
John R. Torczynski and Michael A. Gallis

Engineering Sciences Center

Sandia National Laboratories

Albuquerque, New Mexico, USA

Direct Simulation Monte Carlo 2011: 

Theory, Methods, and Applications

Santa Fe, NM, USA; September 25-28, 2011

DSMC Simulations of the Gas Mass 

Flow Rate in a Microscale Tube

Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia 

Corporation, a wholly owned subsidiary of Lockheed Martin Corporation, for the U.S. Department 

of Energy’s National Nuclear Security Administration under contract DE-AC04-94AL85000.

SAND2011-5642P



Gas Flow in a Microscale Tube

Investigate steady isothermal gas flow in microscale tube

– Tube is long and thin (L >> D) with circular cross section

– Tube joins gas reservoirs at different pressures (p1∞ ≥ p2∞)

– Tube and reservoirs have same temperature (T)

– Molecules partially accommodate (a ≤ 1) when reflecting

– Flow speed << molecule speed, laminar, no turbulence

Determine the mass flow rate and the pressure profile

– General physics-based closed-form expressions

– Free-molecular to continuum (arbitrary mean free path l)

– Theory and molecular-gas-dynamics simulations
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Classic Study: Knudsen (1909)

Martin Knudsen, Annalen der Physik

– Circular tube with length >> diameter

– Pressure difference << mean pressure

– Mean free path arbitrary w.r.t. diameter

– Reflections with unity accommodation

Developed closed-form expression for 

steady isothermal mass flow rate

– Based on empirical interpolation between 

known free-molecular & continuum limits

– Uncertain accuracy away from limits

Discovered ‘Knudsen minimum’

– For intermediate pressures, actual mass 

flow rates < free-molecular values



Classic Study: Smoluchowski (1910)

Marian Smoluchowski, Annalen der Physik

– Circular tube with length >> diameter

– Pressure difference << mean pressure

– Mean free path arbitrary w.r.t. diameter

– Reflections with sub-unity accommodation

Developed closed-form expression for 

steady isothermal mass flow rate

– Modification of Knudsen’s interpolation

between free-molecular and continuum

– Uncertain accuracy away from limits

Accommodation factor (2 – a)/a derived

– Knudsen minimum at all accommodations



Classic Study: Clausing (1932)

Pieter Clausing, Annalen der Physik

– Tube with arbitrary length w.r.t. diameter

– Pressure difference << mean pressure

– Mean free path >> diameter

– Reflections with unity accommodation

Developed integral expression for 

steady isothermal mass flow rate

– Expression is not closed-form

– Limited to free-molecular flow

Rigorous free-molecular mass flow rate

– Length is finite relative to diameter



Classic Text: Kennard (1938)

Earle Kennard, Kinetic Theory of Gases

– Tube of arbitrary cross section << length

– Pressure difference << mean pressure

– Mean free path >> diameter

– Reflections with sub-unity accommodation

Developed ‘closed-form’ expression for 

steady isothermal mass flow rate

– Factor contains complicated integrals

– Limited to free-molecular flow

Rigorous free-molecular mass flow rate

– Long tubes with arbitrary cross section

– Generalizes classic studies to date



Recent Work: Sharipov & Coworkers (1990+)

Felix Sharipov et al. have studied tube flow extensively 

– Coworkers include Seleznev, Kalempa, Loyalka, Siewert, 

Thomas, Valougeorgis, Varoutis, Cercignani, …

– Two encyclopedic reviews in J. Phys. Chem. Ref. Data and 

many other articles, chapters, and books

Sharipov has emphasized BGK-based analytical methods

– Focused mainly on long tubes with unity accommodation

– Provided extensive tables of mass flow rate for all regimes

He has also performed some numerical simulations

– Orifices, short tubes, arbitrary accommodation
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Recent Work: Karniadakis & Beskok (2002)

Micro Electro Mechanical Systems (MEMS) reawakened 

interest in gas flow through long thin channels

– Silicon channels of <10 mm height and >10 mm length

– Mean free path at STP is 0.06 mm, large enough to matter

George Karniadakis & Ali Beskok advocated new approach

– Accurate mass flow rate needs accurate velocity profile

– Improve slip boundary condition for Navier-Stokes equation

Slip regime is more accurate; however, free-molecular and 

transition regimes are not directly addressed
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Recent Work: Present Approach

Gallis & coworkers (2007, 2008) adopt different philosophy

– Transport rates are of primary importance

• Mass, momentum, energy

– Fields are of secondary importance

• Concentration, velocity, temperature

Construct boundary conditions to give accurate transport

– When used with Navier-Stokes equations

– For free-molecular, transition, slip, continuum

Resulting fields are only qualitatively correct 

– Fields are accurate in continuum limit

John TorczynskiMichael Gallis Dan Rader

 

 
2

1 2

1

2 2 1

d Hcu

d d H

la 


a a l

   
          

shear stress



 

 
 2

1 2

1

2 1 2
w

d

d d
u

L c

L
u

la 


a a l

 
     




 

 
 2

1 2

1
1

2 1 4
w

L pc

c c L
q T

c

T
T

la 

a a l

   
        




Parallel-Plate Applications

Present philosophy works well for parallel-plate geometry

– Heat flux (Fourier flow): heat transfer 

– Shear stress (Couette flow): momentum transfer 

Accurate for free-molecular through continuum

– Low to high pressures, all accommodations



Tube-Flow Application

Boundary condition yields closed-form expressions for 

mass flow rate and pressure profile covering all regimes

– Parameters b0, b1, b2, and e are specified to ensure accuracy 

in free-molecular, slip, and transition regimes

– Mass flow rate has Knudsen minimum: eb0 > 1 + b1a
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Mass Flow Rate Has Correct Limits

Expression reproduces known limits correctly

Continuum Not affected by e, b0, b1, b2

Slip Determined by b1

Free-Molecular Determined by e, b0

Orifice/Short-Tube Determined by e, b0
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Approximate Closed-Form Expression
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How Parameters Are Specified

Mass flow rate and pressure profile contain 4 parameters

– Product eb0 controls behavior in free-molecular regime

• Choose b0 = 16/3 to match Knudsen-Smoluchowski formula

• Choose e to match Clausing-Kennard inlet-outlet resistances

– Parameter b1 controls behavior in slip regime

• Loyalka, Siewert, and coworkers suggested (1 + b1a) form

• Gallis and coworkers showed common gases have b1 ≈ 0.15

– Parameter b2 controls behavior in transition regime

• Cannot be determined from above known limits

• May depend on accommodation coefficient

Determine b2 using molecular-gas-dynamics simulations
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Molecular-Gas-Dynamics Simulations

Direct Simulation Monte Carlo (DSMC) method of Bird 

uses computational molecules to simulate gas flows

– Each computational molecule (‘simulator’) represents 

a very large number of real molecules

– Simulators move, reflect from boundaries, and collide with 

each other so as to reproduce statistics of real molecules

– Flow field is found by averaging the (stationary) properties 

of the simulators in each cell over many time steps

DSMC scales well on massively parallel computers

– Essential for simulations in slip regime

molecules move ballistically molecule pairs collide



Simulation Conditions

DSMC simulation parameters

– Tube radius: 10 mm

– Tube length: 10 and 1 mm

• Length/radius = 1000 and 100, 

long and short

– Accom: 1.00, 0.75, 0.50, 0.25

• Most gases/surfaces are ~0.8, 

but helium/metal can be ~0.4

– Inlet pressure: 1-10,000 Pa

• Free-molecular to slip regime

• Kn = 1 at p = pl = 316.4 Pa

– Outlet pressure: (0.0-0.5) inlet

• 0.5 is weak gradient; 

0.0 is strong gradient

Mass flow rate uncertainty ~1%

Simulations take

~1 processor-year 

on a massively

parallel computer



Mass Flow Rate: Long Tube

Conditions

• L/R = 1000 (long)

• p2/p1 = 0.5 (weak)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Expected behavior is 

observed in known limits

• FM at low pressures

• Slip at high pressures

Expression & simulations 

have Knudsen minimum

• Accurate depth, breadth

• Reasonable e, b0, b1, b2



Mass Flow Rate: Short Tube

Conditions

• L/R = 100 (short)

• p2/p1 = 0.0 (strong)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Expected behavior is 

observed in known limits

• FM at low pressures

• Slip at high pressures

Expression & simulations 

have Knudsen minimum

• Accurate depth, breadth

• Reasonable e, b0, b1, b2



Normalized Mass Flow Rate: Long Tube

Conditions

• L/R = 1000 (long)

• p2/p1 = 0.5 (weak)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Normalized quantities 

facilitate comparison

• Ṁ/ṀF, free-molecular

• 1/Knm = (p1 + p2)/2pl

Expression & simulations 

have Knudsen minimum

• Accurate depth, breadth

• Reasonable e, b0, b1, b2



Normalized Mass Flow Rate: Short Tube

Conditions

• L/R = 100 (short)

• p2/p1 = 0.5 (strong)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Normalized quantities 

facilitate comparison

• Ṁ/ṀF, free-molecular

• 1/Knm = (p1 + p2)/2pl

Expression & simulations 

have Knudsen minimum

• Accurate depth, breadth

• Reasonable e, b0, b1, b2



Normalized Pressure Profiles: Long Tube

Conditions

• L/R = 1000 (long)

• p2/p1 = 0.5 (weak)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Normalized quantities 

facilitate comparison

• Pressure: 0 ≤ p/p1 ≤ 1

• Position: 0 ≤ z/L ≤ 1

Profiles have rather small 

discontinuities

• At inlet and at outlet

• Increase as p1 & a are 

decreased



Normalized Pressure Profiles: Short Tube

Conditions

• L/R = 100 (short)

• p2/p1 = 0.0 (strong)

Expression agrees well 

with simulations

• All inlet pressures p1

• All accom. coeffs. a

Normalized quantities 

facilitate comparison

• Pressure: 0 ≤ p/p1 ≤ 1

• Position: 0 ≤ z/L ≤ 1

Profiles have rather small 

discontinuities

• At inlet and at outlet

• Increase as p1 & a are 

decreased



Ewart et al. (2006) Tube Experiments

Mass flow rate measured for silica microscale tube

– D = 25.2 mm, L = 53 mm, a = 0.9, N2, T = 296.5 K, p2/p1 = 0.2

Expression and simulations agree well with experiment

– Lowest experiment pressure is above Knudsen minimum

– Highest simulation pressure reaches experiment

Same values of e, b0, b1, b2 used for all circular tubes

• Values are unchanged from previous cases (no adjusting)

• Relative to diameter, this tube length is essentially infinite
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Ewart et al. (2007) Channel Experiments

Mass flow rate measured for silicon microscale channel

– H,W,L = 9.38, 492, 9390 mm, a = 0.9, He, T = 295.5 K, p2/p1 = 0.2

Expression and simulations agree with experiment

– 2D simulation overpredicts 3D experiment at low pressures

– b2 and e in channel expression are fit to experiment

Channel-flow expression correlates experiment values well

• Derived for L×W×H rectangular channel just like for tube

• b0 from Kennard infinite-length free-molecular flow

• b1 = 0.15 as before to match slip regime for most gases

• b2 and e selected to match transition regime: L/W = 19.1
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Conclusions

Expressions for mass flow rate & pressure profile developed 

for isothermal steady flow in microscale tubes & channels

– Covers free-molecular, transition, slip, & continuum regimes

– Treats all accommodation coefficients & tube aspect ratios

Expression agrees with simulations & experiments
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