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EULER EQUATIONS WITH GRAVITY

0U  OF(U) 0G(U) 2H(U)

- _I_ —
ot Ox oy Oz S(U)

1
U = (p, pu, pv, pw, E)T  E = pe + 5p|v|2+p¢
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HYDROSTATIC EQUILIBRIUM

ou
Static (v = 0, Pl 0) solution to the Euler equations with gravity

Vp = pg

Solutions with different temperature/entropy profiles possible:
isothermal, isentropic, polytropicg, ...

Some stratifications are convectively unstable.

e N? > 0 (subadiabatic): small perturbations

S 0 oscillate around equilibrium

N =g V= g |VI-(VD),]

b e« N2 <0 (superadiabatic): exponential growth of

small perturbations forms turbulent convection



t = (.00 s

w107
0010
1oL
05 F UMD
i
o
0.0 F 40 E‘
—0ar 2000
10k
— 4000
i i i i

s 107

» 0:00/0:08




MOTIVATION: CONVECTION AT VERY LOW MACH NUMBERS

massive stars during core hydrogen burning typically have Mach numbers of 10 ~*
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MOTIVATION: CONVECTION AT VERY LOW MACH NUMBERS

massive stars during core hydrogen burning typically have Mach numbers of 10 ~#

» 0:00/0:12 i : » 0:00/0:12

no well-balancing with well-balancing

courtesy of Leo Horst (HITS)
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CARGO-LE ROUX METHOD

start out from 1D Euler egs. with gravity

pu 0
0

Ox ,
u(E +p) pEU

1

Cargo & Le Roux (1994); Le Roux (1999)
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CARGO-LE ROUX METHOD

Cargo & Le Roux (1994); Le Roux (1999)

start out from 1D Euler egs. with gravity

p pu 0
0 0 5 1 ,
~|PY || v TP |=|rg | E =pe+ _p|v]
ot| |, Ox ,

E u(E + p) pEU
. . . . Oq 0q
introduce potential ¢ with properties: =P8 o = Tpug

introduce new pressure and energy: Il = p — g, F =E + q



CARGO-LE ROUX METHOD

same form as Euler equations without any source terms

p pu 0
g pu g 2410 0
al” Tl 7

F u(F +TI) 0

modified equation of state:[1=p—¢g, F =E +gq
g corresponds to hydrostatic pressure profile

o(pq) N d(pqu)
ot Ox

g is evolved using advection equation: 0
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MULTIDIMENSIONAL CARGO-LE ROUX

L 0q
naive idea: Vg = pg, o5~ —pgru

problem: g does not always exist (necessary condition: g || Vp)
Even if it exists for the initial condition, time evolution could destroy Vg = pg property.

Instead we introduce a “horizontal” average of density: p, = (p)

oU OFWU) o0GU) JH(U)
— + + +
ot OxX oy Oz

— S(U)

1
U = (p, pu, pv, pw, EYT  E = pe + 5p|v|2+p¢
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af METHOD

Berberich+ (2018)

modify the reconstruction step

a priori known hydrostatic solution at cell centers and interfaces:

~/

p=poax), P =pohx)

reconstruct in modified variables

) Pi P

W.= (W’ w". wP -
| ( i* i oa(x)’ 7 B(x)

l

convert back after reconstruction



DEVIATION METHOD
Berberich+ (2020)
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known stationary solution U (v can be nonzero)
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DEVIATION METHOD
Berberich+ (2020)
oU

IEZO

known stationary solution U (v can be nonzero)

OF(U) . 0G(U) . OH(U)
OX 0y 0z

= S(U)

~/

subtract equilibrium eq. from Euler eq. for arbitrary U, expressed using AU = U — U



DEVIATION METHOD (CONTINUED)

AU at next step is calculated via:

8(AU)i,j’k

Fdev1 B Fdev1 n Gdev - Gdev - HdeV - Hdev — SQGV

L L 1 1 . o, b iik
Ot i—5 ..k i+ .,k ij= 5k i,j+ts.k B Y s i,j .kt J
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AU at next step is calculated via:

a(AU)i J >k dev dev dev dev dev dev dev
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.. hond
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SEVEN-LEAGUE HYDRO CODE

solves the compressible Euler equationsin 1-, 2-, 3-D

explicit and implicit time integration

flux preconditioning to ensure correct behavior at low Mach numbers
other low Mach number schemes (e.g. AUSM " -up)

works for low and high Mach numbers on the same grid

hybrid (MPI, OpenMP) parallelization (works up to 458 752 cores)
several solvers for the linear system:

BiCGSTAB, GMRES, Multigrid, (direct)

arbitrary curvilinear meshes

using a rectangular computational mesh

gravity solver (monopole, Multigrid)

radiation in the diffusion limit

general equation of state

general nuclear reaction network




LOW MACH NUMBER FLUXES

Typical flux functions in finite-volume schemes have Mach number dependent dissipation
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Typical flux functions in finite-volume schemes have Mach number dependent dissipation

example: Gresho vortex with variable Mach number (Miczek+, 2015)
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LOW MACH NUMBER FLUXES
Typical flux functions in finite-volume schemes have Mach number dependent dissipation

example: Gresho vortex with variable Mach number (Miczek+, 2015)

1.0 f———— ' ! ! ! —
0.9 | i
o8f T _
s | T
=
2 071 _
0.8 Q
~—
S
06 Z 06| =
~ 2
0.4 ]
05 | =
0.2
—— precond. My = 107! .-« no precond. My = 107!
0.0 ‘ 4 0.0 04 + — precond. M« = 1072 -+« no precond. My, = 1072 —
00 02 04 06 08 00 02 04 06 08 00 02 04 06 08 00 02 04 06 08 : p » Afmax p - max
x x x X — precond. My,x = 1073 no precond. My ,x = 1073
03 | | | |

0.0 0.2 04 0.6 0.8 1.0
low Mach flux .
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DETAILS OF IMPLICIT TIME-STEPPING

o typically use ESDIRK scheme (Explicit first stage, Singly Diagonally Implicit Runge-Kutta)
e anonlinear system of eqgs. needs to be solved at each (sub)step

e solved using Newton-Raphson method

e good initial guess: previous step

e Jacobian matrix solved using iterative methods (BiCGSTAB, GMRES, Multigrid)



DETAILS OF IMPLICIT TIME-STEPPING

typically use ESDIRK scheme (Explicit first stage, Singly Diagonally Implicit Runge-Kutta)
a nonlinear system of eqgs. needs to be solved at each (sub)step

solved using Newton-Raphson method

good initial guess: previous step

Jacobian matrix solved using iterative methods (BiCGSTAB, GMRES, Multigrid)

SIZE OF THE SYSTEM (512° EXAMPLE)
* sjze: SNxNyNZ equations (6.7 X 108)

e Jacobian: (SNXNYNZ)2 matrix (4.5 x 10! = 3.1 EiB)
®* nonzero entries:
325N N N_ (4.3 » 1019 = 325 GiB)

e sparseness: 9.7 X 10 %%



STRONG SCALING

512° grid on JUQUEEN
(Bluegene/Q at FZJ Jilich, Germany)

number of threads

12%3096 8192 16384 32768 65536 131072 2062144 524288
\ \ \ \ \ \
—eo— SLLH
64 - 1deal

32

16

speed-up

1024

|
2048

| | | |
4096 8192 16384 32768
number of processes

|
650536 131072



1.0

STRONG SCALING

1344° grid on JUQUEEN
(Bluegene/Q at FZJ Jilich, Germany)

number of racks

7 14 21 28
i ; ; | B
X
| | |
114688 229376 344064 458752

number of cores




NUMERICAL TESTS

all run with the SLH code
2D Cartesian box

AUSM " -up all Mach number flux (Liou 2006)
second-order MUSCL scheme

ESDIRK23 time-stepping

reconstruction eitherinp — P orp — T variables
well-balancing: Cargo-Le Roux (CL), af3, Deviation




HYDROSTATIC TEST (ISOTHERMAL)

sinusoidal gravity: ¢ = — s4sin2zy), g= — V¢ ofema o

periodic boundaries on all sides
isothermal stratification (convectively stable)

10— ° o

p=peexp|= ¢ P =peexp|— ¢
Py Py

109 A

s
-
s
-
max(Ma) and max(Ap)

10— 11 <

constant reconstruction

I I I I I I I
0 500 1000 1500 2000 2500 3000 3500 4000

t/tpv

—>¢ AUSMT-up CL
AUSM™T-up af
AUSI\/I+—up Deviation

> AUSM""—up no WB



HYDROSTATIC TEST (POLYTROPIC)

e sinusoidal gravity: ¢ = — sysin(2zy),

e periodic boundaries on all sides

e polytropic stratification

° v—1P
V. Py

1 %

p=podv-1, p=polv-,

Pott
I'=—
pol

g= — V¢

6 = T,p.

e v =10.9 (convectively stable,v < y = 1.4)

e constant reconstruction

max(Ma) and max(Ap)

polytropic T profile (v = 0.9)

1000 2000 3000 4000
t/tev

3¢ AUSM*t-up (MT,, = 1) CL
3¢~ AUSMT-up (ME = 1) aB

cut

AUSMT-up (MP . = 1) Deviation

cut

¢ AUSMT-up (ME = 1) no WB

cut

—— AUSMT-up (ME , =0.1) CL

cut

—— AUSMT-up (ME,, =0.1) aB

AUSM T -up (M2 . = 0.1) Deviation
—— AUSM ™ -up (M2, =0.1) no WB



HOT BUBBLE

single rising, high-entropy bubble to study the most basic process of convection
isentropic background stratification

local entropy perturbation

A=A4,11 (AA) t ?|
= + | — cos| - — ,
0 A Ji=0 21

periodic on all sides to avoid boundary effects
gravity: g, = gosin(kyy)




HOT BUBBLE

single rising, high-entropy bubble to study the most basic process of convection
isentropic background stratification

local entropy perturbation

A=A4,11 (AA) t ?|
= + | — cos| - — ,
0 A Ji=0 21

periodic on all sides to avoid boundary effects
gravity: g, = gosin(kyy)

We expect the bubble (region with A4/A4 > 0) to rise
without any region going to negative A4/ A.



t=150s

t=300s

Cargo-Leroux WB

p-P rec.

a3 WB
p-P rec.

Deviation WB

p-P rec.

min = -4.99e-04
max = 1.01e-03

~

min = -4.41e-05
max = 9.78e-04

Deviation WB

p-T rec.

no WB
p-P rec.

no WB
p-T rec.

min = -5.14e-05
max = 9.80e-04

min = -4.95e-05
max = 9.80e-04

min = -4.78e-04
max = 9.11e-04

~

min = -6.37e-05
max = 1.04e-03

min = -2.01e-03
max = 1.50e-03

min = -8.35e-05
max = 8.69e-04

min = -1.10e-04
max = 8.80e-04

min = -1.03e-04
max = 8.78e-04

min = -1.64e-03
max = 1.61e-03

min = -3.92e-04
max = 9.74e-04




64 x 96

128 x 192

256 x 384

Cargo-Leroux WB
p-P rec.

aB WB
p-P rec.

Deviation WB
pP-P rec.

Deviation WB
p-T rec.

no WB
pP-P rec.

no WB
p-T rec.

min = -1.45e-02
max = 6.86e-03

min = -6.48e-05
max = 7.32e-04

min = -1.03e-04
max = 7.52e-04

min = -9.16e-05
max = 7.50e-04

min = -6.56e-03
max = 9.11e-03

min = -1.39e-03
max = 1.51e-03

min = -2.01e-03
max = 1.50e-03

min = -8.35e-05
max = 8.69e-04

min = -1.10e-04
max = 8.80e-04

min = -1.03e-04
max = 8.78e-04

min = -1.64e-03
max = 1.61e-03

min = -3.92e-04
max = 9.74e-04

=

min = -8.11e-04
max = 9.50e-04

min = -9.19e-05
max = 9.47e-04

min = -1.09e-04
max = 9.54e-04

min = -1.05e-04
max = 9.53e-04

min = -6.55e-04
max = 9.39e-04

min = -1.74e-04
max = 9.77e-04




CONVECTIVE BOX

0.0 €s, arb. units
—0.1 -
e Cartesian box with convective region (CR) at z 0o 4
bottom, stable region at top o
e resolved heating term at the bottom of the CR
e heating can be adjusted reach given Mach number: 3
Ma o ¢1/3 I;E; ,
0 - —————

0.5 1.0 1.5 2.0 2.5
1IN cm ><1O11



no WB Cargo-Leroux WB a8 WB Deviation WB

no WB

éo = 104 : éo = 10°

J S - 102
~ " {1 F
& . C
- - i
Ma = 4.3 x 1073 Ma = 9.4 x 103" I
g
g
" 1073
Q
g
8 (0]
QI_( =
& 10—4
U
g
.
&
10—°
E.‘ K
& !
Ma = 9.1 x 103 -
— — 1076



theoretical scaling of Mach number with heating term: Ma « ¢

102

1/3

e
”
//
%
= % - ’.’;‘.
”
”
y ‘//,
<
//,
/,/
”
-7 .1/3
,,/v\’ -== Mayms o< 60/
-7 X Deviation WB p-T rec.
e - afB WB p-P rec.
/_
-7 Cargo-Leroux WB p-P rec.
”
g X noWB p-P rec.
oﬁs’/ no WB p-T' rec.
||||I 1 1 ||||||I 1 1 ||||||I 1 1 ||||||I 1 1 ||||||I 1 1 ||||||I

102 103 104 10° 100 107

energy Iinput ég




KEPLERIAN DISK

setup from Gaburro+ (2018)

rotating disk
partially stabilized by centrifugal force
example of stationary, but not static setup

| Gm
u(x, y) - sin[a(x, y)]N r(x y)
| Gm
v(x,y) = cosla(x, y)]N )’

radial density profile is supposed to stay constant



KEPLERIAN DISK

e rotating disk
e partially stabilized by centrifugal force
e example of stationary, but not static setup

O | GmS
u(x, y) - sin[a(x, y)]N r(x y)
| Gm
#(5.3) = coslae 1\

e radial density profile is supposed to stay constant

20x70

setup from Gaburro+ (2018)

- No WB
Deviation WB

—-— 10 orbits
------- 100 orbits
—==1000 orbits
—— 10000 orbits

Radius



Y {1010 cm}

CURVILINEAR MESH

logically rectangular cubed sphere

Deviation WB

grid mesh -
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CONCLUSIONS

Setups close to hydrostatic equilibrium can suffer from large errors due to discretization discrepancies
Errors can cause stable regions to become unstable and prevent reaching low Mach numbers.
Well-balancing (WB) methods prevents discretization errors.

Different approaches: change EoS, reconstruction

Choice of reconstruction variables is crucial for low Mach convection (p — T better than p — P)
Inclusion of potential energy in the total energy improves results.

WB can prevent unphysical results on complex meshes.

Questions? Ask now or email pedelmann@lanl.gov.
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