [50] (Tm in K, P in GPa):

Tm(P ) = 3695
(

1 +
P

41.8

)0.50

. (5)

Its initial slope, dTm(P )/dP = 44.2 K/GPa at P = 0, is in excellent agreement with

44 K/GPa from isobaric expansion measurements [29]. Both the five bcc-W melting points

and the melting curve (8) are shown in Fig. 3 and compared to experiment [30, 33], the

calculated Hugoniot of W [51], and other theoretical calculations [52–55].

Ab initio melting curve of dhcp-W

The five melting points of dhcp-W that we obtained are listed in Table 2. The dhcp-W

melting simulations were carried out exactly the same way as the bcc ones, namely, 10

runs per point, 10000-20000 time steps of 1 fs each per run, and an increment of the

initial T of 300 K for the first datapoint, 750 K for the last datapoint, and 625 K for the

remaining four. Just as for bcc-W, a 432-atom (6× 6× 3) supercell was used to simulate

each of the six dhcp-W melting points. And as for bcc-W, the T errors of our six values

of Tm are within 5% each.

lattice constant (Å) density (g/cm3) Pm (GPa) Tm (K) ∆Tm (K)

2.90 17.702 8.1 3080 150.0

2.65 23.199 150 7380 312.5

2.40 31.230 510 13110 312.5

2.25 37.902 970 18000 312.5

2.15 43.440 1471 22200 312.5

2.05 50.112 2235 27380 375.0

Table 2. The six ab initio melting points of dhcp-W, (Pm, Tm±∆Tm), obtained from the

Z method implemented with VASP. The lattice constant values correspond to the ideal
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dhcp structure.

The best fit to the six dhcp-W points gives the melting curve of dhcp-W in the Simon-

Glatzel form (Tm in K, P in GPa):

Tm(P ) = 2640
(

1 +
P

23.0

)0.51

. (6)

Figs. 4 and 5 demonstrate the time evolution of T and P, respectively, in the Z-method

runs of the bcc-W melting point (P in GPa, T in K) (P, T ) = (947, 18070). Figs. 6 and

7 demonstrate the same for the dhcp-W melting point (970, 18000). These two points are

chosen as examples and are shown in Fig. 8 as open blue and green circles, respectively.

All the other solid structures that we considered melt below bcc. As two examples, one

of the fcc-W melting points, namely, (P, T ) = (942, 16920), and one of the 9R-W melting

points, namely, (P, T ) = (968, 16390), along with short segments of the corresponding

melting curves, are shown in Fig. 8. The corresponding time evolution of T and P in the

Z-method runs are shown in Figs. 9 and 10, and 11 and 12, respectively.

The melting curves of bcc-W and dhcp-W cross each other at (P in GPa, T in K)

(P, T ) = (1675, 23680) which is the bcc-dhcp-liquid triple point. The choice of T (P ) =

a(1660− P )b, 0 < b < 1 as a functional form for the bcc-dhcp phase boundary leads to

(iii) the bcc-dhcp solid-solid phase transition boundary:

T (P ) = 73.2 (P − 1060) 0.90, (7)

which crosses the triple point and lies within the bounds imposed by the solidification

simulations using the inverse Z method. We discuss these inverse Z simulations in the

following section.

Although the rigorous derivation of the thermal equations of state of bcc-W and dhcp-

W goes beyond the scope of this work, we note that the finite-T counterparts of the above

two EOSs can be written approximately as P (ρ, T ) = P (ρ)+αT, where αbcc = 7.3 · 10−3

and αdhcp = 6.8 · 10−3. The resulting “approximate” thermal EOSs turn out to be quite

accurate. For example, for the five bcc-W melting points in Table 1, the corresponding

thermal EOS gives pressures of -17.8, 90.3, 258, 543, 948 and 1601, which are basically

identical to those in the third column of Table 1. For the five dhcp-W melting points in

8



Table 2, the five P values are 7.9, 150, 509, 970, 1476 and 2242, in excellent agreement

with those in the third column of Table 2.

INVERSE-Z SOLIDIFICATION SIMULATIONS OF LIQUID W

To constrain the location of the bcc-dhcp solid-solid phase boundary on the P -T plane

between the points (P = 1060, T = 0) and (P = 1675, T = 23680), we carried out two

sets of independent inverse Z runs [24] to solidify liquid W and to confirm that liquid W

solidifies into bcc on one side of this boundary and into dhcp (or any other solid structure)

on the other side, such that the location of this phase boundary may be constrained. We

used a computational cell of 512 atoms prepared by melting a 8×8×8 solid simple cubic

(sc) supercell which would eliminate any bias towards solidification into bcc or any other

solid structure (fcc, hcp, dhcp, etc.). We used sc unit cells of 2.0, 1.935, 1.915, 1.895, and

1.870 Å; the dimensions of bcc unit cells having the same volume as the sc ones are 2.520,

2.438, 2.413, 2.388, and 2.356 Å, respectively, which corresponds to the bcc-W pressures

of ∼ 870, 1225, 1355, 1505, and 1715 GPa, and slightly lower pressures for dhcp-W.

We carried out NV T simulations using the Nosé-Hoover thermostat with a timestep

of 1 fs, with the initial T increment of 2500 K. Complete solidification typically required

from 15 to 25 ps, or 15000-25000 timesteps. The inverse Z runs indicate that liquid W

only solidifies into bcc at ∼ 900 GPa in the whole temperature range from 0 to essentially

the corresponding Tm. However, at ∼ 1200-1400 GPa it solidifies into bcc above the

transition boundary in Fig. 8, while below this boundary it solidifies into another solid

structure. The radial distribution functions (RDFs) of the final solid states are noisy;

upon fast quenching of the seven structures (seven green bullets in Fig. 8 in the 1200-

1400 GPa range) to low T, where RDFs are more discriminating, and by comparing them

to the RDFs of fcc, hcp, dhcp, 9R, etc., we conclude that dhcp is the closest strucure to

those that liquid W solidies into below the transition boundary.

The RDFs of the solidified states at ∼ 1200 GPa above the transition boundary are

shown in Fig. 13, and of those solidified below the transition boundary in Fig. 14. The

7500 K state virtually lies on the boundary. We tentatively assign it to bcc, because it

definitely has features of bcc (RDF peaks at R ∼ 55, 65 and 85, etc.). At the same time it

certainly has some features that are both uncharacteristic of bcc (e.g., the disappearance
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of the bcc peak at R ∼ 95) and characteristic of dhcp (peaks at R ∼ 90 and 120, small

peaks at R ∼ 100 and 130, etc.). Most likely, this 7500 K state is bcc with some admixture

of dhcp.

A few more comments are in order. The 17500 K state at ∼ 1250 GPa did not solidify,

most likely for the reason of not being supercooled enough to intiate the solidification

process [24]. Indeed, 17500 K constitutes ∼ 0.8 of the corresponding Tm of ∼ 22000 K

(20% of supercooling) while, e.g., for the other set of points at ∼ 900 GPa, the highest

solidification T of 12500 K constitutes ∼ 0.75 of the corresponding Tm of ∼ 17000 K (25%

of supercooling) which apparently allows for the solidification process to go through in

this case.

The phase diagram of W to 2500 GPa is shown in Fig. 8. It includes the two, bcc and

dhcp, melting curves, the bcc-dhcp solid-solid phase transition boundary, and the results

of the solidification of liquid W into final states of either solid bcc or solid dhcp, using

the inverse Z method.

The W phase diagram figure does not show the previous experimental DAC melting

curve of Errandonea et al. [7, 56] which is flat, with a slope of ∼ 7-8 K/GPa. We did

not include it in Fig. 8 because we do not consider it to be relevant to our study. The

very recent experimental study by Hrubiak et al. [17] demonstrates that, on increasing

T, compressed Mo undergoes a transformation that results in a texture (microstructure)

change: large Mo grains become unstable at high T due to high atom mobility and

reorganize into smaller crystalline grains. This transformation occurs below melting,

and the pressure dependence of the transformation temperature is consistent with the

previous DAC melting curve by Errandonea et al. [7]. Hence, most likely, Errandonea’s

curve is an intermediate DAC transition boundary rather than the true melting curve of

Mo. The latter has the initial slope of 34 K/GPa, and both its most recent experimental

measurements [17] and theoretical calculations [41, 57] agree with each other.

A behavior similar to that of Mo (a texture change) was recently observed in the high-

PT melting experiments on V [19]. Hence, this phenomenon of a texture (microstructure)

change can be common to a number of transition metals, including W. It is therefore

natural to assume that in the case of W, too, the corresponding Errandonea’s melting

curve is an intermediate DAC transition boundary, while our curve is the actual melting

curve of W.
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CONCLUDING REMARKS

The phase diagrams of substances can be topologically similar (look-alike) or, in some

cases, even topologically equivalent. The topological similarity of the phase diagrams

of Ti, Zr, and Hf (each containing the three solid phases α, β and ω) is well known.

The phase diagrams of Si and Ge are topologically equivalent at low P : both contain

semiconducting diamond and metallic tetragonal β-Sn solid structures, and the slopes

of the corresponding solid-solid and solid-liquid phase boundaries are almost identical

[59]; in either case, dTm/dP (0) < 0. The proper knowledge of similarities of the phase

diagrams can be useful in making predictions with regard to the phase diagram content

and in offering suggestions as to what solid structures to look for in high-PT experiments.

The results of the present study demonstrate that the phase diagrams of W and Mo,

Group 6B partners in the periodic table, shown in Fig. 8 of this article and Fig. 11 of

Ref. [41], respectively, are similar. In both cases, the ambient bcc solid structure trans-

forms into dhcp on increasing P.Only these two solid phases are confirmed as being present

on the two phase diagrams, via ab initio QMD simulations using the Z methodology.

It is interesting to note another case of the phase diagrams of Nb and Ta, Group 5B

partners in the periodic table, which appear to be similar as well. In both cases, a bcc-

Pnma solid-solid phase transition occurs [24, 58] but, in contrast to dhcp in Mo and W,

the orthorhombic Pnma phase exists at high T only. In Ta, the bcc-Pnma-liquid triple

point is at a pressure which is an order of magnitude higher than that in Nb [24, 58].

Also, the bcc-Pnma transition T increases with P in Nb but decreases with T in Ta.

Fast recrystallization observed in HP-HT experiments on transition metals may imply

either a microstructural transition (discussed above) at which the sample texture changes

but its crystal structure remains the same, or a true solid-solid phase transition. The

former was recently proven to be the case in Mo [17], and it is very likely the case in V

[19] as well as in W. The latter is apparently the case in Nb [58] and likely in Re as well

[25]. In either case, the corresponding fast recrystallization lines have been misinterpreted

as flat melting curves in the former laser-heating DAC experiments.
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FIG. 1: The T = 0 free energies of different solid structures of W (listed in the legend) from

ab initio calculations using VASP. The free energy of bcc-W is taken to be identically zero.
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FIG. 2: The T = 0 equation of state of bcc-W: our own ab initio calculations using VASP

vs. experimental [37, 44, 46, 47] and other theoretical [45] data.
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FIG. 3: The melting curve of bcc-W: QMD simulations using VASP vs. other theoretical

calculations [52–55], the low-pressure melting data of Ref. [33], and the experimental shock

melting datapoint [30]. The calculated Hugoniot is shown as a thin black curve.
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FIG. 4: Time evolution of temperature for bcc-W in three QMD runs with initial temperatures

(T0s) separated by 625 K. The middle run is the melting run, during which T decreases from

∼ 22000 K for the superheated state to ∼ 18000 K for the liquid at the corresponding melting

point.
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FIG. 5: The same as in Fig. 4 for the time evolution of pressure (in kbar; 10 kbar = 1 GPa).

During melting P increases from ∼ 930 GPa for the superheated state to ∼ 950 GPa for the

liquid at the corresponding melting point.
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FIG. 6: The same as in Fig. 4 for dhcp-W.
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FIG. 7: The same as in Fig. 5 for dhcp-W.
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FIG. 8: Ab initio phase diagram of tungsten.
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FIG. 9: The same as in Fig. 4 for fcc-W.
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FIG. 10: The same as in Fig. 5 for fcc-W.
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FIG. 11: The same as in Fig. 4 for 9R-W.
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FIG. 12: The same as in Fig. 5 for 9R-W.
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FIG. 13: RDFs of the final states of the solidification of liquid W at ∼ 1200 GPa at higher

temperatures.
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FIG. 14: RDFs of the final states of the solidification of liquid W at ∼ 1200 GPa at lower

temperatures.
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