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A vertex neighborhood is a
“good” conductance community
in a graph with a heavy-tailed
degree distribution and large
clustering coefficient.




Our contributions

1. The previous theorem and its proof. This
shows that good communities are expected
and easy to find in modern networks with
heavy-tailed degrees and large clustering.

2. An empirical evaluation of neighborhood
communities that shows vertex
neighborhoods are the “backbone” of the
network community profile.




Formal background for the
theorem
1. Vertex neighborhoods

2. Low conductance cuts

3. Clustering coefficients




Vertex neighborhoods

The set of a vertex and
all its neighborhood

Also called an “egonet”

Prior research on egonets of social networks from
the “structural holes” perspective
[Burt95,Kleinberg08].

Used for anomaly detection [Akoglu10],
community seeds [Huang11,Schaeffer11],
overlapping communities [Schaeffer0/,Rees10].




Conductance communities

Conductance is one of the most
important community scores [Schaeffer07]

The conductance of a set of vertices is
the ratio of edges leaving to total edges:

Cu’[(S) (edges leaving the S%tZl’[

_ _ (S)=7
min(vol(S), vol(S)) I‘;"ttﬁ'e‘;‘l?fs vol(S) = 33
Equivalently, it's the probability thata ~ V0'(5) =11
random edge leaves the set. O(S) =7/11

Small conductance <& Good community




Clustering coefficients

center of wedge

Wedge R‘
’f 5 closed wedge

Global clustering coefficient

number of closed wedges ~ Probabiitythata

K = random wedge

number of wedges is closed




Simple version of theorem

If global clustering coefficient = 1, then
the graph is a disjoint union of cliques.

Vertex neighborhoods are optimal

communities!




Theorem

Condition: Let graph G have
clustering coefficient k and
have vertex degrees bounded
by a power-law function with
exponent y less than 3.

log frequency

Theorem: Then there exists a
vertex neighborhood with
conductance < 4(1 — k)/(3 — 2k)
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CDF of Number of Wedges

1) Large clustering coefficient
= many wedges are closed

0 . = — .
2) Heavy tailed degree dist 10 o e 10
= a few vertices have a very large degree

3) Large degree = O(d?) wedges = “most” of wedges

Thus, there must exist a vertex with a high edge density =
“good” conductance

Use the probabilistic method to formalize




Confession
The theory Is really weak

S) < 4(1 3 5 This bound Is
P(S) < 4(1 — k)/(3 — 2k) useless unless x
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fb-A-oneyear 1138557 4404089 0038 0060 Oocial networks
fb-A 3097165 23667394 0.048 0.097 K ~ [0_05 — 0_1]

soc-Livedournall 4843953 42845684 0.118 0.274

oregon2-010526 11461 32730 0.037 0.352
p2p-Gnutella25 22663 54693 0.005 0.006 Tech. networks
as-22july06 22963 48436 0.011  0.230

itdk0304 190914 607610 0.061 0.158 K [0.005 - 0.05]




We view this theory as
“Intuition for the truth”




Network Community
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Network Community

Profiles
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Facebook data
from Wilson et
al. 2009

“‘Egonet
community
profile” shows
the same
shape, 3 secs
to compute.

The Fiedler
community
computed from
the normalized
Laplacianis a
neighborhood!




Not just one graph

arXiv — 86k verts, 500k edges soc-LivedJournal — 5M verts, 42M edges
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Communities
[Andersen(0]

To find the canonical NCP structure, Leskovec et
al. used a personalized PageRank based
community finder.

These start with a single vertex seed, and then
expand the community based on the solution of
a personalized PageRank problem.

The resulting community satisfies a local
Cheeger inequality.

This needs to run thousands of times for an
NCP




Network Community

Profile

Minimum
conductance for
any community
of the given size
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This region
fills when
using the
PPR method
(like now!)




Good Seeds for Local
Community Methods




Locally Minimal
Communities

“My conductance is the best locally.”

d(N(v)) < o(N(w))

"~ w adjacent to v

In Zachary’s Karate Club
network, there are four locally
minimal communities




capture extremal

neighborhoods
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Growing locally minimal
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Growing locally minimal
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vertex neighborhoods.

Empirical evaluation of
vertex neighborhoods.

More on k-cores in the paper.
= Many communities are easy fo find!

= EXxplains success of community detection?




