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Accurate control of two-level systems is a longstanding problem in quantum mechanics. One such
quantum system is the frequency-bin qubit: a single photon existing in superposition of two discrete
frequency modes. In this work, we demonstrate fully arbitrary control of frequency-bin qubits
in a quantum frequency processor for the first time. We numerically establish optimal settings
for multiple configurations of electro-optic phase modulators and pulse shapers, experimentally
confirming near-unity mode-transformation fidelity for all fundamental rotations. Performance at
the single-photon level is validated through the rotation of a single frequency-bin qubit to 41 points
spread over the entire Bloch sphere, as well as tracking of the state path followed by the output of a
tunable frequency beamsplitter, with Bayesian tomography confirming state fidelities Fρ > 0.98 for
all cases. Such high-fidelity transformations expand the practical potential of frequency encoding in
quantum communications, offering exceptional precision and low noise in general qubit manipulation.

Introduction.—The precise, coherent manipulation of
the spectro-temporal properties of light has facilitated
a plethora of applications, ranging from radio-frequency
arbitrary waveform generation and optical communica-
tions [1, 2], to coherent control of chemical reactions [3, 4]
and extreme nonlinear optics [5, 6]. Throughout these de-
velopments, Fourier-transform pulse shaping has played
a central role, enabling arbitrary spectral filters that
can shape optical fields on femtosecond timescales [7, 8].
Concurrently, the Fourier dual process of electro-optic
modulation has been a staple in fiber optics, functioning
as “temporal filters” that multiply an input field in the
time domain with phase patterns for applications such
as optical communication [9] or frequency comb genera-
tion [2, 10]. The value of complex time-frequency control
extends beyond classical optics to photonic quantum in-
formation processing (QIP) as well, with demonstrations
of temporal shaping [11], spectral coding [12], wavepacket
modulation [13, 14], spread spectrum [15], electro-optic
time lensing [16], and high-dimensional quantum state
reconstruction [17–19] on single photons and entangled
photon pairs.

These successes have inspired the development of a
complete QIP paradigm based on pulse shapers, mod-
ulators, and frequency-bin encoding [20]. Drawing
on arguments from linear-optical quantum computation
(LOQC) [21], the “quantum frequency processor” (QFP)
approach has been shown scalable in principle, and a col-
lection of gates comprising a universal set have been re-
alized experimentally [22–25]. Such scaling arguments
prove crucial in establishing ultimate feasibility, yet leave
many smaller—though highly practical—questions unan-
swered. For example, the fully arbitrary rotation of a sin-
gle qubit represents a fundamental capability for any two-
level system, enjoying a long history as a textbook exam-
ple in quantum mechanics [26, 27]. Yet neither a Solovay–

Kitaev construction [28] in terms of basic gates, nor gen-
eral resource bounds, reveals the optimal construction of
general two-mode unitaries, particularly when subject to
practical resource constraints.

In this Letter, we answer this important question
through theoretical analysis and experimental verifica-
tion of arbitrary single-qubit gates in frequency-bin en-
coding. Our numerical simulations obtain three-element
QFP configurations capable of any unitary operation
with fidelity FW ≥ 0.9999 utilizing single-tone modu-
lation only; by either adding a second harmonic or cas-
cading an additional pulse shaper/modulator pair, such
operations achieve success probabilities PW > 0.95 or
PW > 0.999, respectively. We reinforce these findings
experimentally, synthesizing frequency-bin unitaries with
performance in close agreement with theory. Finally, we
highlight their use at the single-photon level in the ro-
tation of a fixed input to arbitrary points on the Bloch
sphere, obtaining output state fidelities Fρ > 0.98 with
respect to the ideal. Our results represent the first full
tomography of arbitrarily rotated frequency-bin qubit
states, establishing resource guidelines for future systems
and providing tools for fundamental applications in com-
munications and coherent control.

Problem Formulation.—A frequency-bin qubit can be
represented as a single photon in a superposition of two
frequency modes, or bins, described by annihilation (cre-

ation) operators â0 (â†0) and â1 (â†1) centered at frequency
ω0 and ω1, respectively. A pure qubit state may be ex-
pressed as |ψ〉 = (c0â

†
0 + c1â

†
1) |vac〉, where |vac〉 is the

vacuum state and |c0|2 + |c1|2 = 1. Logical basis states
follow as |n〉 = â†n |vac〉 (n ∈ {0, 1}). Any 2 × 2 unitary
operating on these modes can be parameterized as [29]

U(θ, ϕ, λ) =

(
cos θ2 −eiλ sin θ

2

eiϕ sin θ
2 ei(ϕ+λ) cos θ2

)
, (1)
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FIG. 1. Optimized success probability of single-qubit gate U(θ, 0, 0) for different QFP configurations. (a) Three-element QFP,
single-tone modulation (including experimental results). (b) Three-element QFP, two-tone modulation. (c) Five-element QFP,
single-tone modulation. Zoomed-in plots for (b) and (c) detail the high-probability regions for each case.

where θ ∈ [0, π], ϕ ∈ [0, 2π), and λ ∈ [0, 2π). Considering

this as taking the inputs â0 and â1 to outputs b̂0 and
b̂1, this implies that the output state coefficients, |φ〉 =

(d0b̂
†
0 + d1b̂

†
1) |vac〉, satisfy

(
d0
d1

)
= U( c0c1 ).

This mathematical formulation applies generally to
any qubit system. The nuances of the QFP approach
appear, though, when describing (i) the bins ω0 and
ω1 as embedded within a comb spaced at ∆ω (ωn =
ω0+n∆ω;n ∈ Z) and (ii) the transformation on all modes

b̂m =
∑
n Vmnân as characterized by an alternating series

of electro-optic phase modulators (EOMs) driven with
2π
∆ω -periodic waveforms and pulse shapers applying arbi-
trary phases to each bin. As modeled, V is unitary over
the entire countably infinite collection of bins, though
the 2×2 submatrix in the computational space—call this
W =

(
V00 V01

V10 V11

)
—may or may not prove unitary, due to

coupling into adjacent bins. While an apparent disad-
vantage of the QFP in this case (particularly when com-
pared to the isolated modes of alternative frequency-bin
approaches [30–35]), this natural coupling between many
bins facilitates multiphoton interference between all un-
derlying modes as required for LOQC. Moreover, by cas-
cading additional pulse shapers and EOMs and employ-
ing more complex modulation patterns, such adjacent-
bin coupling can be fully compensated for, to realize
smaller-dimensional gates with unity efficiency [20, 36].

Within this overall framework, considerable progress
has been made on a subset of U(θ, ϕ, λ): the phase-
only gate U(0, ϕ, λ) and the Hadamard H = U(π2 , 0, π),
with the former requiring only a single pulse shaper, and
the latter realizable with an EOM/pulse shaper/EOM
QFP [22, 23]. These considerations engender optimism
for experimental realization of arbitrary U , yet they do
not answer the practical questions of explicit construc-
tion, nor elucidate the procedures involved in reconfigur-
ing a given QFP for all possible unitaries.

Numerical simulations.—For our simulations, we focus
on pure-sinewave electro-optic modulation (either one or

two tones), and QFPs with three or five elements. Limi-
tation to odd-numbered QFPs follows from previous ob-
servations that adding a pulse shaper on either side of a
QFP improves neither fidelity nor success probability, for
any target operation. In fact, these remarks can be made
rigorous in the present case of a single-qubit operation.
Suppose that a particular QFP configuration realizes the
gate W = gU(θ, 0, 0) (unitary up to an overall constant).
Then, as derived in Sec. I. of Ref. [37], the same QFP
can actualize the gate gU(θ, ϕ, λ) by delaying the rf sig-
nals applied to the first and last EOM and adding linear
phases to the first and last pulse shaper (or the single
pulse shaper in a three-element QFP).

This finding implies that, for the purpose of estab-
lishing performance under system constraints, one need
only concentrate on U(θ, 0, 0) numerically. We emphasize
that, while similar, these phase degeneracies prove funda-
mentally more significant than those resulting from the
freedom to set a phase reference. As argued in Ref. [38]
and invoked below in our own characterization proce-
dure, the prerogative to define the “in-phase” condition
across modes at the input and output planes of an optical
multiport simplifies the process of extracting Vmn. How-
ever, such phase reference flexibility does not imply the
physical equivalence of operations that differ by this ref-
erence. For example, if one defines the reference so that
the QFP realizes U(θ, 0, 0), modifying the transforma-
tion to U(θ, ϕ, λ) produces measurable differences in the
output state, impacting any subsequent operations down-
stream. Accordingly, the relationship between phase and
EOM delay discussed here is not just the establishment
of a reference: it gives a means to realize a (ϕ, λ) combi-
nation for any reference definition.

To benchmark the performance of single-qubit gates
synthesized on the QFP, we randomly generate 150 sam-
ples of θ ∈ [0, π], and numerically find the solutions
U(θ, 0, 0) for three different scenarios (see Fig. 1): three-
element QFP driven by (a) one or (b) two rf tones and (c)
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five-element QFP driven by single tone [37]. Case (a) is
the baseline QFP which we have utilized in previous ex-
periments [22–24], while cases (b) and (c) describe the
two most immediate upgrades; (b) has been explored
in a limited context for a frequency-bin qutrit opera-
tion [22], while (c) has so far required too many resources
for implementation. Yet all three are realizable with stan-
dard, commercially available components. We then as-
sess the performance of W with respect to the desired
U according to gate success PW = Tr(W †W )/2 and fi-
delity FW = |Tr(W †U)|2/(4PW ) metrics, where PW
describes the probability of a photon remaining in the
computational space, and FW defines the quality of the
operation [39]. Our goal is to maximize PW while con-
straining FW ≥ 0.9999 [37].

Figure 1 plots the simulation results. PW shows a
strong dependence on θ, suggesting that those unitaries
with small θ are easier to realize. This matches our in-
tuition as the identity and phase-only gates (θ = 0) can
be realized without any EOM, while gates like Pauli X
and Y (θ = π) require proper engineering of the mixing
process such that the photon can be completely hopped
to the opposite bin. Additionally, the results indicate
that gate performance can be significantly boosted by
introducing either an additional rf harmonic [Fig. 1(b),
PW > 0.95] or extra components [Fig. 1(c), PW > 0.999].
Here, we experimentally focus on the setup in Fig. 1(a)
due to equipment availability—i.e., insufficient rf ampli-
fier bandwidth for (b), lack of EOMs and pulse shapers
for (c).

Gate characterization.—Figure 2 provides a schematic
of the experimental setup. A high-frequency rf oscilla-
tor generates 25-GHz sinusoidal voltages to drive both
EOMs [40], where their amplitudes and delays are set
with manual phase shifters and attenuators. Meanwhile,
the optimized spectral phase pattern is programmed onto
the QFP shaper. Experimentally, we select 21 out of
the 150 previous solutions from Fig. 1(a). To investigate
whether each gate performs as anticipated, we utilize a
coherent-state–based characterization approach [22, 38]
by probing our QFP with an electro-optic frequency
comb. As a result, we are able to reconstruct the mode-
transformation matrix W and compute the experimental
FW and PW , as shown in Fig. 1(a). All measured gate
fidelities are above 0.9993 (except for one, unexplained
outlier), and the success probabilities track closely the
theoretical prediction.

Arbitrary state rotation.—The previous tests confirm
synthesis of arbitrary frequency-qubit operations, when
viewed in terms of optical modes. Yet in the context of
photonic QIP, these mode transformations are valuable
insofar as they enable high-fidelity operations on quan-
tum states. Accordingly, we explore these gates at the
single-photon level, focusing specifically on their ability
to convert a fixed input to an arbitrary output state. We
can then assess the quality of this manipulation by per-

FIG. 2. Experimental setup for arbitrary frequency-qubit op-
erations and state measurement. Insets show an example uni-
tary rotation for an input state |ψ〉 = 0.6 |0〉 − 0.8 |1〉 and
(θ, ϕ, λ) = (0.7π, 0.55π, 0.25π), with tomography represented
in terms of projections onto each axis. Here |±〉 ∝ |0〉 ± |1〉
and |±i〉 ∝ |0〉 ± i |1〉.

forming quantum state tomography (QST) on the output
photon.

Following the QFP with a set of projective measure-
ments, we reconstruct its density matrix (ρ̂) through
QST and compute the state fidelity with respect to the
ideal output state |φ〉 via Fρ = 〈φ|ρ̂|φ〉. (Note the
change in definition from the Hilbert–Schmidt fidelity
FW utilized for matrix characterization.) We prepare a
single-photon-level source by attenuating a continuous-
wave laser at frequency ω0 to ∼106 counts/s (1/10 of the
detector saturation level) prior to the QFP. Since neither
the QFP operation nor QST involve multiphoton inter-
ference, the results of a weak coherent state are fully
equivalent to those of true single photons at the same
average flux. To show that we can bring this input state,
|0〉 = â†0 |vac〉, at the north pole of the Bloch sphere, to
any arbitrary state within the whole sphere, we choose 11
values of θ ∈ [0, π] and assign a few different ϕ to each,
amounting to a total of 41 gates to implement. The ideal
output state is |φ〉 = cos θ2 |0〉+ eiϕ sin θ

2 |1〉.
For single-qubit QST [37], we perform three Pauli mea-

surements (Z, X, and Y ) to project the output state onto
the eigenvectors |t〉 (six in total): {|0〉 , |1〉 , |±〉 , |±i〉}.
Measuring in Z, X, and Y is equivalent to applying
1, H, and HS† prior to computational-basis projection,
where S = ( 1 0

0 i ). Z measurement demultiplexes the pho-
tons by color with a wavelength-selective switch (WSS),
and records the counts in |0〉 and |1〉 with superconduct-
ing nanowire detectors (SNSPDs). For the H required
for tomography, we implement a simpler probabilistic
Hadamard gate based on a single EOM, with a sinusoidal
rf voltage chosen for equal mixing probability between
ω0 and ω1 [37, 41]. We precede this EOM with another
pulse shaper to apply the S† gate and block any residual
photons outside of the single-qubit space after the QFP.



4

For each measurement setting, we record the counts over
1 s, then subtract the average detector dark counts and
obtain a final dataset D = {N0, N1, N+, N−, N+i, N−i}
with all outcomes for subsequent tomographic analyses.

For reconstruction, we employ Bayesian mean esti-
mation [42], an advanced tomographic technique which
avoids unjustifiably low-rank estimates and furnishes
natural error bars. We parameterize the density ma-
trix ρ̂(x) and sample a posterior distribution π(x) ∝
LD(x)π0(x) with multinomial likelihood LD(x) =

pN0
0 pN1

1 p
N+

+ p
N−
− p

N+i

+i p
N−i

−i , where pt ≡ 〈t|ρ̂(x)|t〉 is the
probability of measuring the state |t〉 given the proposed
state ρ̂(x). We adopt the parametrization, prior distri-
bution π0(x), and sampling procedure recently proposed
in Ref. [43], obtaining R = 1024 density matrix samples
ρ̂r for each tomographic dataset, from which we estimate
the fidelity according to the mean and standard deviation
of the values of the individual samples (Fr = 〈φ|ρ̂r|φ〉).

Figure 3 depicts the QST results. We map the ideal
output states and the retrieved Bayesian samples onto
the Bloch sphere [Fig. 3(a)]. Three of the transforma-
tions are highlighted in the zoomed-in inset, where the
Bayesian samples follow the ideal states closely. This
suggests strong agreement between the design and ex-

FIG. 3. Arbitrary single-qubit rotations on the QFP. (a) Re-
trieved Bayesian samples plotted on the Bloch sphere (green
dots) following 41 different transformations U(θ, ϕ, 0). Three
examples are highlighted in the inset, where blue dots mark
the corresponding ideal states. (b) Associated state fidelities,
grouped by θ value, with each data point corresponding to
a randomly chosen ϕ. The mean and standard deviation are
computed from 1024 Bayesian samples.

perimental implementation, confirmed by Bayesian mean
state fidelities above 98% across all gates [Fig. 3(b)].
Tunable beamsplitter.—In addition to a randomly cho-

sen set of single-qubit rotations, we can also explore co-
herent quantum state control across a specified trajec-
tory. Previously, we found a set of analytical solutions
for tunable frequency beamsplitters [23], where the re-
flectivity can be set anywhere between 0 and 0.5 simply
by changing the depth of the phase shift α imparted by
the QFP shaper between frequency bins 0 and 1 (while
both EOMs remain fixed) [37]. We sample 21 evenly
spaced α ∈ [0, 2π] for implementation, and again repeat
the QST measurement for the same state input |0〉. Fig-
ure 4 depicts the experimental results. As we increase
α, the output state is moved from the north pole (|0〉)
to the equator (|+〉 = H |0〉), and then back to the
north pole (|0〉), following a counterclockwise trajectory
on the Bloch sphere (dashed line in Fig. 4) [37]. Again
all measurements are in excellent agreement with theory
(Fρ > 0.98).
Discussion.—In addition to addressing fundamen-

tal questions in frequency-bin quantum state control,
the findings described here appear particularly rele-
vant in the applications of quantum communications
and networking. Indeed, one of the inherent bene-
fits of frequency-bin encoding is its compatibility with
fiber-optic communications: the QFP paradigm already
leverages commercial telecom components (EOMs and
pulse shapers), and frequency-bin operations can be
extensively parallelized according to the principles of
wavelength-division multiplexing (WDM). This synergy
has enabled several recent quantum networking demon-
strations invoking WDM for distributing entanglement
in other degrees of freedom [44–47]; the QFP approach
moves even further by exploiting frequency bins for en-
coding quantum information as well, and the fully ar-
bitrary unitaries realized here should make feasible an
array of quantum networking protocols with frequency
bins. Whereas the previously shown Hadamard (θ =

FIG. 4. Tunable beamsplitter. (a) Ideal output state tra-
jectory (dashed line) and retrieved Bayesian samples (green
dots) plotted on the Bloch sphere. (b) Bayesian state fidelities
as function of pulse shaper phase α.
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π
2 ) [22, 23] would be sufficient (along with the identity)
for basis measurements in quantum key distribution [48],
it is only through these more general unitaries that the
full range of qubit quantum information protocols can be
realized. For example, both superdense coding [49] and
quantum teleportation [50] require single-qubit gates in-
cluding a full 180◦ rotation (θ = π), and the standard
CHSH Bell inequality [51] relies on measurements pre-
ceded by unitaries with θ ∈ {0, π4 ,

π
2 ,

3π
4 }.

Moreover, while we have focused specifically on the
fundamental two-level qubit here, one of the salient fea-
tures of the frequency degree of freedom is its natural
compatibility with high-dimensional qudit (d > 2) en-
coding [18, 19, 52, 53]. Importantly, the same design pro-
cedure adopted here can be applied for the construction
of arbitrary qudit operations as well. As initial exam-
ples, we have numerically found 2d+ 1 EOMs and pulse
shapers sufficient for high-dimensional frequency hopping
(up to d = 5) using single-tone rf modulation [36]; we
have also found d − 1 rf harmonics capable of realiz-
ing d-dimensional discrete Fourier transformations (up
to d = 10) on a single three-element QFP. The main lim-
itations moving to higher dimensions, then, are technical
in nature—namely, the complexity of rf drive waveforms
and the number of pulse shapers and EOMs available.

On the characterization side, our focus on QST of an
arbitrarily rotated state corroborates the gate perfor-
mance estimated from classical measurements. On the
other hand, quantum process tomography (QPT) would
be required for a complete quantum-mechanical descrip-
tion of the gate itself [54]. This procedure relies on
preparation of multiple input states (four in the case of
a single-qubit operation), followed by QST of each out-
put after the QFP, which would necessitate additional
components beyond those available to us. Given our
understanding of the physical mechanisms involved in
the QFP, we do not expect fundamentally new insights
from QPT. Nevertheless, realization of complete QPT—
perhaps leveraging Bayesian techniques for experimental
simplifications—would prove valuable in future work, as
a means to further validate performance.
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I. SINGLE-QUBIT QFP TRANSFORMATION
SYMMETRIES

Consider a QFP composed of N + 1 EOMs and N
pulse shapers in an alternating series, and configured
to realize single-qubit transformation W = gU(θ, 0, 0)
[see Eq. (1) in the main text for the definition], where
|g|2 ≤ 1 represents the gate success. Assume the first
and last EOMs are driven by A(t) and B(t) (each 2π

∆ω -
periodic waveforms), and the first and last pulse shapers
are programmed with spectral phases pk and qk on the
k-th frequency mode. The corresponding transformation
by frequency multiport V , with projection of W onto the
single-qubit space (m,n ∈ {0, 1}) is then

Wmn =

∞∑
k=−∞

∞∑
l=−∞

dm−ke
iqkTkle

iplcl−n (S1)

where Tkl is the mode transformation from all elements
in the QFP apart from the first and last EOM/shaper
pair. In the case of N = 1 (EOM/shaper/EOM QFP),
T is an identity matrix and the center pulse shaper is
programmed with pk + qk. The factors cl−n and dm−k
are the mode coupling coefficients between modes n and
l and modes k and m, for the first and last EOM, re-
spectively. They represent the Fourier series coefficients
of the periodic modulation, and can be expressed as

cl−n =
1

T

∫
T

dt eiA(t)ei(l−n)∆ωt

dm−k =
1

T

∫
T

dt eiB(t)ei(m−k)∆ωt,

(S2)

where the integration is over any full period T = 2π
∆ω .

To actualize U(θ, ϕ, λ), our goal is to reconfigure the
QFP such that the new mode transformation W̃mn equals
ei(mϕ+nλ)Wmn, or gU(θ, ϕ, λ) by specification. Suppose
that we delay the rf signals applied to the first and last
EOM by τa and τb, respectively, and introduce additional
phase shifts δk and εk to the first and last pulse shaper,
respectively. We obtain the modified mode transforma-
tion

W̃mn = ei∆ω(mτb−nτa)
∞∑

k=−∞

∞∑
l=−∞

ei(εk−k∆ωτb)

×
[
dm−ke

iqkTkle
iplcl−n

]
ei(δl+l∆ωτa)

(S3)

In order to fulfill W̃mn = ei(mϕ+nλ)Wmn, we can set the
delays such that ∆ωτb = ϕ, ∆ωτa = −λ, and make the
double summation in Eq. (S3) identical to Wmn by choos-
ing εk = k∆ωτb and δl = −l∆ωτa. Thus, we arrive at a
simple method for reconfiguring the QFP for U(θ, ϕ, λ)
given U(θ, 0, 0): delay the rf signals applied to the first
and last EOM by τa = − λ

∆ω and τb = ϕ
∆ω , respectively,

and add linear phases δk = kλ and εk = kϕ to the first
and last pulse shaper, respectively. The remaining set-
tings of the QFP are unchanged. This procedure readily
extends to higher-dimensional unitaries. For example, if
the QFP is originally programmed to implement U , we
could follow the same method to reconfigure QFP and
realize D1UD2, as long as D1 (D2) is a diagonal unitary
with a constant phase increment ϕ (λ) across the diag-
onal elements. Intuitively, this process works because a
linear phase is equivalent to a delay (while for a two-
dimensional system, any arbitrary phase shift between
two modes can be seen as a delay); tuning the bookend
EOMs redefines the input/output phase references, while
the pulse shaper corrections ensure that, inside the QFP,
the frequency-bin mixing operation proceeds unaffected.

II. NUMERICAL OPTIMIZATION

In this section, we highlight some of the features found
in the numerical optimization for single-qubit rotation
using an EOM/shaper/EOM driven by a single rf tone.
Given practical limitations on the attainable rf power
level, we restrict the modulation index (i.e., peak phase
shift) to less than 4 rad in all simulations. Across all
the transformations we simulate, the temporal modula-
tions on both EOMs in the optimized solution are always
time-shifted replicas (i.e., same modulation index). In-
terestingly, this trend seems to hold even when we extend
to more rf harmonics or a higher-dimensional system [S1],
but does not transfer to the case of larger QFP circuits
(more components). We plot the modulation index—i.e.,
peak phase shift—with respect to θ in Figure 1 which,
similar to the success probability, also shows a strong de-
pendence on θ. In our preliminary simulations utilizing a
nonlinear constrained multivariate optimizer alone (fmin-
con in MATLAB), we noticed that the optimizer tended
to converge toward two different families of solutions—
one with a smaller modulation index, and the other with
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FIG. 1. Numerical simulation of single-qubit transformation
U(θ, 0, 0) on a EOM/pulse shaper/EOM QFP driven by single
RF tone, with fidelity constrained FW ≥ 0.9999. Both the
gate success probability and the EO modulation index show
strong dependence on the parameter θ (rotation around the
y-axis). In all solutions, we find both EOMs share the same
modulation index.

larger modulation index—depending on the randomly as-
signed starting points. The former (latter) shows better
success probability when θ is below (above) 0.76π, which
explains the gap and the shoulder in both curves in Fig-
ure 1. As we notice that fmincon is susceptible to local
extrema trapping near the starting points, we have to
rerun the optimizer multiple times with different initial
points to ensure the optimal solution can be found.

This is one of the motivations for us to introduce
a hybrid algorithm using particle swarm optimization
(PSO)—a nature-inspired metaheuristic algorithm—
together with fmincon for better convergence. PSO
starts with a number of particles moving around in the
M -dimensional problem space (M is the number of vari-
ables) in search of the extremum iteratively, where each
particle represents a possible solution. In each iteration,
the particle moves toward a new position depending on
both the history of its local best known position and
that of the entire swarm. The optimizer halts when all
the particles converge to a single point in the problem
space. A potential issue for traditional PSO is that we
can no longer maximize one metric while constraining
another, which in our case is the gate success proba-
bility (PW ) and fidelity (FW ≥ 0.9999), respectively.
Therefore, we follow the procedures proposed in Ref. [S2]
to lump both the gate success probability and fidelity
into a single cost function. Specifically, the cost func-
tion we try to minimize is C = −PW +H(FW ), where
H(FW ) = β(FW ) · (0.9999 − FW ) and β(·) is a multi-
stage, relative-violated function. We choose

β(FW ) =



100 ; 0 ≤ FW < 0.9

50 ; 0.9 ≤ FW < 0.99

25 ; 0.99 ≤ FW < 0.999

10 ; 0.999 ≤ FW < 0.9999

0 ; 0.9999 ≤ FW < 1,

(S4)

which reduces the penalty for fidelity as it approaches
unity. For a sanity check, we follow the PSO with another

quick run of fmincon using the best solution found in
PSO as the initial point and see if the performance can
be further improved.

III. QUANTUM STATE TOMOGRAPHY (QST):
EXPERIMENTAL METHODS

As discussed in the main text, to realize three Pauli
measurements (Z, X, and Y ) for QST, one needs to ap-
ply 1, H, and HS† prior to computational-basis mea-
surement, where H is the Hadamard operation and
S = ( 1 0

0 i ). Experimentally, we follow the gate opera-
tion (namely, the last EOM in the QFP) with a pulse
shaper to filter out any photons outside of mode 0 and
1 such that residual scattering will not affect the opera-
tions downstream—i.e., by coupling back to the compu-
tational space and introducing measurement errors. For
the H operation, we elect to use a single EOM to realize
a probabilistic version of the Hadamard gate; driving this
EOM with a sinusoidal rf voltage with a modulation in-
dex of 1.434 rad, we have equal power splitting between
mode 0 and 1, as shown in Fig. 2(a). This approach in-
evitably scatters more photons (∼40%) out of the single-
qubit space than its near-deterministic counterpart using
a three-element QFP [S1], but can be implemented with
the limited number of EOMs available in our laboratory.
Figure 2(b) and (c) show examples of projecting |+〉 and
|−〉 states to |0〉 and |1〉, respectively. The clear contrast
between two output frequency modes shows that this ap-
proach, while reducing the efficiency of the tomographic
process, does not sacrifice projection accuracy.

We emphasize that the rf drive applied to this EOM
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FIG. 2. Probabilistic Hadamard operation for QST. Exam-
ple of simulated output spectra for specific inputs. (a) Pure
mode 0, |0〉. (b) Mode 0 and 1 in phase, |+〉 ∝ |0〉+ |1〉. (c)
Mode 0 and 1 out of phase, |−〉 ∝ |0〉 − |1〉. 40% of the pho-
tons are scattered outside of the computational space (mode 0
and 1) due to the usage of single EOM.
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is synchronized with those in the QFP, and its relative
timing should be properly set as well. Experimentally,
we first program a Hadamard operation on the QFP and
send the output photons (now in the |+〉 state) through
the pulse shaper (applying zero phase to all bins) and
EOM for tomography, and fine tune the delay of this elec-
trical drive via a manual rf phase shifter while recording
the photon counts in two computational modes. Once
we obtain maximal (minimal) amount of photons in the
frequency mode 0 (mode 1), this EOM is aligned to per-
form the desired H measurement and the delay setting
is fixed throughout the rest of the experiment. Then, by
applying a phase of −π2 to frequency bin 1 on the mea-
surement pulse shaper, we can realize the necessary S†

operation for |±i〉 measurement as well.

IV. TUNABLE BEAMSPLITTER DESIGN

Figure 3(a-b) depicts the specific configuration for tun-
able beamsplitter design. The EOMs are driven with
π-phase-shifted sinewaves with a modulation index (Θ)
of 0.829 rad, and the pulse shaper applies a step func-
tion with phase jump α between the two computational
modes. This is similar to that of our previous demon-
stration [S3], with only a slight difference in the EO
modulation—previously, the modulation index was set at
Θ = 0.8169 rad, which can numerically realize a fidelity
FW = 0.9999 and success probability PW = 0.9760 for
the Hadamard operation (when α is π). In this work, the
theoretical fidelity for the Hadamard gate is boosted to
FW = 0.9999999 after a small reduction in the success
probability, PW = 0.9746. If we write out the analytical
form of the 2× 2 transformation matrix on bins 0 and 1
as a function of the phase jump α,

W =

(
W00(α) W01(α)
W10(α) W11(α)

)
, (S5)

we can derive each of the matrix elements as

W10(α) = W01(α) = (1− eiα)

∞∑
k=1

Jk(Θ)Jk−1(Θ)

W00(α) = J2
0 (Θ) + (1 + eiα)

1− J2
0 (Θ)

2

W11(α) = eiαJ2
0 (Θ) + (1 + eiα)

1− J2
0 (Θ)

2
,

(S6)

where Jk(Θ) is the Bessel function of the first kind. We
can define |W10|2 = |W01|2 ≡ R (i.e., mode-hopping
probability, or reflectivity) and |W00|2 = |W11|2 ≡ T
(i.e., probability of preserving frequency, or transmissiv-
ity). We note that when α = 0, the transformation is
the identity operation as two π-phase-shifted sinewaves
cancel each other out. In addition, we have R ≈ T when
α = π, and the elements {W00,W01,W10} are all real and
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FIG. 3. Tunable beamsplitter. (a) Temporal phase modu-
lation applied to the first EOM (solid red) and second EOM
(dotted blue). (b) Spectral phase pattern applied by the pulse
shaper, where modes 0 and 1 denote the computational space.
(c) Theoretical beamsplitter transmissivity T (solid red) and
reflectivity R (dotted blue). Markers denote the values mea-
sured with single-photon-level input. (d) Extracted parame-
ters for the corresponding unitary U(θ, ϕ, 0).

positive, while W11 is real and negative—in accord with
the Hadamard operation.

Figure 3(c) plots the theoretical T (solid red) and R
(dotted blue) with respect to α. On top of the two curves
we also mark the (normalized) photon counts obtained
in the Pauli Z measurement with single-photon-level in-
put at frequency mode 0, which matches the theoreti-
cal prediction well. Finally, to visualize the trajectory
of such a beamsplitting operation on the Bloch sphere,
we map the output state W00(α) |0〉 + W10(α) |1〉 to the
form of cos θ2 |0〉 + eiϕ sin θ

2 |1〉 from the equivalent uni-
tary U(θ, ϕ, 0) and compute the corresponding θ and ϕ
[shown in Fig. 3(d)]. The maximum θ goes to π/2 (i.e.,
from north pole to equator) since our tunable beamsplit-
ter design achieves maximum reflectivity of 50%, rather
than a full frequency hop. As for ϕ, it follows a continu-
ous path from −π/2 to π/2, which explains the counter-
clockwise trajectory shown in Fig. 4(a) of the main text.
Note that for better visualization, we wrap the parame-
ter ϕ within −π and π (instead of 0 to 2π as in the main
text).
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