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Abstract

Hypervelocity impact-driven vaporization is characteristic of late-stage planet formation. Yet the
behavior and properties of liquid-vapor mixtures of planetary materials of interest are typically un-
known. Multiphase equations of state used in hydrodynamic simulations of planet impacts therefore
lack reliable data for this important phenomenon. Here, we present the first constraints on the liquid-
vapor critical point and coexistence phase boundary of Mg,SiO4 computed from ab-initio molecular
dynamics simulations. We found that the vapor is depleted in magnesium and enriched in silica and
oxygen, while the coexisting liquid is enriched in magnesium and depleted in oxygen, from which
we infer vaporization is incongruent. The critical point was estimated from an equation of state fit
to the data. The results are in line with recent calculations of MgSiO3; and together confirm that
extant multiphase EOS models used in planetary accretion modeling significantly underestimate the

amount of supercritical material post-impact.

1 Introduction

Planets grow by accretion in which successive collisions of smaller bodies produce large ones.
The characteristic impact velocity for an Earth-mass planet is on the order of 10 km/s, and such
impacts generate significant amounts of hot liquid and vapor [Cuk and Stewart, 2012; Canup et al.,
2013; Nakajima and Stevenson, 2014; Lock and Stewart, 2017]. Beyond the Solar System, large
planet impact events have been inferred from astronomical observations of planets orbiting distant
stars [Meng et al., 2014]. Therefore, the low-density and high-temperature properties of common
planetary materials like silicates and metals are of considerable interest to those studying planet

formation across a broad range of initial conditions.

Magnesium silicate Mg;SiOy is ubiquitous in the upper mantle of the Earth and other terrestrial
planets as well as pre-planetary and planetary nebulae elsewhere in the galaxy [Justtanont et al.,
1992; de Vries et al., 2015]. In hydrodynamic simulations of giant-impact events a multiphase
equation of state (EOS) provides closure for mass, momentum, and energy conservation relations,
but both experimental data and theoretical models for low density high temperature Mg,SiO, are
lacking. Indeed, to-date there exist no experimental thermodynamic data of the critical behavior
for any magnesium silicate system. In the absence of any constraints from theory or experiment,
multiphase EOS models typically resort to overly simplistic coexistence models and therefore have

limited accuracy and may not produce quantitative predictions.
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In this Letter, we report the results of a series of ab-initio density functional theory (DFT) based
molecular dynamics (DFTMD) calculations of Mg,SiOy4 that span liquid and vapor states (section
2.1 & 3.1). We show that vaporization occurs incongruently and that the chemical composition
of the coexisting liquid and vapor is sensitive to the bulk density and temperature (section 3.1).
We determine the critical point from an EOS model fit to the pressure-density-temperature states
compiled from DFTMD calculations (section 2.2 & 3.2). The rest of the coexistence curve was
determined from a fit to an analytic model for the phase boundary. We examine the sensitivity of
the estimated critical point to finite size effects and show the results from 224 atom calculations give
reasonable estimates of the critical point in the thermodynamic limit. We find that the critical point is
substantially different than those used in some previous hydrodynamic simulations of giant impacts,
and conclude that those simulations both underestimate the amount of supercritical material, and

over-estimate the thermodynamic span of liquid-vapor coexistence post-impact (section 4).

2 Methods
2.1 Molecular dynamics calculations

The gold-standard for computations of critical points is the Gibbs-ensemble Monte Carlo
(GEMC) method, in which the equilibrium thermodynamic properties of coexisting vapor and liquid
are simulated [Panagiotopoulos, 1987]. However, the limitations of this method when applied to
multicomponent systems motivates an exploration of alternatives for investigating critical behavior
in complex materials. This is especially important for systems in which vaporization may occur
incongruently, as expected for multicomponent systems like silicates and other planetary materials.
An Alternative to GEMC is molecular dynamics, in which the dynamics of the nuclei are simulated.
Molecular dynamics methods have been used to investigate liquid, vapor, coexistence and critical
behavior of both single and multicomponent materials with success [Guissani and Guillot, 1993;
Kresse and Hafner, 1997; de Koker et al., 2009; Desjarlais, 2009; Faussurier et al., 2009; Ghosh
and Karki;, Xiao and Stixrude, 2018].

The goal of this study was to determine the liquid-vapor critical point and coexistence phase
boundaries of Mg,SiO4 from ab-initio DFTMD calculations. To accomplish those goals we carried
out a series of DFTMD calculations on supercells spanning 5500-7500 K and 0.22-1.50 g/cm?, or
about 16-2 times expanded with respect to forsterite at ambient conditions. All DFTMD calculations
were performed using the VASP code (version 5.4.1), an implementation of Kohn-Sham density

functional theory (DFT) using a plane-wave basis, projector-augmented-wave pseudopotentials, and
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periodic boundary conditions [Kresse and Hafner, 1993, 1994; Kresse and Furthmiiller, 1996].
The irreducible Brillouin zone for those supercells was sampled at the Baldereschi mean value
(k=(0.25,0.25, 0.25)), and the electronic occupations were populated using a Fermi-Dirac distribution
according to the Mermin finite temperature formulation of DFT [Mermin, 1965]. The exchange
and correlation contributions to the energy were computed using the PBE generalized gradient
approximation [Perdew et al., 1996]. The VASP PAW pseudopotentials were used with a plane wave
energy cutoff of 800 eV, which provided converged values of the stress tensor at the lowest density
we studied. Because the temperatures and densities considered in our study were not too high, we
used a magnesium pseudopotential with a 352 valence configuration, while that of silicon and oxygen
were 3s23p?, and 25>2p*, respectively. All calculations were performed on cubic simulation cells
within the NVT ensemble using a velocity-scaling thermostat and a 1 femtosecond timestep for the

nuclear motion.

A system at a critical point is characterized by density fluctuations at all length scales. This is
problematic from the standpoint of atomistic simulations, which are necessarily finite. As a conse-
quence, finite size effects were a principal concern. We therefore performed DFTMD calculations in
supercells containing 28, 56, 112, and 224 atoms in order to quantify the finite size errors associated
with the critical point density, temperature, and pressure. Equilibration time of the system near the
critical point was another concern. Typically, we found that around 2-5 ps of simulated time was
sufficient to equilibrate the system, and that a further 4-5 ps of simulated time provided accurate
pressures. Equilibration was checked in a few cases by allowing some simulations to run for up to

100 ps in the 28 and 56 atom supercells.

2.2 EOS model and critical point estimation

The simplest equation of state (EOS) with a critical point is cubic in the density:
P(p.T) = (ao + arT)p + (bo + biT)p’ + (co + 1 T)p’ M

where P, p, T are pressure, density, and temperature, respectively. Eqn. 1 is a generalized virial
equation of state and was selected for its flexibility and generality in describing both liquids and
gases. Cubic equations of state are commonly used to describe critical phenomena of a wide class
of materials [Wong and Sandler, 1992; Guissani and Guillot, 1993; Valderrama, 2003; Faussurier

et al., 2009]. Regardless of the underlying EOS model, the critical point satisfies:

aP a*P
) === =0 2
(ap)r (5p2 )r ()
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which corresponds to the statement that the first order transition from liquid to vapor becomes second
order at the critical point [Hansen and McDonald, 1990]. These criteria together with the EOS model

yield an analytic solution for the critical point:

-B + VB2 —4AC

Tc = 5 3)
__ bIc)

PC = 3Ty 4)

Pc = P(pc,Tc) >

with A = ajc1 — %b%, B = agc1 + ajcp — %bgbl, and C = apcy — %b(z).

Our strategy is then straightforward: Run DFTMD simulations on a grid of p, T points for
systems of different sizes, then fit the subsequent P(p,T) data to the EOS model from which the
critical point is obtained for each system. The DFTMD data with best fit EOS models and critical
points for all systems studied are provided in the supplementary materials in fig. S1 and table S1.
The appeal of this approach is its simplicity. Our estimate of the critical point does not depend on
detailed knowledge of the internal distribution of liquid and vapor in the simulation cell, rather we
require only P(p, T'), which is an easily quantifiable bulk thermodynamic property which converges

rapidly with respect to the simulation time.

3 Results
3.1 Chemical and structural properties in the vicinity of the critical point

Direct inspection of the DFTMD trajectories indicates that the calculations spanned pure liquid,
coexisting liquid and vapor, and vapor states, as shown in fig. 1. Due to the chemical complexity of
Mg,SiOy4, we did not expect to be able to unambiguously label, in general, any particular collection
of atoms as belonging to either liquid or vapor. However, we found that the most abundant species
were easily identifiable small molecules such as O, O,, SiO, SiO;, MgO, and Mg, which clearly
composed the vapor phase. The speciation of these small molecules for several isotherms is shown
in fig. 2 and the corresponding bond lifetimes are shown in fig. S3. At intermediate densities the
system tended to segregate into long-lived large globs of liquid and a variety of vapor species, and at
the highest density we studied, 1.50 g/cm?®, we find that the system is nearly completely liquid with

a small amount of transient molecular and atomic oxygen.

Broadly, where liquid and vapor coexisted, we found that the liquid was enriched in magne-
sium and depleted in silica and oxygen as compared to the vapor, which was enriched in oxygen

and silica and depleted in magnesium. For example, at 6250 K and 0.50 g/cm? the composition
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Figure 1. Selected snapshots of DFTMD trajectories (top) for the 224-atom system for various densities on
6000 K isotherm, and corresponding spherically averaged pair distribution functions, g(r) (bottom). As the
system is expanded coexistence of liquid and vapor are clearly observed. Magnesium, silicon, and oxygen are
represented by orange, blue, and red spheres, respectively. The snapshots have been tiled to more clearly show

the large-scale structure of the system (actual simulation regions marked with dashed lines).

of the liquid is Mg 8+0.25129.6:0.20116.0+0.5, or normalized to silicon: Mgy 1+0.1S11.0003.9+0.2-
Similarly, for the vapor we found a composition of Mg> 7.0.2512.4+0.2012.0+0.5, Or normalized to
silicon: Mgg.9+0.15i1.00s.1+0.2. Evidently, the liquid retained a composition of nearly stoichiometric
Mg, SiOy4, while that of the vapor was somewhat different, in line with a recent study of MgSiO3
at similar conditions [Xiao and Stixrude, 2018]. We also found that the onset of vaporization at
all temperatures was characterized by the appearance of molecular and atomic oxygen, the latter of
which, as expected, was more abundant at higher temperatures. The results suggest that vaporization
of Mg,SiO4 occurs incongruently (i.e. that the compositions of the coexisting liquid and vapor are
different), similar to recents investigations of the critical behavior of other silicates [Kraus et al.,
2012; Xiao and Stixrude, 2018; Connolly, 2016]. Although there are no experimental data on the
critical behavior of Mg,SiO4, comparison of our results with experimental data on vaporization
at lower pressures suggest that vaporization is complex; at lower pressure and temperature boiling
of Mg,SiO4 was previously reported to occur congruently [Nagahara et al., 1994]. More recent

experiments on iron-bearing olivine suggest incongruent vaporization [Costa et al., 2017].
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3.2 Critical Point Estimation & Uncertainty Quantification

The critical point was computed analytically from a fit of the EOS given in eqn. 1 to the
P(p,T) points from the DFTMD calculations. The 224 atom results are most representative of
the properties of the system in the thermodynamic limit, and so we report in the main text those
results unless otherwise indicated. The best-fit critical point values obtained are: p. = 0.52 + 0.03
g/lem’, T, = 6240 + 200 K, and P, = 1.3 + 0.2 kbar. The data and corresponding best-fit EOS
are shown in fig. 3. In the coexistence region isotherms below the critical point clearly display
van der Waals loops. In the thermodynamic limit such curvature is unphysical because it implies a
negative compressibility and an imaginary sound speed. However, from the standpoint of atomistic
simulation, every point on the isotherm is stable and the curvature is in part due to finite size-effects
[Binder et al.,2012]. This effect is readily observed from the results of the simulations by comparing
the curvature of the isotherms obtained from the different sized simulation cells: isotherms obtained
from simulations on the smaller cells have more pronounced curvature in the coexistence region
than those obtained from larger cells (fig. S1). Essentially, the result is that for the data presented
here, the local maxima and minima in the isotherms in the coexistence region do not correspond to

spinodal decomposition.

With one point on the liquid-vapor phase boundary in hand, we estimated the limits of co-
existence below the critical point via the familiar Maxwell equal-area construction [Callen, 2006].
Famously, renormalization group theory applied to critical behavior in the 3d Ising model gives an

analytic form for the phase boundaries for the vapor and liquid sides of the vapor dome:

PR (c] P szﬁ“A) 4G 6)

pPL=Pct

N = N —

(clxﬁ + szﬁﬂ) +iCax 7

with x = (1 - %) B =0325, and A = L [Pathria and Beale, 2011; Hansen and McDonald, 1990].
Recently this approach has been employed by Xiao and Stixrude [2018] to describe coexistence in
MgSiO3. The phase boundary estimates from the Maxwell construction and subsequent analytic fit
for the 112 and 224 atom cells are shown in fig. 3.2. As expected, the vapor-side of the coexistence
region is poorly resolved, even in the largest simulation cell we studied. This is due to the finite size
of the simulations and because the isotherms are extrapolated below 0.22 g/cm?®. However, the liquid
side of the dome shows smaller finite size effects resulting in improved agreement between systems.
For that reason, only the points closest to the critical point on the vapor-side of the critical point were
included in the analytic fit, from which we obtained C;=1.23 + 0.08, C,=2.28 + 0.35, (5=1.24 +
0.14.
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Figure 2. Abundance of selected light species in the vapor along 5500 K, 6500 K, and 7500 K isotherms.
The species fraction is the number of molecules of a particular type divided by the total number of molecules

in the cell.

Finally, it was important to compare the estimated critical points for systems of different sizes in
order to investigate the finite size effects associated with our estimation of the critical point. We find
that the critical points for the 112-atom and 224-atom cells are within their mutual uncertainties, as
shown in fig. 4. Combining the results from the 28-, 56-, 112-, and 224-atom cells and extrapolating
the critical point parameters yields an estimate of the critical point in the thermodynamic limit
(shown in fig. $2): p¢™ P = 0.51+0.01 g/em?®, T2""“P = 611026 K, and Pe"""“" = 1.14+0.09
kbar, which is within the uncertainties of the results from the 224 atom cell. We conclude that the

finite size effects in the critical point estimate in the 224 atom cell are small.

4 Discussion & Conclusions

The major result of the present study establishes a first estimate of the critical behavior of
Mg, SiOy4, the most abundant phase in the Earth’s outermost layers, as well as the Moon. We find
that the critical point and liquid-vapor phase boundary estimated from DFT-MD calculations differs
substantially from those in commonly used multiphase EOS models of giant impact and accretion
simulations (c¢f. Canup [2012]; Cuk and Stewart [2012]; Nakajima and Stevenson [2014]; Lock and
Stewart [2017]). In the ANEOS model for forsterite, for example the critical point is at 1.68 g/cm3,
8800 K, and 10 kbar, while our results suggest a critical point at 0.52 g/cm3, 6230 K, and 1.22 kbar
[Stewart et al., 2020]. This is significant as is suggests that nearly all accretionary collisions produce
some amount of vaporization [Davies et al., 2020]. In larger collisions characteristic of late-stage
accretion of Earth-sized planets, impact velocities often exceed 10 km/s [Greenberg et al., 1978]. The

heat and entropy liberated from such an event typically results in prodigious amounts of hot liquid,
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the tabulated EOS models used in some hydrodynamic simulations of giant impacts [Stewart et al., 2019].
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vapor, and supercritical fluid immediately post-impact [Lock and Stewart, 2017]. How the system
evolves post-impact would obviously influence the compositions of any eventual planet or moon.
Therefore, hydrodynamic simulations that rely on incorrect EOS models will underestimate the
quantity of supercritical material, and overestimate the quantity of distinct liquid and vapor phases,
which might subsequently influence the chemical compositions of the resulting bodies [Stewart et al.,

2020].

There are several limitations in the present study which suggest possible avenues of future
research. As with all DFT calculations, the choice of exchange correlation functional introduces a
systematic bias in the results. Although we expect this bias to be relatively small for the problem
studied here, the choice of functional on critical point parameters is an interesting topic for future
study. It is notable that at intermediate densities the atomic fraction of the cell that is composed
of vapor is only about 16 out of 224 atoms, about 7%, so larger simulations may better resolve
the speciation in the vapor. Similarly, the vapor side of the Maxwell construction would likely be
better resolved in much larger systems which may soon be possible through the use of sophisticated

classical interatomic potentials such as the recently developed SNAP [Wood and Thompson, 2018].

However, the main limitation of both this and previous work on silicates is the assumption of
single-component-like critical behavior. Although the EOS isotherms of the present study show all
the trademark features of single component critical behavior, Mg,SiOy4 is a multicomponent system,
and therefore may not have a single critical point. Despite this assumption, an in-depth study of
the critical behavior of SiO, by Connolly [2016] suggests that the width of the liquid-vapor phase
boundary in SiO; is relatively narrow and thus is likely smaller than the uncertainties on the densities
of the coexisting liquid and vapor from our calculations, as shown in fig. 4. In accordance with other
silica-bearing systems studied thus far, the assumption of single component-like critical behavior
seems reasonable given the current state of knowledge of these materials, and the capabilities of
current hydrodynamic simulation techniques [Kraus et al., 2012; Connolly, 2016; Xiao and Stixrude,

2018; Stewart et al., 2020].

These limitations aside, the advantage of the present approach is that the estimation of the
critical point does not depend on detailed knowledge of the atomic-scale structures in the simulation,
but instead on the bulk thermodynamic properties of the mixed system. The fact that the present and
previous studies of Mg-bearing silicate systems find remarkably similar critical points despite using

entirely independent methods lends confidence to these approaches despite their assumptions.
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In summary, the study of the critical behavior of planetary materials offers important constraints
on multiphase EOS models needed for accurate studies of planet formation. For the Mg, SiOy4 system,
recent experimental and theoretical studies have led to significant improvements in the EOS in high
density, high pressure, high temperature regimes [Root et al., 2018; Stewart et al., 2019]. The present

work extends these improvements to low pressure, low density, and moderate temperature.
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