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ITER: Understanding and controlling instabilities in plasma confinement is critical.
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(a) Time scales in fusion plasmas (FSP report)
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Strong external magnetics field used to:
• Confine the hot plasma and keep it from striking wall,
• Attempt is to achieve temperature of about 100M deg K (6x Sun temp.),
• Energy confinement times 0(1 - 10) seconds is desired.
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Plasma instabilities can cause break of confinement, huge energy loss, and discharge very large
electrical currents (-20MA) into structure. ITER can sustain only a limited number of disruptions, 0(1
- 5) significant instabilities.

DOE Office of Science ASCR/OFES Reports:
Fusion Simulation Project Workshop Report, 2007, Integrated System Modeling Workshop 2015



SNL's Mission Requires a Significant
Range of Advanced Simulation Capabilities
DOE/NNSA and many DOE/SC Mission Drivers are Characterized by: 

• Complex strongly coupled physical mechanisms (multiphysics)

➢ Strongly coupled nonlinear solvers (Newton methods)

➢ Physics-compatible discretizations

• Large range of interacting time-scales (Multiple-time-scales)

➢ Implicitness (fully-Implicit or implicit/explicit [IMEX])

'0)01 liouI IE

• Complex geometries, multiple length-scales, high-resolution

➢ Unstructured mesh FE (HEX and TET)

➢ Scalable solution (Krylov methods, physics-based prec., AMG)

• High consequence decisions informed by modeling / simulation

➢ Beyond forward simulation (sensitivities, UQ, error est., design opt.)
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QM: Induced Magnetic Energy

•Drekar QM: Ind. M.E.

—Exact QM: Ind. M.E.

•Drekar QM: Ind. M.E. Adj. Err. Est.
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Adjoint-enabled Sensitivities, UQ surrogates, Error-estimates 3



Goal: Coupled Plasma Simulation
■ Goal: Develop a hybrid code with 5-Moment Fluid Model + Electromagnetics

coupled to Particle-In-Cell (PIC) Model.

■ Requirements

■ Performance Portable on emerging HPC architectures: HSW, KNL, CUDA, ...

■ Component-based, heavily leverage Exascale Computing Project (ECP)
software stack: Trilinos, Kokkos, ...

■ Fluid solver

■ CGFEM, FTC, HDG

■ Implicit, IMEX, Explicit

■ Turbulent CFD, turbulent MHD, Multispecies Plasma, ...

■ PIC solver

■ Explicit particle move with Leap Frog

■ Coupled: Operator Split (IMEX coming)

Sandia
National
Laboratories

4



Multi-fluid 5-Moment Plasma System Model
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Multi-fluid 5-Moment Plasma System Models nal
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E.g. Implicit / Explicit (IMEX) Methods and the Implicit Sub-proUvnia
 NOZiones
Governing PDE Semi-discretized in Space (e.g. FV, FD, FE) written as an ODE system

ut+Fu) G(u) 0
Slow, E

IMEX Multi-stage Methods (RK-type

i - 1

plicit Fast, mpiicit

) form a consist nt set of nonlinear residuals:

u(i) = um + At ijF(u(3)) — At aiiG(u(i)) for i = 1 s,

un+1 = un + At biF(u(i)) — At biG(u(i)).

c

i=

f)T, is explicit, and

i=

c a
bT is implicit.

High-order accuracy (e.g. 2nd — 5th), with various stability properties have demonstrated:
A-, L-stability, Strong Stability Preserving (SSP), TVB,

See for e.g. Ascher, Ruuth and Wetton (1997), Ascher, Ruuth and Spiteri (1997),
Carpenter, Kennedy, et. al (2005), Higueras et. al. (2011)



E.g. Implicit / Explicit (IMEX) Methods and the Implicit Sub-problem (contd.)

Discrete Nonlinear Sub-problem — Newton's Method

T(u(i)) = u(i) - - At .iF(u(i)) + At .G(u(i)) = 0

j=1
/* Find u* such that T(u*) = 0*/

Until Nonlinear Convergence {

}

Iteratively solve linear sub-problem (e.g. AMG preconditioned Krylov method)

7(uk)sk = —.F(uk) until 11-P(uk)sk + T(uk)  < TIL
11-F(uk)

Update Sequence lik+1 = sk

Check nonlinear norms for convergence ( 11.F(uk+1)1 IkF(uk+1)11 , Sk WRMS, nan, max iter);

A key technology for implicit/IMEX is AD for Jacobian evaluation!
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Scalable Physics-based Preconditioners for Physics-compatible Discretizations
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Physics-based Approach Enables Optimal AMG Sub-block Solvers

[
QH Kii!) 0

0 Dp; QF
0 0 SF

[BEF1
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DF 1CP::::7)El Cg-i 
CFD type system

SF node-based coupled
ML: H(grad)AMG
(SIMPLEC: Schur-compl.)

/\

DE QF KQ-131K»13;
02E

Compare to: at2
1

alio
VxVxE=0

B QH11{13v E

Electric field system
Edge-based curl-curl type

ML: H(curl)AMG
(lumped mass)

Face-based simple
mass matrix Inversion.



Weak Scaling for 3D Electro Magnetic Problem

with Block Maxwell Eq. Preconditioners on Trinity
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Drekar Tpetra/Teko/MueLu E-B Maxwell weak scaling

20.0

0.0  

32

CPU Time / Solve (not including AMG setup)

GMRES Iterations

128K cores 8.4B row
matrices (edge E field)

256 2048 16384

# M PI Processes

—0—GM RES iterations/solve Solve time/Newt

Drekar

GS smoother with H(grad) AMG

QE Te-En-1-re-B
-1-1-B`p6B

Maxwell subsystem: electric
field Edge-based curl-curl
type system.

Good scaling on block solves
(at least for solve; setup needs
improvement)

Demonstrated to CFLc > 104

131072

Max CFLC - 200



• Demonstration / Verification of Implicit Solution for Longitudinal Electr

• Plasma (LEP) Oscillation with Under-resolved EM Waves

Lg
3

10 9

10

106

10,  
10-2

LEP

RCP
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• Drekar LEP

• Drekar RCP-L

• Drekar RCP-U

• Drekar LCP
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k [rad ian/m]

10 3

0 -4
C 10

O

CT)
N 10-j

a)

47, 10 -603 

LEP: Longitudinal Electron Plasma Wave
RCP: Right Hand Circularly Polarized Wave
LCP: Left Hand Circularly Polarized Wave
(Cold plasma)

10-7
101 102

Elements per wavelength

Error at 14.875 periods
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Verification effort with Niederhaus, Radtke,
Bettencourt, Cartwright, Kramer, Robinson
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Initial Weak Scaling for Longitudinal Electron / Ion Plasma Oscillatisrd
Natimal

Under-resolved TEM Wave Results (Full Maxwell — two-fluid) Laboratories

At = 1.1 x 10-11 r,:-d, 0.023 7-,,,,, rt-:-d, 0.1 r, > 3 x 102p, Tc

Ip I IpuI I E.°
t

4/
Structure-preserving discretization

N P

Linear its /

Newton

Solve time / linear

solve

Atirnp

Atexp

100 1 4.18 0.2 300

200 2 4.21 0.22 600

400 4 4.27 0.23 1.2E+3

800 8 4.4 0.26 2.4E+3

1600 16 4.51 0.35 4.8E+3

3200 32 4.89 0.42 9.6E+3

6400 64 6.21 0.61 1.9e+4

p,
mi Ax rr:,- 1p/M

— = 1836.57
me

Initial weak scaling of ABF preconditioner Proof of Principle
• Domain [0,0.01]x[0,0.0004]x[0,0.0004]; Periodic BCs in all directions
• N elements in x-direction; SimpleC on fluid Schur-complement

• Fixed time step size for SDIRK (2,2): (not resolving TEM wave) DD-ILU for Euler Eqns.
DD-LU curl-curl



A MORE REALISTIC TEST PROBLEM
• 2D electron/ion plasma driven by an EM source with background magnetic field

and density gradient

• Simulation resolves current source

Time-scale Pulse Problem

CFLEM [6.25 x 10-2,2.0]
CFLue [3.75 x 10-2,1.2]
CFLui [3.75 x 10-5,1.2 x 10-3]
CFLSe 0
CFI'S, 0
CFL,,,e 1.2 x 102
CFL,,, 3.8
CFL,ce 2.7
CFLwc, 2.7 x 10-3
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Scaling of ion/electron multifluid plasma block
preconditioner for 2D EM Source Problem

40

35 
Avg. Iterations per time-step

30

25

20

15 1024 cores
10

5 Avg. CPU time per time-step

0
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Resistive Alfven wave problem

• Solution is derived from resistive/viscous
MHD which ignores Hall effects:

• Hall parameter H = CA-e = << 1
vei nee

• Reducing Hall effects in magnetized
multi-fluid model is tricky - requires
large collision frequency

• Problem used for verifying resistive, Lorentz
force, and viscous operators:

• Impulse shear due to a moving wall
drives a Hartmann layer

• Hartmann layer shear excites Alfven
wave traveling along magnetic field

• Alfven wave front diffuses due to
momentum and magnetic diffusivity

• Profile depends on the effective

Lundquist number S = L VA A
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R. Moreau, Magnetohydrodynamics, 1990
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Asymptotic Solution of multifluid in MHD Limit: 

Implicit L-stable and IMEX SSP/L-stable time integration and block
preconditioners enable solution of multifluid EM plasma model in the

asymptotic resistive MHD limit.
(Simple Visco-resistive Alfven wave)

10

10-6

10-7

102

• S = 20

• 5 = 40

• S = 60

2"f1 Order Convergence

Accuracy in MHD limit (IMEX)

Miller, et. al., accepted in JCP, 2019

103
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Plasma Scales for S = 60
Electrons lons

wpAt 107 - 109 106 - 107

we At 106 - 107 103 - 104
voAt 1010 - 1011 107 - 108

vsAt/Ax 10-2 10-4
uAt/Ax 10-4 10-4

PAt/pAx2 I 10-1 - 01 10-2 - 10°

cAt/Ax

IMEX terms: implicit/explicit



EM-PIC Model
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Kinetic equation (Klimontovich) for phase space density of each plasma species N,

ONs(x,u,t) ONs(x,u,t)
 + v VxNs + qs (E + v x B • VuNs = 

Ot Ms C Ot

p(x , t) =

J(x,t) =

species

species

Maxwell's Equations

fduN8(x, u, t)

IduuNs(x,u,t)

V • D(x,t) = 
p(x,t)

co

V • B(x,t) =0

V xE(x,t)= 
0B(x,t)

Ot
0D(x, t)

V x H(x,t) = [tot I (X, t) + /loco at

c

• Lagrangian particles
updated by F=ma

• Currently solved with
explicit time integration

• PIC code contains its
own EM field solver
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Operator Split Coupling
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ms (c4it (y(t)-yi(t)) = qs (E(Xi(t),t) + V(t) x B(Xi(t),t)) 7/(0 0 = 1/ — Vi2(t)/c2

Projection to Particle
Mesh

(E, B)i 

V • D (x , t) =
p(x ,t)

co

V • B (x, t) = 0

V x E(x , t) =
Ot

V x H (x , t) = [to (x , + [leo 
Ot

OB(x , t)

Integrate Equations of
Motion, Moving

Particles
FZ ~v2 xi

Integration of Field
Equations on Grid
(E , B)i (p, J)i

OD(x,t)

Weighting
(x, v)i (p,J)i

p(x , t) = qs duNs(x,u,t)
species

J (x , t) = f duuNs (x , u , t)
species

Birdsall and Langdon, Plasma Physics via Computer Simulation, 2005



Drekar-PIC Coupling Demonstration

• First coupling of Fluid/PIC for a

Langmuir Wave

• Simple proof-of-principle (Drekar

Electrostatic potential, PIC electrons)

• Replace PIC EM Solver with Drekar EM

• CG fluid/EM, 1024 cells, 9K particles

• Plots show Ex line plot over spatial

domain: red is coupled solution (cell

avg.), blue is EM-PIC standalone

solution at nodes.

• Good agreement
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Verification Example: lon/Electron
Plasma Oscillation

• Coupled fluid
(electrons) and PIC 300000_

(ions) 250000 -

• N = le+20 200000 -

• 16384 particles 150000 -

• 32x2 mesh 100000 -

• Simplified problem for 50000_

ES formulation

• Theory period: -,50000_

1.06192e-11 -100000 -

• Simulation period: -150000_

1.0593e-11 -200000 -

• 0.25% error -250000 -

• New results, just -300000 
0

delving into
accuracy
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National
Laboratories

— avg E_ecige (o) (Polnt Statistts)
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Time Integrator

• Try an L-Stable integrator

• DIRK 2 stage,2nd Order: L-Stable

• DIRK 2 stage, 3rd Order: A-Stable

• L-Stability damps out startup
oscillations in E-Field

• Simulations are indistinguishable

except for short startup.

• Same period values from FFT

• Confidence that we can control
part of stability for the fluid and

EM

Integrator Stability Period % Error

DIRK 2nd Order, 2 stage L-Stable 1.1111E-11 4.63E+00

DIRK 3rd Order, 2 stage A-Stable 1.1111E-11 4.63E+00

300000

200000

100000

-100000

-200000

-300000

-400000

-500000

300000

—avg E_eage (0)(PoInt Statistics)

250000

200000 -

150000 -

100000 -

50000 -

-50000

-100000 _

-150000 -

-200000 -

-250000 -

-300000 

5eL13 1e-112 1.5e-12 2e112 2.5e-12 3e112 3.5e-12 46212 4.5e-12 5e1-12

avg E_ectie 03) (Polnt Statistics)

56:-13 1e112 1.5e-12 2e112 2.5e-12 3e!12 3.5e-12 4e112 4.5e-12 5e112
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Time Step Size

• Operator split solve with implicit electons (fluid) and explicit ions (PIC)

• Stability of ion plasma frequency

• Coupling of Ion Momentum and Energy to Ampere's law

• Failure exhibited by divergence of the Nonlinear solver

Fluid: Implicit
Electrons

PIC: Explicit
Ions
i

dt Result w_p_e * dt w_p_i * dt

1.11E-13 Converged 6.26E-02 1.98E-02

2.22E-13 Converged 1.25E-01 3.96E-02

4.44E-13 Converged 2.50E-01 7.92E-02

8.88E-13 Converged 5.01E-01 1.58E-01

2.22E-12 Converged 1.25E+00 3.96E-01

4.44E-12 Converged 2.50E+00 7.92E-01

8.88E-12 Failed 5.01E+00 1.58E+00

Sandia
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Laboratories

22



Production Code (DG) Verification: Temporal

Plasma Oscillation (No Spatial Variation)

• A plasma oscillation can be setup assuming a neutralizing background fluid by
setting an initial electric field to E=O. Writing the momentum and Ampere

equations gives:

• One can show that:

• With:

qi
atvi = — E

mi

a 
q2 

tv2 — E
m2

eciatE — q2n2v2

E = C sin(-yt)

vl = ql Ccos(•yt) + A
mi7

— — 
q2 

Ccoseyt) —
m27

4ni 4n2 Or1
'Y = + , = , C = 7  (a 

+ 7t) 

, A = cri +  (11 C.
fonll f0M2 q2n2 17/17
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Low Number Density: Good Match between

Simulation/Analytic Model

• Three simulations compared

• Fluid-only

• EM-PIC only

• Coupled Fluid-electron, PIC-

ION

• Simulation Details:

• Field solve: Implicit Midpoint

and SDIRK(2,2)

• 10K particles/cell

• 4x4x4 mesh

1.05e+7-

1e+7

9.5e+6-

9e+6-

8.5e+6-

8e+6-

7.5e+6-

7e+6-

6.5e+6-

6e+6-

5.5e+6-

5e+6-

4.5e+6-

48+6-

3.5e+6-

3e+6-

2,5e+6-

2e+6-

1.5e+6-

le+6-

500000-

-500000-

-1e+6

-1.5e+6
1e111 2e-11 3e-11 4e-11 5e-11
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- avg HYBRID ELECTRON_Ux ( bbck=2)

—avg HYBRID ION_Ux ( bbck=2)

—avg DREKAR ION_Ux ( bbck=2)

-e-avg DREKAR ELETRON_Ux ( bbck=2)

—avg PIC ION_Ux ( bbck=2)

-0-avg PIC ELECTRON_Ux ( bbck=2)

6e-11 7e-11 8e-11 96,111 1e110 1.1e-1C



Collisions Under Exploration
■ Goal: Develop/evaluate robust and

accurate hybrid algorihtms coupling
continuum-fluid / kinetic-PIC.

■ Particles

■ Efficient for large Knudsen number

■ Arbitrary velocity distribution

■ Noisy

■ Fluid

■ Efficient for small Knudsen number

■ Maxwellian velocity distribution

■ No noise

■ Particles + Fluid
■ Discrete Lagrangian + Continuum

Eulerian

■ Particle-Fluid collisions!

\ /
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Splitting by Species

Vlasov

Characteristics

fs := fs (X, v, t) S = species

afs+v •vxfs+ c (E+ lvat ms c

felectrons = ffluid

Particle-ln-C
(PIC

Moments uid
Equations

• vvfs = E ca,s[f„,

f — fion — 'pairtcle

• Binary Colisions

• Randomly select pair

• Collide with probability using
relative veolicity and energy

• Scatter using random
rotation of relative velocity

• Takizuka and Abe 1977

Sandia
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1: 7)?-•4! e(',
'• •_ 4 ._ 4

d?--- ?.-• ¶ !--. !
., 4 •__ i •__.'

'16-/*•c •\.-'
...`,•-•

'4 4
r -*
.-__ %

(dtice

dt c
= — (Va — Vo)

3 (dTc,

2 dt c ma„eva,011va — 1/0112 — pa,o(Ta — To)
0 0



Collisions
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• Particle-centric binary
collisions (MCC) Fluid Surrogate Particles

000 uo°00 
000 • °ell°• Sample fluid distribution to oo 00 0 o o 0 0000

0 0 000 ea 0 0 00 00 e)
generate "surrogate particles" o 0 0 08 0 0 08

0 0 0 0 0 0 0 0 0 0
• Apply particle-particle collisions 0000 0000

operator to particles
• Adjust fluid variables to balance (Rf,p,

energy and momentum

• Fluid-centric collisions
• Generate "surrogate

Maxwellian distribution" from
moments

• Apply fluid-fluid collision
operator

• Adjust particles to balance
energy and momentum

mp6vp,cv(x — xp( tc))
c=1 ,•• • , A/c

Fluid /

Conic/

► 

Surrogate Particles
o ••• • •••••
oo •• • • • •
o 0 0 0••
0 0 0 0:

44 0 0 0 0 0•
0 0 0 0•

R v nprnpf ((Vp) - Vf)

Rambo and Procassini 1995; Jones et. al. 1996



Charged Two-stream Relaxation to
Equilibrium OD 3V

Bimodal

-100 0 100 200 300 400 500

Z Velocity

Plasma Oscillation Maxwellian

time
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PIC Collision rates: Uniform vs Non-uniform

10

ia

g 5
a)

v = v22 = 1 1.1

N
Part 

= 100000

time= 35

Slow Fluid
Fast Fluid

0 Slow PIC
X Fast PIC

100 200 300 400

time

500 600 700 800

"22 = 20  1112
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5

2
0

Npart = 100000

I 1 i i 1 1 

100 200 300 400 500 600

time
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Coupling: Particle-centric vs Fluid-centric

10

9

8

7

2 6=

11
a)

g 5
a)
H

4

3

2

1 0 100 200

v 
11 
= v 

22 
= 1 v 

12

300 400

time

500 600 700 800

9

Sandia
National
Laboratories

v
11 
= v 

22 
= 1 v 

12

8 —

7 —

6 —

0 Slow PIC
  Fast Fluid

100 200 300 400 500 600 700 800

time

• Particle-centric is more noisy
• Particle-centric retains non-Maxwellian features
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On Performance Portability (EM/PIC)

EM Simulation on Trinity: 2 MPI x 16 OMP (1 HT) per HSW node.

102 4

256

64

16

4

M -
L
L -

X X L

Squares: "Main time Loop"
Triangles: "Linear solve"
Circles: "Particle Update"

ti

4 16 64 256

HSW nodes (32 cores/node)

1024 4096
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elements particles

337k 9.6M

2.68M 77.1M

L 20.7M 617M

XL 166M 4.94B

XXL _',1 39.5B

Solvers are under active development for Performance Portability
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On Performance Portability (EM/PIC)

EM Simulation on Trinity: 4 MPI x 16 OMP (1 HT) per KNL node.
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51.:L elements

S 337k

particles

9.6M

r,' 2.68M 77.1M

L 20.7M 617M

XL 166M 4.94B

XXL 13:-',1 39.5B

Solvers are under active development for Performance Portability
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Conclusions

■ Progress towards a Fluid/PIC coupled code

■ Verification test suite for individual codes in place

■ Initial coupling of codes performed, operator split coupling confirmed

■ Fundamental collision models being explored

■ Getting a feel for initial test problems for coupled simulation

■ Performance portability and scalability assessment underway

■ PIC shows excellent strong and weak scaling

■ Fluid assembly shows good scaling

■ Preconditioners and solvers are improving
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Multi-fluid plasma model

• Continuity equation:

atPa + V • (POLO = Sa

• Momentum equation:

at(Palla) + V • (Palla P a)

• Energy equation:

atEa + v" • (Ua • (Eal + Pa) + cla)

• Ampere's Law:

1 lqa
atE — c2V"xB = — paua

Eo ma 
a

• Faraday's Law:

atB + VxE = 0
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National
Laboratories

Each species a is represented by a separate
density p, momentum pu, and isotropic energy E.

m
PalE + uaxB)

a

qa

m paua • E
ma

+ Ra + uaSa

1
Qa + Ua Ra + 214S,

Spatial operators are discretized using a finite
element method.

Fluid
Electromagnetic
Inter-fluid



IMEX time integration
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• IMEX gives a framework for splitting the model up into implicit and explicit terms:

• Explicit for slow, non-stiff terms
Implicit tableau Explicit tableau

• Implicit for fast, stiff terms

C A 
,

Ac 

a tu = f (u, t) + g (u, t) bt bt

j <i j~i

u(i) = un + At 1 Asi; f(u(j),tn + Oj At) + At 1 Aijg(u(j), tn + cjAt)

j=o j=o

un+1 = le + At
i<s i<s

Ibif OP) , tn + eiAt)+ At 1 big OP) , tn + ciAt)

i=o i=o

• Objective: Combine the advantages of implicit and explicit solvers.

• Take advantage of expensive implicit solver to overstep fast scales, and explicit solver to
resolve slow scales.



IMEX splitting for CG

ötPa

Otua

OtPa

Ua • V pa = —pal7 • lta

Ax
ua <

+ ua • Vua = —uaV • Ua

Ax
ua < At

+ ua

F
a
E

ma

wpaAt < 1

VPa= —YPaV•ua

Ax
<

- At
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Each operator is associated with one or more
plasma scales, which are grouped by color
representing their approximate explicit stability limits.

1
— Pa +
Pa

Ax
vsa < At

—
1 

V • (pla (Vila VUaT — 3-
2 
IV

Pa 
Ax2

va <
Ot

(la
uaXB ale (Ua — Ufl)

wcaAt < 1 vaflAt < 1

ma

+ V • ((y — 1)kaVTa)

Ax2
Ka <

Ot

tE — c2VxB

Ax
<

1 V qa paua

mEO Z-Jaa

wpaAt < 1
c

At

tB+ V XE = o

1(y — 1)vaga
  (3(Ta — — mfl (ua — ufl)2)
ma + mfl

afl At < 1

For IMEX-CG each operator can be moved between
implicit and explicit evaluation depending on the
explicit stability limits.



Compatible discretization for EM

• A physics compatible finite element discretization is used to enforce the divergence
constraints for the electric and magnetic fields.

• Fluids are represented by an HGrad (node) basis p E vv.

• The electric field is represented by an HCurl (edge) vector basis E E Vvx.

• The magnetic field is represented by an HDiv (face) vector basis B E Vv..

• Compatibility is defined by the discrete preservation of the De Rham Complex:

v4), E vvx —' VX(fivx E vv.- V • Op. E 171_, 2

• For Faraday's law, we choose a basis for the electric field such that its curl is fully

represented by the basis used by the magnetic field.

dtB + VxE = 0 V • B = 0

• Since the curl of the electric field is 'globally continuous' w.r.t. a divergence operator, the
divergence of that curl is zero over the domain:

V • (atB + VxE) = MG' • B)+ V • VxE = at( ) +IEiV •

Sandia
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o
(14x = My • B) = 0

i
• Result: The curl operator does not add divergence errors to the magnetic field
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fn

IQ

Satisfying Gauss' laws in plasmas

• Goal: Solve plasma-coupled Maxwell's equations and satisfy a divergence constraint:

1
atE — e2VXB = --j

co
atpc + V • j = 0

1
V • E = — PcE0

Sandia
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• In the strong, non-discretized form:

1 1
V • (atE + —i — c2v)<B) = atv • E + —V • j = at (v •E-1pc)=0

co CO CO
• In the weak form: Choose a basis that supports the divergence constraint as HCurl does not

support the divergence operation:
o

(a tE — c2v ><B + 1 i) • vo, dV = I (a tE • vov + —1 v • j (4) dV + c2 f B • V OvdV
Eo n CO ,c2,

= I at (E • r7 0, — —1 pc ov)dV = 0
SI E0

• Assumes that continuity equation is weakly satisfied:

(atPc — V • j)(Pv dV = f (atPcOv + J • V tiv)dV = 0 —)
n fnatpc454v dV = — fj • V 00 v dVn
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Discontinuous Galerkin method
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• Discontinuous Galerkin FEM does not assume a globally continuous test function:

Weak form

spatu dV + 4) V • f dV cps dV = 0

Break into elements K E SI with discontinuous element test function 43,,l(

UCK dtu dV + spiK V' • fdV — spiK s did= 0K 

Apply divergence theorem to flux integral

fK atu dV + orft• f dS — f • vg cly — s dV = 0
ax

• Consistency: Fluxes must be single valued on interfaces between elements.

• Numerical Flux: Solution to Riemann problem to generate consistent flux on interfaces.
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Electromagnetics Summarized Maxwell Formulation Sandia
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1 DE

c2 Ot 
V x B + /JO + VO = 0

OB

Ot 
+VxE+VO=0

1 8° + —1 0 + LV E q  =
ch Ot cp co
1 00 1

+ IP + [V - B] = 0
ch Ot cp

0

Or

B,i0
0 0

1E,

 o

o
o

10E q
V ><B-kii0J-0; V•E--

c2 Ot co
OB

Ot 
+V><E=0; V•B=0

Or

111‹-I I-›

OD 

Ot 
V x H+J=0;

013
+V xE=O;

Ot

V•D=q; E=E-1D

V•B=O; H=p,,T1B

m ‹-1 



What is Multigrid ?

Solve A3u3=f3

Basic idea:
• Develop coarse approximations

on multiple levels (e.g
discretize)

• Define prolongation Pi and
restriction operator Ri
(e.g. for P -FE interpolation)

• Accelerate convergence via
coarse iterations to efficiently
propagate information across
domain

Smooth A3u3=h. Set f2 = R2r3.
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Smooth A2u2=f2. Setfi=R1r2.

Solve Alui=fi directly.

A

P v

r2

Set u3 = u3 + P2u2. Smooth A3U3=k.

Set u2 = /42 + P1u1. Smooth A2u2=f2.
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Large-scale Scaling Studies for Cray XK7 AND BG/Q; VMS 3D FE MHD

E.Liu=ji I BIri (similar discretizations for all variables, fully-coupled H(grad) AMG)
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Weak Scaling: Avg. Linear lters. / Newton Step

3D MHD Generator. Re = 500, Rem = 1, Ha = 2.5; (Steady State)

fTitan DD ILU(1), ov = 1

fTitan ML FC-AMG ILU(0), ov =1, v(3,3)

--L-BG/Q ML -FC-AMG ILU(0),ov-1, V(3,3) 

-0,-BG/Q Muelu FC-AMG ILU(0), ov=

4096x increase in prb. size
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Weak Scaling Study: 3D island Coalescence

Driven Magnetic Reconnection Problem

-.-Avg. Time (sec.) / Time Step

Gmres Steps / Time Step

Total simulation time / #time steps
4096x increase in prb. size 

1 core 8 cores
64 cores 512 cores 4096 cores

o . . . . . . 
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Weak Scaling: Avg. Linear Solve Time / Newton Step

3D MHD Generator. Re = 500, Rem = 1, Ha = 2.5; (Steady State)

M-Titan DD ILU(1), ov =

ML FC-AMG MU(0), ov V(3,3)

-&-BG/Q ML FC-AMG ILU(0),ov=1, V(3,3)

...13G/Ct Meulu FC-AMG ILU(0), ov=1, V(1,1)

4096x increase in prb. size
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A —20x

A
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,7—......milli

1.0E+06 1.0E+07 1.0E+08 1.0E+09
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Titan: 128
<----BG/Q 256
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Largest fully-coupled unstructured FE MHD 
solves demo. to date: 

MHD (steady) weak scaling studies to 128K Cray XK7, 1M BG/Q
Large demonstration computations
• MHD (steady): 13B DoF, 1.625B elem, on 128K cores
• CFD (Transient): 40B DoF, 10.0B eiem, on 128K cores
Poisson sub-block solvers: 4.1B DoF, 4.1B elem, on 1.6M cores


