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Stochastic Reaction Networks Motivation Goals
e Jump Markov Process Reaction networks involving small number of molecules necessitate the use of stochastic model-  Develop tools for dynamical, sensitivity and predictability analyses of
_ _ Ing instead of the deterministic one. E.g. stochastic reaction networks that account for
e Governed by Chemical Master Equation o
o _ _ e Immune system signaling reactions e Inherent variability
e Reduces to deterministic Rate Equations only with large number of molecules _
e Microbial reactions e Model/parameter uncertainty
e Numerically, Gillespie’s Stochastic Simulation Algorithm (SSA) [1] _ _ o
e Surface catalytic reactions e Limited data
Methods Model Problem.1 Model Problem.2
PC expansion of a stochastic process: Quadrature-Based Spectral Methods Karhunen-Loéve representation of Schloégl Model Parametric uncertainty in Viral Infection Model
: _ i PC coefficients recovered by quadrature integration
Polynomial Chaos (PC) expansion of a stochastic . e Interested in the dynamics of number of o N -
process X (t,w) X(t) = (X (t,w)¥g(£)) A+2X = 3X, molecules X i ’ e G-genomic nucleid acid, T-template nucleid
0o (T7(6) a2 e Models bistable behavior T = 0, acid, S-structural protein, V-viral progeny
X(tw) =) Xu(t)¥i(8) e Generalizes to multiple dimensions B = X T 2 G+T e Initial setting: G(0) = S(0) = V(0) = 0
k=0 ay ° Iﬁsre rs],witches k?et_wgen quJasistabIe states, un- . ) T(0) = 1 (MSﬁtipilicyEf Infectign B = 0,
with standard polynomials ¥, (&) of standard ran- e {lIsviewed as a random input parameter 'ke the deterministic analog G+5 — V, Main ob ble is th tati f the st
i . . . k ° aln observaple IS the expectation O e Sta-
dom Varlables é. ° Bypass SSA In generatlng the StOChaStIC pro- 1000 sample SSA realizations Regeneration of KL coefficients using Rosenblatt transformation T —5) S _|_ T’ tionary Viral prOdUCtion ra‘te
£~ N(0,1) = T;, Hermite polynomials Cess : T 9 ke 0. u = (k4G (00)S(c0)) over several realizations

_ Need to put w and £ on the same stochastic
¢ ~U[-1,1] = ¥, Legendre polynomials space

Sensitivity analysis has been performed in [3]. Currently we are extending it to a predictability analysis, with
large uncertainties in parameters k;. With inference-based approach, the PC coefficients of the viral producion
rate u = (k4G.S) have been inferred together with the uncertainty due to limited data and intrinsic stochasticity.
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Inferring response curve: Inference-Based Spectral Methods
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* 35 T T T T T T T T T 35

* ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ data‘
. L. sl N mean inferred curve
Inferring PC coefficients of the response curve of an e Using Monte Carlo Markov Chain (MCMC) to |

observable u = (f(X(T',w))) versus a parameter A infer u;, from limited set of data u();) .1 ; ; e T
Time,t 3 + . : . ++ &oar o . . . Jje N s
o0 - - - - - - Iy P A T iy o + 4 ¢+++ o - g
° ining the pr il Istribution of u;’ : - : : I : : : . p PR A e oML PR e e T ] 5
u(A) = wp U (N) tha g the probab t}_/ distribut 0 of uy 5_, The first KL coefficient &; is a random variable with bimodal PDF, each maximum corresponding to one of the branches of the time series. 5 [ fif}*};gﬁ}jftn; TR e g
Z I.e. response curve u(A) is found with quanti- , : . . T O A R R s P g
k=0 fied uncertaint In order to map &,,’s to a known, standard stochastic space, we use the inverse Rosenblatt transformation. In other words, (£1,£2,...) = P d 4 o R T e g
— R . R ) R jrrJr;r ; :Zﬁ# W ++1 . tfﬁh‘* e + +. fj: ++ +, o 4:4 s

y ¢ = R™1(7) , where 7j is a vector of i.i.d. uniform random variables. o R A T LA
+ T + N + ;@ R * SR + o+
KL decomposition with 10 modes KL decomposition with 10 modes, with Rosenblatt-generated KL coefficients °r '
0

Il I Il Il I L A I\ Il _ Il Il Il Il Il Il Il Il Il
0 100 200 300 400 500 600 700 800 900 1000 0.5 0.6 0.7 0.8 0.9 1 11 1.2 13 14 15
Runs Parameter, kg

Reduced order modeling: Karhunen-Loeve Decomposition

KL coefficients recovered by integration The first figure shows the stationary viral production rate over a span of 1000 realizations. Since Multiplicity
of Infection = 1, several runs show vanishing viral production rate.

The second figure illustrates the MCMC inferred virus production rate response versus a range of different
values of k3 - the most important parameter in terms of sensitivity analysis[3]. Although only the inferred
curve is plotted, MCMC allows to obtain the full probability distribution functions of the coefficients of inferred
curve. In other words, the uncertainty produced by intrinsic stochasticity and limited data has been taken into

account and quantified.

A stochastic process X (t,w) with covariance func- ]
tion C(t1,t2) of eigen-set {\,, f,.(¢)} admits the KL En(w) =
decomposition[2, 5] VAn

e Truncation to finite sum reduces the order

/ T (X w) — X(0) fult)dr.
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e Re-generate the stochastic process by sam- , , , , . .
pl ing gn Time, t Time, t

e &, can be sampled using inverse Rosenblatt
transformation [6]

X(tw) = X() + Y &alw)V Anfult)

with uncorrelated (but not independent!), zero-

mean random variables &,,. The first figure shows 10-term finite KL decompostion of the stochastic process X (¢). The second figure is the same, only with KL coeffi-

cients &;’s generated using inverse Rosenblatt transformation, i.e. using uniform random variables.

Current Work

Adaptive Multiwavelet Analysis
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Inverse Rosenblatt transformation £ = R=1(7) al-
lows to re-generate KL coefficients as functions
of uniform random variables in order to integrate M = Fopo1,.1Enlén-1,...,&1),
them with polynomials in PC expansion.

To tackle both cases, the Polynomial Chaos expansion is generalized to Multiwavelet Expansion [4] of polyno-
mial basis functions on a cascade of shrinking domains. Current work is focused on implementing adaptive
schemes of domain decomposition in order to infer a discontinuous response curve, or to represent a multi-
stable stochastic process.
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