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Stochastic Equilibrium Problem

L Motivation

INFRASTRUCTURE PLANNING PROBLEMS

Participants We have a multi-agent system, formed by
Investors/Producers and Consumers

Interaction They interact independently by trade, using a price system
that indicates the market value of a commodity in a given
time-space situation

Network structure Interaction between agents are constrained to a
network structure, reflecting the physical connection
between points of trade/interaction

PROBLEM

Need to find the system state where the
total production satisfies the total demand
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Stochastic Equilibrium Problem

L Motivation

EV-charging station problem
► Electric vehicle (EV) adoption is growing fast (EV sales data from

Argonne)
IP- Charging infrastructure needs to catch up with the increasing

charging demand
10- Understanding the pattern of charging infrastructure investment is

critical to evaluate the impacts of EV on both power and
transportation systems
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EV-charging station problem
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L Motivation

EV-charging station problem

MI= Investor i User j
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Stochastic Equilibrium Problem

L Motivation

EV-charging station problem

Optimiza non

Agents

Network

Objective: Maximize Profits

Decisions: 
Location

Investment Capacity

Supply Quantity

Investor i

4

OVective• Maximize Utility

Decisions: 

Facility location
Route

Destination s

User j

Origin r
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Stochastic Equilibrium Problem

L Motivation

EV-charging station problem

Markel Clearing

Optimization

Agents

Network

Facility Supply = Facility Demand

Objective: Maximize Profits

Decisions: 
Location

Investment Capacity

Supply Quantity

Investor i

Oliecfive• Maximize Utility

Decisions: 

Facility location
Route

Destination s

User j

Origin r
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Stochastic Equilibrium Problem

I— Model

Mathematical modeling: General Setting

Markets We assume that interactions are made using markets

Perfect competition We assume that markets are perfectly competitive:
there is a market for each desired commodity traded

Investors Multiple heterogeneous investors, maximizing profit
(depending on capacity investment costs and generation
costs

Consumers Drivers maximize utility, and ther facility choice depends
on charging price, travel/charging time, and locational
attractiveness

Traffic Assignment Wardrop user equilibrium

Perfect information Both investors and users have perfect information
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Stochastic Equilibrium Problem

I— Model

Supply side: Investors' problem

maximize
c'vgl

subject to

where:

(ysi)

E [eet - pge] - E pc(4)
sESi sESi

operational net profit investment costs

gji — < o , Vs E > 0, > o, vs E Si.

capacity constraint

Si : set of investment locations of firm i;
: charging capacity [kW] at location s by firm i;

g-; : energy supply [kWh] at location s by i-firm;
: unit charging price at location s (market determined);

.Pc(.) : capital cost wrt charging capacity;
pg(•) : operational cost wrt supply quantity and scenario; 1
I 63 saodia

Laboratories
: set of investors.
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Stochastic Equilibrium Problem

I— Model

Travelers and ISO problem

minimize
x,v,q

subject to

U(travel time, local attractiveness,

charging capacities, charging cost)

va E E xars, va ,
rER sES

Axis = qrs Ers Vr E R, s E S,

oir) qrs _ dr, vr E R

ses

xras > 0, Va E LA, r E R, s E S

va > 0, Va E

qrs > 0, Vr E R, s E S.
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Stochastic Equilibrium Problem

I— Model

where

U(x, v, = E f ta(u)du
a EA

Wardrop User Equilibrium

+-1 E E qrs (Ine — 1 + g3 te2 E — go)
gl rER sES El

Logit choice model

U(x, v, q) : Consumers' utility function;
xas : traffic flow on link a associated with O-D pair rs;
va : traffic flow on link a;
grr, : traffic flow from r to s;

ta(.) : travel time function of link a, e.g. the Bureau of Public Roads (BPR) function;
fl : node-link incidence matrix of network (model input based on network

topology);

Ers : O-D incidence vector of O-D pair rs with -Fr at origin and -1 at destination
(modeling input based on network topology);

dr ID Sandia
: total EV travel demand from location r (model input). National
: average charging demand from r to s (model input); Laboratories
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Stochastic Equilibrium Problem

Equilibrium

System equilibrium

The system is in equilibrium if there exists a price 6* such that

N. Investors maximize their utility by producing a quantitygt(6*),

110- Transportation system maximizes the consumers' utility function
with an optimal traffic flow of q(6*),

► Charging market at each location is balanced, i.e., total supply meets
total demand.

MARKET EQUILIBRIUM Find such that

ESs(e) := gsi (e)

iEIJ

total generation at s

e"e(e*) = 0, s E S
rER

total demand at s CI Sandia
National
Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Solution strategy: MAX-INF FORMULATION

Walrasian bifunction

(g,(p) kv(g,(p) = — L, cbsEss2(g)
sES

Maxinf characterization

g* is an
equilibrium point

g* E argmaxinf W
(g,(P)

Main problem

find g* that maximizes inf W(g, ,?)
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Stochastic Equilibrium Problem

I— Deterministic version

Approximation and non-concave duality

Main problem as maximization

Find e that maximizes e H infg,

How to approximate?

Construct a sequence of
bi-functions WV} using
Non-concave duality

[?, ILK]
suP m(= r,(0))

ruji rvationai
Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Approximation and non-concave duality

Main problem as maximization

Find g* that maximizes g infp W(g, cp)

How to approximate?

Construct a sequence of
bi-functions { WY} using
Non-concave duality

[?, ILK]

- v

- - r(o) + 07,.)

— v(0) + (4,.)+ ro, r = 2.0

— r(0) +(b.) + r 5.0

  rill National

: Irk proper lsc convex min a- = 0 argmin = {0} Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Augmentation and Walras economic model

Augmented Walrasian

= inf {W(e, cp — z) + ryo-*(rvlz)}

E 0

E sv

argmaxinf

argmaxinf

tighflop

WV
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Stochastic Equilibrium Problem

I— Deterministic version

Augmentation and Walras economic model

Augmented Walrasian

rr1(, = inf {W(e, cp — z) + ryo-*(?cl z)}

E 0

E sv

argmaxinf

argmaxinf

tighflop

Wv

Phase I (or primal) Phase II (or dual)
cpv+1 c sv+1 argmin wy+l(e, q) ev+1

E ev+1- argmax +1(e q)v+1)

(solved with BOBYQA)

qE

(solved with Gurobi)
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Stochastic Equilibrium Problem

I— Deterministic version

Numerical example

Link Flow/Capacity

Figure: Sioux-falls network

Figure: Solution CI Sandia
National
Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Solution strategy: ADMM

Capacity investment problem as a MOPEC

In general terms, a capacity investment equilibrium problem can be
writen as a MULTIPLE OPTIMIZATION PROBLEMS WITH EQUILIBRIUM
CONSTRAINTS (MOPEC) as follows

xi E argmint(x;p), i E I xi = 0
x i
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Stochastic Equilibrium Problem

I— Deterministic version

EV example

EV-charging station problem

In our example, we have functions of the form f(x; p) = fo (x`) + ai (p, xi)

fi(x1;p) = E pg(g5) + cpc(csi) + — E egsi
seSi sES,

.g(xi) (p, xi)
va 1

fi (xi; p) = E ta(u)du + — q" ln q" — 1 — — 130

a&A ° 
gi

r,s iEI

fvf
± E qrsg3 6s ers

rER sES 
111Cr

cei (I), xi) ID Sandia
National
Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Representative agent formulation

MOPEC 

xi(p) E argmin ffAxi) + thi(p, xi)}
xtEct
E xi(p) = 0

(liEPRESENTATIVE AGEN\

min E ,tc.ifAxi)
{xi} 

such that E xL =
ID Sandia
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Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

Distributed optimization approach

(IPLIT OPERATOR REPRESENTATIO

min E thi.g(xi) + /01 Ezi
{x,} .

such that xi — zi = 0, (yi)

Individual modified problems Every agent-i solves

E argminfAxi) + (/, ) + — — '4112
xieCi 2 2

Price update
y+1 = y riy+l ID Sandia

National
Laboratories
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Stochastic Equilibrium Problem

I— Deterministic version

EV-charging station problem

24 nodes

76 links

5 origins

5 destinations

5 candidate facility
locations

BPR link cost
function

Base case:

► = 0
• = 1

)• 32 = 0.06

• Origins

• Destinations

• Candidate Investment locatiom
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Labonitories
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Stochastic Equilibrium Problem

I— Deterministic version

EV-charging station problem
(a) 02 = 0 ( b) 02 = 0.06

a'

/

ZO

78

fb

Zniton

-10

(c) 46 = 0.6
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Stochastic Equilibrium Problem

L Stochastic version

Stochastic model: Investors' problem

maximize 
E [E{qi0 Cbg(e)1 E Cbc(4)c'g' 
sESi sEs'i

operational net profit investment costs

subject to (ysi) < 0, Vs E Si; e,.> 0, cs. > 0, vs E Si, \v/ E E
i, — — I

capacity constraint

where:

gia : energy supply [kWh] at location s by i-firm and scn

: unit charging price at location s and scn (market
determined); 0 Sandia

National
E : set of scenarios Laboratories
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Stochastic Equilibrium Problem

L Stochastic version

Travelers and ISO problem

minimize
x,v,q

subject to

U(travel time, local attractiveness,

charging capacities, charging cost,

= EEKsv Va E
rER sES

"rs _ qriErs Vr E R, s E S, E E

qe.s = Vr E R, E E
sES

xQ~>0, Va E LA, r E R, s E S, E E

va~>0, Va E E E
qe-s 

> 0, Vr E R, s E S, c E. ID Sandia
National
Laboratories
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Stochastic Equilibrium Problem

L Stochastic version

Solution strategy

EQUILIBRIUM

rs .g rs = 0,VS E S, E E
rER

SCHEME

Decompose individual agents' problems using
PROGRESSIVE HEDGING ALGORITHM

Decompose the equilvalent state-defined equilibrium problem using
ADMM ALGORITHM
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Stochastic Equilibrium Problem

L Stochastic version

General formulation

AGENT PROBLEM

E argmin F(x) := (fc;(4) + E {fi (xii,d})j

PROGRESSIVE HEDGING \9/ E E

E argmin {fAxio,d + + (64, x 6PH 4.10
2 °' 

Remark
The market clearing conditions of the EV-charging station station
infrastructure planning problem only depend on the second stage
variables. ID Sandia

National
Laboratories
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Stochastic Equilibrium Problem

L Stochastic version

Incorporating representative agent and ADMM decomposition

Combining the ADMM approach to the decompose individual problem:

Step o. Initialize the algorithm, i'413, > 0, qADMM > 0, wie ,

Step i. For every agent 4 and every scenario solves

) E argmin Axo)

+ (4v, xb) 41,v•2
q

+ (4v, Xi + —
ADMM 
2

z,•,v
"'T

Step z. Update the multipliers

=.4 AD }frimki-,i+1

i,v+1
0.1 

i,v i,v+1 0 Sandia= 6V,HkX0, — x0,• ) National
Laboratories
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Stochastic Equilibrium Problem

L Stochastic version

Numerical example

Preliminary example

Network Sioux-Falls

Charging station Nodes 6,12,17,22.

Scenarios We consider E = 20 scenarios

Parameters Consumers' utility function go = 0.0, (31 = 1, g2 = 0.0,
(33 = 0.06.

Demand c4 = 100 + E [0, 2]
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Stochastic Equilibrium Problem

L Stochastic version
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Stochastic Equilibrium Problem

L Stochastic version

The end

Thank you for your attention
Questions?

Articles
(in progress) Facility Location in a Competitive and Stochastic Market:
incorporating complex user-network interactions, Deride, J., Fan, Y, Guo, Z.
(zoi6) Infrastructure Planning for Fast Chatging Stations in a Competitive
Market, Deride, J., Fan, Y, Guo, Z., Transportation Research Part CC) Sandia

Natona
Emerging Technologies. vol.68, pp.zis-zz7. Laboraones
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