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Main Idea .

m Does solving the monolithic problem give improvements over explicit treatment of
a Robin condition?

m Well informed coupling scheme: Utilize Schur Complement of monolithic problem
to produce boundary conditions. Similar to variational flux recovery

1 Define interface-flux variable A with its own DOF space (could be either model’s
or a 3rd set). No remapping necessary!

2 At each time step, isolate interface DOF’s using Schur complement
3 lIsolate and solve for A with second Schur complement

4 Back substitute X into interface systems to find fluxes on the interface for each
model (exact with respect to the data at the last time step).

5 Fluxes act as boundary conditions for interior evolution

6 Repeat
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Atmosphere—Ocean Coupling B

m Abstract formulation of coupled model (Lemarig, et al. 2015)
m [ is Atmosphere-Ocean interface

m Linear operator £, flux function F, BC operator B3, flux coupling Fao

dU,

dt + Aca]'—a(Ua) = fa in Qa X [0, T]
BaUs = b, on 08, \ I x [07 T]
Fa(Us) = a(Us — Uy) onl x [0, T]

dU,
dt" + LoFa(Us) = fo in Q, x [0, T]
BoUo = bo on 00, \ T x [0, T]
Fo(Us) = a(Uo — Ua) onT x [0, T]

m Bulk condition on interface with constant «
Fa(Us) = Fo(Uo) = a(Us — Us) > kaVUs - n=—ksV U, -n=a(U;, — Uy)

10/22/10 ™ More Generally: Strategy for a(x, t) clear, a(Us,, Uo) not clear. 3



Weak Formulation B

m Assume Dirichlet boundary conditions are satisfied on 9Q, \ I and 8Q, \ T (i.e
non ' boundaries)

m Introduce boundary flux variable A = F5(U,) = Fo(Us) = a(Us — Uy)

m Test functions ¥, € Vi, o € Vo, 1 € Vr,

(95 ) + W LaFsUa, = (s, D x [0 T]
t Q,
dU, ;
(wo, F) + (or LaFo(Un)a, = ($or fodo,  in Q0 x [0, T]
Q
(pya(Us — Up) = A)r =0 onl x [0, T]

m Integration-by-parts
dU, — = .
"r/)ay F - (Ead)ay .Fa(Ua))Qa + (’(/)a, )\)r = (1’[;37 fa)Qa in Q, x [07 T]
Q,

(wo, %)Q — Batbor Fo(UoY)at, — (Wor N = (0, fo)r, i o x [0, T]

wojajas (,e(Us — Us) = A)r =0 onTl x [0, T]

4




Discrete Problem

m Expand U,, U,, and X with trial functions

d

M, U _ KU, +GJA=T,
dt

M, dc:’t" —KoUo -G A=+,

aG,U,; — aGoUo — MA =0

m Explicit-Explicit time-stepping

MU+ ArG, X = ga(Us™) M, 0 AtG]\ /ur gt
MoUZ — AtGg X = go(UZ ™) ( 0 M A@) (UZ) = (gé"l>
OéGaUg - OéGoUZ —MA=0 aG,  aGo M

m RHS is

g/ ' = At + AtK,UTT MUY i=a0
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Interface Problem: Explicit-Explicit Coupling

m Separate DOFs on interior and interface

M, r 0 AtG] M, O ulr gap
0 Mor —AtG] 0 M, ra usr gof *

aG, —aGo Mr 0 0 A | = 0

M,or O 0 M.o 0 Ul gag -
0 Monr 0 0 Mo,Q Ugyg goa_l

= Interface System
A,r 0 AtG] \ /Ui, g
0 Aor —A’th‘-,r VN Eg—rl
aG; —aGo Mr A 0

-1 =~n—1 n—1 —1_n—1 :
Air =Mir —M;roMoM;or &' =g/r —MiraM,og/g" i=ao0

m Schur Complement: solve for interface flux

A=5"1 (antG] A Tgltt — aAtGIA 1g) )

rojaa/10 S = (aAtG]A;1G, + aAG] A TG, — My ) \

e e




Explicit-Implicit Coupling .
m Explicit-Implicit time-stepping

n Ty n—1
M,U] + AtG, A =g,(U5™ ") M, 0 AtG] ur g1
MoU” — AtK,U” — AtG] A = g5(U7 1) 0 W, AtG] | (ur]=(g"?

° v \
aG,U” — aGoU” — MA = 0 e e M

m RHS is
gU Y = Atf+ MU W, =M, — AtK,

m Separate DOFs — Schur Complement — Interface System

A,r O AtG] us e Egrl
0 A,r —AtG] | (U] = Egrl

aG,; —aGo Mr A 0

=i = 1
Asr =M —MaroM_ oMaar,  Aor =Wor — Wo,FQWOVQWo,QF

=n—1

gar _gar _Ma FQMa anQ

—~n—1

€ = Eor

*
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Advection-Diffusion Equations

m Advection in x direction, diffusion in y direction

m Denote a by 1 and o by 2

%_2 3¢,+ Opi

—f inQx[0,T] i=12
ot ayligy Tlige —fi Qx0TI

m Initial condition
<Pi(X7}’:0):<Pi,o(X7Y) in Qi ’:172

m Non-interface boundary conditions

pi=g ondQ; i=1,2.

m Bulk condition 5 s
klﬂ — k2—<p2 =afp1 —¢2) onl.
dy dy
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Test Case Setup .

Atmosphere Q1
r
Ocean (923

Figure: Atmosphere-Ocean domain with interface I'.

m Domain size (x, y) € [0, Xmax] X [—Ymax, Ymax], With Xmax = 10 km and
Ymax =500 m. Iis line y(X) =0.

m Method of manufactured solutions to give realistic test case

m Explicit — Explicit coupling

10/22/19 °
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Manufactured solution () B

10/22/19

Manufactured solution: Oscillation
about some reference temperature

A
= ——— cos(Nn(x — —a)%+T
%1 Ntk cos(Nm(x — ut))(y—a)*+
10000
B
Pa = cos(Nm(x — ut))(y+ymax)+T ,
Nmko

y 500 0 x

Forcing: fi = % cos(Nm(x — uit))

and f2 =0 215
Bulk conditions on y(x) = 0 demands &
205
aA B ( 2 A B ) 20
—=—=a|—a"—F——-——b).
N7 N 2N7Tk1 N7Tk2 E 195
Implies that - B
o 185
Aa ]

aA = B N o = ——W 0 2000 4000 6000 8000 10000
a X
<2k1 + ka b)

Figure: Initial Condition 10




Parameters D

m Maximum amplitude around T must be bounded.

B Mo N7k

max |p2 — T| = ( ymax)—Mg@B——; i
max

Aa? 2M; Nk

max|p1 — T| = YT =M & a= Tl

Parameter  Value

T 203.15 K = 20 °C
N 066

u 2ms—

My 2.0°C

M- 0.5 °C

Table: Model parameters for the simplified atmosphere-ocean test case

m k1 and kz have yet to be specified.
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Numerical Results

m Time Horizon: 2 minutes, time step: 0.05 sec, SUPG stabilization, consistent
mass matrices, linear Lagrange elements, forward Euler.

m Advection Dominated: k1 =2 x 1073 and k; =1 x 103

hy hy Rel. |lerr||,,  Rel. |err|p,
333 33.3 1.661e-01 4.101e-01
166 16.6  3.670e-02 2.019e-01
83.3 8.33  8.349e-03 1.011e-01
Rate - 2.136 0.997

m Medium Diffusion: k1 =2 and k; =1 x 101

hy hy Rel. [lerr||;, Rel. |err|y,
333 33.3 1.627e-01 3.937e-01
166 16.6  3.581e-02 2.005e-01
83.3 8.33  8.152e-03 1.011e-01
Rate - 2.135 0.987
10/22/19 12



Numerical Results

m Large Diffusion: k3 =200 and k» =1

hy hy Rel. |lerr||,,  Rel. |err|p,
333 333  1.441e-01 3.876e-01
166 16.6  3.240e-02 2.003e-01
83.3 8.33  7.740e-03 1.011e-01
Rate - 2.065 0.986

m Convergence rates are reasonable

10/22/19



Non Matching Grids ()}

m Ocean grid is approximately 1.5 times finer
m Advection Dominated: k1 =2 x 1073 and k; =1 x 1075

m Atmosphere is mortar side

h1 x hy ha ha,y, Rel. HerrHL2 Rel. |e|'r|,x.,1
333 33.3 222 22.2 7.169e-02 2.737e-01
166 16.6 111 11.1 1.611e-02 1.365e-01
83.3 833 555 555 3.676e-03 6.837e-02
Rate - - - 2.131 0.997

m Similar errors when ocean is mortar side
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Comparison to Direct Flux Transfer .

m Direct Method: Let A = (@™ — 07 ?)

m Large Diffusion: k3 =200 and kp =1

m Time Horizon: 1 hour, Time-step: 0.05

Method  hix  h1, Rel. |lerr||,,  Rel. |err|p,

Direct 166 16.6  1.673e-02 8.192e-02
IFR 166 16.6  1.525e-02 7.962e-02

10/22/19
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Conclusions and Future Work (],

m Interface flux can be implicit solved for any combination of explicit or implicit
time integration. Heterogeneous time-integration

m Rigorous stability analysis required
m Extend to Primitive equations and FD-FV models.

m Extend to IMEX methods, multi-rate methods, and exploit horizontally-explicit
vertically-implicit type methods.

m Heterogeneous Asynchronous Time Integration methods (HATI)
m Typically, one must compromise between conservation or unconditional stability

m We want Conservative Heterogeneous Asynchronous Time Integration that is

Unconditionally Stable
CHATIUS
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