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Abstract

We design the conforming virtual element method for the numerical simulation of two dimensional time-dependent elastodynamics
problems. We investigate the performance of the method both theoretically and numerically. We prove the stability and the conver-
gence of the semi-discrete approximation in the energy norm and derive optimal error estimates. We also show the convergence in
the L2 norm. The performance of the virtual element method is assessed on a set of different computational meshes, including non-
convex cells up to order four in the h-refinement setting. Exponential convergence is also experimentally seen in the p-refinement
setting.

Key words: virtual element method, polytopal mesh, elastodynamics, high-order methods

1. Introduction

In recent years, numerical modeling of elastic waves propagation problems through the elastodynamics equation
has undergone a constantly increasing interest in the mathematical and geophysics engineering community. One of
the first numerical methods was based on finite differences, see, e.g., [8, 75, 97] and [92] for a comprehensive review.
Spectral and pseudo-spectral formulations have also been employed for the elastodynamics equation [81, 84, 85, 118].
To improve the geometric flexibility while preserving accuracy, spectral element methods have succesfully been ap-
plied to the elastodynamics equation, cf. [72, 73, 83, 103, 107]. See, also, [77, 109, 113] for spectral methods on
tensor-product grids and the extension to tetrahedral and/or hybrid meshes based on employing nodal (or Lagrangian)
basis functions associated to suitable interpolation points. Elastic waves propagation problems have been treated nu-
merically by applying the Discontinuous Galerkin (DG) and the Discontinuos Galerkin Spectral Element method
[9, 10, 15, 65, 74, 106] to the displacement formulation and the stress-velocity formulation [71, 82]. High-order DG
methods for elastic and elasto-acoustic wave propagation problems have been extended to arbitrarily-shaped polyg-
onal/polyhedral grids [12, 14] to further enhance the geometrical flexibility of the DG approach while guaranteeing
low dissipation and dispersion errors.

Studying the elastodynamic behavior of structures with complicated geometrical features is often of interest in
many practical situations, e.g., in aerospace and power-generation applications. Traditionally, triangular—and in 3D,
tetrahedral—elements have been the only available option when it came to the spatial discretization of such struc-
tures. This is problematic because low-order triangles/tetrahedra are known to over-estimate the structure’s stiffness
(and hence its natural frequencies and the wave propagation speed within it), especially with nearly-incompressible



materials such as rubber, or in the presence of well-developed (isochoric) plastic flow in metals [58, 68, 112]. In
addition, very small triangular elements are often needed to resolve intricate features of the geometry, which then re-
quires a very small time step to be used in view of the CFL stability condition [63]. Polygonal elements can alleviate
such difficulties, since they often obviate the need to refine the spatial discretization even in the presence of com-
plicated/intricate geometrical features. This is especially true if the underlying numerical method allows non-convex
polygonal elements to be used efficiently, as is the case with the virtual element method (VEM); e.g., see [61].

We are aimed, here, at investigating the use of the virtual element method for numerical modeling wave propagation
phenomena in elastic media. To this end, we consider the conforming virtual element method (VEM) that was proved
to be successful for simple parabolic and hyperbolic problems [1, 2, 110, 111]. We also mention a first work in thius
direcjtion, see Ref. [98, 99], where the low-order virtual element method is applied to nonconvex polygonal meshes.

The VEM was originally originally proposed for solving elliptic boundary-value problems on polytopal meshes
in [18, 20]. The central idea is that the basis functions are defined as the solution of a local elliptic partial differential
equation and are never explicitly computed in the practical implementation of the method. For this reason, they are
dubbed as virtual, and the finite element space of the VEM is called the virtual element space. Instead of computing the
basis functions, the VEM uses their elliptic polynomial projections to compute approximate bilinear forms (stiffness
and mass matrices) and the continuous linear functional expressing the loading term. Such projections are computable
from the degrees of freedom without introducing any further approximation error and are used to decompose the
bilinear form at the elemental level into two parts: the consistent term that approximates the stiffness matrix on a
given polynomial space and the correction term that ensures stability. As in finite elements, element-level assembly
procedures are used to obtain the discrete system of linear equations.

The outline of the paper is as follows. We conclude this introductory section with a subsection reviewing back-
ground material for the VEM and a subsection introducing the notation used in this paper. In Section 2 we introduce
the model problem and its virtual element approximation. In Section 3 we present the design of the VEM. In Section 4
we discuss the convergence of the VEM and we derive the error estimates. In Section 5 we investigate the performance
of the method on a set of suitable numerical experiments. In Section 6 we offer our final remarks and conclusions.

1.1. Background material on the VEM

The VEM was originally developed as a variational reformulation of the nodal mimetic finite difference (MFD)
method [29, 36, 48, 88] for solving diffusion problems on unstructured polygonal meshes. A survey on the MFD
method can be found in the review paper [87] and the research monograph [30]. The VEM inherits the flexibility
of the MFD method with respect to the admissible meshes and this feature is well reflected in the many significant
applications that have been developed so far, see, for example, [11, 21-28, 31, 33-35, 3846, 49, 51, 94, 95, 100, 101,
111, 117]. Moreover, the connection between VEM and finite elements on polygonal/polyhedral meshes is thoroughly
investigated in [54, 70, 89], and between VEM and BEM-based FEM method in [53]. The VEM was originally for-
mulated in [20] as a conforming FEM for the Poisson problem. It was later extended to convection-reaction-diffusion
problems with variable coefficients in [5, 27]. Meanwhile, the nonconforming formulation for diffusion problems was
proposed in [18] as the finite element reformulation of [86] and later extended to general elliptic problems [56], Stokes
problem [52], and the biharmonic equation [13, 121].

In the most recent years, a great amount of work has also been devoted to the development of approximation meth-
ods for the numerical modeling of linear and nonlinear elasticity problems and materials. VEM for plate bending
problems [21, 49] and stress/displacement VEM for plane elasticity problems [16], plane elasticity problems based on
the Hellinger-Reissner principle [17], two-dimensional mixed weakly symmetric formulation of linear elasticity [119],
mixed virtual element method for a pseudostress-based formulation of linear elasticity [S0] nonconforming virtual el-
ement method for elasticity problems [120], linear [76] and nonlinear elasticity [66], contact problems [117] and fric-
tional contact problems including large deformations [116], elastic and inelastic problems on polytope meshes [31],
compressible and incompressible finite deformations [115], finite elasto-plastic deformations [59, 78, 114], linear
elastic fracture analysis [96], phase-field modeling of brittle fracture using an efficient virtual element scheme [6] and
ductile fracture [7], crack propagation [80], brittle crack-propagation [79], large strain anisotropic material with inex-
tensive fibers [108], isotropic damage [67], computational homogenization of polycrystalline materials [90], gradient
recovery scheme [60], topology optimization [62], nonconvex meshes for elastodynamics [98, 99], acoustic vibration
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problem [37], virtual element method for coupled thermo-elasticity in Abaqus [69], a priori and a posteriori error es-
timates for a virtual element spectral analysis for the elasticity equations [93], virtual element method for transversely
isotropic elasticity [105].

1.2. Notation of functional spaces and technicalities

We use the standard definition and notation of Sobolev spaces, norms and seminorms, cf. [4]. Let £ be a nonnegative
integer number. The Sobolev space H*(w) consists of all square integrable functions with all square integrable weak
derivatives up to order k that are defined on the open bounded connected subset w of R?. As usual, if & = 0, we prefer
the notation L?(w). Norm and seminorm in H*(w) are denoted by || - ||, and | - | .., respectively, and (-, -),, denote
the L2-inner product. We omit the subscript w when w is the whole computational domain 2.

Given the mesh partitioning 2, = {P} of the domain €2 into elements P, we define the broken (scalar) Sobolev
space for any integer k£ > 0

H* Q) = [[ B*P)={veL*(Q) : vpc H*P)},
PeQ,,

which we endow with the broken H*-norm

[ollin = > lvllie  Voe H (), q))
PeQy,

and, for k = 1, with the broken H'-seminorm

wltn =D Vol YveH' (). @
PeQy,

We denote the linear space of polynomials of degree up to ¢ defined on w by IP,(w), with the useful conventional
notation that P_; (w) = {0}. We denote the space of two-dimensional vector polynomials of degree up to £ on w by
[Pe(w)] % the space of symmetric 2 x 2-sized tensor polynomials of degree up to £ on w by lP?:fm(w). Space Py (w)
is the span of the finite set of scaled monomials of degree up to £, that are given by

My(w) = { (X;X“’> with |a| < 6}7
where

— X, denotes the center of gravity of w and h,, its characteristic length, as, for instance, the edge length or the cell
diameter for d = 1,2, 3;

— a = (aq, ag) is the two-dimensional multi-index of nonnegative integers «; with degree || = @1 + a3 < £ and
such that x* = 2 z5? for any x € R?.

We will also use the set of scaled monomials of degree exactly equal to £, denoted by M (w) and obtained by setting

|a| = £ in the definition above.

Finally, we use the letter C' in the error estimates to denote a strictly positive constant whose value can change at
any instance and that is independent of the discretization parameters such as the mesh size k. Note that C' may depend
on the constants of the model equations or the variational problem, like the coercivity and continuity constants, or
even constants that are uniformly defined for the family of meshes of the approximation while h — 0, such as the
mesh regularity constant, the stability constants of the discrete bilinear forms, etc. Whenever it is convenient, we will
simplify the notation by using expressions like z < y and 2 y to mean that x < Cy and x > Cly, respectively, C
being the generic constant in the sense defined above.

2. Model problem and virtual element formulation

We consider an elastic body occupying the open, bounded polygonal domain denoted by 2 € R? with boundary
denoted by I' = 0f2. We assume that boundary I' can be split into the two disjoint subsets I'p and I'y, so that
I' =TpUTIyand I'p NT'xy = (. For the well-posedness of the mathematical model, we further require that the
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one-dimensional Lebesgue measure (length) of I'p is nonzero, i.e., |I'p| > 0. Let ' > 0 denote the final time. We
consider the external load f € L?((0,T'); [L?(©)]?), the boundary function gn € C*((0,7); [HO%,FN]Q)’ and the initial
functions ug € [H (2)]%, uy € [L?(2)]2. For such time-dependent vector fields, we may indicate the dependence
on time explicitly, e.g., £(t) := f(-,#) € [L?(2)]?, or drop it out to ease the notation when it is obvious from the
context.

The equations governing the two-dimensional initial/boundary-value problem of linear elastodynamics for the dis-
placement vector u :  x [0,7] — R? are:

pi—V-o(u)=f in Q x (0,77, 3
u=0 onT'p x (0,77, 4

o(u)n =gy onI'y x (0,77, &)
u=ug in Q x {0}, (6)

W= in Q x {0}. 7)

Here, p is the mass density, which we suppose to be a strictly positive and uniformly bounded function and o (u) is the
stress tensor. In (4) we assume homogeneous Dirichlet boundary conditions on I' p. This assumption is made only to
ease the exposition and the analysis, as our numerical method is easily extendable to treat the case of nonhomogeneous

Dirichlet boundary conditions.
We denote the space of symmetric 2 X 2-sized real-valued tensors by IRfyfnz and assume that the stress tensor o :

Q x [0,T] — R is expressed, according to Hooke’s law, by o(u) = De(u), where, e(u) denotes the symmetric

gradient of u , i.e., e(u) = (Vu+ (Vu)”)/2,and D = D(x) : RZ5Z — RZx?2 is the inverse of the compliance
tensor

Dt =2ut + Ar(7)l 3

forall T € Rfyfnz. In this definition, | and tr(-) are the identity matrix and the trace operator; A and p are the first and

second Lamé coefficients, that we assume to be in L>°(€2) and nonnegative.

LetV = [H llD (Q)] ? be the space of H! vector valued functions with null trace on I',. We consider the two bilinear
forms m(-,-), a(-,-) : V x V — R defined as

m(w,v) = / pw-vdV Yw,v eV, ©)
Q

a(w,v) = / o(w):e(v)dV VYw,v eV, (10)
Q

and the linear functional F'(-) : V — IR defined as

F(v):/f~vdV+/ gn-v VYveV. (11)
Q I'n

The variational formulation of the linear elastodynamics equations reads as: For all t € (0,T] find u(t) € 'V such
that for t = 0 it holds that u(0) = ug and u(0) = uy and

m(,v) + a(u,v) = F(v) Vv e V. (12)

As shown, for example, in [104, Theorem 8-3.1], the variational problem (12) is well posed and its unique solution
satisfies u € C°((0,7]; V) N C1((0, T); [L*(2)]?).
The virtual element approximation of problem (12) relies on the virtual element space VZ, which is a subspace of

2 C . . .
[H }D (Q)} . Space V'kf is built upon the scalar conforming space considered in [20]. For the sake of completeness, we
briefly review the construction of the scalar space in the next section. Then, we consider the virtual element bilinear
forms my, (-, -) and ay (-, -), which approximate the bilinear forms m(-, -) and a(, -), and the virtual element functional
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F},(+), which approximates the linear functional F'(-). The definition of my(+, -), ap (-, -), and Fj,(-) and the discussion
of their properties is addressed in the next section.

The semi-discrete virtual element approximation of (12) read as: For all t € (0,T)] find u,(t) € V} such that for
t = 0 it holds that up(0) = (ug); and 0y (0) = (u1); and

mp(iin, vi) + an(an, vi) = Fi(vy) Vv, € Vi (13)

Here, uy, (t) is the virtual element approximation of u and vy, the generic test function in V¥, while (ug); and (u;);
are the virtual element interpolants of the initial solution functions u(0) and 1 (0), respectively.

Time integration is performed by applying the leap-frog time marching scheme [102] to the second derivative in
time ;. To this end, we subdivide the interval (0,77 into N subintervals of amplitude At = T/ Nr and at every
time level t™ = n/At we consider the variational problem:

mh(uz+17vh) —2my(uy, vy) + mh(uzfl,vh) + Atap(ayy, vy) = AtF) (vy) Vv, € th. (14)

The leap-frog scheme is second-order accurate, explicit and conditionally stable, cf. [102]. It is straightforward to
show that these properties are inherited by the fully-discrete scheme (14).

3. Virtual Element Approximation

The VEM proposed in this paper is a vector extension of the VEM previously developed for scalar elliptic and
parabolic problems in [5, 18, 20, 56], that we shortly review in this section. First, we introduce the family of mesh
decompositions of the computational domain and the mesh regularity assumptions needed to prove the stability and
convergence of the method. Then, we formulate the conforming virtual element spaces of various degree k and present
the degrees of the freedom that are unisolvent in such spaces. Finally, we present the definition of the virtual element
bilinear forms and discuss their properties.

3.1. Mesh definition and regularity assumptions

Let 7 = {4} be a family of decompositions of 2 into nonoverlapping polygonal elements P with nonintersecting
boundary JP, center of gravity xp, two-dimensional measure (area) |P|, and diameter hp = supy yep X — y|. The
subindex h that labels each mesh €2, is the maximum of the diameters hp of the elements of that mesh. The boundary
of P is formed by straight edges e and the midpoint and length of each edge are denoted by x. and h., respectively.

We denote the unit normal vector to the elemental boundary OP by np, and the unit normal vector to edge e by n..
Vector np points out of P and the orientation of n, is fixed once and for all in every mesh

Now, we state the mesh regularity assumptions that are required for the convergence analysis.
(A0) Mesh regularity assumptions.

— There exists a positive constant ¢ independent of A (and, hence, of €2;,) such that for every polygonal element
P € Q,, it holds that
(1) P is star-shaped with respect to a disk with radius > ohp;
(i7) for every edge e € 9P it holds that he > ghp.

Remark 3.1 Star-shapedness property (i) implies that the elements are simply connected subsets of R Scaling
property (i) implies that the number of edges in each elemental boundary is uniformly bounded over the whole mesh

Sfamily T.

To conclude this section, we note that the above mesh assumptions are very general and, as observed from the
first publications on the VEM, see, for example, [20], allow us to formulate the VEM on grids of polygonal elements
having very general geometric shapes, e.g., nonconvex elements or elements with hanging nodes. See also the recent
work [32] for weaker mesh assumptions.



(k=1) (k=2) (k=3)

Fig. 1. The degrees of freedom of the scalar conforming virtual element spaces th(P) defined on the pentagonal cell P for k = 1,2, 3.

3.2. Virtual element space, degrees of freedom and projection operators

The global virtual element space is defined as
V= {v eV iv,e€ V7(P) for every P € Qh}. (15)

The construction of the local virtual space is carried out along these three steps: (i) we select the set of degrees of
freedom that uniquely characterizes the functions of the local space; (i7) we introduce the elliptic projector onto the
subspace of polynomials; (#i7) we define the virtual element functions as the solution of a differential problem, also
using the elliptic projector.

Let us move to the first step.
— Each virtual element function vy, is uniquely characterized by
(C1) the values of vy, at the vertices of P;
(C2) the moments of vy, of order up to k& — 1 on each one-dimensional edge e € OP:

1 vpmds, Ym € My_1(e), Ve € OP; (16)
le
(C3) the moments of vy, of order up to kK — 2 on P:
1
ﬁ/vhmds, Ym € My_o(P). (17)
P

Figure 1 shows the degrees of freedom of the three scalar conforming virtual element spaces defined on a pentagonal

cell for k = 1,2, 3. Since we assume that V}(P) = [VE(P)] 2, being V}* (P) the local scalar conforming virtual space,
the degrees of freedom of each component of the vector-valued functions v, are those described above.

In the second step, we introduce the elliptic projection operator ITY : H'(P)NC(P) — P4 (P), so that the elliptic
projection of a function vy, is the polynomial of degree k that satisfies the variational problem given by

/Pvnkvvh.vqkdvz/Pwthk AV Vq e PL(P), (18)
with the additional condition that
/ Yo, dV = | w,dV  fork =1, (19)
apP P
/P Y vy, dV = /P v, dV  fork > 2. (20)

The crucial property is that Hkv vy, is computable using only the information on vy, provided by its degrees of freedom,
i.e., the values of the linear functionals (C1)-(C3).



In the third and final step, we define the conforming virtual element space of order k > 1 by

VI (P) i= {un € H'(P) 10y, € C(0P), vy, € Pi(e) Ve € OP,

Avy, € PL(P), (vh — TIY vpy i )p = 0 Vpip € IPk(P)\lPk,_Q(P)}. 1)

Remark 3.2 A few remarkable facts characterize these scalar functional spaces:

(i) their definition resorts to the enhancement strategy introduced in [5] for the conforming VEM;

(ii) the degrees of freedom (C1)-(C3) are unisolvent in V;"(P), cf. [20];

(iii) the scalar polynomial space Py (P) is a subset of both V}(P);

(iv) the L*-orthogonal projections IYv;, € Pr(P) and II}_, Vv, € [Pj_1(P)] ? are computable for all vy, € Vi
using only the degrees of freedom of vy,.

From (iv), we readily find that for all v, € V}! the L2-orthogonal projections II{v;, € [Py (P)] ®and 19 e(vy) €
Pif?,sym(P) are also computable (without any approximation) using only the degrees of freedom of vy,. In particular,
the latter one is the solution of the finite dimensional variational problem:

/Png_l(e(vh)) (el dV = /Ps(vh) ePdv Ve e PYXTL(P), (22)
i.e., the L2-projection of the symmetric gradient €(vy,) onto szisym(P), that (we recall) is the space of symmetric
2 x 2-sized tensor-valued polynomials of degree up to k — 1.

Finally, the degrees of freedom of the global space VZ are provided by collecting all the local degrees of freedom.
We note that the value of vertex degrees of freedom is the same for all the elements to which the vertex belongs.
Similarly, the value of the edge degrees of freedom at internal edges (i.e., shared by two mesh elements) is the same
for the two elements to which this edge belongs. The unisolvence of such degrees of freedom for the global space VZ
is an immediate consequence of the unisolvence of the local degrees of freedom for the elemental spaces th (P).

3.3. Virtual element bilinear forms

In the virtual element setting, we define the bilinear forms my, (-, -) and ay, (-, -) as the sum of elemental contributions,
which are denoted by m? (-, ) and al (-, -), respectively:

mp(-) : VEXVE SR,  with my,(wp,vy) = Z mi (Wn,vn),

PeQy,
an(-) : VEXVE SR, with ap,(wp,vp) = Z al (Wh,vh). (23)
PeQy,
The local bilinear form m} (-, ) is given by
P _ 0 0 P
mf (vnswn) = [ pitivn - Tw, v + 87, (vi ). 24)
P

where SP (-, ) is the local stabilization term. The bilinear form mf depends on the orthogonal projections H%vh and
19wy, which are computable from the degrees of freedom of v}, and wy, respectively, see the previous section. The
local form SP (-,-) : VI x V# — R can be any symmetric and coercive bilinear form that is computable from the
degrees of freedom and for which there exists two strictly positive real constants o, and ¢* such that

a*mp(vh,vh) < SZ(V;,,,V;,,) < a*mp(vh,vh) v € ker(Hg) OVZ(P). (25)

We can define computable stabilizations an (-, ) by resorting to the two-dimensional implementations of the effective
choices for the scalar case investigated in [64, 91]. The one used in our implementation of the method is discussed in
subsection 3.5.

The discrete bilinear form m? (-, -) satisfies the two fundamental properties:



- k-consistency: for all v, € V] and for all q € [Px(P)]” it holds
my, (vi, @) = m® (vi, q); (26)
- stability: there exists two positive constants i, p+*, independent of h, k and P, such that

et (Vi vi) <mb (v, vi) < prmP(vi,vi) Vv, € VR 27

The local bilinear form a? is given by
ar, (Vh, Wp) = / DIy (e(vn)) : TIR_y (e(wn)) AV + S§ (Va, wh), (28)
P

where S aP (-, -) is the local stabilization term. The bilinear form aﬁ depends on the orthogonal projections II{ Vv,
and I1Y_, Vwy,, which are computable from the degrees of freedom of v, and wy, respectively, see the previous

section. SP(-,-) : VZ X VZ — IR and can be any symmetric and coercive bilinear form that is computable from the
degrees of freedom and for which there exists two strictly positive real constants &, and &* such that

7.a” (v, vi) <SP (vi,vi) <@ aP (v, vi) v e ker (TI7)) NVE(P). (29)

Note that ST (-, -) must scale like a” (-, ), i.e., as O(1). We can define computable stabilizations S’ (-, -) by resorting
to the two-dimensional implementations of the effective choices for the scalar case investigated in [64, 91]. The one
used in our implementations of the method is discussed in subsection 3.5.

The discrete bilinear form a; (-, -) satisfies the two fundamental properties:
- k-consistency: for all vi, € V} and for all q € [Py (P)] ? it holds
ay (v, q) = a® (v, q); (30)
- stability: there exists two positive constants «,, «*, independent of h, k and P, such that
aa” (vi,vi) < al (v, vi) < a*a (v, vi) Vv, € VI 31
Constants o, and * may depend on p and A. See [28, Remark 6.1] for the independence of k.

Remark 3.3 We will use the stability of both m¥ (-,-) and af (-,-) to prove that the semi-discrete virtual element
approximation is stable in time, i.e., the approximate solution uy(t) for all t € (0,T] depends continuously on the
initial solutions ug and the source term f.

Remark 3.4 The stability of the symmetric bilinear forms m? (-, -) and af (-, -) implies that both are inner products
on th, and, hence, that they are continuous. In fact, the Cauchy-Schwarz inequality and the local stability of my,
imply that

ol
vl

ma(Va, Wa) < (ma(Vas Vi) 2 (M (Why wi)) 2 < (m(va, vi)) 2 (m(wh, wh))
< ¥ lpllselvallollwnllo (32)
forall vy, € VZ’. Similarly, the Cauchy-Schwarz inequality and the local stability of a, imply that

BWhl1,n (33)

1 1 1 1
an(Vh, Wr) < (an(Va, vi))? (an (Wi, wi))? < a*(a(vh, va)) 2 (a(wh, wp))? = o

for all v, € V7.
3.4. Approximation of the right-hand side

We approximate the right-hand side (13) of the semi-discrete formulation (and, consequently, (14) of the full dis-
crete formulation) as follows:

Fi(va) = /f I _5(vn) dV+Z/ gn - 1°(va) Vvi € VR, (34)

ecln



where Hg’e (vp,) is the L2-orthogonal projection of the components of the virtual element vector field v, on the space
of scalar polynomials defined on edge e. The linear functional F},(-) is clearly computable since we have already
noted that T19(v;,) and TI}(v;,) are computable from the degrees of freedm of v;,. Moreover, when gy = 0 using
the stability of the projection operator and the Cauchy-Schwarz inequality, we note that

[En(va)| < /Qf(t) Ao (va) aV | < [IE)lo [[TR o (va)l[y < @)l lvally vt € [0,7). (35)

We will use (35) in the proof of the stability of the semi-discrete virtual element approximation.
3.5. The hitchiker’s guide of the VEM for the elastodynamics

In this subsection, we present the implementation details that are practically useful and the basic steps to reduce the
implementation of the VEM to the calculation of a few small elemental matrices. In fact, the implementation of the
VEM relies on the L?-orthogonal projection matrices for scalar shape functions and their gradients. Their construction
can be found, for example, in [22].

We build the mass and stiffness matrices of the VEM by applying definitions (24) and (28) to the vector-valued
shape functions generating VZ(P). Let ¢; be the i-th “canonical” vector-valued basis function of the global virtual
element space VI We define the mass matrix M = (M;;) and the stiffness matrix K = (K;;) by My; = my(¢;, ¢:)
and K;; = an(¢j, ¢;), respectively. The stability condition (27) implies that ||¢:|[3 < mn(di, i) < ||¢il|2 for
every ¢. Therefore, mass matrix M is strictly positive definite (and symmetric) and, hence, nonsingular. Similarly, the
stability condition (31) implies that |¢;|? < an (@4, @i) < |di|3. Therefore, the stiffness matrix K is non-negative
definite (and symmetric).

As discussed in the previous subsections, the virtual element space of two-dimensional vector-valued functions
vy € VQ(P) is built by taking the two components of v}, in the scalar virtual element space V}"(P). Let ¢; be the
shape function of V;"(P) that is associated with the i-th degree of freedom, so that by definition, its i-th degree of
freedom is equal to one, while all other degrees of freedom are equal to zero. Here, we consider the index ¢ (and j
in the next formulas) as running from 1 to N, where N is the dimension of V}*(P). Using this convention, the
dimension of the vector virtual element space VZ(P) is actually 2N Accordingly, the set of “canonical” shape
functions that generate V' (P) is given by vector-valued functions of the form ¢;* = (¢;,0)” and ¢ = (0, ¢;)7.

For the exposition’s sake, we simplify the notation for the orthogonal projections. More precisely, we use the “hat”
symbol over ¢;, e.g., q;i, to denote the L2-projection of ¢; onto the polynomials of degree k. We also denote the partial
derivatives of ¢; along the x and y direction by J,.¢; and 0, ¢;, respectively, and, with a small abuse of notation, their
L?2-orthogonal projections onto the polynomials of degree k — 1 by 8:52 and 6;—(;\51 As discussed previously, all these
projections are computable from the degrees of freedom of ¢;, cf. [22, 55].

Let M = M¢ + M?® and K = K¢ + K?* be the mass and stiffness matrices, that we write as the sum of the
consistence term, i.e., matrices M“ and K¢, and stability term, i.e., matrices M® and K?. In the rest of this section,
we detail the construction of each one of these four matrix terms.

The splitting of the polygonal shape functions in vector-valued functions like ¢;" and ¢d°*", where only one
components is actually nonzero, simplifies the expression of the mass matrix significantly. Matrix M€ is, indeed,
block diagonal, each block has size N%® x N9 and its (ij)-th entry is given by

M, = /P 3: 8, dv. (36)

Let IT{ be the projection matrix of the set of scalar shape functions {qﬁz}f\fiﬁ Matrix IT) has size N* x N%5 where
N¥ is the dimension of IP;,(P). The coefficients of the expansion of ¢; on the monomial basis are on the i-th columns
of ITY, so that:

Nk
Gi(w,y) =Y malw,y) (7). (37)
a=1

9



Using this polynomial expansion we find that

Nk:
M = Y Qap(I), (1), - (38)

»J
a,B=1

where Q is the mass matrix of the monomials,

Qus = [ mae.y) ma(a,y) av. (9)
The equivalent matrix form is
Me = ()" QTIY. (40)
The stability matrix used in this work is obtained from the stabilization bilinear form
2Ndofs
Sp (v, wi) =php Y dofy(vy) dofy(wy), (41)
=1

where p is the cell-average of p over P. We recall that £ runs from 1 to 2N since N9°® is the number of degrees of
freedom of the scalar virtual element space. Using ¢;* = (¢;,0)7 and ¢ = (0, ¢;)” for the vector basis functions,
the stability part of the mass matrix is provided by the formula:

2Nd01’>

M, =g 3 [aof (1~ 1)) dofe (1 — 1))
{=1

+ dofy (1 — IIY) @™ ) dof, (1 — I17) ") (42)

Using ¢ = (¢,0)7 and ¢ = (0, ;)7 for the vector basis functions, the stability part of the mass matrix is
provided by the formula:

(1-1m)" (1) 0
M;; = php . : (43)
0 (T—1m)" (T 1my)
The block-diagonal structure above is induced by our choice of using the vector basis functions ¢;" = (¢;,0)7 and
ol = (0,6,)7.
The situation is more complex for the stiffness matrix, where the splitting “up — down” induces the 2 x 2 splitting:

FCupsup Kc,up,down

K° = : (44)
Kc7down,up quown,down

To detail each one of these four submatrices, consider first a generic vector-valued field w = (w,,w,)”. From the
standard definition of the tensor fields e(w) and o (w), we immediately find that:

O Wy l(alwy + Oyw,)
ew)= |, 2 (45)
5(6xwy + Oywy) Oywy

and, according to (8),
(2p + N)Oywy + Aoywy  p(Opwy + Oywy)

o(w) = . (46)
1(O0gwy + Oywy) A0y wy + (21 + X)Oyw,

10



Ndofs
Then, we take w € {qﬁ?p, ¢§°W“}i:1 , so that

1 r 1
(@)= |, e =1 47)
and
. (20 + A) 0, s ;@,qﬁz J )\ayﬁbz U0z B
o(¢;") = ;o o(@f) = : (48)
:uaygbi Aam(bz i ,U/am(bz (2M + A)aygbl

Using such definitions, a straightforward calculation immediately provides us the formulas for the stiffness submatri-
ces:

Kmr = /P o(¢F): (@) aV = (2u+ ) /P Dat; Duto; AV + /P 0y65 Dyi dV,
kP = [ G @ v = [ 575,05 v+ [ 55 5 av

P P P
Kfjdown,up = /PO'((#C;OW“) 6((}51;[’) dv = )\/Payd)j 61(251 dV + 'u/p@xd)j 8y¢7 dV,

K dovmdonn — /P o (pdovn): e(pdomm) dV = p / 0u®j O AV + (201 + N) / Oy; 0y dV.

A thorough inspection of these formulas reveals that we only need the two projection matrices H ", and H Y, such
that

NF1 Nkl
8w¢l(x7y) = Z ma(m,y) (Hgfl)a’ﬁ 8y¢l(x7y) = Z ma(x,y) (HO Y )a i’ (50)
a=1 a=1

and the four additional matrices involving the derivatives of monomials up to the degree k:

aﬂ—/amﬁama,dv aﬁ—/amgama,dv
aﬁ—/amgﬁma,d‘/ aﬁ—/amgama,dV
Using such matrices we can reformulate the entries of the four subblocks of matrix K¢ as follows:
c,up, TT 0,x 0, 0,1 0,
K = (2u+0) ) Qe (I, (7)) , +HZQW (I5%) 0 () 50
a,B
c,up,dow 0, I 0, 07 0,z
K MZQ (M%), () 5 +AZ (M%) 4 (T2 6 5
d 0, 0, 0 0, S
Ko AZQ (I.%)) (Hkyl)ﬂj +/‘ZQ Hk’yl (Hk 1)[3
c,down,dow () 93 0,z 0, 0,
e downdonn _ ZQ ) (T7)) 5 + 2u+)\ > QY (%), (T, -
a,p

The equivalent compact matrix form is:

11



2 \T Aoz 10,z T 0,
Kot = (2n+A) (HZQ) Q™ ;" +M(H2’i’1) QWILY,,

c 2 \T ~z » s T e sT
Keupdonn - — M(Hﬁ_l) Q sz—l +)‘(H2—yl) QY Hg—p
(52)
c,down, _ 0,z T x 0, 0, T x 0,z
Kedme = A\ IL) T QUILY, +u(IRY) QU ILT,,
c,down,down x\T xx T , T ,
Kedoumaonn — (T )7 QT Iy, +H(2u+ A (YY) QWILY,.
The stability matrix used in this work is obtained from the stabilization bilinear form
2Nd0fs
SP(vi, wp) = max(27, \) Z dof,(vy,) dof,(wp), (53)
(=1

where 77 and ) are the cell averages of 1 and ), respectively. Since we assume that the Lamé coefficients are constant,
7o and )\ are respectively equal to 4 and A. We recall that index ¢ runs from 1 to 2N%® because N is the number
of degrees of freedom of the scalar virtual element space. Using ;" = (¢;,0)7 and ¢ = (0, ¢;)T for the vector
basis functions, the stability part of the mass matrix is provided by the formula:

dofs

K;; = max(2@, %) 3 {dofz ((1=17") o) dof, ((1- 1Y) o2P)

+ dof, ((1 - HZ’P) ¢§°W“) dof, ((1 - HZ’P) ¢‘;°Wn) } . (54)

The stability matrix can be written in block-diagonal form, and in this work we consider
| @-my)” () 0
K’® = max(2z, \) ) (55)
0 (1-1my)" (1- 1)

where HkV is the elliptic projection matrix for the scalar case. An alternative formulation can be obtained by consid-

ering the orthogonal projector H%P instead of the elliptic projector HZ’P in (54), and, consistently, the orthogonal
projection matrix IT? instead of ITY in (55).

4. Stability and convergence analysis for the semi-discrete problem

The main results of this section are stated in Theorems 4.5, 4.6 and 4.8, which respectively prove the stability and
convergence in the mesh dependent energy norm that will be introduced in (58) and the convergence in the L?((2)-
norm. For exposition’s sake, we set p = 11in (3), (9) and (24) and g = 0 in (5), (11) and (34).

4.1. Technicalities and preliminary results

To carry out the analysis of this section and derive a priori estimates, we need the error estimates for piecewise
polynomial approximations and interpolation in the virtual element space VZ that are stated in the two following
lemmas.

Lemma 4.1 Let Py (Qy,) be the space of discontinuous polynomials of degree up to k defined on mesh Sy, Under the

mesh regularity assumption (A0), for all u € H™1(Q), m € N, there exists a vector-valued field u, € [IPk(Qh)] 2
such that

12



pitL

Ju=tglly S popy [l g = min(ie, ), m >0,
I (56)

w— el S o lully = mingkm), m> 1
Proof. The assertion of the lemma is proved in [28]. O

Lemma 4.2 Under the mesh regularity assumption (A0), for allu € H™1(Q), m € N, there exists a virtual element
interpolant u; € VI such that

putl .
lu=urlly € o ullygy g = mingk, m), m =0
. (57)
u—usl;, <— |ju @ = min(k,m), m > 1.
1 ~ km m+1
Proof. The assertion of the lemma is proved in [57]. O

Remark 4.3 The L?-estimate provided by Lemma 4.2 is suboptimal in k as we have a dependence like k™ instead
of k™1 in the fraction denominators. Nonetheless, as observed in [28], whenever the components of u are the
restrictions to 2 of analytic functions, it is still possible prove that the rate of convergence in terms of m is exponential.

4.2. Stability

The semi-discrete virtual element approximation of the time-dependent linear elastodynamics problem in varia-
tional form is stable and convergent, cf. Theorems 4.5 and 4.6 below, which are the main results of this section.
Moreover, we state Theorems 4.5 and 4.6 below by using the energy norm

1, 2
Iva @I = ||o2va®)|| + v, te 0.7, (58)

which is defined for all v € V. The local stability property of the bilinear forms my, (-, -) and ay (-, -) readily imply
the equivalence relation

(Vi Vi) + an(vi, vi) S IVa@II° < ma (¥, vi) + an(vi, vi) (59
for all time-dependent virtual element functions vy, (¢) with square integrable derivative v, ().

Remark 4.4 The hidden constants in (59) may depend on the stability parameters L., |1*, o, o, the regularity
constant ¢ of the mesh, and the polynomial degree k (see [28, Remark 6.1] for more details). However, they are
independent of the mesh size parameter h.

Theorem 4.5 Let f € L?((0,T); [L*(Q)]?) and let uy, € C((0,T); V) be the solution of (13). Then, it holds

t
@< 1l (o)l + / 1)l 0 (60)

Proof. We substitute v, = 0, (¢) in (13) and, for all ¢ € (0, T, we obtain
mp (An, ap) + ap(up, 0p) = Fy(ap). (61)
Since both my,(+, -) and ay (-, -) are symmetric bilinear forms, a straightforward calculation yields
1d (
2 dt
We substitute this expression in the left-hand side of (61), we integrate in time the resulting equation from 0 to the
intermediate time ¢, and using the definition of norm ||| - ||| in (58) and the equivalence relation (59), we find that

mp (A, W) + ap(p, up)) = mp (i, Uy) + ap(uy, ap).
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llan @)1 < mon (0 (0), @ (1)) + an (un (1), un (1))

= mp(1;,(0),a,(0)) + ap(urn(0),un(0)) + 2/0 Fp,(ap(7))dr

< [ (O + / Fo(itn (7)) dr-

Since uy,(0) = (ug)7, and using (35) (with v;, = 1), we find that

a1 S 1l (ao)s I +/O Fi (0 (r)dr < [l (o)l +/O £l [[an()llo dr.

The thesis follows on applying [47, Lemma AS, p. 157]. |

4.3. Convergence analysis in the energy norm

In this section, we prove the convergence of the semi-discrete virtual element approximation in the energy norm
(58). A priori error estimates of the approximation error are derived from Theorem 4.6 as a corollary, which is reported
at the end of the section, by using approximation results for discontinuous polynomial and virtual element spaces.

Theorem 4.6 Let u € C?((0,T]; [H™(Q)]?), m € N, be the exact solution of problem (12). Let uj, € VI be the
solution of the semi-discrete problem (13) under the mesh regularity assumption (A0). Then, for all t € [0,T) and all
discontinuous polynomial approximations u, (t) of u(t), it holds that

llu(t) — wa@l S sup Golr) + / Gy (r)dr, (62)
T€[0,T) 0
where
Go(r) = [[i(r) — s (7)lly + [u(r) — wr(r)]s + [u(r) = ue(r)]s, (63)
G1(r) = [[i(r) — g (7)lg + [[(7) — e (7)o + [(7) — ias (7)]x + [1(7) — it (7)1
+ sup |F(Vh) — Fh(vh)| ) (64)

V}LGVZ |Vh|1

Proof. Since VZ is a subspace of V, we can take v, € VZ as test function in (12) and substract from (13) to find the
error equation:

(i), V1) = mnin(6), i) + a(u(0), vi) — an(w(8),vi) = F(vi) = Fi(vi) ©
which holds for all v;, € VI, Next, we rewrite this equation as T; + Ty = Ts, with the definitions:

Ty == m(id, vi) — mp (i, vi),

Ty :=a(u,vy) — an(up, vi),

Ts := F(vp) — Fy(vr),

where we dropped out the explicit dependence on ¢ to simplify the notation. We analyze each term separately. First,
we rewrite T; as

Ty = mp(ir — Op, vp) +m(d — iy, vi) — my (7 — iy, vp)

by adding and subtracting ii; and 1, to the arguments of m/(+, -) and my,(+, -) and noting that m (i, vp,) = mp(Ur, Vi)
for all vy, € V’,; . We also rewrite To as

Ty = ah(ul - uh,Vh) + a(u - umvh) - ah(uI - u7r7vh)

14



by adding and subtracting u; and u, to the arguments of a(-, ) and ay,(+, -) and noting that a(u,, vp) = ap(us, vy)
for all v, € V}. Let e, = u; — uy. It holds that e, (0) = é,(0) = 0 since u,(0) = (uo(0)), = u;(0) and
u,(0) = (u1(0)) ; = uz(0). Then, using the definition of ey, we reconsider the error equation

T1 4+ T = mp(én, vi) + anlen, vi) + m(i — r, vi) — mp (i — g, vi)

+a(u—uy,vy) —ap(uy —ug,vy) = F(vy) — Fy(vy). (66)
Assume that vy, # 0 and consider the inequalities:
F(vy) — Fp(vy F(vy) — Fp(vy
|F(Vh)—Fh(Vh)‘:‘ (Vi) = Fa(vn)| vals < sup [F(vi) — Fu(vn)| Vil 67)
Vil vLEVI\ {0} Vil
Note that there hold:
. . 1d ..
mp(€n, én) + anlen, en) = ia(mh(e}ueh) + an(en,en)), (68)
. . F(vyp) — Fp(v
Flen) — Fulen) < | sup ORI} ey (©9)
viEVI\ {0} Vil

Setting v, = €5,(t) on the left-hand side of (66) and employing (68)-(69) together with (65), we obtain, after rear-
ranging the terms, that:

1d .. e .. .
ia(mh(eh,eh) +ap(en,ep)) < —m(i — g, &) + mp (i — tix, €p)

—a(u—ug,é,) +ap(ur — ug, ép)

. ( sup L) — B ’*V”)) llenll - 70)

Vi eV {0} Vil

To ease the notation, we collect together the last two terms above and denote them by R (¢) (note that they still depend
on t). We integrate in time from 0 to ¢ both sides of (70), note that the initial term is zero since e (0) = é,(0) = 0
and use (59)

llen(DIII* < mn(én(t), en(t)) + an(en(t), en(t)))
_ /Ot (Ru(r) = m(ia(r) = i (7). en(r)) + mn (i (7) = itn(7), 60 (7))
_ a(u(T) - uW(T),éh(T)) + ay, (uI(T) - uW(T),éh(T))> dr. (71)

Then, we integrate by parts the integral that contains a(-, -) and ay, (-, -), and again use the fact that e;,(0) = €5,(0) = 0,
to obtain

llen()I* < /Ot (Ru(r) + [ = m(ia(r) = in(r), &n(7)) + mn s (7) = iin(), &())]
+ [a(il(T) — U, (1), eh(T)) - ah(ﬁI(T) — U, (1), eh(T))D dr
+ [— a(u(t) — ur(t), en(t)) + an(wr(t) — ug(t), eh(t))}

- /O t (Rl(T) +Ro(r) + Rg(T)) dr + Ra(t), (72)

15



where terms Ry, ¢ = 2, 3,4, match with the squared parenthesis. For the next development, we do not need an upper
bound of term R;. Instead, we have to bound the other three terms in the right-hand side of (72). To bound Rz we use
the continuity of m(-,-) and my,(+, ) and the definition of the energy norm ||| - ||| given in (58):

IRa| < [m(it — G, &p)| + [mn (U — G, €p)| < (|0 = Trllg + [[ir — rlly) [|€nllo
< (I —diglly + [l —dixll) lllenlll - (73)

Similarly, to bound R3 we use the continuity of a(+,-) and ay(+, ) and the definition of the energy norm ||| - ||| given
in (58):

IRs| < |a(a —ar,en)| + |an(ty — Or,ep)| < ([0 —g|1n + [0r — 1) len]s
< (Ja = agfin + [ar —iag)) [llenll] - (74)

Finally, to bound R4 we first use the continuity of a(-,-) and ay (-, ), and the right inequality in (59); then, we apply
the Young inequality, so that

Ra| < la(u—ur,en)| +lan(ur —ux,epn)| < (Ju—uxl +ur —url) len)s

1 2 €
< (lu—ugli +[ur —ugli) [llenll] < 2*6(|u — Uzl +[ur —ugli)” + 3 llelll* - (75)
Using bounds (73), (74), and (75) in (72), we find the inequality
llex I < G3(0) / () llen()ll dr < sup Go(r ) / () llen()ll dr.
7€[0,T]
where G2(t) = (Ju(r) — ur (7)1 + [u(r) — uﬂ(T)|1}h) , and Go(t) and G1(t) are the time-dependent functions
defined in (63)-(64). Again, an application of [47, Lemma AS, p. 157] yields

llew(®)ll S sup_Go(r / Gi(r
T€[0,T]
The theorem follows on using the triangular inequality

Ia(®) = wn @Ol < [llu() —ar @} + [[lur ) = wa @)

and noting that [|lu(t) — u;(¢)||| is absorbed in sup, (g 71 Go(7). O

Corollary 4.7 Under the conditions of Theorem 4.6, for f € L*((0,T); [H™ ()] 2) we have that

s [u(0) = w0l 5 s (0] s + )i )

T /pptl ) hH
[ (B U6 s + 18 ) +
0

(1) sy + 11T s )) ir

T
+/ h|(1=TR_o)E ()], dr, (76)
0

where p = min(k, m).
Proof. Note that

F(vp) = / £ _,vy, dV = / 9 _f vy, dV. (77)
Q Q
For all vy, € VZ it holds that

F(va) — Fu(vi)| = ] [a-ngrv, dv’ _

[ a1 - mv, av
Q
=[|( —)_ fy|0\|1 H°vhy|0 RIT =TI _)f|lo [Vl (78)
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Hence,
F F
S | (Vh) h(‘h)|

< RJ[(I =TI _y)f o (79)
vieVi\{0} vl

Estimate (76) follows on applying this inequality and the results of Lemmas 4.1 and 4.2 to (63) and (64), using the
resulting estimates in (62), and taking the supremum on the time interval [0, 7. |

4.4. Convergence analysis in the L? norm

The main result of this section is the following theorem that proves the L?-convergence (with suboptimal rate) of
the conforming VEM. The strategy we use in the proof is inspired by Ref. [19], using also the substantial modifications
required to set it up in the virtual element framework found in [3].

Theorem 4.8 Let u be the exact solution of problem (12) under the assumption that domain Q) is H?-regular and
up € Vﬁ the solution of the virtual element method stated in (13) under the mesh assumptions of Section 3.1. If
u,u, i€ L2(0,T; [H™H(Q) N Hg ()] 2), with integer m > 0, then the following estimate holds for almost every
t € [0,T] by setting pn = min(m, k):

. R
loa(t) — wn(®)ly < 1 (0) — wolly + 11 (0) — waly + = (1l o s e

T
. 2
F 1l e o 1 2y + ||u||L2(O,T;[Hm+1(Q)]2)) +/0 (1 =T _o)E(r)[[gdr. (80)

The constant hidden by the “<’notation is independent of h, but depends on the regularity constant ¢ of the mesh,
the stability constant u*, and may not grow faster than exp(T°) with respect to the final integration time T.

To prove this theorem, we need the energy projection operator Py, : [H %D (Q)] ’ 5 VZ, which is such that Pru €
VZ , forevery u € [H%D (Q)] 2, is the solution of the variational problem:

an(Pru,vy) = a(u,vy) Vv, € VI (81)

The energy projection Ppu is a virtual element approximation of the exact solution u, and the accuracy of the approx-

imation is characterized by the following lemma.

Lemma 4.9 Letu € [H™(Q) N H(Q)]? be the solution of problem (12) under the mesh assumptions of Sec-
tion 3.1. Then, there exists a unique function Ppu € VZ such that

BH
lu—Pruli s S Tm llall sy (82)

with ;1 = min(k, m) and m > 1. Moreover, if domain §) is H?-regular; it holds that
putl
llu —Pprullo S T lall,, 41 - (83)

Proof. The argument we use in this proof is similar to that used in the proof of [111, Lemma 3.1] for the conforming
virtual element approximation of a scalar parabolic problem. Nonetheless, our proof herein differs in several points
due to different problem, the vector nature of space VZ and use the hp-interpolation estimates of Lemmas 4.1 and 4.2.

First, we note that the bilinear form a, (-, -) is continuous and coercive on VI x V7, the linear functional a(u, -) is
continuous on VZ, and the Lax-Milgram Lemma implies that the solution Ppu to problem (81) exists and is unique.
Then, to prove estimate (82), we introduce the virtual element interpolate u; of u, which is the function in Vﬁ that has
the same degrees of freedom of u and satisfies the error inequality given in Lemma 4.2. A straightforward application
of the triangular inequality yields:

lu—Prul; < |u—uy|i + |ur — Pruly, (84)

17



We estimate the first term on the right by using the first inequality in (57). Instead, to estimate the second term we
need the following developments. Let d;, = Pru — ur and u, any piecewise polynomial approximation of degree (at
most) k that satisfies inequality (56) on each element P. Using the k-consistency property, stability, and the continuity
of the bilinear forms a;, and a yield the development chain:

olOn i = awalbn,6r) < an(6n,0n) = an(Ppu,8) — an(ar, ) = a(u,d,) — ap(uy, 8;)

=Y (ap(u,5h) —af(u175h))

PeQy,

= > (aPu—up,d0) — af (wr — ug,00)
PeQy,

< Z (Iu—uwh,PJra*\uI —u, 1,P)\5h|1,|:
PeQy,

5 max(l, Oé*) (|11 — Ur 1,h + |11[ - uﬂ"l,h) |6h|1,h-

Therefore, it holds that
|Pru—uslin S (|u — Ug|1,p + Jur — u7r|1,h,) S <2|u — Ug|1p + Jur — u|1>.
Inequality (82) follows on substituting this relation in (84) and using (56).

To derive the estimate in the L?-norm, we consider the weak solution ¢ € [H?(Q)] ’n [HE_(Q)] ? to the auxiliary
elliptic equation:
—V:.o(®)=u—Ppu inQ,
Y=0 onT,
which satisfies, as ( is an H2-regular domain, the following stability result:

[9]]2 < Cllu = Prulfo. (85)

Let ! VZ be the virtual element interpolate of 1) that satisfies the interpolation error estimate given in Lemma 4.2
(with m = 1). We integrate by parts and use the definition of the energy projection Pp:
lu—Prull2 = (u—Pru,u—Ppu) = (u—Pyu, —V - o()) = a(u — Pru, )
= a(u - Phua 11b - QibI) + a(u - Phuv ,l/}l)

=T+ Ta. (86)
The proof continues by estimating each term T;, i = 1, 2, separately. The first term is bounded as follows:
h*
Tyl = la(u—"Ppu, 9 —")| < [[u—Prullplltp — " [[1n S o 0lly el
Bt

where we used the estimate in the energy norm (82) derived previously and interpolation error estimate (57). For the
second term, first we use the consistency and stability property to transform Ty as follows:

To=a(w ') —a(Pou,y’) = Y (af (Pouw’) - o (Pru, "))
PeQ,

= > (af (Pau = up, 9! = 14) = 0 (Phu = up, 7 — ) )

PeQy,

Then, we add and subtract u and ) and use estimates (56) and (57) to obtain
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To| < max(1,a”) Z [Phu — x|y plp” — TI9[1 p

PeQy,
< max(1,a”) Z (|Pru—ulip+|u—uxlip) (\"/’I —Yhp+ |- H(l)"/’h,P)
PeQy,
hb hptl
S Z k%|u|m+1,P he|Ylap S kT|u|m+1H¢||2
PeQy,
hu+1
S [l [lu = Prullo,

and the bound of Ty is derived by using in the final step the H 2-regularity of 1. The estimate in the L?-norm is finally
proved by collecting the estimates of the two terms T;, 7 = 1, 2. |

Proof of Theorem 4.8. We use the energy projection to split the approximation error as follows: u(t) — uy(t) =
p(t) —n(t), with p(t) = u(t) — Pyu(t) and n(t) = uy(t) — Pyu(t). Since VI is a subspace of [H%D Q)] ? to derive
the error equation, we test (12) and (13) against v}, € VZ

m(i, vy) + a(u,vy) = F(vp),
mp(Un, Vi) + an(an, vi) = Fp(vh),
and take the difference
mp(Up, vi) 4+ ap(ap, vi) — (m(, vi,) + a(u, vy)) = Fp(vi) — F(vp). (87

We add and substract Py, 11 and P u in the virtual element bilinear forms m, and a;, and rearrange the terms containing
1 and u to the right-hand side to obtain:

mp (U, — Prid, vp) + ap(up — Pru,vy) = Fr(vy) — F(vy) + m(i, vy) + a(u, vp)
— T)”Lh('Phl"l7 Vh) — ap (Phu, Vh). (88)

Since (81) implies that a(u, vj,) — an(Pru, vi,) = 0, and using the notation 7 = @), — Prt and 7 = uy, — Pru, we
obtain

mp (1, Vi) + an(n,vi) = Fp(vy) — F(vi) +m(i, vy) — mp (P, vi). (89)

Hereafter in this proof, we will assume that

13
va(t) = / n(r)dr (90)

for every t and £ € [0, T]. The function v, (¢) given by (90) obviously belongs to the virtual element space VZ as it is
a linear superposition of virtual element functions in such a space and, thus, can be used as a test function. Since now
vy, depends on time ¢, we are allowed to consider its time derivatives. In particular, we observe that the straightforward

calculation
a vi(u—u) _4d Vi( —n) _%@_%dﬁ+v@_v@
ar \""at WI= @ \"" ™" )T T ar de de " dz hae

implies the identity

mu (1), Vi) = —mu(n, Vi) — —mp (@ — Uy, Vi) + mu (P, Vi) +mp(p, vi). (91)

dt
Therefore, using (91) in (89) yields

—mp(M, Vi) +an(n, vi) = Fp(vy) — F(vi) + m(ia, vy) — mp(Prid, vi)

—+ %mh(ﬁ — ﬁh, Vh) — mh(/')', Vh) — mh(p', Vh). (92)
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We rewrite the approximation error on the source term on the right-hand side of (92) as follows:
En(va(t)) = F(vi(t) = m(fa(t) — £(t), va(t)), (93)

where £, () = II2_,f according to (34). Following [3], we consider the integral quantities

t t t
A () = / (Fu(r) — £(r) )dr,  As(t) = / i(r)dr,  As(t) = / Pyit(r)dr, (94
0 0 0
and note that
d
Fr(vi(t)) — F(va(t)) = am(«‘luvh) —m(Ay, Vp), (95)
d
m(id, vy) = Em(/lg,vh) —m(Aa, vy), (96)
d
mp(Prid, vi) = Emh(Aza,Vh) —mp(Asz, V). 7
Hence, using (95), (96) and (97) in (92) yields
d d
—mp(N,vp) +an(n,vy) = Z thm(A“vh) - m(Az',\"h)] - [dtmh,(A37Vh) — mp(As, V)
=1
+ —=mp (0 — 0p, Vi) — mp(p, Vi) — mu(p, Vi) (98)

dt

To prove the assertion of the theorem we integrate both sides of (98) with respect to ¢ between 0 and &; then, we
estimate a lower bound for the left-hand side and an upper bound for the right-hand side.

To estimate a lower bound for the left-hand side of (98), we note that vj, = —n, v (£) = 0 and ap (v, (0), v (0)) >
0 from the coercivity of aj. Thus, we estimate the left-hand side as follows:

13 £
/ [LHS of Eq. (98)] dt = / [mh(ﬁ,n) _ ah(\'fh,vh)} dt
0 0

3
= /0 %% [mh(nﬂ?) - ah(V}th)} dt
1 1
= 5 |[maM(€).n(©) = ma(m(0).1(0)| = 5 |an(va(€). va()) — a1 (va(0), vA(0))]
> 2 (ma(n(€),m(6) — ma(n(0),m(0))). 99)

To estimate an upper bound for the right-hand side of (98), we note that .4;(0) = 0 for ¢ = 1,2, 3 and use again the
fact v, (&) = 0. So, for i = 1,2, a direct integration yield

13 d ) £ .
/0 [Em(Ai,vh)fm(Ai,vh)}dt:m(Ai(E),vh(f))fm(Ai(O),vh(O))f/O m(As, ¥ dt

3
- _/ m(As, o) dt (100)
0

and, similarly,

£ d £
/ [ (s, ) = (s, ¥) | e = ma(As(€), v (€)) — (A5 (0), va(0)) — / mn(As, V) dt
0 0

3
= —/ mp(As, vy) dt. (101)
0
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Using (100) and (101) in the right-hand side of (98) and rearranging the terms yield
3 3
/ [RHS of Eq. (98) / m(Ay,vy)dt + / (mh(.Ag,\'/h) —m(Az, vp) ) dt
0
+ [ ma(a(€) = (), vi(€)) = mn(@(0) — 4 0), v (0))

13
— /o (mh(ﬁ, vy) + mp(p, Vh)) dt = L1 (&) + La(&) + Ls(§) + La(§).

The proof continues by bounding the four terms L;(§), i =, 1, 2, 3, 4, separately.

Estimate of term L. To estimate Ly, we first note that m(-, -) is an inner product, so we can apply the Cauchy-Schwarz
and the Young inequalities to derive the following bound, which holds for any ¢ € [0, &]:

. : 1 1.
m(Aw (1), ()] < AL Ol [Va@)llo < 5 14 (®)llg + 3 A (102)

We estimate term ||.A; ()|, by applying Jensen’s inequality and Fubini’s theorem to exchange the integration order

e {00 e ([0 )
/</’I m_,)f(r)|” dV)dT<T/ (1 =T10_,)£(7)|| dr

gT/ (1 —T9_,)£ ()| dr. (103)
0
We use (103) in (102) and the resulting inequality in the definition of L;; then, we note that the last integral in (103)

is on the whole interval [0, T, and is, thus, independent on ¢. Since ¢ < T and by using the Young’s inequality, we
readily find that

§
[ st saie)

IL1(6)]

IA

3 3 13
< [ ol de< 5 [CIA@R g [l a

TQ T 1 I3 )
<5 [ la-neGar 5 [l e
0 0

Estimate of term Ly. Let 1, be any piecewise polynomial approximation of degree at most k of 11 that satisfies
Lemma 4.1. Now, consider the piecewise polynomial function defined on mesh 2;, that is given by

(As)n = /O i (1)

Then, we start the estimate of the integral argument of Ly by using consistency property (26) to add and substract

(.Ag)ﬂl
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|m(A2,Vh) — mh(Ag,Vh)| = |m(A2 — (AQ)W7Vh) — mh(Ag - (.Az)m\"h)‘ add and subtract AQ ]

= |m(Az — (A2)x, Vi) — mp(As — Ag, vp,) — mp(Az — (A2)x, V)|

use triangular inequality]

note that p* < 1+ u*]

/~

[
[

< Im( Az — (A2)r, V)| + [mu (As — Az, vi)| + [mn(Az — (A2)x, V)| [use (32) and continuity of m]
(L+p%) [ Az = (A2)xllg + 1" A3 — Azl ) 1Vallo [
[

<(AQ+pf (H.Ag— (A2)xllo + | Az — A2||0> Vhllo use Young’s inequality}
1+ 2 (L+ps)
) (- Azl + 145 = Asly )+ 4 2“)|\vh||§ [use (a+ b)? < 202 + 20?]
T4+p*) .
<@p (HAQ— (A2)el2+ s = Aol ) + LB o 2.

To estimate || Az (t) — (Aa(t))x||2, we start from the definition of A (£) and (Ag(t)):

2
| A () — (Aa(t))]2 = H/ — i, (7T )) dr [use definition of L?(£2)-norm|
0
= / / (U-(T) — g (7 ))dT dv [use Jensen’s inequality|
alJo
t
< / (/ li(r) — it (7)[° dT) av [apply Fubini’s Theorem)]
o \Jo
t
T/ (/ [a(7) — g (7)]? dV) dr [use definition of L?(£2)-norm|
o \Ja
t
:T/ () — i (7)||3 dr [apply Lemma 4.1 |
0
p2(utl) et 5 N , _— ,
N T7k2(m+1) /0 [0 (7)), 1 d7 [use definition of L?(0, T'; [H™ ! (£2)]?)-norm]

h2(p+1)
ST 161172 0,1 032y -

Similarly, to estimate ||.A3(¢) — 2(t)H0, we start from the definition of A3 (¢) and As(¢):
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2
[use definition of L*(£2)-norm)]

450) = 401 = | [ (Pusr) = s )ar

0

t 2
= / / (Phﬁ(T) - fl(T))dT dv [use Jensen’s inequality|
alJo
t
< / (/ |Pria(7) — 1'1(7')|2 dT) dv [apply Fubini’s Theorem|
a \Jo
t
< T/ (/ Pyia(r) — ()| dV) dr [use definition of L?(£2)-norm)]
o \Jo
t
=7 [ Puitr) — (o)} dr fapply Lemma 4.9
0
h2(p+1) o N , _— ,
ST L2m /0 [0(7) [ 4q AT [use definition of L?(0, T; [H™!(2)]?)-norm|
h2(p+1)
S TT ||uHL2 0,T;[H™+1(Q)]2) -

Using the previous estimates, and noting that the integration on the time interval [0, £], £ < T', produces an additional
factor T', we obtain the final upper bound for term L,:

¢ ) . pAntY) L+ps [C .
\Lz(ﬁ)lé/o [ (As, ¥n) = m(Az, V)| dt S T2 =50 ||uH2LQ(0,T;(H’"+1(Q))2)JrT/O Vallg dt.

Estimate of term Ls. Since v, (§) = 0 by definition, term L3 only depends on the approximation error on (0) = uy,
i.e., the initial condition for 1. Using (32) and Young’s inequality yield:

ILs(E)] = ma((0) —1n(0), va(0))] < p* [[a(0) = an(0)llg [[va(0)lg

U o) — an 0)12 + 5 o).

IN

Estimate of term L,. We start from the definition of term L, and apply the triangular inequality to find that:

3 3 13
L) = | [ (matv) +matpin) )t < [ matpovl de+ [Cmatpoinl . aod

Both terms on the right depend on the exact solution u and its approximation provided by the energy projection Py u.
We bound the first term by starting from (32):

3 §
/ (B, va)| dt < p* / 1811, [Ivall, dt [use Young’s inequality]
0 0
* * €
< M—/ HpHg dt + 'LL/ HVhH(Q) dt [apply Lemma 4.9 to p)]
/’[’ hQ(H-‘rl) M* 13 9 L 5 41 5
< 5 / i, dt+ —/ lvallg dt [use definition of L*(0, T; [H™(2)]?)-norm]

/L h2 p+1)
< Nl e + o / val? dt.

Similarly, we bound the second term by starting from (32):
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3 3
/ Imn(p,vy)| dt < u*/ 6l 1Vnlly dt [use Young’s inequality]|
0 0

* € * €
< 'LL/ HpHg dt + 'u—/ H\'/h||(2) dt [apply Lemma (4.9) to p|
< o |u|erl 7 ; [Vhlly dt [use definition of L*(0, T; [H™(£2)]?)-norm]

7
M h2(p,+1) ) IU* 13 e
S o T pem Hu||L2(o,T;[Hm+1(Q)}2 + o o 1Vally dt.

Using these two estimates in (104), we immediately find that

w h2(p+1)

3
ILa(O)] < 7]6277”(HﬁHi?(O,T;[Hm‘*'l(Q)]? + \|1'1||2L2(0,T;[Hm+1(9)]2> +,u*/0 Vil dt. (105)

Estimate of ||m||, and conclusion of the proof. On collecting the upper bounds of L;(§), ¢ = 1,2, 3,4, and using the
lower bound (99), we have that

1 ()5 = pem(n(€),m(€)) < mu(n(€),n(€))

T
Smn(n0).m(0) + 1600) i O3+ 72 [ [|(1 = )8 r

Rkt 2 112
+ W( iz 0, 7ypmmer @2y + T ||uHL2(O,T;[Hm+1(Q)]2))

13 £
+/ [vnl2 dt+/ [vally dt. (106)
0 0

We estimate the first term in the right-hand side of (106) by using property (26), the definition of 7(0), adding and
subtracting Ppu(0), and estimate (83):

ma(n(0),1(0)) < " In(O)|Iz = 1" [[ux (0) — Pru(0)]];
< 24" [[u, (0) — w(0)|[5 + 24" [[u(0) — Ppu(0)f;
S 1n(0) = wollg + = [l (107)

We also estimate the last integral term in (106) by using the definition of the L?(£2)-norm, definition (90), Jensen’s
inequality, and Fubini’s Theorem to change the integration order:

Ivat ||0—/\/ r)dr dV</|§—t(/ o) ar ) av
e / ([ av)ar <7 / In(r)I2 dr (108)

/0é RAGIE (T/Og In(7)||§d7> (/05 dt) <T? /0é ()12 dr (109)

Using estimates (107) and (108) in (106) and recalling that v, = —n, we find that

and
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Fig. 2. Base meshes (top row) and first refined meshes (bottom row) of the following mesh families from left to right: randomized quadrilateral
mesh; mainly hexagonal mesh; nonconvex octagonal mesh.

T
[n()ll < a(0) — un(0)[13 + [[a(0) — s (0)|ff + T2 / (1 = T0_,)£(7)] |5 dr

hQ('U‘Jrl) 2 -2 2 1112
T ([aoln 1 + Nallzz 0, mmer @z + 1 ||11|\Lz(o,T;[HmH(Q)]?))

£
+(1+ T2>/ In(t)l[ dt. (110)
0

An application of Gronwall’s inequality yields, for (almost) every ¢ € [0, T, the desired upper bound on 1(t):
T

@y < C(T) ( [[a(0) = un(0)[lo + [[a(0) —ux (0)]l +/0 (1= TR_)E(7) ||, dr

hHt1 ) ..
+ fm ( ‘u0|5+1,ﬂ + ||u||L2(O,T;[Hm+1(Q)]2 + HuHL2(O,T;[Hm+1(Q])2) )), (1 1 ])

where C(T') ~ exp(T?) and the constant hidden in the “<” notation depends on * and the mesh regularity constant g,
but is independent of h. Finally, we prove the assertion of the theorem through the triangular inequality |[u;, — u]|, <
llpllg + IIml], and, then, on using (82) to bound p and (111) to bound 7. O

Remark 4.10 The L? estimate in Theorem 4.8 is suboptimal in k because of the suboptimality of the invoked results
contained in Lemma 4.2.

5. Numerical experiments

In this section, we aim to confirm the optimal convergence rate of the numerical approximation of the elastodynamic
problem (3)-(7) provided by the virtual element method in accordance with Theorems 4.6 and 4.8. In particular, we
let Q = (0,1)2 fort € [0,T], T = 1, and consider initial condition ug, boundary condition g and forcing term f
determined from the exact solution:
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Fig. 3. Convergence plots for the virtual element approximation of Problem (3)-(7) with exact solution (112) using family Mesh I of randomized
quadrilateral meshes. Error curves are computed using the L2 norm (left panels) and H' norm (right panels) and are plot versus mesh size h (top
panels) and number of degrees of freedom (bottom panels).

sin?(7x) sin(27y)
u(z,y,t) = cos <27th) ) (112)

sin(2mz) sin®(my)

To this end, we consider three different mesh partitionings, denoted by:

— Mesh 1, randomized quadrilateral mesh;

— Mesh 2, mainly hexagonal mesh with continuously distorted cells;

— Mesh 3, nonconvex octagonal mesh.

The base mesh and the first refined mesh of each mesh sequence are shown in Figure 2.

These mesh sequences have been widely used in the mimetic finite difference and virtual element literature, and
a detailed description of their construction can be found, for example, in [29]. The discretization in time is given by
applying the Leapfrog method with 6t = 10~* and carried out for 10* time cycles in order to reach time 7' = 1.

For these calculations, we used the VEM approximation based on the conforming space th with £ = 2,3,4 and
the convergence curves for the three mesh sequences above are reported in Figures 3, 4 and 5. The expected rate
of convergence is shown in each panel by the triangle closed to the error curve and indicated by an explicit label.
According to Theorem 4.6, we expect that the approximation error decreases as O (h*) when using the virtual element
method of order k& and measuring the error in the H' norm. Consistently with our approximation, we also expect
to see the approximation error to decrease as O(h**1) when using the L? norm. Furthermore, Figure 6 shows the

TR

semilog error curves obtained through a*“p”-type refinement calculation for the previous benchmark, i.e for a fixed

26



L2 relative approximation error
H! relative approximation error

10° GO k=1 GO k=1
Wb | oo 0 | 28553
AA =4 AA =4
5 ! [ g ! [P
1004 0.2 0.1 007 0.04 10 02 0.1 007 0.04
Mesh size h Mesh size h
o 1()0?‘ T T Ty . 1()”3\‘ T T TR
=] [ ] n ]
t 10's 1 3 E i 0.5 ]
o E g0F NS E
£ 10’F E = F ]
.ig g E -2 107 1 |
s ] E=) E 3
g 10 £ 3 2] F w bl
g F ] £ L ]
X o0'E E o 10F E
S E S i 1.5
2 0'E 3 2 o' 3
& i I E
o 0F E o s ]
2 F E S 107 =
E I0'7§ 0O k=1 E! "a [ [0k ]
) F|E8k=2 1 — | |E-Bk=2 i
= o’k k=3 - Y 10E k=3 E
~ E |AAk=4 3 — F[AAk=4 3
(o S Y Y T R s ol vl vl
o’ 10° 10* 10° 10° 10° 10* 10°
#degrees of freedom #degrees of freedom

Fig. 4. Convergence plots for the virtual element approximation of Problem (3)-(7) with exact solution (112) using family Mesh 2 of mainly
hexagonal meshes. Error curves are computed using the L2 norm (left panels) and H' norm (right panels) and are plot versus mesh size h (top
panels) and number of degrees of freedom (bottom panels).

5 x 5 mesh of type I the order of the virtual element space is increased from & = 1 to k¥ = 10. We refer the reader
to [28] for a detailed presentation of the p/hp virtual element formulations. Here, we compare the performance of
the method for two different implementations. In the first one, the space of polynomials of degree k is generated by
the standard scaled monomials, while in the second one we consider an orthogonal polynomial basis. Details on the
orthogonalization of the basis polynomials are found in [43, 64, 91], where the impact that such a basis can have
on the accuracy of the high-order VEM is also discussed. The behavior of the VEM when using nonorthogonal and
orthogonal polynomials basis shown in Figure 6 is in accordance with the literature.

These plots confirm that the conforming VEM formulations proposed in this work provide a numerical approxi-
mation with optimal convergence rate on a set of representative mesh sequences, including deformed and nonconvex
polygonal cells.

6. Conclusions

In this work, we extended the conforming virtual element method for the numerical simulation of two dimensional
time-dependent elastodynamics problems. The formulation of the VEM is investigated both theoretically and numeri-
cally. From the theoretical side, we proved the stability and the convergence of the semi-discrete approximation in the
energy norm and obtain optimal rate of convergence. We also derive L? error estimates for the h- and p-refinement.
From the numerical side, we assessed the performance of the conforming VEM on a set of different computational
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on a 5 X 5 mesh. Each plot shows the two convergence curves that are



meshes, including non-convex cells. The theoretical optimal convergence rates in the energy norm are numerically
validated, whereas the numerically observed L? convergence rates assess the suboptimality of our theoretical L? error
estimates. Finally, in the p-refinement setting, exponential convergence is experimentally observed.
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