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Chapter 1

Introduction

Stochastic noise is prevalent in a wide variety of systems, especially when the system behavior is
affected or controlled by phenomena on a nanoscale, molecular level, where thermal noise introduces
intrinsic variability in molecular interactions. Common examples of such phenomena are chemical or
biochemical reactions between small numbers of molecules, found in gene regulation, cell signaling,
or interfacial electrochemistry. Given the relevance of these processes in applications ranging from
bioremediation and bioenergy (bacterial behavior), biomedicine (immune system signaling), to elec-
trical storage (electrodes), effective tools are needed for the simulation and analysis of such Stochastic
Dynamical Systems (SDSs).

The intrinsic noise in these SDSs requires them to be modeled as continuous time, discrete state
Markov processes, with state probabilities evolving according to the master equation [35]. As the
models for such systems are often inferred from noisy observations of a subset of the system state,
at sparse instances in time, these SDSs generally also have large levels of parametric and model
uncertainties [16, 31], further complicating their simulation and analysis. The project discussed in
this report specifically focused on the development of methods for the simulation and analysis of
Stochastic Reaction Networks (SRNs), which model the behavior of a set of (bio)chemical reactions
between small numbers of molecules. The evolution of SRN state probabilities follows a specific
form of the master equation, generally referred to as the Chemical Master Equation (CME) [13].

While the CME provides a full description of the associated stochastic process, its solution is
computationally challenging except for the simplest of cases. For this reason, most studies have relied
on sampled time trajectories of the system state to examine the system behavior. Such trajectories can
be obtained exactly using the Stochastic Simulation Algorithm (SSA) [12], commonly referred to
as the Gillespie algorithm. For each sampled trajectory, the algorithm advances the system state
one reaction event at the time, by drawing the specific reactions and their time from appropriately
constructed distributions. Based on this fundamental simulation method, many advances have been
made over the years in both the simulation [1–3, 6, 10, 11, 17, 26] and analysis [15, 19, 25, 27, 28] of
stochastic reaction networks.

The first part of this report discusses the development of a reponse surface approach that is par-
ticularly robust to noise for uncertainty quantification and sensitivity analysis in high-dimensional
SRNs. The approach is applied to the analysis of the transition to competence in Bacillus subtilis,
based on SSA samples of system trajectories.

Beyond sampling, new approaches have recently become available to solve the CME directly,
made possible by advances in algorithms for finite state projection [22, 23], matrix exponentia-
tion [20, 21, 33], spectral representations [4, 8], and sparse quadrature [18]. The combination of
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these algorithms has led to dramatic speedups in the solution of the CME, enabling the study of small
SRNs by solving their CME directly. As the CME solution offers a full probability distribution of
the system states, rather than just samples, it is able to better capture low probability events, which
are often missed by sampling-based methods unless a prohibitively large number of samples is used.
While such a direct solution is still quite challenging, especially for systems with many molecular
species, this approach has been shown for small systems to be competitive with and complementary
to the SSA sampling based approaches (see e.g. [21]), and is poised to rapidly find a firm foothold in
the community.

The second part of this report discusses the development of a mixed discrete – continuum for-
mulation (discrete CME coupled with continuum Fokker Planck approximation), which speeds up
the simulation of SRNs by using the accurate, but costly, discrete CME only where needed. This
approach is complementary to, and can potentially be used along with the other approaches discussed
in the previous paragraph for accelerating the solution of the CME.
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Chapter 2

Response Surface Approach for Uncertainty
Quantification in High-Dimensional
Stochastic Systems

Stochastic systems with uncertain input parameters carry two major sources of uncertainty - the para-
metric uncertainty and the inherent stochasticity of the system. For the characterization and quantifi-
cation of the uncertainties in stochastic systems we employ Polynomial Chaos (PC) spectral expan-
sions. While the PC machinery is well-developed for deterministic systems, it is not as established
for stochastic systems. This work is a step towards filling the gap - a PC methodology is imple-
mented for the uncertainty quantification (UQ) in stochastic systems with emphasis on systems with
high-dimensional input and a strongly non-linear input-output relationship.

In high-dimensional models, construction of a PC expansion, or, equivalently, a response surface
representation of the output dependence on inputs, is challenged by the availability of simulation data.
Indeed, PC construction relies on a number of forward model simulations for various input parameter
settings. In a high-dimensional input space these input parameter samples generally cover the space
only sparsely, particularly for computationally costly stochastic systems. This brings yet another
source of uncertainty into the picture - the uncertainty associated with lack-of-knowledge. Bayesian
methods are generally well fit to handle such problems and quantify uncertainties associated with
the lack-of-knowledge in a consistent manner. We apply a Bayesian inference approach to infer PC
expansions that serve as a surrogate model or response surface for the relationship between uncertain
inputs and stochastic outputs. Such uncertain PC surrogate models can then replace the full model
in simulation-intensive studies, such as global sensitivity analysis, optimization or calibration. While
inputs of such PC models correspond to input uncertainties, the PC spectral coefficients themselves
are also uncertain due to both the intrinsic stochasticity and the lack-of-knowledge.

Furthermore, a potential drawback of polynomial-based response surface constructions is their
inherent smoothness assumption. In practice, strongly non-linear or even discontinuous input-output
forward models are very common. In this regard, we develop a data-driven, classification-based
approach that leads to a mixture of PC expansions, each of them acting on an input subdomain with a
sufficiently smooth output response.

We have demonstrated the methodology to the stochastic reaction network for noise-induced com-
petence transition in Bacillus subtilis, a gram-positive soil bacterium with relevance to bioenergy,
bioremediation and enchanced oil recovery [5, 14, 24, 30]. The developed techniques lead to a multi-
parameter spectral representation of the competence probability with respect to rate constants of in-
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dividual reactions of the network. Global sensitivity studies made possible by this approach revealed
the most important reactions in terms of their contribution to output uncertainty. This work has re-
cently been published in the IEEE Transactions on Computational Biology and Bioinformatics [29]
(see Appendix for the final electronic version).
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Chapter 3

Mixed Discrete – Continuum Modeling of
Stochastic Reaction Networks

This chapter covers the development of a novel, mixed discrete – continuum approach for simulating
stochastic reaction networks (SRNs). The motivation behind the approach is to use the discrete CME
formulation only for those parts of the system state space where discrete effects matter the most
and the CME is essential for accuracy (e.g. in the areas where some or all species are present in
small numbers of molecules). In the areas where species are present in large numbers of molecules,
a continuum Fokker Planck equation (FPE) approximation is applied instead. In areas where only
some species are present in sufficiently large numbers of molecules, a hybrid CME/FPE approach is
applied, using the discrete representation only for the species present in small numbers of molecules.

As the discretized FPE formulation can use grid sizes that are significantly larger than 1, especially
in areas where the probability mass gradients are small, the mixed CME – FPE approach can simulate
the full system with a much smaller system of equations than if the CME was used everywhere,
thereby reducing the computational cost considerably. Moreover, since the actual system of equations
to be solved has the same format as the system of equations that results from the pure CME approach,
approaches to accelerate the CME solution (such as finite state projection) should be applicable to the
system of equations resulting from the mixed CME – FPE approach.

The next sections first outline the CME, FPE, and hybrid CME – FPE formulations, followed by
a discussion of their implementation and testing on SRNs with two species.

3.1 Discrete CME Formulation
Consider an SRN with a d-dimensional state space: N = (N1, N2, . . . , Nd) ∈ Nd

0, where N0 denotes
the set of all non-negative integers. Denote the (jump, propensity) pairs by {(νi, wr(N ))}Rr=1, where
R is the number of all reactions. More specifically, N → N + νr with probability wr(N ) per unit
time.

The process is fully specified by the probabilities p(n; t) = P{N (t) = n} that evolve according
to the chemical master equation (CME):

d

dt
p(n; t) =

R∑
r=1

p(n− νr; t)wr(n− νr)−
R∑
r=1

p(n; t)wr(n). (3.1)

As a function of n, p(n; t) is called a probability mass function (PMF). Let us order, starting from
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index 0 for convenience. the PMFs of all possible states into one vector p(t). Denote the map from a
state to its index by i(·) : N → N. Then, the CME can be written in a matrix form

dp(t)

dt
= Ap(t), (3.2)

where

Akj =


δj,i(n)

∑
r:i(n−νr)=k

wr(n) when j 6= k

−δj,i(n)

∑
r

wr(n) when j = k
(3.3)

3.2 Continuous FPE Formulation
In the continuum representation, the discrete states are replaced by the continuous concentrations
x = n/V , where V is the system volume parameter. The propensities, the jump vectors and the
probabilities are also rescaled

w̄r(x) =
1

V
wr(n), ξr =

νr
V
, p̄(x; t) = V p(n; t). (3.4)

For the purposes of this text, the value of V is not relevant. Therefore, we will choose volume
units so that V = 1. Also, for notational simplicity, we will drop the bars. The context and the
arguments (discrete n,ν or continuous x, ξ) will resolve the ambiguity.

The Fokker-Planck equation (FPE) corresponding to the SRN introduced above is

∂p(x; t)

∂t
= −∇ · (f(x)p(x; t)) +

1

2
∇2(g(x)p(x; t)), (3.5)

where the drift vector and the diffusion matrix are defined by

f(x) =
R∑
r=1

ξrwr(x) and g(x) =
R∑
r=1

ξrξ
T
r wr(x). (3.6)

It is convenient to write FPE in a conservative form

∂p(x; t)

∂t
=

R∑
r=1

∇ · F (r), (3.7)

where

F (r) = ξr

(
−wr(x)p(x; t) +

1

2
ξr · ∇ (wr(x)p(x; t))

)
. (3.8)

3.3 Hybrid Approach: CME-FPE
Physical processes often operate at different scales in terms of the number of molecules involved.
For some processes, involving small numbers of molecules, the discrete CME approach is necessary
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to capture the reaction dynamics while for others, involving species present in large numbers of
molecules, the continuous FPE formulation is sufficient to resolve all dynamical scales.

In this section we introduce a formulation [34] that uses the discrete formulation for some species,
and the continuum approximation for others. Starting from eq. (3.1), we will split the original n into
the ensemble of species molecule numbers that require the discrete formulation, henceforth referred
to with the same notation n, andm the species are approximated by the continuum formulation

d

dt
p(n,m; t) =

R∑
r=1

p(n− νr,m− µr; t)wr(n− νr,m− µr)−
R∑
r=1

p(n,m; t)wr(n,m). (3.9)

In the next step we add and subtract p(n,m− µr; t)wr(n,m− µr) to the rhs of eq. (3.9)

d

dt
p(n,m; t) =

R∑
r=1

p(n− νr,m− µr; t)wr(n− νr,m− µr) (3.10)

−p(n,m− µr; t)wr(n,m− µr)

+
R∑
r=1

p(n,m− µr; t)wr(n,m− µr)− p(n,m; t)wr(n,m).

The first two terms in eq. (3.10) correspod to changes that will be approximated by the FPE formu-
lation while the second part will follow the discrete CME formulation. These can be cast in matrix
form as

d

dt
p(n,m; t) =

R∑
r=1

(A
(r)
FPE + A

(r)
CME) · p(n,m; t) (3.11)

3.4 Numerical Approach
This section outlines the numerical implementation of this approach for systems with two species and
a maximum jump size of 1 in each reaction.

3.4.1 CME
Figure 3.1 shows a schematic of the CME domain and its interfaces with the adjacent domains. The
locations of the states in the CME domains are shown with black circles and correpond to integer
species counts in the x and y directions respectively. The first couple of layers of states in the adjacent
domains are shown with open circles, blue for the hybrid CME-FPE domains, and red for the FPE
domain. A buffer layer of states, shown with filled grey circles is necessary to provide boundary
conditions for the time advancement of the solution inside the CME domain. The width of this buffer
layer is equal to the largest jump size in the kinetic model. For the models in the present study this is
equal to one.

Linear interpolations are used to fill in the probability values in the buffer layer. For the buffer
layer states in the hybrid CME-FPE region, shown with grey-filled blue circles in Fig. 3.1, one-
dimensional interpolation stencils are used. Bi-linear two-dimensional interpolation stencils are used
for the buffer layer states in the FPE region, shown with grey-filled red circles in Fig. 3.1.
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CME-x/FPE-y

FPE-x/CME-y

FPE

CME

Kx Kx

Ky

Ky

Figure 3.1: Schematic of the CME domain and its interfaces with the hybrid CME-FPE domains and
the FPE domain. The open black, blue, and red circles correspond to the CME, hybrid CME-FPE,
and FPE states, respectively. The grey-filled circles represent the buffer layer necessary to provide
boundary conditions to the CME system.

The time advancement of eq. (3.2) employs a second-order optimal Total Variation Diminishing
(TVD) Runge-Kutta scheme [32]:

p(1) = p(n) + ∆tAp(n)

p(2) = p(1) + ∆tAp(1) (3.12)

p(n+1) =
1

2

(
p(n) + p(2)

)
Here, p(n) is the probability at time tn, p(n+1) at time tn+1 = tn + ∆t, and A is given in eq. (3.3).

3.4.2 Hybrid CME-FPE
Figure 3.2 shows a schematic of the hybrid FPE-CME domains, labeled with FPE-x/CME-y and
CME-x/FPE-y, and their interfaces with the CME and FPE domains. For an explanation of the color
scheme used to represent states in different regions see captions for Fig. 3.1. Additionally, Fig. 3.2
shows states with blue-filled red circles, in a buffer layer required to provide boundary conditions for
the hybrid FPE-CME regions. The width of this buffer layer is equal to the largest jump size in the y−
and x−directions, respectively. The probabilty values are computed by linear interpolation between
the adjacent FPE and hybrid FPE-CME states.
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Figure 3.2: Schematic of the hybrid FPE-CME domains and interfaces with the CME and FPE do-
mains.

Figure 3.3 shows a detail of the FPE-x/CME-y region, used to illustrate the discretization of
eq. (3.10). In this region, state (i, j) is located at [(i+ 1/2)Kx, j] in the state space.

The first two terms in the rhs of eq. (3.10) are discretized along j lines using a FP approximation,

p(x− νr, y − µr)wr(x− νr, y − µr)− p(x, y − µr)wr(x, y − µr) (3.13)

≈ −ξr,x
∂

∂x
(−wrp(x, y − µr)) +

1

2
ξ2r,x

∂

∂x
(wrp(x, y − µr)) .

while the last two terms represent vertical “jumps” between states on j lines separated by the ap-
propriate jump sizes µr where r is the reaction index. The convection and diffusion terms in the FP
approximation (3.13) are discretized as follows
Convection

ξr,x
∂

∂x
(wrp(x, y − µr)) ≈

ξr,x
Kx

(
f
(n)
i+1/2 − f

(n)
i−1/2

)
(3.14)

The numerical fluxes f (n) are computed using a 2-nd order essentially non-oscillatory (ENO) recon-
truction of probabilties at mid-point locations, and using a Lax-Friedrichs flux-splitting approach to
avoid Gibbs phenomena [32]

f
(n)
r,i+1/2 = wr,i+1/2

(
p+i+1/2 + p−i+1/2

)
+ αr,i+1/2

(
p+i+1/2 − p

−
i+1/2

)
(3.15)

The probabilities at mid-point locations are constructed as following

p+i+1/2 =

{
3
2
pi − 1

2
pi−1 if |pi − pi−1| < |pi+1 − pi|;

1
2

(pi + pi+1) if |pi − pi−1| ≥ |pi+1 − pi|.
(3.16)
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+− +−

j − µr

j

j + µr

Figure 3.3: Schematic of the hybrid FPE-CME scheme inside the hybrid domain.

The Lax-Friedrichs damping constant α is computed as the maximum propensity wr for each reaction
over a region around the mid-point locations. The effect of the radius of this region, rα, on the solution
is discussed in Section 3.5.
Diffusion
The diffusion term contributions are computed using a 2-nd order finite difference stencil

1

2
ξ2r,x

∂

∂x
(wrp(x, y − µr)) ≈

2ξr,x
Kx

(
f
(n)
d,i+1/2 − f

(n)
d,i−1/2

)
(3.17)

where

f
(n)
d,i+1/2 =

(wrp)i+1 − (wrp)i
Kx

, f
(n)
d,i−1/2 =

(wrp)i − (wrp)i−1
Kx

(3.18)

The boundary conditions for the combined convection/diffusion flux at the left boundary, i = 0,
are set to ensure conservation for the transfer of probabilities between the CME domain and the
hybrid FPE-CME domain. The domain size is chosen large enough to ensure the probabilities for
large counts are small. Therefore, both convection and diffusion fluxes are set to zero on the right
boundary corresponding to the sketch shown in Fig. 3.3.

3.4.3 FPE Domain
The schematic in Fig. 3.4 describes the discretization of the convection and diffusion term, in the rhs
of eq. (3.5). The convection fluxes are discretized in a similar manner as the convection term in the
hybrid FPE-CME formulation. The ENO flux-splitting approach is applied sequentially for the x and
y components of the convection fluxes.

The diffusion components are based on a conservative approximation using the diffusion fluxes
calculated at edge centers, shown with black squares in Fig. 3.4

∇ · F r,d = ξr,x
∂

∂x

(
1

2
ξr · ∇ (wr(x)p(x; t))

)
+ ξr,y

∂

∂y

(
1

2
ξr · ∇ (wr(x)p(x; t))

)
(3.19)

≈
fd,i+1/2,j − fd,i−1/2,j

Kx

+
fd,i,j+1/2 − fd,i,j−1/2

Ky

. (3.20)

11



i− 1 i i+ 1

j − 1

j

j + 1

i− 1
2 i+ 1

2

j − 1
2

j + 1
2

Figure 3.4: Schematic of the computational mesh for the FPE domain. The red circles show the
location of the FP states while the black squares show the locations where FP fluxes are computed.

The diffusion fluxes at edge-centers are computed numerically using a 2nd order approximation

fd,i+1/2,j =
ξr,x
2

(
ξr,x

qi+1,j − qi,j
Kx

+ ξr,y
qi+1,j+1 + qi,j+1 − qi+1,j−1 − qi,j−1

4Ky

)
(3.21)

where q = wrp.
The boundary conditions for the combined convection/diffusion fluxes at the boundaries with the

hybrid CME-FPE domains are set to ensure conservation of probability mass crossing the boundary.
Vanishing fluxes are set at far-field boundaries.

3.5 Results and Discussion
Tests were conducted for two kinetic models, both involving two-species systems. The first system
involves five reactions modeling the creation of two metabolites, a reaction, and their destruction
[7, 9, 36]:

∅ kx−→ X, ∅ ky−→ Y (3.22)

X + Y
k2[x][y]−−−−→ ∅

X
µ[x]−−→ ∅, Y

µ[y]−−→ ∅

The propensities for the five reactions are given by w = {kx, ky, k2xy, µx, µy}T , while the jumps
ν (see also Section 3.1) are given by {(1, 0), (0, 1), (−1,−1), (−1, 0), (0,−1)}T . We adopted the
same values for the model parameters as in [9]: kx = ky = 0.6, k2 = µ = 0.001.

The second system models a circadian rhythm using two molecular species, the complex X and
the repressor Y , and 4 reactions:
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∅ w1−→ Y, Y
w2−→ ∅ (3.23)

Y
w3−→ X, X

w4−→ Y

The expressions for the propensities for the four reactions is provided below for completeness.
For more information on the derivation of this model see [36]

w1 =
βR
δMR

αRθR + α′RγRÃ(y)

θR + γRÃ(y)
(3.24)

w2 = δRy

w3 = γCÃ(y)y

w4 = δAx

where

Ã(y) =
1

2

(
α′Aρ(y)−Kd +

√
(α′Aρ(y)−Kd)

2 + 4αAρ(y)Kd

)
and

ρ(y) =
βA

δMA(γCy + δA)
, Kd = θA/γA.

The coefficients used in the circadian rhythm models are shown in Table 3.1.

αA 50 βA 50 γA 1 δA 1 θA 50
αR 0.01 βR 5 γC 1 δR 0.2 θR 100
α′A 500 γR 1 δMA 10
α′R 50 δMR 0.5

Table 3.1: Coefficients for the circadian rhythm model

3.5.1 Metabolite System: Comparison of FPE to CME
The results presented in this section correspond to simulations using a square computational domain,
0 ≤ x ≤ 200, 0 ≤ y ≤ 200. Figure 3.5 shows a comparison between several FPE simulations, shown
with red contours, with the baseline CME simulation shown with black contours. All simulations
were started from the same initial condition, a Gaussian blob in the center of the computational
domain. These results are used to determine the effect of rα used in the flux-splitting scheme on
the FP approximation. From the results presented in Fig. 3.5, this parameter had little effect on
the solution, when rα = 2 . . . 16 grid points around each computational grid. When the flux-splitting
constant α is computed using global maxima for propensities, rα = G, the solution looks significantly
diffused, in the lower right frame of Fig. 3.5.

The results shown in Fig. 3.6 are used to investigate the effect of the grid size used in the FP
approximation. As the grid size increases, going left to right and top to bottom in the frames, the
FPE solution shows increasing discrepancies compared to the CME solution. In other words, while
the FPE approximation provides a good solution in areas with many molecules, i.e. where discrete
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Figure 3.5: Contour plots of CME (black) and FPE (red) solutions at t = 1500. Frames are ordered
left to right and top to bottom. The FPE solutions correspond to rα = 2, 8, 16, G, respectively. The
grid size for all FPE solutions is ∆x = ∆y = 1. The contours levels corrspond to [0.1,0.3,0.5,0.7,0.9]
of the maximum FPE value in each frame.

behavior does not matter much, very small grid sizes would be needed to get a good solution in
areas with relatively few molecules. For some systems (not shown), the FPE approach does not give
reasonable accuracy even for grid sizes less than unity. Therefore, in order to get both good accuracy
and efficiency, a combination of CME-FPE approaches needs to be pursued.

Figure 3.7 shows the time evolution of the peak probability as a function of rα in the left frame
and of the grid size in the right frame. Results are consistent with conclusions based on the previous
two figures, with the grid size having a strong effect on the time evolution of the solution.

3.5.2 Circadian Rhythm System: FPE Simulations
The solution of the circadian rhythm model is higly sensitive to the numerical approach. The system
is cyclic for a number of periods until it reaches a fixed stable point. Figures 3.8 and 3.9 show select
snapshots of the solution obtained with the FPE scheme using rα = 5 and rα = 10, respectively. Both
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Figure 3.6: Contour plots of CME (black) and FPE (red) solutions at t = 1500. Frames are ordered left
to right and top to bottom. The FPE solutions correspond to ∆x = ∆y = 1, 2, 4, 8, respectively. The
spectral radius for all FPE solutions is rα = 2. The contours levels corrspond to [0.1,0.3,0.5,0.7,0.9]
of the maximum FPE value in each frame.

simulations used a computational domain 0 ≤ x ≤ 1800, 0 ≤ y ≤ 1800, a grid size ∆x = ∆y = 2 and
the initial condition was a Gaussian blob in the center of the computational domain. These snapshots
show that the magnitude of the probability field is significant in several regions of the computational
domain. The narrow region near y = 0 should be treated with the CME as discrete effects will
matter there, while the larger region near y = 400 could probably be treated with the continuum FPE.
This system should therefore be an appropriate demonstration case for the mixed CME-FPE solution
approach once its implementation is fully tested.

Figure 3.10 shows the time evolution of the circadian system modeled with FPE. The results in
this figure are used to determine the effect of the spectral radius rα in the flux-splitting scheme on the
cyclical dynamics. In both cases larger windows diminish the amplitude of the oscillations. These
observations are consistent with the results for the metabolite system. The grid size has a similar
effect, as illustrated in Fig. 3.11. While, eventually the system reaches a steady-state, larger grid sizes
and the flux-splitting approach have a dissipative effect and speed up this process.

15



0 500 1000 1500
time

0.000

0.001

0.002

0.003

0.004

P
m
a
x

CME
FPE,α=2

FPE,α=4

FPE,α=8

FPE,α=16

FPE,α=G

0 500 1000 1500
time

0.000

0.001

0.002

0.003

0.004

P
m
a
x

∆=1

∆=2

∆=4

∆=8

Figure 3.7: Time evolution of maximum probability in the computational domain. The left frame
shows FPE results for several spectral radii all for a grid size, ∆x = ∆y = 1. The right frame shows
rezults for several grid sizes, all for a spectral radius, rα = 2. The CME solution is shown with a
black line in both frames.

3.5.3 Canonical Test of Mixed CME-FPE Formulation
In this section we are showing numerical experiments performed to test the combined mixed CME-
FPE algorithms described in Sec. 3.4. These tests are used to investigate the conservation properties
of the numerical scheme and to verify its overall order of accuracy.

The computational domain consists of two 2D subdomains, corresponding to the ones marked
with CME and FPE-x/CME-y in Fig. 3.1. The CME subdomain covers 0 ≤ x ≤ 254, while
the FPE − x/CME − y subdomains extends until x = 1278. Both subdomains span the entire
y−direction, 0 ≤ y ≤ 511.

For these canonical tests we considered a kinetic model formed of the first two equations in (3.22)

∅ kx−→ X, ∅ ky−→ Y (3.25)

With the kinetic rates set to constants kx = ky = 6.0, symmetric in X and Y , and the initial condition
for the probability field set to a Gaussian blob centered at (150, 100), the true solution of this system
convects the initial probability mass at a 45o angle to the top-right. Figure 3.12 shows time dynamics
of this system for several grid sizes, Kx, in the FPE domain. The first frame, corresponding to the
initial condition, is only shown for Kx = 2 since all runs share the same starting point.

As the blob crosses the boundary between subdomains, see the second column in Fig. 3.12, the
contour lines remain smooth for all grid sizes, verifying that interface conditions between the discrete
and continuum formulations are set properly. As expected, at later times the solution corresponding to
larger grid sizes is more diffusive. For all grid sizes the solution remains conservative, i.e.

∫
D
p dv ≈ 1

to within machine precision during the entire simulation time.
We examine the empirical spatial order of accuracy as follows. First, we compute the L2 norm of
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Figure 3.8: Snapshots of the circadian rhythm system modeled using the FP approximation, using
∆x = ∆y = 2, and rα = 5. The time stamp for each snapshot is shown in the upper left corner. The
red to blue contour lines are based on the log of probability field, with red contours corresponding to
p ≈ 10−4, and blue contours to p ≈ 10−20.
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Figure 3.9: Snapshots of the circadian rhythm system modeled using the FP approximation, using
∆x = ∆y = 2, and rα = 10. The time stamp for each snapshot is shown in the upper left corner. The
red to blue contour lines are based on the log of probability field, with red contours corresponding to
p ≈ 10−4, and blue contours to p ≈ 10−20.

the difference between solutions on subsequently refined domains:

L2,Kx =
1

NKx

√∑
i,j

(pi,j,Kx − pi,j,Kx/2)
2

Here, the sum is taken over all grid points, NKx , in the simulation corresponding to Kx. The proba-
bility values for the simulation using Kx/2 are interpolated on the coarser grid corresponding to Kx

before computing the L2 norm. The convergence trend is then computed as

2γ =
L2,Kx

L2,Kx/2

(3.26)

The exponent γ is between 1.99 and 2.01 when testing sequences Kx = {1, 2, 4} and Kx = {2, 4, 8},
for several time frames after the solution crossed into the hybrid CME-FPE domain. This verifies that
the empirical spatial order of accuracy is 2-nd order, matching the theoretical order of accuracy for
the implemented discretization of the hybrid CME-FPE approach.
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Figure 3.10: Time evolution of maximum probability in the computational domain for several spectral
radii, rα. In left frame the grid size is ∆ = 2, while in the right frame, ∆ = 8.

The results presented in this section suggest that the proper combination of the CME and FPE
approaches presented in Sections 3.1-3.4 will reduce computational times by being able to use larger
grid sizes compared to the full CME formulation, while maintaining good accuracy. Tests of the full
formulation with 4 2D domains are currently ongoing and the performance of the developed approach
will be analyzed on the circadian rhythm system discussed in the previous section.
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Figure 3.11: Time evolution of maximum probability in the computational domain for several grid
sizes. All simulations use rα = 8.
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Figure 3.12: Snapshots of probability contours. Solution evolves from the CME domain to the mixed
CME-FPE domain. The FPE grid sizes are Kx = 2, 4, and 8 for the first, second, and third rows,
respectively. The first column corresponds to the initial condition at t = 0, second column to t = 15,
and third column to t = 30.
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Multiparameter Spectral Representation of
Noise-Induced Competence in Bacillus Subtilis

Khachik Sargsyan, Cosmin Safta, Bert Debusschere, and Habib Najm

Abstract—In this work, the problem of representing a stochastic forward model output with respect to a large number of input

parameters is considered. The methodology is applied to a stochastic reaction network of competence dynamics in Bacillus subtilis

bacterium. In particular, the dependence of the competence state on rate constants of underlying reactions is investigated. We base

our methodology on Polynomial Chaos (PC) spectral expansions that allow effective propagation of input parameter uncertainties to

outputs of interest. Given a number of forward model training runs at sampled input parameter values, the PC modes are estimated

using a Bayesian framework. As an outcome, these PC modes are described with posterior probability distributions. The resulting

expansion can be regarded as an uncertain response function and can further be used as a computationally inexpensive surrogate

instead of the original reaction model for subsequent analyses such as calibration or optimization studies. Furthermore, the

methodology is enhanced with a classification-based mixture PC formulation that overcomes the difficulties associated with

representing potentially nonsmooth input-output relationships. Finally, the global sensitivity analysis based on the multiparameter

spectral representation of an observable of interest provides biological insight and reveals the most important reactions and their

couplings for the competence dynamics.

Index Terms—Approximation, spectral methods, probability and statistics.

Ç

1 INTRODUCTION

BIOCHEMICAL models are most commonly described by
rate equations, i.e., by a system of ordinary differential

equations (ODEs) governing the time evolution of species
concentrations. This is merely a macroscopic approximation
that is accurate only if the relevant volume is sufficiently
large. For small volumes or small species numbers the
intrinsic stochastic noise due to random molecular collisions
becomes more significant, and a microscopic description
becomes necessary. Stochastic reaction networks (SRNs)
provide such a framework, representing the time evolution
of the species numbers as a discrete state, continuous-time
Markov jump process [1], [2]. Despite recent advances in
solving the governing chemical master equations (CMEs)
for the probability distributions of the species numbers (see,
e.g., [3], [4], [5]), simulation-based methods still serve as the
main analytical tools for analyzing the dynamics of the
system and their sensitivity with respect to the input
reaction rates. Specifically, the stochastic simulation algo-
rithm [6], [7] (SSA) provides a mechanism for the time
evolution of species numbers, effectively sampling the CME
solution and allowing its statistical analysis. One can obtain
statistical estimates of output quantities of interest by
sampling several SSA realizations.

Input parameters of stochastic reaction networks are

the rate constants and other auxiliary parameters involved

in the specification of reaction propensities. Usually, these

parameters are estimated empirically and can therefore

have large uncertainties. As a result, it is essential to be
able to perform a global sensitivity analysis, where large
ranges of parameter perturbations and their effect on the
output quantities of interest are investigated. Most of the
literature up to now has focused on local, derivative-based
sensitivity in stochastic reaction networks [8], [9], [10]. In
this work, we develop a rigorous approach to build a
response surface approximation of the output observables
with respect to the input parameters. This response
surface can serve as a surrogate model and be queried
instead of the full model in studies that require prohibi-
tively many simulations. It enables analyses such as global
sensitivity analysis, uncertainty quantification (UQ) and
propagation, optimization, as well as efficient calibration
of input parameters against available experimental data
associated with the model outputs. For example, when
experimental data are available, one can use Bayesian
techniques and Markov chain Monte Carlo (MCMC)
sampling to infer posterior probability distributions for
rate constants. However, MCMC generally requires
prohibitively many model simulations in order to obtain
adequate posterior samples. The response surface there-
fore can be invoked instead as a computationally afford-
able surrogate for the full model [11], [12].

The benchmark system in this work is the reaction network
of competence transition in Bacillus subtilis [13]. Competence
is a state of a cell that allows it to take DNA from the
environment, as opposed to a vegetative state. It is generally
believed that the transition from a vegetative state to a
competent one is driven by the intrinsic noise in the system
[13], [14], [15], [16]. However, these studies are typically
performed at fixed-parameter settings and do not generally
cover uncertainties associated with the lack-of-knowledge of
reaction rates. At least one group has looked at large
parameter perturbations [13], [14] analyzing, however, only
a couple of parameters at a time. Our goal is to investigate the
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reaction network at hand by building a multiparameter
surrogate or response surface that approximates the input-
output relationship over the range of variation of the
parameters and is queried for global sensitivity analysis.

There are several challenges that generic uncertainty
quantification or response surface methods face when
dealing with SRNs in general and the B:subtilis compe-
tence network in particular. First of all, many methods rely
on smoothness of the input-output relationship or forward
function. Therefore, the presence of leftover noise, even
after averaging over many realizations, renders these
methods infeasible in their conventional form. Similarly,
the nonlinear character of the forward function strongly
affects the convergence properties of smooth-basis repre-
sentations. Furthermore, reaction networks with many
reactions have a large number of rate constants or input
parameters. Again, since most of these parameters are
uncertain, one would like to perform uncertainty and
sensitivity analysis considering all these parameters.
Inevitably, the curse of dimensionality becomes an im-
portant issue—in order to explore the input parameter
space sufficiently well, one needs to sample SSA realiza-
tions in prohibitively many parameter regimes.

In this paper, we develop and implement a Bayesian
strategy to obtain a multidimensional response surface
representation of noisy forward functions given a limited
amount of training runs corresponding to a sampled set of
inputs. First of all, we rely on Polynomial Chaos (PC)
spectral expansions to represent the forward function as an
expansion in a polynomial basis. At this stage, we
effectively have a polynomial response surface fit, while
the PC framework allows for subsequent analysis with
nontrivial input parameter distributions. We extend pre-
vious work [17] to include larger parameter variabilities in
order to perform global sensitivity assessment. Also, while
employed in a lower dimensional setting in [17], orthogonal
projection on the polynomial basis in high dimensions
suggests the use of sparse quadrature methods to alleviate
the curse of dimensionality. However, with noisy forward
function evaluations, these methods are expected to fail due
to a lack of sufficient smoothness in the projected function.
Therefore, we adopt a Bayesian approach, where the PC
coefficients are inferred using the available, albeit noisy,
function evaluations. The Bayesian framework [18] is
particularly well suited for fitting problems with different
sources of noise and uncertainties. In this case, besides
parametric variability, there are also the intrinsic noise of
the system, as well as uncertainties associated with the lack-
of-sampling, i.e., with sparsity of the training set. The effect
of these uncertainties is reflected in the posterior distribu-
tion of the PC coefficients inferred from the training run
data, effectively leading to an uncertain response surface for
the output observable dependence on the input parameters.
We use conjugate priors to arrive at analytically tractable
posterior distributions.

The paper is organized as follows: Section 2 describes the
benchmark problem of competence dynamics in B:subtilis
with the noise-induced competence demonstration. Sec-
tions 3 and 4 are devoted to the general formulation of the
problem and the techniques we tackle the problem with.
Next, Section 5 describes some of the challenges associated
with the methods and the proposed improvements. Finally,
Section 6 focuses on the results, i.e., a 2D response surface

construction as a proof-of-concept and a higher dimensional
case involving the full set of the rate constants, enhanced by
a sensitivity-based parameter down selection. We then
draw some conclusions in Section 7.

2 STOCHASTIC REACTION NETWORK OF

COMPETENCE IN Bacillus Subtilis: ODE LIMIT

AND NOISE-INDUCED COMPETENCE

We explore the stochastic reaction network for competence
in Bacillus subtilis, which is a gram-positive soil bacterium.
Competence in this bacterium is a state that allows uptake
of external DNA, letting B: subtilis incorporate new genetic
material and thus increase its fitness [13], [15]. The reaction
network consists of 11 species and 16 reactions, summar-
ized in Tables 1 and 2, see [13]. The reaction network is
depicted in Fig. 1. We will sample the process using
Gillespie’s Stochastic Simulation Algorithm [6], [7], which
provides a practical mechanism of simulating the time
evolution of species molecule counts. The software package
StochKit2 has been used for SSA simulations [19] . The
transcription factor comK can be considered as an indicator
of competence. Competence is characterized by large
quantities of comK, as demonstrated in Fig. 2A. Further-
more, Fig. 2B shows sampled phase space trajectories of two
species, comK and comS. Clearly, as can be seen from the
log-plots, at the nominal parameter setting, there are two
basins of attraction in the phase space. The system spends
most of the time around the vegetative state with low
number of comK molecules with sporadic excursions to
high values, corresponding to the competent state.

In the limit of large system volume �, the intrinsic noise
can be neglected and the reaction network dynamics can be
approximated by an Ordinary Differential Equation (ODE)
system for the concentrations of the species. For comK and
comS concentrations, denoted by K and S, respectively, the
rescaled and dimensionless versions of the equations are

1

tK

dK

dt
¼ ak þ

bkK
n

�n0 þKn
� K

1þK þ S ��kK;

1

tS

dS

dt
¼ as þ

bsk
p
1

�p1 þKp
� S

1þK þ S ��sS;

ð1Þ

with the time rescaling factors

tK ¼
k�11 þ k12

NMecAk11k12
; tS ¼

k�13 þ k14

NMecAk13k14
; ð2Þ

while the rescaled concentrations are

K ! �k11

k�11 þ k12
K; S ! �k13

k�13 þ k14
S; ð3Þ

and the dimensionless parameters are [13]

ak ¼
k1k3

k7k12

NPconst
comK

NMecA
; bk ¼

k2k3

k7k14

NPcomK

NMecA
;

as ¼
k4k6

k9k14

NPconst
comS

NMecA
; bs ¼

k5k6

k9k14

NPcomS

NMecA
;

�0 ¼
kkk11

k�11 þ k12
; �1 ¼

ksk13

k�13 þ k14
;

�k ¼
k8ðk�11 þ k12Þ

k11k12
; �s ¼

k10ðk�13 þ k14Þ
k13k14

:

ð4Þ

2 IEEE/ACM TRANSACTIONS ON COMPUTATIONAL BIOLOGY AND BIOINFORMATICS, VOL. 9, NO. X, XXXXXXX 2012



We denoted by NX the total number of molecules X (in case
of MecA, this includes the complexes formed with comK
and comS). It is clear from the reactions that the total
molecule-counts of Pconst

comK, Pconst
comS, PcomK, PcomS, and MecA are

conserved quantities as no reaction alters their quantities.
Also note that in the nominal setting tK ¼ tS , i.e., comK and
comS vary at the same scale.

Next, in order to separate out the large-scale dynamics of
the system from smaller scale fluctuations that are due to
the intrinsic noise, we will change parameters in the
discrete stochastic system in a way that keeps the under-
lying ODE dynamics the same. For example, one can
change the parameters k1 (constitutive transcription of
comK), k2 (regulated transcription of comK), and k3

(translation of comK) such that the products k1k3 and k2k3

remain constant, ensuring that the corresponding ODE

equations remain the same; see (4). If one increases the

translation rate k3 by a factor and reduces the transcription

rates k1 and k2 by the same factor, the ODE dynamics

remains the same, while the noise level in the system

increases. In other words, transcription and translation

balance the large scale ODE dynamics, while making a

difference to the small scale fluctuations. On the logarithmic

scale this corresponds to the exploration of the 3D input

parameter space ðlog k1; log k2; log k3Þ along the line

log k3 ¼ C1 � log k1 ¼ C2 � log k2; ð5Þ
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TABLE 1
The Set of Reactions in the Model

� is a factor, proportional to the volume and is set to � ¼ 1 nM�1. The Hill functions fðK; k2; kk; nÞ ¼ k2K
n

kn
k
þKn and gðK; k3; ks; pÞ ¼ k3k

p
s

kpsþKp , where K is the

comK molecule-count, approximate the transcription dynamics of comK and comS, respectively, bulking several component reactions into a single

one. �The nominal value in our studies is adjusted to 0:001s�1 in order to enable two-sided parameter domain exploration.



for some constants C1 and C2. Specifically, these constants

were chosen to ensure the line goes through the nominal

values, i.e., Ci ¼ log ~ki þ log ~k3, for i ¼ 1; 2. Here and there-

after, the nominal value of a parameter will be denoted by a

tilde notation.
Fig. 3 shows the trajectories for three parameter settings

along the line described by (5). In particular, we illustrate the

nominal setting and two settings with higher or lower

intrinsic noise, corresponding to a change in k3 by a factor of

1.2. These settings share the same ODE dynamics, also

illustrated in Fig. 3, while the increased noise level generates

more transitions to competence due to sporadic large jumps

of the comK molecule-counts into the competence regime,

generally confirming conclusions found in the literature [13].
The perturbation analysis in this section corresponds to

tailored parameter modifications, since parameters were

perturbed along the line from (5) in a 3D space. This was

done primarily to emphasize the effect of intrinsic noise in

the system. However, given reasonable domains for

perturbation of each parameter, one needs to carry out a

full predictability analysis in the parameter space that

accounts for all possible parameter combinations, i.e., in a

hypercube that is the product space of single parameter

domains. In the next section, we develop a general strategy

for multiparameter response surface construction that
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TABLE 2
Description of the Species Involved in the Reaction Network, as Well as the Initial Molecule-Counts Used for SSA Simulations

Note that the total concentration of promoters, messengers, as well as protease MecA, stay constant according to the reaction network described in
Table 1.

Fig. 1. The reaction network of the competence dynamics in B:subtilis. Species ComS and ComK compete for degradation by the MecA complex.
Also note the positive transcriptional feedback loop of comK and the negative feedback loop in which ComK indirectly inhibits expression of ComS.



allows efficient exploration of the full, high-dimensional
parametric space.

3 POLYNOMIAL CHAOS RESPONSE SURFACE

CONSTRUCTION FOR COMPETENCE PROBABILITY

Let us take the probability of competence Pc in the steady
state (i.e., excluding the initial transient period) as our
output quantity of interest. Specifically, we choose a
threshold value of 5,000 and assume that competence is
characterized by K ¼ NcomK > 5;000 where K is the number
of comK molecules. Writing the time dependence explicitly,
we can estimate the true value of Pc by

Pc � Z ¼
1

tf � ts

Z tf

ts

IIKðtÞ>5;000dt; ð6Þ

where IIS is equal to one if the statement S is true, and
vanishes otherwise. For each replica simulation, the quantity
in (6) is computed as the fraction of time the comK molecule-
count KðtÞ is above the threshold 5,000, between the starting
time ts to lose the initial condition dependence, and the final
time tf . Unless otherwise noted, these time values are set to
ts ¼ 2 � 105 sec and tf ¼ 106 sec. Each realization will
produce an estimate Z of the true probability of competence
Pc, the discrepancy being due to both intrinsic stochasticity
and the finite time window. In parameter regimes with
frequent competence events, the finite time window ðts; tfÞ is
sufficiently large to estimate the competence fraction
reliably. In parameter regions with rare competence events,

the chosen time window may not be large enough to reliably

estimate the competence probability in each individual

realization. However, as we describe below, replicating the

simulations and averaging the competence time fraction

over an ensemble of many time windows effectively

enlarges the overall time horizon and produces more reliable

competence probability estimates.
PC spectral expansions [20], [21] will be employed to

represent the dependence of Pc on the input parameter

vector �� ¼ ð�1; . . . ; �dÞ consisting of reaction rate constants.

In the present context, �� is treated as a random vector with

independent components that have arbitrary distributions.

We approximate both input and output random variables in

terms of an expansion with respect to an orthogonal set of

polynomials of specific standard random variables. In this

work, we will employ Legendre-Uniform (LU) PC expan-

sions. The LU PC expansions can simply be interpreted as a

response surface or a polynomial fit, since they minimize an

L2 functional without any bias with respect to the location

of input values. The Legendre polynomial with a multi-

index pp ¼ ðp1; p2; . . . ; pdÞ is a multivariate polynomial

function of d variables ð�1; �2; . . . ; �dÞ ¼ �� defined by

�ppð��Þ ¼  p1
ð�1Þ p2

ð�2Þ � � � pdð�dÞ; ð7Þ

where  pið�Þ is the standard 1D Legendre polynomial of

degree pi, for i ¼ 1; 2; . . . ; d. By convention, the sum of all

degrees p1 þ p2 þ � � � þ pd is called the order of the multi-

variate Legendre polynomial �ppð��Þ.
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Fig. 3. Three different sets of runs of the stochastic system sharing the same ODE limit (dashed line). The left plot corresponds to the smaller noise
level, while the middle plot is the nominal run, and the right plot illustrates sample realizations with the highest noise level.

Fig. 2. A hundred sample realizations at nominal parameter values. (A) The number of comK molecules versus time, (B) The phase space of comK
and comS molecule-counts.



The input parameter vector �� is related to the Uniform

[-1,1] random variable vector �� by the inverse cumulative

distribution function (CDF) F�ið�Þ of each input parameter

(given that they are independent by construction)

�i ¼ F�1
�i

�i þ 1

2

� �
; for i ¼ 1; 2; . . . ; d: ð8Þ

For example, if �i is assumed uniform on ½ai; bi�, then

�i ¼
ai þ bi

2
þ bi � ai

2
�i: ð9Þ

Note that when input parameters are dependent, one can

employ the Rosenblatt transformation [22] to map the

dependent input parameter vector �� to a vector of i.i.d.

uniform random variables ��. The transformation is essen-

tially a multidimensional generalization of the CDF trans-

form (8) and has been applied in a similar context to a

climate land model [23].
Given the map from (8), which is denoted by �� ¼ gð��Þ,

the dependence of the output Pc on the input parameter

vector �� is encapsulated in a polynomial chaos expansion

Pcð��Þ � yccð��Þ �
XK
k¼0

ck�kð��Þ; ð10Þ

where the scalar subscript k corresponds to the graded

lexicographic ordering of the multi-indices pp [24]. The

truncation of the above series is chosen according to the

order of polynomials. The expansion in (10) retains only

polynomials of order up to l, i.e., p1 þ p2 þ � � � þ pd � l,
where K þ 1 ¼ ðdþ lÞ!=ðd!l!Þ is the total number of terms.

The problem of building the response surface that

represents the input-output relationship now reads as

follows: given training runs at M parameter locations, with

Rm replica simulations at each parameter location ��m ¼
gð��mÞ for m ¼ 1; . . . ;M, find the coefficients or PC modes

cc ¼ ðc0; c1; . . . ; cKÞ of the PC expansion in (10). See Fig. 4 for

illustration of the available training runs, where Z ¼ Pc is

the output observable.

Whenever necessary, we will use the tilde notation ~�� ¼
gð~��nÞ for n ¼ 1; . . . ; N , where N ¼

PM
m¼1 Rm, to reindex the

parameter locations that are not necessarily distinct. Also,
for clarity of presentation, in all the test cases discussed in
this paper, the number of replicas is kept the same for all
parameter settings, i.e., Rm ¼ R for m ¼ 1; 2; . . . ;M,
although this is not required.

For each parameter location, the best guess of the
observable would be the data average ym ¼ 1

Rm

PRm

r¼1 Zm;r.
The averages ym will still be away from the true value
Pcð��mÞ due to finite sampling. By the Central Limit
Theorem (CLT), the data averages ym will be normally
distributed with a variance that is smaller than that of the
raw data Zm;r by a factor of

ffiffiffiffiffiffiffi
Rm

p
.

Orthogonal projection approaches that are based on
quadrature integration can efficiently find the PC coeffi-
cients cc by making use of the polynomial bases orthogon-
ality. In high dimensions, one has to implement sparse
quadrature integration in order to alleviate the so-called
curse of dimensionality [25]. However, while well suited for
smooth and deterministic functions, these methods are
infeasible in the stochastic context, since the sparse
quadrature integration suffers from a noise amplification
due to negative weights. Instead, we employ a Bayesian
approach that provides a probabilistic answer with any
number of training simulations located arbitrarily in the
parametric space. It works well with intrinsically stochastic
systems and leads to an uncertain response surface
representation, the uncertainty being associated with lack-
of-knowledge, i.e., with the finite sampling. While in
general Bayesian methods are computationally demanding,
we employ conjugate prior and Gaussian likelihood
constructions in order to arrive to an analytically tractable
joint posterior distribution for the PC modes. The next
section details this Bayesian inference methodology.

4 BAYESIAN INFERENCE OF POLYNOMIAL CHAOS

COEFFICIENTS

Bayesian methods are well suited for dealing with un-
certainties from different sources, from intrinsic noise in the
system to parametric uncertainty and experimental errors,
see [18], for example. Here, we will outline and argue for a
Bayesian inference approach to obtain PC representation in
(10) with uncertainties given a number of forward model
runs—training runs—at arbitrarily distributed parameter
locations. The approach relies on Bayes’ formula

P ðMjDÞ ¼ P ðDjMÞP ðMÞ
P ðDÞ ; ð11Þ

where M is the PC model, i.e., it is identified with the
polynomial yccð�Þ or the coefficient vector cc, while D is the
available data or the available model simulation results.
The prior probability P ðMÞ and the posterior probability
P ðMjDÞ represent degrees of belief about a model M
before and after the data are available, respectively. The
evidence P ðDÞ does not depend on M and is simply a
normalizing constant if one is only interested in inferring
the model parameters. The evidence becomes important in
model comparison studies, described in Section 5.2. The key
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Fig. 4. Illustration of the available training data set. In this example, the
number of distinct input parameters is set to M ¼ 5. At each parameter
location there are Rm ¼ R ¼ 13 replica simulations, with the averages
marked by a cross symbol.



concept in Bayes’ formula is the likelihood of the data set,
viewed as a function of the model, P ðDjMÞ ¼ LðMÞ. Let us
rewrite Bayes’ formula in the present context of the PC
model from (10)

qðccÞ / LDðccÞpðccÞ; ð12Þ

where pð�Þ and qð�Þ are prior and posterior multivariate PDFs
for the PC coefficients, respectively. The likelihood function
LDðccÞ represents the likelihood of the data given the model,
expressed in terms of the discrepancy between the training
data (available model simulation results) and the PC model.

The mean of the data Zm;r and its variance at the mth
parameter location are, respectively,

ym ¼
1

Rm

XRm

r¼1

Zm;r; ð13Þ

and

s2
m ¼

1

Rm � 1

XRm

r¼1

ðZm;r � ymÞ2: ð14Þ

The Central Limit Theorem suggests a Gaussian dis-
tribution, with variance E ¼ s2

m=Rm, for the distance
between the true mean and the data mean ym. As such,
the likelihood can be written as:

LDðcc; vvÞ ¼
1

ð2�ÞM=2QM
m¼1 �m

exp �
XM
m¼1

�
ym � yccð��mÞ

�2

2�2
m

 !
;

ð15Þ

where vv ¼ ð�2
1; . . . ; �2

mÞ are the variances at each parameter
location. It is a parameter vector of the likelihood and will
be inferred as hyperparameter vector along with the main
object of inference, the vector of PC coefficients cc. The
vector of variances vv is equipped with its own prior
reflecting our knowledge vvm � s2

m=Rm, and, consequently,
we replace the simple Bayesian formulation in (12) with a
more general one

~qðcc; vvÞ / LDðcc; vvÞpðccÞp̂ðvvÞ; ð16Þ

where the joint posterior ~qðcc; vvÞ will subsequently be
marginalized over the hyperparameter vector vv to obtain
the posterior qðccÞ for the object of inference, i.e., model
parameter vector cc:

qðccÞ ¼
Z 1

0

~qðcc; vvÞdvv: ð17Þ

For general likelihood functions and prior distributions,
one obtains the posterior distribution by actually sampling
from it using MCMC techniques [26], [27]. However, with a
Gaussian likelihood in (15) and appropriate prior distribu-
tions there is an analytic form for the posterior distribution.
With no information on values of PC coefficients, it is
reasonable to assume independent uniform priors on each
coefficient ck (with infinite domain, i.e., this prior is
improper), while the inverse-gamma family of distributions
IGð�m; �mÞ offers sufficient flexibility for positive-valued
distributions, at the same time allowing for analytical
tractability, and reads as

p̂ðvvÞ ¼
YM
m¼1

p̂ð�2
mÞ ¼

YM
m¼1

��mm
�ð�mÞ

ð�2
mÞ
��m�1e

��m
�2
m ; ð18Þ

one obtains the joint posterior for ðcc; vvÞ:

~qðcc; vvÞ /
YM
m¼1

1

�m
exp �ðym � yccð��mÞÞ

2

2�2
m

 !

	 ��mm
�ð�mÞ

ð�2
mÞ
��m�1e

��m
�2
m:

ð19Þ

Marginalizing over the hyperparameter vector vv leads to

the following marginal distribution for the PC coefficient

vector cc :

qðccÞ /
YM
m¼1

�ð�m þ 1=2Þ
�ð�mÞ

��1=2 1þ ðym � yccð��mÞÞ
2

2�m

 !�mþ1=2

:

ð20Þ

In the following, we describe how to select values for

ð�m; �mÞ. The available data set D carries very little

information on the values of variances �2
m, rendering the

inference of vv challenging. At the mth parameter location

one can compute the variance estimate s2
m from (14).

However, it is the only information we have about the true

value �2
m. Hence, a certain degree of regularization is

needed. Namely, carefully picked prior parameters ð�m; �mÞ
will restrict the range of �2

m for each m ¼ 1; 2; . . . ;M. The

following informal arguments help in the selection of

parameters �m and �m that are consistent with the single

known value s2
m of the sample variance of Rm replicas. The

coefficient of variation, i.e., the ratio of the standard

deviation to the mean, of a IGð�m; �mÞ random variable is

1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�m � 2
p

, while the coefficient of variation of a sample

variance, viewed as a random variable, is 2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Rm � 1
p

, for

normal random variables. This suggests a rule-of-thumb

choice of �m:

�m ¼
Rm þ 3

2
: ð21Þ

Furthermore, the most likely value for a single sample from

an IGð�m; �mÞ distribution is the mode of that distribution

�m=ð�m þ 1Þ. Therefore, a reasonable choice for �m, given a

single sample variance estimate for each m, s2
m, would be

�m
�m þ 1

¼ s2
m

Rm
due to CLT; and; given ð21Þ;

�m ¼ s2
m

Rm þ 5

2Rm
:

ð22Þ

As an illustration, Fig. 5 demonstrates several prior

distributions for s2
m ¼ 0:1 and various Rm. Clearly, for large

values of Rm the prior for �2
m is quite narrow, the limiting

case Rm !1 being equivalent to fixing the hyperpara-

meters to values derived from the sample variance, i.e.,

s2
m=Rm. In this case, we have the simple Bayesian formula-

tion (12) with a likelihood
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LDðccÞ ¼ LDðcc; ss2Þ

¼ 1

ð2�ÞM=2QM
m¼1ðsm=

ffiffiffiffiffiffiffi
Rm

p
Þ

exp �
XM
m¼1

ðym � yccð��mÞÞ
2

2s2
m=Rm

 !
;

ð23Þ

and uniform priors on each ck. This formulation leads to a

multivariate normal posterior distribution

cc 2 MVNðð��TQQ�1��Þ�1��TQQ�1yy|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
		

; ð��TQQ�1��Þ�1|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
��

Þ; ð24Þ

where �� is an M 	 ðK þ 1Þ matrix with elements ��mk ¼
�kð��mÞ and QQ is a diagonal matrix with entries Qmm0 ¼

m;m0Rm=ð2s2

mÞ. The maximum a posteriori (MAP) value for

the object of inference cc coincides with the maximum

likelihood estimate (MLE), since the priors are uniform,

		cc ¼ ð��TQQ�1��Þ�1��TQQ�1yy; ð25Þ

and it is also the solution of a weighted least squares

problem

argmin
cc

XM
m¼1

ðym � yccð��mÞÞ
2

2s2
m=Rm

: ð26Þ

Note that it can be shown that the solution in (20) of the

hierarchical Bayesian formulation from (16) converges to

the multivariate normal posterior distribution outlined in

(24) in the limit Rm !1 and ð�m; �mÞ picked according to

(21) and (22).
Furthermore, having obtained a probabilistic representa-

tion (24) of PC coefficients cc, one can conclude that the

output representation

yccð��Þ ¼
XK
k¼0

ck�kð��Þ; ð27Þ

is a Gaussian process with mean function

mð��Þ ¼
XK
k¼0

		k�kð��Þ; ð28Þ

and covariance

Cð��; ��0Þ ¼
XK
i;j¼0

�ið��Þ��ij�jð��0Þ: ð29Þ

In other words, our final representation is an uncertain
response surface, the uncertainty being a direct conse-
quence of the posterior distribution of the PC modes. The
more training samples are taken, the narrower the posterior
distribution is, since it is associated with the lack-of-
knowledge in the Bayesian framework.

We note that one can build multiple response surfaces
for multiple output quantities of interest, as long as these
quantities are evaluated at the training points. One also can
lump a family of outputs into a single one, if they are
related through a parameter. For example, the competence
transition threshold value of Cthr ¼ 5;000 is somewhat
arbitrary. To study the influence of the choice of this
threshold, one could treat Cthr as an additional input
parameter to construct the response surface over, thereby
enabling the analysis of the output quantities with respect
to the chosen threshold value.

5 CHALLENGES AND POSTPROCESSING

In this section, we will briefly discuss some of the general
issues with the PC representation in (10) and specific
challenges associated with the SRN of competence in
B:subtilis.

5.1 Choice of the Input Points and PC Order

The multivariate polynomial in (10) has K þ 1 ¼ ðdþ
lÞ!=ðd!l!Þ terms, where l is the truncation order. Typically,
the Bayesian solution formulated in Section 4 exists only if
the number of distinct input points is larger than the
degrees of freedom in the polynomial representation, i.e.,
M > K þ 1. For a given number of input points, the choice
of an appropriate order is crucial, because with only a
limited number of training evaluations, one needs to avoid
overfitting, when M is too close to K þ 1. In this work, we
will simply set aside a set of input values for validation
tests. Specifically, for high-dimensional problems, these
validation points are chosen randomly according to a latin
hypercube sampling (LHS) to fill in the space reasonably
well. The outcome of the validation tests will serve as an
error measure of the particular polynomial representation.
Ideally, one could infer polynomial expansions of increas-
ing orders to a given data, and then choose an order that is
near the “elbow” of the error-versus-order graph, i.e.,
where the error starts to decrease at a much slower rate.
Alternatively, the choice of the order can be driven by a
given threshold—whenever the error is not small enough,
the order of the representation should be increased.
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Fig. 5. Demonstration of inverse gamma probability distributions with parameters � and � picked according to a given replica number, R, and
s2 ¼ 0:1, using (21) and (22). The subscript m is dropped for clarity of presentation.



5.2 Error Measure

A commonly used error measure is the relative L2 error

between the true function and its representation, i.e.,

kPcð��Þ � yccð��Þk2

kPcð��Þk2

: ð30Þ

However, the norm in the numerator is difficult to compute

with quadrature integration: it either suffers from the curse

of dimensionality (full tensor product) or is extremely

inaccurate due to the noise in computing estimates of Pcð��Þ
(sparse quadrature). Therefore, we estimate the norms via

LHS. Specifically, denote by V ¼ f��igNV

i¼1 a set of randomly

chosen input points obtained via LHS. The error measure of

a particular representation

Pcð��Þ � yccð��Þ �
XK
k¼0

ck�kð��Þ; ð31Þ

is taken to be

Eðcc;V Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNV

i¼1 Pcð��iÞ � yccð��iÞð Þ2PNV

i¼1 Pcð��iÞ
2

s
; ð32Þ

where Pc is the competence probability estimate computed
according to (6). In other words, we take the relative l2
distance between the actual function evaluations and the
representation at given validation points. Note that the
cardinality NV of the validation set V should not be too
large for expensive forward functions as Pcð��iÞ itself is
estimated via replica simulations at an input location ��i, for
i ¼ 1; 2; . . . ; NV . Also, we typically compute the error with
two or three different validation sets to gauge confidence in
the estimate and ensure that NV is sufficiently large to
produce a reliable estimate. Using replica validation sets is
particularly important, since the accuracy of the error
measure is also limited by the leftover noise in function
evaluations Pcð��iÞ.

5.3 Constrained Output Values: Mapped PC
Expansion

The probability of competence in B:subtilis is restricted to
the range ½0; 1�. Due to the oscillatory nature of polynomials,
such a physical limit is hard to enforce with PC expansions.
In such cases, a transformation to a real line ensures that the
polynomial-based representation does not leave the physi-
cal bounds of the observable of interest. To ensure that the
representation with a polynomial basis is in the interval
½0; 1�, we employ a map H : ð�1;þ1Þ 7! ½0; 1� and its
inverse H�1ð�Þ by

~y ¼ HðyÞ ¼ e�y

e�y þ ey ; and

y ¼ H�1ð~yÞ ¼ log
~y

1� ~y

� �
;

ð33Þ

such that ~y is guaranteed to be in ½0; 1�, regardless of the

range in y. The final representation now takes the form

ŷ ¼ H
XK
k¼0

ck�kð��Þ
 !

: ð34Þ

Therefore, effectively we look at H�1ðpÞ as our model

output, where p is the probability of competence. Due to

this transformation, the global sensitivity indices computa-

tion is not as straightforward as for a plain polynomial

expansion, but Monte-Carlo sampling still allows estimat-

ing these indices.

5.4 Nonsmooth Output Behavior: Piecewise or
Mixed PC Expansions

While exploring the input parameter space, the output Pc
varies between a fully vegetative (Pc ¼ 0) and fully

competent (Pc ¼ 1) state, often with a sharp transition in

between. Generally, such nonlinearities are challenging

polynomial surrogates. Typically, input domain decompo-

sition techniques serve as a remedy against discontinuous

or strongly nonlinear output behavior [28], [29], [30].

However, with only limited number of sample runs

available in high dimensions, domain decomposition is

not straightforward. Naive domain splitting algorithms do

not scale well to high dimensions. Below we propose a

clustering-based classification approach that classifies input

points according to their corresponding outputs and then

generates a piecewise PC construction. Such clustering

techniques are generally introduced in [31], where the

authors developed methods for input clustering that take

into account output values to enhance functional represen-

tations. In our case, clustering will be purely based on the

output values, in order to separate out the plateaus Pc ¼ 0

and Pc ¼ 1 in the forward function. In general, assume that

the input sample point set S is divided into L clusters

S1; . . . ;SL according to the criterion based on the corre-

sponding output values. In each cluster, one has a global PC

(or mapped PC) expansion

P ðlÞc ð��Þ ¼
XK
k¼0

c
ðlÞ
k �kð��Þ; for l ¼ 1; . . . ; L: ð35Þ

In particular, for the representation of the probability of

competence, the input parameter space is naturally divided

into three regions: fully vegetative (Pc ¼ 0), fully competent

(Pc ¼ 1) or neither of those (0 < Pc < 1). The first two

regions, clearly, are represented by a constant, or zeroth

order PC, while the more meaningful, transition region is

represented by PCs of increasing orders until the error is

satisfactory. Since the two other PCs are trivial, we will refer

to the order of this “middle” PC as the order of the expansion.
In predictive mode, for an unknown ��, we combine these

expansions according to a nearest neighbor search in the

input space:

Pcð��Þ ¼ P ðlÞc ð��Þ; if nn1ð��Þ 2 Sl; ð36Þ

where nn1ð��Þ denotes the (first) nearest neighbor of ��

according to the Euclidian distance in the input space.
For a representation that is smoother if sufficiently many

training runs are performed, one can generalize this

piecewise PC construction by taking multiple nearest

neighbors into account to obtain a mixture of appropriately

weighted PC expansions in the following way:
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Pcð��Þ ¼
Xk
i¼1

wðiÞð��ÞP ðlðiÞÞc ð��Þ; ð37Þ

where lðiÞ is the cluster corresponding to the ith nearest
neighbor of �� and the weights are chosen according to the
inverse distance

wðiÞð��Þ ¼ d�1ð��; iÞPk
i¼1 d

�1ð��; iÞ
; ð38Þ

i.e., d�1ð��; iÞ is the inverse of the distance from �� to its ith
nearest neighbor. It can be verified that for k ¼ 1 case, the
mixed PC expansion in (37) reduces to the piecewise PC
formulated in (35).

5.5 Variance-Based Sensitivity Indices

After the PC representation in (10) is built with respect to a
range of input parameter variations, one can extract
sensitivity information according to a variance decomposi-
tion [32]. The main effect sensitivity indices Si are defined
as

Si ¼
Var½IEðyccð��Þj�iÞ�

Var½yccð��Þ�
; ð39Þ

for i ¼ 1; . . . ; d, while the joint sensitivity indices Sij are

Sij ¼
Var½IEðyccð��Þj�i; �jÞ�

Var½yccð��Þ�
� Si � Sj; ð40Þ

for i; j ¼ 1; . . . ; d. These indices are also called Sobol
indices [33]. The variances in the numerators of (39) and
(40) are with respect to the fixed variables �i or ð�i; �jÞ,
while the expectations are with respect to the rest of the
variables. The sensitivity index Si can be interpreted as the
fraction of the variance in the output that can be attributed
to the ith input only. Similarly, Sij is the variance fraction
that is due to the joint contribution of ith and jth inputs
only. One can similarly define joint sensitivity indices for
multivariate couplings as well. By definition, all the indices
sum up to one, enabling fair comparison between main
effect and joint sensitivity indices. Although simple
analytical expressions for Si and Sij are available in terms
of PC coefficients ck, we will estimate these indices via
Monte-Carlo sampling, in light of the adjustments to the
PC representation outlined in Section 5.4.

6 RESULTS AND DISCUSSION

In the 2D analysis, described below, we will vary the
constitutive transcription rates for comK and comS,
respectively, i.e., parameters k1 and k4, since preliminary
studies as well as previous work by Suel et al. [13]
suggested that these are very important parameters. In the
subsequent 18D analysis the input parameter vector will
contain almost all reaction rate parameters (all except n and
p, see Table 1). In order to enforce positivity, the logarithms
of rate constants are considered as input rather than the rate
constants themselves.

6.1 2D Analysis

Let us consider a 2D case to illustrate the uncertain response
surface construction, outlined in Section 3. The two input

parameters for uncertainty analysis are chosen to be the rate
constants k1 and k4. These are the constants analyzed in [13].
First, to illustrate the dependence of the competence
dynamics on the selected input parameters, we show the
contour plot of the dependence of the competence fraction
on the two selected input parameters; see Fig. 6. The input
parameters are perturbed in the logarithmic scale, by a factor
of f ¼ 5. That is, the input domain of interest is
½1f ~k1; f ~k1� 	 ½1f ~k4; f ~k4�, where the nominal values are denoted
with a tilde. In the logarithmic scale, clearly, this corre-
sponds to having the nominal values in the center of the
domains, i.e., �1 ¼ log k1 ¼ log ~k1 þ �1 log f and �2 ¼ log k4 ¼
log ~k4 þ �2 log f for �1; �2 2 ½�1; 1�. Note that the contour
plots indicate that large portions of the input domain
correspond to purely vegetative (Pc ¼ 0) or purely compe-
tent (Pc ¼ 1) regimes. Also, the output Pc is physically
constrained to be in ½0; 1�. Therefore, we apply the mapping
and clustering techniques described in Section 5.4. Fig. 7
demonstrates the maximum a posteriori response surface fit
resulting from a fourth order expansion of the mapped
output enhanced with nearest neighbor clustering-based
polynomial mixture methodology, which clusters out values
that are exactly 0 and 1, i.e., it represents them with a
constant “polynomial” fit. The number of training para-
meter locations is set to M ¼ 200, while at each location we
simulated R ¼ 100 replicas of the model to obtain an
estimate of Pc.

Fig. 8 demonstrates the relative l2 error reduction, with
respect to a number of training points for a fourth order
polynomial case, and with respect to the polynomial order
for a fixed number of training points M ¼ 200, respectively.
The details of the error computation are given in Section 5.2.
Since the error is computed relying on a Monte-Carlo set of
1,000 validation samples with R ¼ 100 replica SSA simula-
tions per sample, we replicated the error computation three
times to have some confidence in the estimate. The resulting
5 percent relative error is approximately of the order of the
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Fig. 6. Demonstration of the output dependence on the two selected
input parameters. The results are based on M ¼ 200 sampled
parameter locations with R ¼ 100 replica simulations at each parameter
value.



data noise, and cannot be improved with higher order or

higher number of training points. We have also found that

the uncertainty associated with the joint posterior distribu-

tion, on the other hand, is much smaller than the data noise,

suggesting that M ¼ 200 sample points is sufficient for

determining the PC modes of the current representation.

6.2 High-Dimensional Analysis and Dimensionality
Reduction

For a complete parametric uncertainty study, we now

allow perturbations in essentially all input parameters.

Namely, all parameters are considered from Table 1, except

for n ¼ 2 and p ¼ 5; a total of 18 input parameters. While a

mixture PC expansion can be used to properly represent

the different regimes in Pc, preliminary studies have

shown that the accuracy of mixture PC expansions is

challenged by misclassification due to sparsity of available

data in high dimensions. Typically, three-five points per

dimension are required for the single nearest neighbor

algorithm to produce reliable results with reasonably small

errors. In the 18D case, this would require at least

318 training points. Therefore, we perform a dimensionality

reduction based on sensitivity indices first, and then

perturb only those input parameters that have a strong

effect on the output of interest. Specifically, we obtain a

global PC expansion for the mapped variable log Pc
1�Pc .

Although the expansion is not very accurate near the

“plateau” regions of Pc ¼ 0 or Pc ¼ 1, it still provides an

approximation that can inform us about the importance of

various parameters. We then compute sensitivity indices Si
from (39) for all dimensions i ¼ 1; . . . ; d based on that PC

expansion. The sensitivity indices in (39) are computed

using Monte-Carlo sampling. To estimate the variance in

the numerator of (39) we used 100 samples �i, and, for each

of these values, another 100 samples are drawn to evaluate

the variance. The denominator is computed with a

1,000 sample variance estimator. Again, since only a

down-selection of parameters is sought, a qualitative

differentiation between parameters is sufficient, hence the

number of samples picked above leads to a reliable down-

selection. The close agreement between two replica Monte-

Carlo computations, shown in Fig. 9 indicates that the set

ðk1; k2; kk; k8; k3; k7Þ can be reliably selected as the most

influential input parameter set. Note that, per Table 1, the

selected parameters are all related to the key reactions

involving comK expression, confirming the importance of

comK dynamics in the transition to competence, and

consistent with what could be expected based on biological

insight. We have also performed local sensitivity analysis

around the nominal parameter set, one parameter at a

time. This single-parameter local sensitivity analysis leads

to qualitatively similar results, although it is based on local

parameter perturbations only.
After selecting the six input parameters that are the most

influential on the probability of competence, we apply the
nearest neighbor classification to obtain a PC expansion with
two constant plateaus in regions with trivial structure (i.e.,
Pc ¼ 0 or Pc ¼ 1). The input parameters are perturbed in the
6D space on a logarithmic scale with a factor of f ¼ 2 higher
or lower than the nominal values. Fig. 10 shows a 2D slice of
the resulting 6D mean response surface. Global PC expan-
sions, with or without the output map ½0; 1� ! ð�1;1Þ,
would have struggled to represent the constant plateaus
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Fig. 8. The error reduction with respect to (A) the number of training points and (B) the order of the underlying polynomial expansion.

Fig. 7. Fourth order representation, together with the training points. The
results are based on M ¼ 200 sampled parameter locations with R ¼
100 replica simulations at each parameter value.



well, while this mixture PC representation “learns” the

regions with constant values and improves the accuracy of

the resulting response surface. Note that, while we show

only the mean expansion, the joint posterior distribution for

the parameters of the representation is available. The

replica-averaged data noise level ranges from 0 near the

plateaus to approximately 0.05 in regions of sharp gradients.
In this case too, similar to the 2D analysis, the uncertainty in

the response surface that corresponds to the posterior
distribution of the PC coefficients is found to be much
smaller than the remaining noise level in the data,
suggesting that M ¼ 1;000 parameter samples is sufficient

for determining the PC coefficients accurately. We have
observed significant reduction in the relative error with
increasing the order of the expansion up to fourth order,
while higher order expansions did not show considerable
error reduction. The relative error between the representa-

tion and the data is about 0.08 for the fourth order expansion
and is approximately on the same magnitude as the noise
level of the replica-averaged data (this comparison between
relative and absolute error measures is fair since the data

itself vary between 0 and 1), indicating that there is no need
for further increase in the order of the expansion.

Fig. 11 illustrates the main effect and joint sensitivity
indices from (39) and (40) by Monte-Carlo sampling of the
six input parameters. The main effect indices show a similar

ranking of input parameters as in the 18D study from Fig. 9.
Beyond that, the inspection of joint sensitivity indices Sij
indicates that, for example, the input parameter couples
ðk3; k7Þ and ðk2; k7Þ have a stronger contribution to the

output uncertainty than k1, k2, and k8 individually. This
suggests that, if one needs to reach a certain output target, it
is useful to vary parameters k3 and k7 jointly before trying
to perturb k1, k2 or k8 individually. Also note that the large-
scale dynamics of the system are controlled by the ODE

from (1). Some of the ODE parameters in (4) depend
explicitly on combinations k1k3=k7 and k2k3=k7, explaining
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Fig. 10. A 2D slice of a 6D mixture PC expansion. This fourth order
mapped, mixture PC surface is inferred using M ¼ 1;000 training
locations with R ¼ 100 replica simulations per location. The relative
error measure for this response surface is approximately 0.08. The
points shown are for visualization only; these are model simulation
results on this particular 2D slice and do not coincide or overlap with the
set of training points.

Fig. 9. Sensitivity indices for all the parameters. Two bars are overlaid for each parameter, corresponding to two replica sets of Monte-Carlo
samples.



the high joint sensitivity indices of parameter pairs
involving k1; k2; k3, and k7.

Note that the sensitivity analysis task is essentially
broken down into two steps: first, a response surface PC
approximation is constructed based on a number of training
runs, and then the response surface is evaluated many times
to obtain sensitivity information. To compare the perfor-
mance of this approach to conventional Monte Carlo
sampling, we have implemented a brute-force sensitivity
analysis in which the forward function itself is evaluated.
However, given the computational cost of a set of replica
SSA simulations, we could only sample the function at
10,000 input parameter configurations using 100 processors
of a single machine for about three days. Our results have
indicated that these 10,000 runs do not lead to reliable
estimates of the sensitivity coefficients for the 6D input
parameter case. The methodology we present in this work,
on the other hand, while introducing an approximation
error due to the response surface construction, allows
essentially unlimited sampling of the response surface to
obtain converged estimates of the sensitivity indices.
Namely, we have repeated the computation of the
sensitivity indices depicted in Fig. 11 five times and
recovered the same result within 5 percent accuracy based
on different response surfaces found by five different initial
training sets of 1,000 samples. Note that the computational
overhead of evaluating the response surface is negligible
compared to that of the forward model simulations.
Therefore, we have achieved reasonably accurate (within
5 percent) sensitivity information of the response surface
approximation—that is within 0.08 relative error itself—
with just 1,000 forward model runs, while the brute-force
approach did not produce a stable answer even with
10,000 model simulations (more than 30 percent discre-
pancy between the results from identical studies).

7 CONCLUSIONS

To analyze the noise-driven competence dynamics of
B:subtilis, we have developed and implemented a Bayesian

strategy to infer a polynomial representation for an
expected value of a stochastic model with respect to input
parameters. Specifically, a PC framework is utilized that
offers convenient propagation of input uncertainties to
outputs of interest. We indicated that orthogonal projection
formulas are either inefficient for large numbers of input
parameters (full product quadrature) or are extremely
inaccurate for noisy model evaluations (sparse grid quad-
rature). The Bayesian framework, on the contrary, provides
a robust probabilistic answer for any number of noisy
model evaluations even in a large dimensional input space.
The outcome is a representation of the input-output
relationship with parameters of this representation being
described by a joint posterior distribution. This uncertain
response surface can further be used as a surrogate model
for inverse problems, for optimization, or any other
procedure that requires a prohibitively large number of
evaluations of the forward model. Furthermore, in this
work, besides the curse of dimensionality and the intrinsic
noise in the forward model, a further challenge was the
strongly nonlinear input-output relationships, which made
a global polynomial response surface inaccurate. To deal
with this nonlinearity, we have developed a mixture PC
expansion that is based on a nearest neighbor classification.
Although low-dimensional proof-of-concept results are
encouraging, the nearest neighbor classification is not
sufficiently accurate for a large number of dimensions due
to the sparsity of the data. In such cases, a dimensionality
reduction is first performed using estimates of variance-
based sensitivity indices. Also, to deal with constrained
outputs and to force the polynomial representation to
satisfy these constraints, we use a map, and its inverse, from
the constrained region to ð�1;þ1Þ. As a benchmark
problem, we have used the stochastic reaction network of
the competence transition in the B: subtilis bacterium,
where the input parameters are the rate constants and the
output is the probability of competence in the steady state
of the system. Both 2D and 6D results are demonstrated, the
latter being a result of a down-selection of all 18 input
parameters using global sensitivity indices. We note that the
sensitivity-based down-selection of input parameters is an
automated procedure, and it was found to be in agreement
with what could be expected based on biological insight.

We note that perhaps other classification approaches can
be used to obtain mixture PC representation that are better
suited for high dimensional problems. While the applica-
tion of more advanced classifiers is part of our ongoing
work, we believe that the general strategy of classifying
input points according to the respective output values is an
appropriate building block of generating mixture PC
expansions for nonsmooth input-output relationships. We
applied the methodology to a stochastic reaction network of
competence dynamics in B:subtilis and confirmed and
extended previously published results. Typically, in the
literature, the sensitivities in the system are computed via
single parameter, local perturbations at some nominal
values. Our technique, on the other hand, provides
rigorous, quantitative sensitivity analysis taking into ac-
count all input parameters in a fully coupled fashion. While
the proof-of-concept results are demonstrated on the
competence dynamics network of B:subtilis, the proposed
approach is sufficiently general to be applied semiautoma-
tically to analysis of any stochastic system.
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Fig. 11. Global sensitivity indices based on a six-parameter representa-
tion. The diagonal entries correspond to the main effect sensitivity
indices from (39), while the superdiagonal entries correspond to the joint
sensitivity indices from (40). Indices are on a logarithmic grayscale for
visual convenience.
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