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Abstract

We investigate different approaches to derive the proper Floquet-based quantum-classical Liou-
ville equation (F-QCLE) for laser-driven electron-nuclear dynamics. The first approach projects the
operator form of the standard QCLE onto the diabatic Floquet basis, then transforms to the adia-
batic representation. The second approach directly projects the QCLE onto the Floquet adiabatic
basis. Both approaches yield a form which is similar to the usual QCLE with two modifications:
1. The electronic degrees of freedom are expanded to infinite dimension. 2. The nuclear motion
follows Floquet quasi-energy surfaces. However, the second approach includes an additional cross
derivative force due to the dual dependence on time and nuclear motion of the Floquet adiabatic
states. Our analysis and numerical tests indicate that this cross derivative force is a fictitious arti-
fact, suggesting that one cannot safely exchange the order of Floquet state projection with adiabatic
transformation. Our results are in accord with similar findings by Izmaylov et al. (Ref. 41), who
found that transforming to the adiabatic representation must always be the last operation applied,
though now we have extended this result to a time-dependent Hamiltonian. This paper and the

proper derivation of the F-QCLE should lay the basis for further improvements of Floquet surface

hopping.

* hsingc@sas.upenn.edu



I. INTRODUCTION

A computational understanding light-matter interactions for a molecular system in a laser
field is useful for interpreting spectroscopy and photochemistry, where the dynamical inter-
play between electronic non-adiabatic transitions and photon excitation plays an important
role for many exciting phenomena, such as molecular photodissociation|[1-4] and coherent
X-ray diffraction[5-8|. These phenomena usually involve dynamical processes in which elec-
trons in a molecular system can make a transition through either (a) non-adiabatic coupling
associated with the reorganization of nuclear configurations or (b) radiative coupling in
conjunction with absorption or emission of photons. Thus, simulating these processes con-
currently requires accurate theoretical treatments of both non-adiabatic molecular dynam-
ics and light-matter interactions[9-11]. Over the past decades, many successful simulation
schemes have been developed based on mixed quantum-—classical frameworks in which the
electronic wavefunction evolves according to quantum mechanics while the nuclear degrees
of freedom and the laser excitation are treated as classical parameters in a time-dependent

electronic Hamiltonian|[12-18].

Among the myriad of semiclassical dynamics, Floquet-based fewest switch surface hop-
ping (F-FSSH) has emerged as one of the most powerful methods especially for simulat-
ing photodissociation and ionization in a monochromatic laser field[19-21|. In a nutshell,
F-FSSH integrates Floquet theory with Tully’s FSSH algorithm|22]. The general idea is
to expand the electronic wavefunction in a Floquet state basis (with the electronic states
dressed by e for an integer m and the laser frequency w), so that one can recast an
explicitly time-dependent Hamiltonian into a time-independent Floquet Hamiltonian, albeit
of infinite dimension. With the Floquet Hamiltonian, one can simply employ Tully’s FSSH
method in the Floquet state representation with a minimal modification[19, 20]. In addi-
tion to the standard advantages of the usual surface hopping algorithm—stability, efficiency,
and ease of incorporation with electronic structure calculations—F-FSSH also yield a bet-
ter estimate for both electronic and nuclear observables than other FSSH-based methods
relying on instantaneous adiabatic surfaces|[12|. Furthermore, given the time-independent
nature of the Floquet Hamiltonian, many techniques designed to improve standard FSSH
method, such as velocity reversal and decoherence|[23-30], should be applicable within the

Floquet formalism. That being said, due to the fact that one cannot directly derive Tully’s



FSSH—but rather only indirectly connect the equations of motion for FSSH dynamics with
the quantum-classical Liouville equation (QCLE) in the adiabatic basis|31, 32]—a proper
understanding of the correct F-QCLE is crucial if we aim to make future progress in semi-
classical modeling of light-matter interactions. Moreover, since it is well known that (1)
FSSH performs best in an adiabatic (rather than diabatic) basis|[22, 33|, and (2) FSSH can
be connected to the QCLE only in an adiabatic basis|[31, 32|, we emphasize that, for the
sake of future progress, we require a proper understanding of the F-QCLE in an adiabatic

basis.

Unfortunately, even without a light field, the proper derivation of the correct QCLE
in an adiabatic basis is tricky—one can find two different versions of the QCLE if one
invokes slightly different formal derivations. Following Kapral’s approach|34, 35|, the proper
derivation of the standard QCLE includes two operations: (i) Wigner transformation and
(ii) projection onto the adiabatic electronic state basis. First, one performs a partial Wigner
transformation with respect to the nuclear degrees of freedom to obtain the operator form
of the QCLE. Wigner transformation provides an exact framework to interpret the full
quantum density matrix in terms of the joint electronic-nuclear probability density in the
phase space of the nuclear configuration while retaining the quantum operator character
of the electronic subsystem. Second, one projects the operator form of the QCLE onto
the adiabatic electronic states basis obtained by diagonalizing the electronic Hamiltonian.
This adiabatic representation allows the connection to electronic structure calculations in a
mixed quantum-classical sense[36-40]. This approach is called the Wigner-then-Adiabatic
(WA) approach. As Izmaylov and co-workers have shown[41], however, exchanging these
two operations (the Adiabatic-then-Wigner (AW) approach) leads to a different QCLE that
cannot capture geometric phase effects arising from a conical intersection (even though short

time dynamcis can sometimes be accurate[42, 43]).

With this background in mind, the proper derivation of the F-QCLE is now even more
challenging. In addition to the two operations above, there is a third step: one needs to dress
the electronic states and expand the density matrix in the Floquet state basis. In the litera-
ture to date, the F-QCLE has been derived via the AW approach (projecting in the Floquet
adiabatic representation, and then performing partial Wigner transformation)|21]. Never-
theless, as shown by Izmaylov and co-workers|35, 41|, even in the limit of a time-independent

Hamiltonian, such an (incorrect) AW approach will lead to a QCLE that neglects geometric
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phase related features in the nuclear dynamics or introduces artificial nuclear effects. Despite
recent progress, the proper derivation of the F-QCLE is still an open question.

In this paper, our goal is to explore different approaches to derive the F-QCLE as we shuf-
fle the three key operations and quantify their differences in the context of driven electron-
nuclear dynamics. By isolating the correct F-QCLE, our work will not only validate F-FSSH
methods, it should also provide means to improve surface hopping methods. This paper is
organized as follows. In Sec. II, we formulate the three operations that are required to derive
the F-QCLE. In Sec. I1I, we derive F-QCLEs via approaches with different ordering of oper-
ations. In Sec. IV, we implement F-FSSH calculations corresponding to these F-QCLEs and
analyze their results for a modified avoided crossing model. We conclude with an outlook
for the future in Sec. V.

For notation, we denote a quantum operator by H and use bold font for matrix H. We use
H to denote the corresponding matrix in the expanded Floquet basis (infinite dimensional).
The nuclear position and momentum are B = {R*}, P = {P*} where « is the nuclear

coordinate index. We use a shorthand notation for dot product: X*-Y* =3%"_ XY .

II. THREE OPERATIONS

In the context of driven electron-nuclear dynamics, let us formulate the three necessary
operations for deriving F-QCLE. For a coupled electron-nuclei system driven by an external

field of frequency w, the total Hamiltonian takes the form of H = T(P*) 4+ V(R®,t) where

T(P) = D (215]\2? is the nuclear kinetic energy and V(R®,t) is the electronic Hamiltonian

~ ~

with explicit time periodicity V(¢) = V(t + 7) with 7 = 27 /w. Formally, the dynamics
of the total system can be described by the time-dependent Schréodinger equation (TDSE)
ih2|U) = H|U) of the total wavefunction |¥) or the quantum Liouville equation (QLE)
25 = —,%[}AI,/}] of the total density matrix p = |U)(¥|. To derive F-QCLE, we need to
apply the following three operations to the QLE.

A. Partial Wigner transformation of the nuclear degrees of freedom

To describe the dynamics in a mixed quantum-classical sense, we will follow Kapral’s

approach and perform a partial Wigner transformation with respect to the nuclear degrees
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of freedom

/e - 1 /- S

where N is the dimension of the nuclear coordinate. A nuclear position eigenstate is defined

p(t)

G\ L
R— §> e—zP-S/h (1)

as R*|R*) = R*|R®). In Eq. (1), the density matrix operator has been transformed into
a Wigner wavepacket in phase space with coordinates (ﬁ, ]3) In what follows, we will
denote the partial Wigner transformed operator by the subscript W [for example V(Ra, t) —
VW(RO‘, t)]. Note that, after the partial Wigner transformation, py and Vi remain electronic
operators while R* and P* are parameters.

The equation of motion of the Wigner wavepacket can be obtained by transforming
the QLE by 2py = —%[(f][))w — (pH)w]. The Wigner transform of operator products
can be expanded further by the Wigner-Moyal operator (Hp)w = lflyye_ih(x)/2

Y MR M N M - . .
N =3, 5pasps — 3papaloo]. Then, if we expand the the Wigner-Moyal operator in

ﬁW with

Taylor series and truncate to the first order of h, we obtain the operator form of the QCLE
9 i P 9py 1 {aVW aﬁw}

~

v T Ty [Vw’pw} T MedRe T3 9k 9pa 2)

Here, the commutator is [121, B] = AB—BA and the anti-commutator is {fl, B} — AB+BA.
Note that Eq. (2) is exact if the partial Wigner transformed Hamiltonian is quadratic in R®,
for example harmonic oscillators.

To propagate the Wigner wavepacket in Eq. (2), one must project the operator form of
the QCLE in an electronic basis. One straightforward choice is to use a complete set of
diabatic states for the electronic subsystem {|u)}; such a set does not depend on any nu-
clear configuration. With this electronic diabatic basis, one can derive equations of motion
for the density matrix (A% = (v|pw|p)) using matrix elements of the electronic Hamilto-
nian, Vyu(ﬁ, t) = (v|Vir (R, )|1r). However, for many realistic electron-nuclei systems (and
certainly any ab initio calculations), this diabatic QCLE cannot be solved since finding a
complete set of exactly diabatic electronic states over a large set of nuclear geometries is

rigorously impossible and quite demanding in practice even for approximate diabats.

B. Dress the electronic basis in the Floquet formalism

Let us now focus on the Floquet formalism, according to which one solves the TDSE by

transforming the time-dependent Hamiltonian into a time-independent Floquet Hamiltonian



in an extended Hilbert space of infinite dimension. For the moment let us ignore all nuclear
motion and focus on the electronic subsystem exclusively. According to Floquet theory, we
utilize the time periodicity of the electronic Hamiltonian and dress the electronic diabatic

states {|u)} by a time-periodic function e

where m is an integer formally from —oo
to oo. We denote the dressed state as the the Floquet diabatic state |pm) = e™<'|u). In
terms of the Floquet diabatic basis, a time periodic electronic wavefunction can be expressed
as |W) = >, Cum|pm) where ¢, is an infinite dimensional state vector. The electronic

wavefunction coefficient must satisfy the electronic TDSE

DI 2y = 30 (1) ) )

where the Floquet Hamiltonian operator is defined as

A . 0
VE) = V() —ih—. 4
(t)= V()i (@)
Next, we close Eq. 3 by multiplying both sides by (v| and write (V]VF(t)\um> Z il Mm einwt

as a Fourier series:
3cum
'met mwt~
mZ ZZ €™ Eum. (5)

Thus, the TDSE in Eq. (3) can be solved by grouping together all terms with the same time

dependence, leading to the equation of motion for ¢
CVn Z vn umcﬂm‘ <6)

The matrix elements of the Floquet Hamiltonian can be obtained by performing a Fourier

transformation on the matrix elements

¥ 1 [7 ? i(m—n)w
Vb = (oml V¥ lpm)) = = [ at w V(0 oy e, ©
Here, we define the double bracket projection of an electronic operator by ((vn|---|um)) =
Ly dt ] |p) et Given that the electronic Hamiltonian operator V(t) is periodic

wn time, the double-bracket projection eliminates all time dependence and the Floquet Hamil-
tonian matrix reads

VE = {wn|V|m)) + 6,0mmmhw. (8)

vn,um

In the end, with this time-independent Hamiltonian, Eq. (6) can be formally solved by the

exponential operator exp(—iV"¢/h) with an arbitrary initial state.
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At this point, we will allow nuclei to move and turn out attention to the equation of
motion for the density matrix ﬁw(ﬁ, P, t) within the Floquet diabatic basis. The Wigner-

transformed density matrix in the Floquet diabatic representation is

—

A (B, Pot) = (vnlpw (R, P, t)|pm). (9)

vn,um

For a proper F-QCLE, we will need to calculate the time derivative of Adia

O Fan iy 63’? m) — i (n — m) hw A% (10)

ot~ vmkm vn,um

where the Floquet diabatic states depends on time explicitly. We begin by using Eq. (2) to
project %ﬁw into a Floquet diabatic basis. For the commutator term in Eq. (2), we can

divide the operator product into matrix multiplication:

(nl [Viw, | ) = S~ ((onl Vg A ASE, — A8, (O] Vay )
Al

— [V, A%, (11)

Here, we have inserted the identity of the diabatic electronic basis (1 = >, |[A\)()|) and
expanded the time-dependent coefficients in terms of a Fourier series; see Appendix A for
more details. Furthermore, if we combine Eq. (11) with the second term on the RHS of
Eq. (10), we can write the sum of both terms as [VF, A%] ie. we can replace Vy with
VF.

For the anti-commutator term, we can use the same procedure to divide the operator

product

BVW a,ﬁw o a‘A/W 8‘2{()1\}?“771
(vnl {ﬁ m} om) = 3 nl g M) 5
aAgf)\l aVW

o pe (NI

< lum)) (12)

where (vn| aﬁf}j lpm) = 5= 9_Adia  Note that, since the Floquet diabatic states do not depend

vn,pum:
on the nuclear coordinate, we can rewrite the derivative of the electronic Hamiltonian in
terms of the Floquet Hamiltonian

Vi 0 =
<<Vn|aRa |lu >> - 8Ravlln,,um'

(13)



In the end, we may combine the above expressions to write down a complete diabatic F-

QCLE

a Adia i v7F A dia P aAdla
EEA' "_ﬁ[VI’A' }_’Af OR®
1 [oVF gAdia
§{aRa’apa} (14)

As a final remark, we emphasize that the Floquet Hamiltonian V¥ = VF(R) is a time-
independent matrix, so Eq. (14) is simply the diabatic QCLE corresponding to an infinitely

large electronic Hamiltonian V.

C. Transformation to the adiabatic representation

To recast the diabatic F-QCLE in an adiabatic representation, we diagonalize the Floquet

Hamiltonian matrix by solving the eigenvalue problem:
Z o (B)GL,(R) = E5(R)G, (R). (15)

The eigenvalues &5 = 5?(]5;) are the so-called Floquet quasi-energies with corresponding
eigenvectors Gim(ﬁ) Since V¥ is Hermitian, we can choose the eigenvectors G, to be
othornormal so that we have the identities GG = GG =1, ie. Y ,, G{iGE = 6, and

> Gl Gl = 0uman. The Floquet adiabatic state corresponding to the quasi-energy £

vn

are

|®7(R, 1)) §:G R) |pum) . (16)

As a practical matter, although V¥ is infinite dimensional, we can truncate highly oscillating

Mmax
M=—Mmax "

Floquet states by replacing >~ with >
With this Floquet adiabatic state basis, the probability density can be obtained by a
diabatic-to-adiabatic transformation
AR P.) = (@ |ow (B P.t) |0F) = (GTA%G) (17)
in the Floquet adiabatic representation. Note that, since the eigenvectors G/{m(é) do not
depend on time explicitly, the time-derivative of the adiabatic probability density can be
calculated simply to be:
HAadi HAdia

—Qf
ot G@t

G. (18)



We are now ready to derive the adiabatic F-QCLE in the following section.

III. DIFFERENT APPROACHES TO DERIVE F-QCLE

In this section, we present several approaches with different orders for the three operations
above; as will be shown, different orders will result in different adiabatic F-QCLEs. We

summarize these approaches and the corresponding F-QCLEs in Table I.

A. Wigner-Floquet-Adiabatic (WFA) approach

Our first approach follows the order presented above: we first perform partial Wigner
transformation, we second project to a Floquet diabatic basis, we third transform to an
adiabatic representation. For the last step, following Eq. (18), we transform the diabatic
F-QCLE by sandwiching the diabatic F-QCLE (Eq. (14)) with G and G. The first term
on the right hand side of Eq. (14) (the commutator term) becomes

SN |V AN GE = (eF - ef) Ak (19)

vn,um
vn pm

For the second term on the right hand side of Eq. (14), since the Floquet adiabatic states

depend on the nuclear coordinate ﬁ, the R* derivative of the density must yield

OA dla adl
vn,pm K o adi Aadi
Emj Eﬂm:G G = aRa +§ j(DJLA e DLK> (20)
where the derivative coupling is D5, = ((®7|5%:|9%)) = >, Gix. 8&2’" corresponding

to the change of the Floquet adiabatic states with respect to the nuclear coordinate R®.
Note that, if the Floquet Hamiltonian is real-valued, the diagonal element of the derivative
coupling is zero (D9, = 0). For the third term on the right hand side of Eq. (14) (the anti-
commutator term), the R* derivative of the Floquet Hamiltonian can be written in terms

of the force matrix

J* Vn um K _ feY
Z Z Gl/n OR" G - _FJK (21)
vn. pum
explicitly,
' ' a 851; F F a
FJK = (9R o0y + (5 5K)DJK~



The force matrix accounts for direct changes in the nuclear momentum associated with the

JEE
L as the classical

electronic coupling. One can understand the diagonal element F; = — 725

force for nuclear dynamics moving along the J-th Floquet quasi-energy surface in the phase
space. The off-diagonal force term F% = (€ — EE) DY, for J # K corresponds to nuclear
velocity rescaling associated with non-adiabatic transitions between Floquet quasi-energy
surfaces|34, 35].
Finally, the F-QCLE via the WFA approach reads
0
Aadl _ 7
o A
pPe OA:?(?( P
_ o Aadl AadlD )
Mo OR« Me Z ( LK

1 aAadl aAadl
_QZ<FJL8 + aPJLFgK> (22)

L

gJ EK) Aadl

We find that Eq. 22 takes exactly the same form as the standard QCLE in the adiabatic

representation (for electron-nuclear dynamics without a driving laser).

B. Wigner-Adiabatic-Floquet (WAF) approach

For the second approach, we exchange the “adiabatic” and “Floquet” operations after the
partial Wigner transformation. In this case, we directly project Eq. (2) onto the Floquet
adiabatic basis |¢’ (ﬁ, t)). Namely, we make the diabatic-to-adiabatic transform of the
Floquet electronic basis prior to the projection onto the dressed electronic states. Thus, we
consider this path as the Wigner-Adiabatic-Floquet (WAF') approach.

Overall, we apply a procedure similar to what was used in Eq. 22. For the commutator
term, we divide operator products using the same technique as in Appendix A. The R®
derivative term yields a derivative coupling term as the Floquet adiabatic basis depends
on R explicitly. In the end, the WAF approach includes the first three terms exactly as
Eq. (22). However, from the anti-commutator term of Eq. (2), the WAF approach leads to
an additional cross derivative force. To see this, we focus on the derivative of the electronic
Hamiltonian in the adiabatic representation

oV
OR~

oV
OR~

0 0

(@] 5 ) = (07| 5| 0K)) + ih((@7] - |0K)) (23)
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where we have used the definition of the Floquet Hamiltonian ovE _ — ih=2 The

OR> dR"‘ OR> dt

derivative of the electronic Hamiltonian yields two terms: first, the same force matrix we
obtained in Eq. (21):
ovE

(@757 12%)) = —Fii (24)

second, a cross derivative force comes from the explicit dependence of the Floquet adiabatic

states on both the nuclear coordinates and time

0 0
. (I)J -~ (I)K — O
Zh<< |8Ra at| >> XJK7
and explicitly,
aGK
XTx = thwG/{fn aRO‘ : (25)

pwm

Note that, unlike the derivative coupling D9, the diagonal element of x5 is non-zero and
real-valued.

Finally, in the same Floquet adiabatic basis as given by Eq. (16), the F-QCLE reads:

J = a 1 v Aadi
Pa&Aadl P o Fadi Aadi Ha
Ma ORe Ma Z <DJLALC}< - AJdLDLK>
1 N a* aAadl aAadl N N
52 Fi+X17) Jpa + 5 pa L (Fig + Xixk) (26)
L

We observe that, while Eq. (22) and Eq. (26) take the same form, the “effective” force matrix

fBA

Spa ) includes an additional cross derivative force that indicates

(defined as the coefficients o
the difference between these two equations. In other words, even though these two QCLEs
will propagate electrons equivalently, the difference in the “effective” force matrix will lead
to different nuclear dynamics in phase space. Specifically, from Eq. 26, the classical force
on the J-th quasi-energy surface is given by F'¢'; + x5, implying that the nuclear dynamics

should experience the additional cross derivative force on top of the Floquet quasi-energy

surface.

C. Adiabatic-then-Wigner (AW) approach

Finally, for completeness, we should emphasize that the first derivation of an F-QCLE
was published by Horenko, Schmidt, and Schiitte who used an approach that was different
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F-QCLE effective force matrix
WFA | Eq. (22) aRa L6+ (&Y — EL)DY,
8SF o * m
WAF |Eq. (26) | —gpkdsx + (EF — ER) DG = 2 m Ggm aga
AW |Eq. (27) gﬁém

Table I. The F-QCLEs obtained via different approaches differ in the effective force matrices for

nuclear motions.

from either of the approaches above. In Ref. [21], these authors derived their F-QCLE using
an Adiabatic-then-Wigner (AW) approach. Their final equation of motion was:

aatAadl _ _% (gF EK) Aadl

P 0 Aach P Z ( Aadl Aadl DLK)
L

- M 9R*  Me

| (OSF  OEL\ oA
. 2
3 XL: (aRa aRa) pe (27)

As mentioned above, in the limit of a time-independent Hamiltonian, Izmaylov and co-
workers have shown that the AW approach results in the loss of geometric phase related
features for a 2D problem|41]; the WA approach is far more accurate (see Figs in Ref. [41]).
Moreover, in contrast to Eq. (22) and Eq. (26), the last term in Eq. 27 does not include
any off-diagonal force term which implies no momentum rescaling. Within a surface hop-
ping context, a lack of momentum rescaling will inevitably lead to a violation of detailed
balance[44-46]. Note that early numerical assessments of the AW approach did not investi-
gate either geometric phase effects or detailed balance[42, 43]. For these reasons, we expect
the AW approach to the F-QCLE to be less accurate than the WFA and WAF approaches.
Nevertheless, to satisfy the readers who is curious about the original AW approach, we will
present the relevant transmission and reflection probabilities and final momentum distribu-
tion data in Appendix B which should remind one why momentum jumps are so important

for scattering calculations[47].
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IV. RESULTS
A. Shifted avoided crossing model

To analyze the difference between these approaches, we consider a shifted avoided crossing
model composed of a two-level electronic system coupled to a 1D nuclear motion. The
diabatic electronic states are denoted as |g) and |e) and the electronic Hamiltonian is given
by

- Vag () Ve(R, 1)

YD v 2

where the diabatic energy is given by
Vi (R) = (29)

Vee(R) = —Vio(R) + huw (30)

and the diabatic coupling is periodic in time
Vie(R, 1) = Vog(R, 1) = Ce PR cos wit. (31)

The parameters are A = 0.01, B = 1.6, C' = 0.01, D = 1.0, and the nuclear mass is M =
2000. Note that this model is Tully’s simple avoided crossing model with two modifications:
the diabatic coupling becomes time-periodic and the excited potential energy surface is
shifted by hw. For simplicity, we choose the laser frequency Aw = 0.024 large enough
(hw > 2A) so that the diabatic Floquet states |gm) have an avoided crossing only with
le(m — 1)) (at R = 0) and do not have any trivial crossings. The size of the Floquet basis
is truncated by mma = 4 as the laser field is weak (C'/hw < 1).

We assume the initial wavepacket is a Gaussian centered at the initial position Ry and
momentum P, on diabat |g):

|Wo) = /%/ exp (—% + %PO(R - Ro)) l9) (32)

where the normalization factor is N'* = wo2. The width of the Gaussian is chosen to be

o = 20h/Fy. The wavepacket can be propagated exactly in the diabatic representation.
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B. F-FSSH based on WFA and WAF

To show the difference between the dynamics as obtained by the different F-QCLESs, we
will simulate F-FSSH results for both the WFA and WAF approaches. Within F-FSSH, we
describe the propagation of the Floquet wavepacket by a swarm of trajectories, each with

its own electronic amplitudes ¢; satisfying

oc U op- P .
a_tJ = —ﬁEEC] — M ZDJLCL (33)
L

where EF = EY(R), Dy, = D;j.(R) and R = R(t), P = P(t) representing nuclear trajectory.

All nuclear trajectories move classically along an active Floquet state (J) obeying

dR P
PR (34
dP —% for WFA
dt ) oeem (35)
~3R XJJ for WAF

Here, based on the connection between the QCLE and FSSH, the nuclear force in Eq. 35 is
determined according to the diagonal element of the effective force matrix in the F-QCLEs.

Consistent with the standard FSSH technique, the hopping probability from active Flo-
quet state J to state K is given by

P =~k
Prob(J — K) = —2Re (M Dﬁj‘wf) dt

where dt is the classical time step. After each successful hop, the velocity is adjusted to
conserve the total Floquet quasi-energy. If a frustrated hop occurs, we implement veloc-
ity reversal|25]. Note that we neglect the decoherence correction since the over-coherence
problem should not be severe for a simple avoided crossing model[48].

In the end, the probability to measure diabatic state p can be evaluated by the density

matrix interpretation|[49|

Z Ntraj

where N(um) = ZlN"aj 0y m 1 the number of the trajectories that have the active surface

Z (pn) ~( (k)% _i(m—n)wt

Zl () um Cun €
> N ()N (an) (36)

J® end up on the Floquet state |wm). Here [ and k are the trajectory indices. We propagate
Niraj trajectories for an amount of time long enough for each trajectory to pass through the

coupling region (|R| < 3 for this parameter set).
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Figure 1. The effective potential energy surfaces for the WFA approach (solid lines) and the WAF
approach (dash lines). The lower (upper) quasi-energy surface is in red (blue). The diabatic Floquet
state energies ‘Ztqum are plotted for |g1) (green) and |e0) (orange) in dotted lines. Note that the

barrier height and the equilibrium energy ratio of the WAF surface is significantly modified (relative

to the WFA approach) by the presence of the additional cross derivative force.
C. Effective Floquet quasi-energy surfaces for nuclear dynamics

First, we analyze the effective potential energy surfaces for nuclear dynamics by integrat-
ing Eq. 35 over R for the WFA and WAF approaches respectively. For the WFA approach,
the effective PES simply recovers the Floquet quasi-energy surfaces £¥. For the WAF ap-
proach, the effective PES is obtained by V.;r(R) = EY(R) + f_ROO XJJ(R)dR" where the
quasi-energy surface is modified by the integration of the cross derivative force. We find
that including the cross derivative force in the WAF approach increases the crossing barrier
for the nuclear dynamics on the lower adiabat (see Fig. 1). Note that, in terms of an F-
F'SSH calculation, these changes will have a direct effect on the nuclear dynamics, but not

the electronic amplitudes.

D. Transmission and reflection

Next, we turn our attention to the transmission and reflection probabilities produced
by the F-FSSH calculations. Overall, the WFA results are more accurate than the WAF
results. In Fig. 2, we find that, according to the WFA approach, there should be a rise
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Figure 2. The probability of transmission (right) and reflection (left) on the upper and lower
adiabats as a function of the initial momentum. The F-FSSH dynamics is implemented using
the effective nuclear forces of the WFA (red) and WAF (blue). Overall, the WFA result is more
accurate than the WAF result. The WFA result almost recover the correct nuclear dynamics. Due
to the cross derivative force, the nuclear trajectory of the F-FSSH(WAF) experiences a much higher

crossing barrier, requiring larger Py for transmission.

in transmission on the lower adiabat around F, ~ 5.3, which is the momentum for which
transmission should be allowed classically; see the barrier height (= 0.007) in Fig. 1. Indeed,
such a threshold at Py ~ 5.3 is found according to exact wavefunction simulation as well.
However, for the WAF approach with the cross derivative force, one find a higher crossing
barrier energy (= 0.015), and the transmission on the lower adiabat occurs (incorrectly) at
Py ~ 7.8. This result suggests that the cross derivative force is a fictitious term: the WAF

semiclassical derivation is spurious.

Let us now focus on the WFA results in more detail. Several points are worth mentioning.
First, the transmission to the upper adiabat occurs after Py ~ 8.9, which agrees with the
classical energy difference 24 = 0.02 (see Eq. (29) for the definition of A). Second, for
high initial momentum (7 > 8.0), the F-FSSH-WFA can almost recover the correct nuclear
dynamics. Third, in the intermediate momentum region Py € (6, 8), unfortunately, the F-
FSSH wavepacket exhibits less transmission than the exact calculation. This discrepancy

may be attributed to FSSH’s inability to capture nuclear tunneling effects.
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V. CONCLUSION AND OUTLOOK

We have analyzed three approaches for deriving the QCLE within a Floquet formalism,
and found three different F-QCLEs. While these F-QCLEs take similar forms, the difference
in the effective force matrix can lead to large discrepancies in nuclear dynamics. As such,
in the context of driven electron-nuclear dynamics, our results reiterate the fact that one
cannot change the order of the operations in the derivation of the correct QCLE. Specifically,
as opposed to the WFA approach, the WAF approach [exchanging Floquet electronic basis
dressing (F) and adiabatic transformation (A)] is spurious. Overall, our results are very
consistent with the results of Izmaylov and Kapral[41] who find that one must be careful
when deriving the QCLE even without time dependence; they have already shown that the
AW approach does not include any geometric phase information. Thus, in the end, with
or without a time-dependent Hamiltonian, it appears that, provided that one moves to the
adiabatic representation as the very last step, one will always derive the correct semiclassical

equation of motion.

Looking forward, the derivation of the F-QCLE presented here validates the F-FSSH
method and paves the way to further improvements in the future. With regard to coherence
and decoherence, given the time-independent nature of the Floquet Hamiltonian, we can im-
mediately apply many decoherence schemes, including augmented moment decoherence|28,
48, 50-52|, to the F-FSSH algorithm. As far as geometric phase effect is concerned, it is
known that Berry phases are already included within the QCLE|53| for a time-independent
electronic Hamiltonian, and so we would expect that similar effects should already be in-
cluded within this proper F-QCLE for periodic (time-dependent) electronic Hamiltonians.
Nevertheless, however, there is one nuance which we have conveniently neglected in the
present paper. Note that, according to Eq. (7), we have every reason to believe that the
F-QCLE formalism (especially for a non-monocrhomatic driving field with more than one
Fourier mode in the time-dependent Hamiltonian) will necessarily introduce a complex (i.e.
not real-valued) Floquet Hamiltonian. In such a case, we should find not just Berry phases,
but also Berry force[54]. Future research into the nature of this intrinsic magnetic Berry
force—how or if it appears in the context of F-QCLE and surface hopping dynamics—is

currently underway and represents an exciting new direction for non-adiabatic theory.

Lastly, it has been recently reported that novel control schemes, such as Floquet
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engineering|55, 56|, can enhance the excitation energy transfer rate even in the presence
of strong fluctuations and dissipation. Given so many potential applications for F-QCLE
simulations, we believe the present manuscript should find immediate use in the physical

chemistry and chemical physics community.
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Appendix A: Rewriting the Product of Wignerized Operators As Matrix Multipli-

cation in the Floquet Representation

Throughout this paper, we have constantly used one trick. Namely, we have consistently
rewritten the product of two Wigner transformed operators (one of which must be time-
periodic) into a non-standard matrix product in the Floquet representation. To see how this
trick works in practice, we consider (for example) the operator product pw Hy.

We insert the electronic identity operator 1=, |[A\)(A| in between py and Hy:

(vl pw Hy|pm) =Y (vnl pw |A) (A Hyw |m) (A1)

Next, as in Sec. I, we express (A\|Hyy|um) in the form of a Fourier series:

(A[Hw|pm) = (N Hyy |pm)) ™ (A2)
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Figure 3. (a) The transmission and reflection probabilities for the same scattering problem as in
Fig. 2 and (b) the final momentum distribution (averaged over all channels) for incoming momentum
Py = 8. Here we calculate data using F-FSSH dynamics corresponding to the WFA (red) and AW
(cyan) approaches, aw well as exact wavepacket propagation (black). The AW approach clearly
leads to incorrect estimates of transmission and reflection in the region 6 < Py < 8 due to the
lack of velocity rescaling, as well as an incorrect momentum distribution, especially in the lower

momentum region.

where the double bracket projection is defined by Fourier transform. With the Fourier series,

we write [\)e@! = |\l) and obtain

(vl pw Hw|pm) =Y {vnlpw |N) (A Hyy |im)) (A3)

Appendix B: The AW approach

Following Ref. [21], one can derive the F-QCLE through an AW approach by invoking the
wavefunction anstaz |U(R, 1)) = > as(R,t)|¢’ (R,t)) in the Floquet adiabatic basis given
by Eq. (16), then we insert this anstaz into the TDSE and obtain the equation of motion
for as(R,t) in the form of ihZa; =3, H%ia . Here the adiabatic Hamiltonian operator

is given by

A

L pa 2 po
i = (55(}%@) + ) ) 0y — thDj +O(h%) (B1)

oM« JE " e
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and the nuclear momentum operator is po = —ih%. Thereafter, one writes the equation

of motion for the density matrix (A% = G,a%.) as %Aadi = —%[I:Iadi, A2 and performs a

partial Wigner transformation using the Wigner—Moyal operator:

0 ~ . . b e S o~ o~ kD
aAadl — _% (H?}gle—zﬁ,A/2Aad1 _ Aadle—zhA/2H%‘(}1> ' (B2)

The Wigner transform of the adiabatic Hamiltonian operator reads

- . po 2 . po
(Hi') sk = (5§(Ra) + (QM)Q ) Oyx — thDjyc - 7ro (B3)

Next, following the same procedure in Sec. II-A, we expand the Wigner—Moyal operator and
truncate the equation of motion to first order of h. In the end, we obtain Eq. (27), which
is equivalent to Eq. (44) in Ref. [21] for the case of the monochromatic external field (i.e.
4% — () using the notaion of Ref. [21]).

In Fig. 3, we compare the F-FSSH results for the AW v.s. WFA F-QCLEs. Note that,
because of the absence of the off-diagonal force terms in Eq. (27), the corresponding AW
F-FSSH trajectories neglect velocity rescaling when hopping between Floquet adiabatic sur-
faces. Thus, an AW trajecory can hop to the upper adiabat (the blue adiabatic potential
in Fig. 1) without worrying about energy conservation. Note that, according to Fig. 3, the
AW approach does outperform the WAF approach; see Fig. 2. However, the AW approach
is far less accurate than the WFA approach. In particular, Fig. 3(a) shows the AW approach
over-estimates the transmission probability on the upper adiabat (presumably because of the
lack of velocity rescaling). Furthermore, Fig. 3(b) demostrates that the asymptotic velocities
are also incorrect. Although this data necessarily relies on an F-FSSH implementation, all
together Fig. 3 strongly suggests that the AW approach to the F-QCLE as given in Eq. (27)

is not optimal—in agreement with the conclusions of Izmaylov et al.
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