
Analysis of Tempered Fractional Operators

Name: Hayley Olson

Hosting Site: Sandia National Laboratories

Mentor: Marta D'Elia

Mentor's Signature:  

SAND2020-8069R

Sandia National Laboratories is a multimission laboratory managed and operated by National Technology & Engineering Solutions of Sandia, LLC, a wholly owned
subsidiary of Honeywell International Inc., for the U.S. Department of Energy’s National Nuclear Security Administration under contract DE-NA0003525.



Abstract: Tempered fractional operators are useful in models for subsurface transport and dif-
fusion due to their ability to capture anomalous diffusion: a behavior which the classical partial
differential equation models cannot describe. We analyze tempered fractional operators within
the nonlocal vector calculus framework in order to assimilate them to the rigorous mathematical
structure developed for nonlocal models. First, we show they are special instances of generalized
nonlocal operators in correspondence of a proper choice of nonlocal kernels [D'Elia, Gulian, Ol-
son, & Karniadakis, 2020]. Then, we work towards showing tempered fractional operators are
equivalent to truncated fractional operators. These truncated operators are useful because they are
less computationally intensive than the tempered operators.

Figure 1. Sketching out some ideas for proofs. Photo credit: Hayley Olson.



Analysis of Tempered Fractional Operators

Introduction

This research project focuses on some aspects of the nonlocal vector calculus, firstly introduced

in [4] and further developed in [3]. In particular, we use the nonlocal calculus framework to ana-

lyze tempered fractional operators [8] and include them in the rigorous mathematical background

we developed. My interest in this project stems from the research I am working on in my graduate

program. I currently study nonlocal operators and was intrigued by the opportunity to apply that

background to a new problem.

Description of Research Project

The purpose of this research project is to include tempered fractional models in the unified non-

local calculus framework that we developed in [3]. A unified calculus that includes fractional

models as special cases will impact both the nonlocal and fractional communities, who will be

able to benefit from each other's results. Also, a unified framework will facilitate the process of

learning a mathematical model for an intrinsically nonlocal phenomenon. An important feature of

fractional models is their ability to capture anomalous diffusion (i.e. the mean square displacement

in a diffusion process is proportional to time to a fractional power, instead of being linear with

respect to time). While these operators have been used for decades in subsurface diffusion and

transport [2, 5, 6, 9, 10], they have recently found application in turbulence [7]. However, their

improved predictive capability comes at the price of incredibly high computational cost — this in



particular motivates us to find an equivalent alternative through the nonlocal calculus framework

that is computationally cheaper.

This project has a double sided objective. First, we show that the tempered fractional models

are a special instance of generalized nonlocal operators for a proper choice of the equivalence non-

local kernel observed in [3]. Second, we propose an operator that acts equivalently to tempered

fractional operators, but can be computed at a cheaper cost. Our conjecture is that fractional trun-

cated operators (fractional operators whose kernels have support over a finite region, as opposed

to tempered operators whose support is Rn) are equivalent to tempered fractional operators for a

specific choice of operator parameters.

§1: Tempered Fractional Operators as a Special Case of Nonlocal Operators

In [3] we showed that through the introduction of the equivalence kernel the unweighted and

weighted nonlocal operators presented in [4] are equivalent. In the following paragraph we briefly

summarize this result. For a : R xRn —> Rn antisymmetric, v : RI' x Rn —> Rn, and u : Rn —> R

the nonlocal unweighted divergence and gradient are defined as

(1) Dv(x) := f (v(x,y) + v(y, x)) • cx(x, y)dy

(2) gu(x, y) := (u(y) — u(x))a(x, y).

Then, the nonlocal unweighted Laplacian is obtained by composing the divergence and gradient

operators. For 7 = a • a the nonlocal unweighted Laplacian is defined as

(3) ,C = 1, g u(x) = 2 f (u(y) — u(x))-y(x, y)dy .
IRn



By introducing a two-point weight function w :

divergence and gradient as

11: l" R, we can define the weighted nonlocal

(4) Dwv(x) := D(w(x, y)v(x)) = In (w(x, y)v(x) + w(y, x)v(y)) • a(x, y)dy

(5) gwu(x) := L gu(x, y)w(x, y)dy = flizn (u(y) — u(x))a(x, y)w(x, y)dy.

Again, the weighted nonlocal divergence and gradient can be combined to obtain a nonlocal weighted

Laplacian

(6) rwu(x) = Dwg,u(x)

(7)

(8)

(u(z) — u(x))a(x, z)w(x, z)dz

+ I (u(z) — u(y))a(y, z)w(y, z)dz • a(x, y)w(x, y)dy.
Rn

In [3] we proved that the unweighted and weighted Laplacian are equivalent with the choice of

kernel

(9) 2-yeq(x, y) = f [a(x, y)c.,;(x, y) • a(x, z)w(x, z)
Rn

(10) + a (z, y)w(z, y) • a(x, y)w(x, y) + a (z, y)w(z, y) • w(x, z)]ciz

used in the unweighted nonlocal Laplacian; that is, £ = ,C,,, when -y = -yeq. We utilize this equiva-

lence kernel in the following analysis of the tempered fractional Laplacian.

The tempered fractional Laplacian is defined by

e-Alx-y1
(11) Ltemu(x) := f

n 

(u(y) — u(x)) 
lx — Yln±2s 

dy
R 



for À > 0 and 0 < s < 1. To show that the tempered fractional models are a special instance of

the equivalence kernel, we made the choices

(12) co(x, y) = ly — x10(13' — xl) with 0(13' — xl) = 
1Y — xln+1+s

e—Alx—y1

a(x, y) = y x
ly — xl •

In [3] we see that when the above a and w are plugged into the equivalence kernel it results in a

kernel of the form

(13) 7,q(x, y) =
Ix — yln+28 •

One of the main contributions of this work is the following inequality, which we proved theoreti-

cally in one dimension and illustrated numerically.

F(n,s, À, Ix — yl) 

(14) Ce-Alx-Yl < F(n, s, À, Ix — 3/1) < Ce-Alx-YI.

This inequality implies that the equivalence kernel associated with the choice of w and a in (12)

asymptotically behaves like a tempered fractional kernel. Numerical tests conducted in MATLAB

illustrate the behavior of F in (13). As indicated by the semilog plot in Figure 2, the function F

exhibits the expected negative exponential behavior.

sC2: Equivalence of the Tempered and Truncated Fractional Operators

In the second part of the project we want to show the tempered fractional operator is equivalent to

the truncated fractional Laplacian defined

{l 
+2(15) L„u(x) := f (u(y) — u(x)) 

1}- 
Ix
x 
_ yln,

61 dy

Rn



Figure 2. Example of a semilog plot of F vs. Ix — yl for the choices A = 1 and s =
0.25. The linear behavior of the semilog plot indicates that F likely demonstrates
the expected behavior.

log Ffix-yldt) vs. lx-yl for s = 0.25 and =1.00. Approx m=-0.95159 
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for 0 < s < 1 and some 6 > 0. One part of this is showing that the energies of the two operators

are equivalent. Nonlocal operators have energies

(16) Ez = ff (u(x) — u(y))2-yi(x, y)dydx.
oftrt)2

For the fractional tempered and truncated operators, we have

(17)
e-Alx-Y1

'Ttem
yl

n-F2s
x{lx < 6} 

itr 
3'
ln+2.9 •

So far, we showed that the truncated energy is bounded above by the tempered energy. In particular,

Et, < eA6 Etem. Our next step is to show that Etem < C(A, (5)Etr•

A future part of the project is showing that the two operators are equivalent by comparing their

Fourier symbols.



Contributions Made to the Research Project

One of my major personal contributions was generating MATLAB scripts which could be used

to visualize the operators and kernels of interest throughout the internship. Having a visual on these

functions gave my research group insight into behaviors — both by confirming expected behaviors

and by revealing unexpected behaviors, which are not reported in the current document. Another

contribution was concocting a proof for one half of the energy equivalence: the truncated energy

being bounded by the tempered energy. Additionally, I was involved in weekly meetings where my

group discussed our recent progress and collaborate on ideas for moving forward with the research.

During the internship, I presented initial findings in the 2020 Sandia Poster Blitz. This was a

digital poster session open to all of the summer interns at Sandia National Labs. Additionally,

my research group and I are working on a research article to submit to the 2020 Sandia Summer

Proceedings, which is scheduled to be published by the end of the year.

What new skills and knowledge did you gain?

I have gained a lot of knowledge both about my specific area of research and about adjacent

topics. Throughout my work and research meetings with my peers, I've expanded upon the basis

of knowledge I had about nonlocal vector calculus — my area of research. Additionally, the hosting

facility provided me with access to multiple seminar series and a reading group which had focuses

in related fields such as machine learning, physics informed neural networks, and more.

This internship also gave me the opportunity to work on my Matlab skills. I had used it before

for some brief academic exercises. However, this internship pushed me to adapt and expand those

skills to be useful in a work environment.



Research Experience Impact on My Academic/Career Planning

This internship has also impacted my thoughts about my future career path. Throughout my

graduate career, I have spent a lot of time with fellow academics — my instructors and peers are all

a part of academia. This internship provides the opportunity to meet people of similar educational

levels that opted to follow a non-academic career path. It also gives me insight into what working a

non-academic career could look like in the future. Previously, I was apprehensive about following

a non-academic path because academia is what I'm most familiar with. However, I'm now quite

interested in pursuing a non-academic career once I've completed my degree.

Relevance to the mission of NSF

This research project is part of a bigger effort whose main goal is to provide better predictive sim-

ulations for applications that can be described by nonlocal models. The latter provide an improved

predictive capability for settings where traditional partial differential equations (PDEs) fail to de-

scribe the phenomenon at hand. This happens in particular in presence of multiscale or anomalous

behavior; as an example, the fractional models mentioned in this report are able to catch anorna-

lous diffusion which appears in subsurface transport applications and that cannot be described by

standard PDEs. The analysis and simulation of diffusion or transport processes in the subsurface is

extremely valuable for both the laboratory and for the NSF as it can be used to model, e.g., pollutant

transport for nuclear waste disposal. However, the use of nonlocal and fractional models goes way

beyond geoscience and includes mission applications that became extremely important during the

past few months due to the COVID-19 outbreak. In fact, fractional models have been successfully

used in the past to model the way viruses, like Ebola, spread (see, e.g. [1]).



Acknowledgements

This a joint work with M. D'Elia and M. Gulian who are supported by Sandia National Laborato-

ries (SNL), SNL is a multimission laboratory managed and operated by National Technology and

Engineering Solutions of Sandia, LLC., a wholly owned subsidiary of Honeywell International,

Inc., for the U.S. Department of Energy's National Nuclear Security Administration contract num-

ber DE-NA0003525. This paper describes objective technical results and analysis. Any subjective

views or opinions that might be expressed in the paper do not necessarily represent the views of

the U.S. Department of Energy or the United States Government.

This work was supported by the U.S. Department of Energy, Office of Science, Office of Ad-

vanced Scientific Computing Research under the Collaboratory on Mathematics and Physics-Informed

Learning Machines for Multiscale and Multiphysics Problems (PhILMs) project.



References

1. I. Area, H. Batarfi, J. Losada, J. J. Nieto, W. Shammakh, and A. Torres, On a fractional order ebola epidemic

model, Advances in Difference Equations 2015 (2015), no. 1, 278.

2. D. A. Benson, S. W. Wheatcraft, and M. M. Meerschaert, Application of a fractional advection-dispersion equa-

tion, Water Resources Research 36 (2000), no. 6, 1403-1412.

3. M. D'Elia, M. Gulian, H. Olson, and G. Karniadakis, A unified theory of fractional, nonlocal, and weighted

nonlocal vector calculus, Mathematical Models and Methods in Applied Sciences (2020 Preprint).

4. Q. Du, M. Gunzburger, R. Lehoucq, and K. Zhou, A nonlocal vector calculus, nonlocal volume constrained prob-

lems, and nonlocal balance laws, Mathematical Models in Applied Science 23 (2013), no. 3, 493-540.

5. A. Katiyar, S. Agrawal, H. Ouchi, P. Seleson, J. T. Foster, and M. M. Sharma, A general peridynamics model for

multiphase transport of non-Newtonian compressible fluids in porous media, Journal of Computational Physics

(2019), In press.

6. A. Katiyar, J. T Foster, H. Ouchi, and M. M. Sharma, A peridynamic formulation of pressure driven convective

fluid transport in porous media, Journal of Computational Physics 261 (2014), 209-229.

7. G. Pang, M. D'Elia, M. Parks, and G. E. Karniadakis, nPINNs: nonlocal Physics-Informed Neural Networks for

a parametrized nonlocal universal Laplacian operator. Algorithms and Applications, arXiv:2004.04276 (2020).

8. Farzad Sabzikar, Mark M. Meerschaert, and Jinghua Chen, Tempered fractional calculus, J. Comput. Phys. 293

(2015), no. C, 14-28.

9. R. Schumer, D. A. Benson, M. M. Meerschaert, and B. Baeumer, Multiscaling fractional advection-dispersion

equations and their solutions, Water Resources Research 39 (2003), no. 1, 1022-1032.

10. R. Schumer, D.A. Benson, M.M. Meerschaert, and S.W. Wheatcraft, Eulerian derivation of the fractional

advection-dispersion equation, Journal of Contaminant Hydrology 48 (2001), 69-88.


