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§  Gain	
  a	
  fundamental	
  understanding	
  on	
  the	
  atomic-­‐level	
  
mechanisms	
  and	
  dominant	
  defects	
  relevant	
  to	
  incipient	
  plas'c	
  
deforma'on	
  and	
  duc'le	
  fracture	
  of	
  BCC	
  metals.	
  

§  Disloca'on	
  slip	
  in	
  BCC	
  metals	
  is	
  orienta'on	
  and	
  stress-­‐state	
  
dependent,	
  producing	
  “non-­‐Schmid”	
  single	
  crystal	
  yield.	
  

§  Use	
  atomis'c	
  simula'on	
  to	
  quan'fy	
  these	
  dependencies,	
  then	
  
map	
  onto	
  grains	
  in	
  polycrystal	
  geometries	
  to	
  predict	
  overall	
  
mechanical	
  response.	
  

Mo'va'on	
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Atoms-up: Develop physics-based models to provide scientific insight 



§  FY11-­‐13	
  atomis'c	
  simula'ons	
  to	
  establish	
  the	
  fundamental	
  slip	
  
planes	
  of	
  BCC	
  Ta	
  showed	
  {112}	
  dominant	
  for	
  a	
  variety	
  of	
  inter-­‐
atomic	
  poten'als	
  and	
  condi'ons.	
  

Mo'va'on	
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§  The	
  split-­‐core	
  structure	
  has	
  a	
  sufficiently	
  low	
  energy	
  to	
  be	
  a	
  
preferred	
  state	
  once	
  stress	
  is	
  applied.	
  	
  

§  The	
  barrier	
  between	
  compact	
  and	
  split-­‐core	
  structures	
  is	
  
sufficiently	
  low	
  to	
  ensure	
  that	
  this	
  is	
  the	
  dominant	
  transi'on.	
  	
  

Stability	
  of	
  split-­‐core	
  structure	
  causes	
  {112}	
  slip	
  

Compact Split 

§  Experimental	
  work	
  found	
  in	
  the	
  literature,	
  and	
  
done	
  by	
  PPM-­‐Task	
  1	
  staff	
  show	
  {110}	
  slip	
  
actually	
  occurs	
  (especially	
  at	
  low	
  temperatures).	
  

§  DFT	
  calcula'ons	
  confirm	
  that	
  the	
  Peierls	
  
poten'al	
  should	
  be	
  camel	
  hump-­‐shaped,	
  
indica'ng	
  a	
  compact-­‐to-­‐compact	
  transi'on.	
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FIG. 3. (Color online) Peierls potential computed for Ta using
DFT. The four curves represent the comparison of the Peierls potential
for different XC functions (PBE and LDA), different pseudopotentials
(PAW and USPP) as well as different reaction pathway analysis (drag
and NEB). The Peierls potential shape appears universal and the
height appears to vary by about 30%, with the largest variation based
on the XC function.

pseudopotential, the more modern PAW pseudopotentials are
expected to be more reliable in predicting the correct electronic
structure, suggesting that the results obtained here are likely
more reliable.

When the EAM potential was used to describe the Peierls
potential in the dipole configuration, we observed very
different reaction pathways when comparing the drag and NEB
methods. To check the predictions of the Peierls potential on
the method of reaction pathway analysis, we use the NEB
method once on the dislocation dipole in Ta as described by
the PAW-PBE. The results of this calculation are also shown
in Fig. 3. Here, we see that the two predicted paths (drag and
NEB) are very close, with the results of the NEB method
showing a height that is only about 15% lower than that
predicted by the drag method. Thus, it appears that when a
single hump Peierls potential is predicted, the drag method
and NEB method both show very similar Peierls potential
profiles for the dislocation dipole configuration.

In all of the previous simulations, we have used a cell
containing 231 atoms and it is natural to reflect on the
potential size effects of using such a small number of atoms
in a dipole configuration. For example, it has been shown
in dipole configurations that periodic images result into a
conditional convergence of the long range elastic fields.41 In
our work, the Peierls potential is computed as the difference
between two equivalent dislocation dipoles, so this problem
is avoided as the long range elastic fields are removed. In
addition to long range elastic fields, recent work42,43 has
shown that the core fields can create errors in the computed
dislocation core energies. However, the authors showed that if
a quadrapolar dislocation array is used, as is done in this work,
the difference in core energies between hard and easy cores
exhibit rapid convergence.42 To verify that this occurs in our

simulations and thus demonstrate that size dependent errors are
unlikely, we also computed the Peierls potential in Ta using
the PAW-PBE for dipoles containing 105 and 405 atoms. The
Peierls potential height was computed using the drag method
and the values were found to be 92.0 and 76.1 meV/b, where
b is the magnitude of the Burgers vector. When compared
to the 231 atom simulation, which has a Peierls potential of
75.9 meV/b, we find the 105 atom simulation overestimates
the Peierls potential by ∼20%, while the 405 atom simulation
is essentially the same. Thus the 231 atom simulation appears
to strike a balance between computational cost and accuracy
and is consistently used for the rest of the simulations.

To further investigate the Peierls potential in all of the bcc
transition metals, we use the PAW pseudopotential and the
PBE formulation of the XC energy with the reaction pathway
determined using the drag method. The number of electrons
treated explicitly is discussed in the Methodology but includes
six electrons for Mo and W, five for Ta, and 11 for V and Nb. It
is worth pointing out that we also used a 5-electron V model,
and we will discuss the differences in-depth later.

Figure 4 shows the Peierls potential shape of the five
different bcc transition metals considered here: Mo, Ta, W,
V, Nb. The Peierls potentials are all normalized such that
the maximum value is one. For comparison, we have also
plotted three different theoretical Peierls potential shapes: a
sinusoidal, the Eshelby,56 and the antiparabolic57 potentials;
for details see Refs. 2,3. From these results, we can see that all
of the bcc transition metals predict a similar Peierls potential
shape. At first glance, the shape appears to agree very well with
the sinusoidal potential, although the Eshelby potential is also
very close. The shape of the Peierls potential computed for all
of the Ta methods in Fig. 3 also fits the sinusoidal shape as
well, suggesting that the Peierls potential shape is independent
of the reaction pathway analysis. While this result may not
appear at first to be very surprising as a sinusoidal potential
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FIG. 4. (Color online) The Peierls potential for a number of bcc
transition metals normalized by the peak value using PAW-PBE
as determined using the drag method. Three different theoretical
Peierls potential shapes are plotted as well for reference: a sinusoidal
potential (solid), the Eshelby potential (dashed), and the antiparabolic
potential (dash-dot).
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Paths	
  for	
  FY13	
  
§  Find/develop	
  an	
  inter-­‐atomic	
  poten'al	
  for	
  Ta	
  that	
  shows	
  the	
  

correct	
  Peierls	
  poten'al	
  behavior.	
  
§  SNAP	
  (Spectral	
  Neighbor	
  Analysis	
  Poten'al)	
  under	
  development	
  in	
  LDRD	
  

by	
  A.	
  Thompson;	
  some	
  theore'cal	
  issues	
  and	
  large	
  computa'onal	
  cost.	
  
§  MGPT	
  (Model	
  of	
  Generalized	
  Pseudopoten'al	
  Theory)	
  being	
  developed	
  by	
  

LLNL;	
  poten'al	
  not	
  yet	
  released	
  and	
  large	
  computa'onal	
  cost.	
  	
  

§  As	
  PPM	
  is	
  also	
  interested	
  in	
  Fe	
  
(i.e.	
  ferrite	
  phases	
  in	
  austeni'c	
  
stainless	
  steels),	
  can	
  we	
  find	
  a	
  
suitable	
  Fe	
  poten'al	
  that	
  displays	
  
the	
  correct	
  disloca'on	
  core	
  
structure	
  and	
  slip	
  behavior?	
  Yes	
  –	
  
Embedded	
  Atom	
  Method	
  
poten'al	
  by	
  Chama'	
  et	
  al.,	
  
Surface	
  Science	
  (2006).	
  



Characteriza'on	
  of	
  Fe	
  poten'al	
  
§  We	
  computed	
  the	
  generalized	
  stacking	
  fault	
  curves	
  for	
  {110}

<111>	
  and	
  {112}<111>	
  shearing	
  and	
  compared	
  with	
  DFT	
  by	
  
Ventelon	
  and	
  Willaime	
  (Philos.	
  Mag.,	
  2010).	
  

6	
  

§  Poten'al	
  agrees	
  qualita'vely	
  with	
  DFT	
  calcula'ons,	
  and	
  
quan'ta'vely	
  close	
  to	
  GGA-­‐type	
  calcula'ons.	
  



Calcula'on	
  of	
  CRSS	
  

§  Single	
  disloca'on	
  in	
  168	
  Å	
  x	
  162	
  Å	
  x	
  20/238	
  Å	
  systems	
  
§  Strain	
  applied	
  according	
  to	
  anisotropic	
  elas'city	
  solu'on	
  
§  Middle	
  of	
  system	
  relaxed	
  with	
  a	
  force	
  minimiza'on	
  

7	
  



Calcula'on	
  of	
  CRSS	
  

§  Values	
  of	
  cri'cal	
  resolved	
  shear	
  stress	
  (CRSS)	
  es'mated	
  using	
  
both	
  quasi-­‐sta'c	
  simula'ons	
  showing	
  the	
  onset	
  of	
  slip,	
  and	
  
from	
  Nudged	
  Elas'c	
  Band	
  (NEB)	
  calcula'ons	
  extrapolated	
  to	
  
the	
  zero	
  energy	
  barrier	
  case.	
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Atomistic simulations show 
dislocation slip that is always 
fundamentally on {110} planes.  
 
{112} slip occurs only when 
resolve shear aligns with {112} 
planes (and even then, slip is 
resolvable as alternating {110} 
slip on two different planes).  



Explora'on	
  of	
  Energy	
  Landscape	
  

§  NEB	
  calcula'ons	
  for	
  a	
  2D	
  slip	
  pathway	
  show	
  no	
  evidence	
  of	
  
the	
  metastable/split	
  core,	
  even	
  at	
  high	
  stress.	
  

§  2D	
  ac'va'on	
  enthalpy	
  is	
  a	
  single	
  curve	
  for	
  a	
  given	
  loading	
  
orienta'on.	
  

9	
  



Ac'va'on	
  enthalpy	
  for	
  slip	
  via	
  kinks	
  

§  NEB	
  calcula'ons	
  show	
  that	
  ac'va'on	
  enthalpy	
  for	
  stressed	
  
systems	
  is	
  associated	
  with	
  the	
  forma'on	
  of	
  kinks.	
  Once	
  
formed,	
  the	
  stress	
  naturally	
  drives	
  the	
  kinks	
  to	
  easily	
  move.	
  

10	
  



Generalized	
  Non-­‐Schmid	
  Yield	
  Criteria	
  

11	
  

Schmid law are frequently observed in the form of tension-compression asymmetry and orientation-

dependent yield stresses in single crystal testings (Christian, 1983; Leroy et al., 1970; Asaro and

Rice, 1977). In general, yield laws incorporating non-Schmid effect are constructed in an additive

form of Schmid and non-Schmid components as follows:

ταcr = Pα
tot : σ = Pα

s : σ +Pα
ns : σ (4)

Here, ταcr represents material’s inherent lattice resistance, Ptot is the total stress projection tensor

and Pns is the non-Schmid stress projection tensor. Note that the Schmid factor, M and Ps are

determined to be a purely geometric factor while Pα
tot and Pα

ns are not. The form in Equation (4)

is linear in stress and thus, Pα
tot can be represented as follows:

Pα
tot = Pα

s +Pα
ns (5)

It is generally accepted that non-Schmid stresses affect the yield behavior by influencing either

the complex dislocation core structure or the mobility of dislocations on alternate slip planes. For

example, based on atomistic studies, Paidar et al. (Paidar et al., 1984) described anomalous yield

behavior of L12 ordered alloys with the cross-slip of
1
2 [1̄01] screw dislocations and dissociation of

superpartials on the primary slip system (PPV theory). Qin and Bassani (Qin and Bassani, 1992a,b)

proposed yield criteria incorporating non-Schmid stress components based on PPV theory for FCC

and L12 as follows :

ταcr = ταs +Bταcb (FCC) (6)

ταcr = ταs +A|ταpe + kταse|+Bταcb (L12) (7)

Here, ταcb is the shear stress on the cross-slip plane in the direction of Burgers vector, ταpe

is the shear stress on the primary slip plane in the normal direction of the Burgers vector and

ταse is the shear stress on the secondary slip plane in the normal direction of the Burgers vector

on α-th slip system, respectively. A, B, and k are non-Schmid constants that determine the

4

Gröger’s yield law can be rewritten in terms of Pα
tot and Pα

ns as follows [17]:

Pα
tot =

1

2
(mα ⊗ nα

+ nα ⊗mα
) + a1m

α ⊗ nα
1 + a2t

α ⊗ nα
+ a3t

α
1 ⊗ nα

1 (10)

Pα
ns = a1m

α ⊗ nα
1 + a2t

α ⊗ nα
+ a3t

α
1 ⊗ nα

1 (11)

where tα = nα × mα
and tα1 = nα

1 × mα
. Here, the first term in Equation (11) represents the

contribution from the twinning-anti-twinning asymmetry, the second and third terms represent

contributions from shear stresses perpendicular to the primary and secondary slip plane, respec-

tively. The non-Schmid constants, a1, a2, and a3, represent the influence of these non-Schmid stress

components and are determined from fitting to the CRSS versus χ and CRSS versus τ calculated

from 0 K atomistic simulations. Best-fit non-Schmid parameters obtained for {110} slip were de-

termined to be a1=0.24, a2=0, and a3=0.35 for molybdenum and a1=0, a2=0.56, and a3=0.75 for

tungsten.

Although Gröger’s yield criterion is appealing for its simplicity and its ability to accept non-

Schmid constants and τcr from atomistic simulations, a more generalized yield criterion can be

considered using three orthogonal axes [16]:

Pα
tot = c0

1

2
(mα ⊗ nα

+ nα ⊗mα
) + c1t

α ⊗mα
+ c2t

α ⊗ nα
+ c3n

α ⊗ nα
+ c4t

α ⊗ tα + c5m
α ⊗mα

(12)

Here, c1, c2, c3, c4, and c5 are non-Schmid constants and similarly, Ptot can be decomposed into

Schmid and non-Schmid contributions as follows:

Pα
s = c0

1

2
(mα ⊗ nα

+ nα ⊗mα
) (13)

Pα
ns = c1t

α ⊗mα
+ c2t

α ⊗ nα
+ c3n

α ⊗ nα
+ c4t

α ⊗ tα + c5m
α ⊗mα

(14)

The stress tensor, σ, can be expressed as the sum of hydrostatic and deviatoric components.

If the yield function is assumed to be independent of the hydrostatic stress, the following relations
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:	
  slip	
  direc'on	
  

ordered alloys with the cross-slip of
1
2 [1̄01] screw dislocations and dissociation of superpartials on

the primary slip system (PPV theory). Qin and Bassani [4, 5] proposed yield criteria incorporating

non-Schmid stress components based on PPV theory for FCC metals and L12 alloys as follows:

ταcr = ταs +Bταcb (FCC) (7)

ταcr = ταs +A|ταpe + kταse|+Bταcb (L12) (8)

Here, ταcb is the shear stress on the cross-slip plane in the direction of the Burgers vector, ταpe is

the shear stress on the primary slip plane in the direction normal to the Burgers vector, and ταse is

the shear stress on the secondary slip plane in the direction normal to the Burgers vector on α-th

slip system, respectively. A, B, and k are non-Schmid constants that determine the orientation-

dependent yield stresses and tension-compression asymmetry [4]. In Equations (7) and (8), Bταcb

represents the effect of the cross-slip and A|ταpe+kταse| considers the effect of dislocation splitting on

the primary and secondary slip planes for L12 that accounts for tension-compression asymmetry.

Based on atomistic simulations of BCC materials, Ito and Vitek [10] showed that the mobility

of 1/2[111] screw dislocations depends on shear stresses both parallel and perpendicular to the

Burgers vector. Gröger et al. [12] developed a yield criterion that accounts for these non-Schmid

effects. Their yield law is based on twinning and anti-twinning of the nearest {112} plane and the

shear stresses perpendicular to {110} and {112} planes. The nearest {112} plane is characterized by

the angle, χα, that it makes with the corresponding {110} slip plane. For a negative χα, the {112}

plane is sheared in the twinning sense while for the positive χα, it is sheared in the anti-twinning

sense. Using three non-Schmid stress components, Gröger et al. [12] proposed a yield criteria of

the form:

ταcr = mα · σnα
+ a1m

α · σnα
1 + a2 (n

α ×mα
) · σnα

+ a3 (n
α
1 ×mα

) · σnα
1 (9)

where, a1, a2, and a3 are non-Schmid parameters; mα
and nα

are the slip direction and slip plane

normal of slip system α, respectively; and nα
1 is the unit vector normal to the {110} plane in the

zone of mα
that makes an angle of -60

◦
with the reference plane nα

.

5

:	
  slip	
  plane	
  normal	
  

The	
  resistance	
  to	
  slip	
  on	
  a	
  slip	
  system	
  α:	
  

60° 

n1
!

n!

t! =m! " n!

m!

011!" #$011!" #$

112!" #$121!" #$

121!" #$112!" #$

101!" #$110!" #$

110!" #$101!" #$

211!" #$

211!" #$

111[ ]

! = 1

!
nMRSSP

Application of generalized non-Schmid yield law in BCC transition metals 5

Here, the first term in Equation (8) represents the contribution from the twinning-anti-

twinning asymmetry, the second and third terms represent contributions from shear

stresses perpendicular to the primary and secondary slip plane, respectively. The non-

Schmid constants, a1, a2, and a3, represent the influence of these non-Schmid stress

components and are determined from fitting to the CRSS versus χ and CRSS versus

τ calculated from 0 K atomistic simulations. Best-fit non-Schmid parameters were

determined to be a1=0.24, a2=0, and a3=0.35 for molybdenum and a1=0, a2=0.56, and

a3=0.75 for tungsten.

Although Gröger’s yield criterion is appealing for its simplicity and its ability to

fit non-Schmid constants and τcr from atomistic simulations, a more generalized yield

criterion can be considered using three orthogonal axes [19]:

Pα
tot = c0

1

2
(mα ⊗ nα + nα ⊗mα)+c1t

α⊗mα+c2t
α⊗nα+c3n

α⊗nα+c4t
α⊗tα+c5m

α⊗mα(9)

where tα = mα × nα, the coordinate system is illustrated in Figure 1. Here, c1, c2, c3,

c4, and c5 are non-Schmid constants and similarly, Ptot can be decomposed into Schmid

and non-Schmid contributions as follows:

Pα
s = c0

1

2
(mα ⊗ nα + nα ⊗mα) (10)

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα + c5m

α ⊗mα (11)

The stress tensor, σ, can be expressed as the sum of hydrostatic and deviatoric

stress components. Then, Equation (4) can be rewritten as follows:

ταcr = Pα
tot : σ = Pα

tot : (σD − pI) (12)

Here, σD is the deviatoric stress and p is the hydrostatic pressure. If the yield function

is assumed to be independent of the hydrostatic stress, the following relations can be

obtained:

Pα
tot : I = tr (Pα

tot) = 0 (13)

This leads to c3 + c4 + c5 = 0, rendering one of the non-Schmid constants as dependent

on the others. Thus, Equation (11) can be rewritten as:

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα − (c3 + c4)m

α ⊗mα (14)

It is noted that Equation (14) is only applicable at ambient conditions where yield is

independent of hydrostatic stresses. Thus, at very high temperature and strain rate, one

must retract the assumptions made in Equation (13) and use Equation (11) to represent

non-Schmid contributions.

One advantage of representing the yield law in a generalized form is that the effect

of each shear stress component on the yield behavior can be represented and understood

independently. For example, in Gröger’s formulation, both a2, and a3 in Equation (8)

include contributions from stress component τtn (=t · σn). In addition, a generalized

formulation can reproduce any previous yield criteria by representing co, c1, c2, c3, c4,

and c5 in terms of the non-Schmid parameters from the original formulations, as detailed

Schmid	
   Non-­‐Schmid	
  

If	
  yield	
  func'on	
  is	
  independent	
  of	
  hydrosta'c	
  stress,	
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Here, the first term in Equation (8) represents the contribution from the twinning-anti-

twinning asymmetry, the second and third terms represent contributions from shear

stresses perpendicular to the primary and secondary slip plane, respectively. The non-

Schmid constants, a1, a2, and a3, represent the influence of these non-Schmid stress

components and are determined from fitting to the CRSS versus χ and CRSS versus

τ calculated from 0 K atomistic simulations. Best-fit non-Schmid parameters were

determined to be a1=0.24, a2=0, and a3=0.35 for molybdenum and a1=0, a2=0.56, and

a3=0.75 for tungsten.

Although Gröger’s yield criterion is appealing for its simplicity and its ability to

fit non-Schmid constants and τcr from atomistic simulations, a more generalized yield

criterion can be considered using three orthogonal axes [19]:

Pα
tot = c0

1

2
(mα ⊗ nα + nα ⊗mα)+c1t

α⊗mα+c2t
α⊗nα+c3n

α⊗nα+c4t
α⊗tα+c5m

α⊗mα(9)

where tα = mα × nα, the coordinate system is illustrated in Figure 1. Here, c1, c2, c3,

c4, and c5 are non-Schmid constants and similarly, Ptot can be decomposed into Schmid

and non-Schmid contributions as follows:

Pα
s = c0

1

2
(mα ⊗ nα + nα ⊗mα) (10)

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα + c5m

α ⊗mα (11)

The stress tensor, σ, can be expressed as the sum of hydrostatic and deviatoric

stress components. Then, Equation (4) can be rewritten as follows:

ταcr = Pα
tot : σ = Pα

tot : (σD − pI) (12)

Here, σD is the deviatoric stress and p is the hydrostatic pressure. If the yield function

is assumed to be independent of the hydrostatic stress, the following relations can be

obtained:

Pα
tot : I = tr (Pα

tot) = 0 (13)

This leads to c3 + c4 + c5 = 0, rendering one of the non-Schmid constants as dependent

on the others. Thus, Equation (11) can be rewritten as:

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα − (c3 + c4)m

α ⊗mα (14)

It is noted that Equation (14) is only applicable at ambient conditions where yield is

independent of hydrostatic stresses. Thus, at very high temperature and strain rate, one

must retract the assumptions made in Equation (13) and use Equation (11) to represent

non-Schmid contributions.

One advantage of representing the yield law in a generalized form is that the effect

of each shear stress component on the yield behavior can be represented and understood

independently. For example, in Gröger’s formulation, both a2, and a3 in Equation (8)

include contributions from stress component τtn (=t · σn). In addition, a generalized

formulation can reproduce any previous yield criteria by representing co, c1, c2, c3, c4,

and c5 in terms of the non-Schmid parameters from the original formulations, as detailed
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  non-­‐Schmid	
  constants	
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where ταcr represents material’s inherent lattice resistance, Pα
s is the Schmid tensor and mα

and

nα
are the slip direction and slip plane normal of slip system α, respectively. Many experimental

results on BCC metals, however, show deviation from Schmid behavior and requires a yield criteria

that considers non-Schmid contributions:

ταcr = c0m
α · σnα

+ c1t
α · σmα

+ c2t
α · σnα

+ c3n
α · σnα

+ c4t
α · σtα + c5m

α · σmα
(2)

Here, tα = nα×mα
, and c1, c2, c3, c4, and c5 are non-Schmid constants. Lim et al. [8] showed that

Equation (2) can be fit to single crystal experiments to obtain non-Schmid constants and τ∗cr and
more accurately predict yield behavior of molybdenum, tungsten and tantalum. These material

parameters can also be parameterized by fitting to the CRSS vs. χ and CRSS vs. τ dependencies

obtained from atomistic simulations for different loading conditions [9, 10].

2.1. Atomistic simulations

In order to obtain non-Schmid constants and τcr for Equation (2), atomistic simulations of three

loading cases are required as follows:

Σσ =




0 0 0

0 0 σ
0 σ 0



 (3)

Σ
1
τ,σ =




−τ 0 0

0 τ σ
0 σ 0



 (4)

Σ
2
τ,σ =




0 0 0

0 τ σ
0 σ −τ



 (5)

Then, atomistic results obtained from each loading conditions are fit to following equations,

respectively.

CRSS(χ) =
τ∗cr

cos χ− c1sin(χ)
(6)

CRSS(χ, τ) =
τ∗cr − τ(−c2sin 2χ+ (c3 − c4)cos2χ)

cos χ− c1sin(χ)
(7)

CRSS(χ, τ) =
τ∗cr − τ(−c2sinχcosχ+ c3cos2χ+ c4sin2χ− c5)

cos χ− c1sin(χ)
(8)

CRSS vs. χ data obtained from the atomistic simulation is fit to Equation (6) to find τcr and c1.
By fitting CRSS vs. τ data for a various χ (Σ

1
τ,σ) to Equations (7), we can obtain c2 and (c3 − c4).

If we assume that the yield function is independent of the hydrostatic part of the stress tensor,

c3 + c4 + c5 = 0 can be derived [8]. Using atomistic data for Σ
2
τ,σ and fit to Equation (5), c4 and

c5 can be obtained. Figure 1 shows generalized yield law fit to CRSS vs. χ and CRSS vs. τ . The

same procedure was conducted for {110} slip and {112} slip. 24 {110} and {110} slip systems that
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τ,σ) to Equations (7), we can obtain c2 and (c3 − c4).

If we assume that the yield function is independent of the hydrostatic part of the stress tensor,

c3 + c4 + c5 = 0 can be derived [8]. Using atomistic data for Σ
2
τ,σ and fit to Equation (5), c4 and

c5 can be obtained. Figure 1 shows generalized yield law fit to CRSS vs. χ and CRSS vs. τ . The
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2

τcr (MPa) c1 c2 c3 c4 c5 

584 0.27 0.15 0.31 -0.23 0.02 
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Here, the first term in Equation (8) represents the contribution from the twinning-anti-

twinning asymmetry, the second and third terms represent contributions from shear

stresses perpendicular to the primary and secondary slip plane, respectively. The non-

Schmid constants, a1, a2, and a3, represent the influence of these non-Schmid stress

components and are determined from fitting to the CRSS versus χ and CRSS versus

τ calculated from 0 K atomistic simulations. Best-fit non-Schmid parameters were

determined to be a1=0.24, a2=0, and a3=0.35 for molybdenum and a1=0, a2=0.56, and

a3=0.75 for tungsten.

Although Gröger’s yield criterion is appealing for its simplicity and its ability to

fit non-Schmid constants and τcr from atomistic simulations, a more generalized yield

criterion can be considered using three orthogonal axes [19]:

Pα
tot = c0

1

2
(mα ⊗ nα + nα ⊗mα)+c1t

α⊗mα+c2t
α⊗nα+c3n

α⊗nα+c4t
α⊗tα+c5m

α⊗mα(9)

where tα = mα × nα, the coordinate system is illustrated in Figure 1. Here, c1, c2, c3,

c4, and c5 are non-Schmid constants and similarly, Ptot can be decomposed into Schmid

and non-Schmid contributions as follows:

Pα
s = c0

1

2
(mα ⊗ nα + nα ⊗mα) (10)

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα + c5m

α ⊗mα (11)

The stress tensor, σ, can be expressed as the sum of hydrostatic and deviatoric

stress components. Then, Equation (4) can be rewritten as follows:

ταcr = Pα
tot : σ = Pα

tot : (σD − pI) (12)

Here, σD is the deviatoric stress and p is the hydrostatic pressure. If the yield function

is assumed to be independent of the hydrostatic stress, the following relations can be

obtained:

Pα
tot : I = tr (Pα

tot) = 0 (13)

This leads to c3 + c4 + c5 = 0, rendering one of the non-Schmid constants as dependent

on the others. Thus, Equation (11) can be rewritten as:

Pα
ns = c1t

α ⊗mα + c2t
α ⊗ nα + c3n

α ⊗ nα + c4t
α ⊗ tα − (c3 + c4)m

α ⊗mα (14)

It is noted that Equation (14) is only applicable at ambient conditions where yield is

independent of hydrostatic stresses. Thus, at very high temperature and strain rate, one

must retract the assumptions made in Equation (13) and use Equation (11) to represent

non-Schmid contributions.

One advantage of representing the yield law in a generalized form is that the effect

of each shear stress component on the yield behavior can be represented and understood

independently. For example, in Gröger’s formulation, both a2, and a3 in Equation (8)

include contributions from stress component τtn (=t · σn). In addition, a generalized

formulation can reproduce any previous yield criteria by representing co, c1, c2, c3, c4,

and c5 in terms of the non-Schmid parameters from the original formulations, as detailed

  c3 + c4 + c5 = 0.097



Dependence	
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§  CRSS	
  shows	
  dependencies	
  on	
  shear	
  stresses	
  along	
  planes	
  
perpendicular	
  to	
  the	
  slip	
  direc'on,	
  and	
  on	
  the	
  system	
  
pressure.	
  

§  Comparison	
  shows	
  fised	
  model	
  possesses	
  same	
  trends	
  as	
  
atomis'c	
  data.	
  



Normaliza'on	
  of	
  ac'va'on	
  enthalpy	
  
§  Given	
  this	
  dependency,	
  we	
  ques'oned	
  underlying	
  

assump'ons	
  used	
  for	
  the	
  Kocks	
  model	
  in	
  rela'ng	
  ac'va'on	
  
enthalpy	
  to	
  shear	
  stress:	
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§  In	
  classic	
  slip	
  theory	
  (for	
  fcc	
  metals),	
  the	
  ra'o	
  Θ	
  represents	
  
the	
  ra'o	
  of	
  resolved	
  shear	
  stress	
  to	
  a	
  known	
  resistance:	
  

! =
! "

! R
"
=
Ps
" :#
! R
"

This	
  expression	
  does	
  not	
  incorporate	
  non-­‐Schmid	
  yield,	
  i.e.	
  this	
  
known	
  stress-­‐dependence	
  for	
  bcc	
  metals.	
  Thus,	
  we	
  considered	
  3	
  
alterna've	
  possibili'es	
  for	
  Θ:	
  

! =
Ps
! :! +Pns

! :!
" cr

! =
Ps
! :"

# cr "Pns
! :"



Interpreta'on	
  of	
  the	
  3rd	
  expression	
  
§  τMRSSP	
  is	
  the	
  maximum	
  resolved	
  shear	
  stress	
  that	
  can	
  be	
  

found	
  on	
  any	
  plane,	
  ac'ng	
  in	
  the	
  slip	
  direc'on.	
  It	
  can	
  be	
  
simply	
  represented	
  by	
  the	
  expression:	
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! MRSSP = ! !m

CRSS ! ,!( ) = ! cr ! c2Pns
tn :! ! c3Pns

nn :! ! c4Pns
tt :! ! c5Pns

mm :!
cos !( )+ c1 sin !( )

!=
Ps :! + c1Pns

mt :!
" cr ! c2Pns
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§  CRSS	
  is	
  the	
  cri'cal	
  value	
  of	
  τMRSSP	
  that	
  ac'vates	
  slip.	
  To	
  
ensure	
  that	
  it	
  is	
  independent	
  of	
  τMRSSP,	
  we	
  use	
  rela'onships	
  
between	
  τMRSSP and	
  the	
  Schmid	
  and	
  non-­‐Schmid	
  Projectors	
  to	
  
arrive	
  at	
  the	
  expression:	
  	
  

§  Using	
  these	
  expressions,	
  the	
  ra'o	
  Θ	
  can	
  be	
  simplified	
  to:	
  



Comparison	
  of	
  stress	
  ra'os	
  

§  Our	
  simula'on	
  results	
  for	
  all	
  orienta'ons	
  and	
  combina'ons	
  of	
  
stress	
  show	
  that	
  our	
  3rd	
  expression	
  offers	
  the	
  best	
  agreement	
  
with	
  data	
  as	
  a	
  normaliza'on	
  ra'o	
  for	
  the	
  ac'va'on	
  enthalpy.	
  

§  This	
  result	
  also	
  indicates	
  that	
  it	
  is	
  the	
  total	
  driving	
  force	
  ac'ng	
  
on	
  the	
  disloca'on	
  that	
  predicts	
  slip	
  ac'va'on,	
  a	
  conceptually	
  
different	
  descrip'on	
  of	
  slip	
  than	
  the	
  tradi'onal	
  slip	
  system	
  
concept.	
  This	
  conclusion	
  is	
  consistent	
  with	
  the	
  high	
  
temperature	
  observa'on	
  of	
  pencil	
  glide.	
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Ac'va'on	
  enthalpy	
  for	
  3D	
  kinks	
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§  Similar	
  behavior	
  of	
  enthalpy	
  for	
  thick	
  system	
  with	
  (3D)	
  kinks	
  
as	
  compared	
  with	
  thin	
  (2D)	
  system.	
  

§  Ac'va'on	
  enthalpy	
  curve	
  falls	
  close	
  to	
  both	
  an'-­‐parabolic	
  
(p	
  =	
  2,	
  q	
  =	
  1)	
  and	
  DFT-­‐based	
  line	
  tension	
  models.	
  

§  Ra'o	
  of	
  3D-­‐to-­‐2D	
  shows	
  that,	
  to	
  a	
  first	
  approxima'on,	
  the	
  3D	
  
can	
  be	
  represented	
  by	
  a	
  scaled	
  2D.	
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