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Outline

■ Scattered data approximation theory is accurate, but lacks conservation
principles

■ Combinatorial Hodge theory has de Rham complex, but is purely
topological with no notion of convergence

■ We will provide a construction of a mimetic meshfree divergence
operator acting on point clouds that is consistent and provides a local
conservation principle

■ We will recast the construction in terms of combinatorial Hodge theory,
revealing a connection to algebraic topology of graphs

■ Sketch construction of consistent meshfree differential operators that
inherit the exact sequence of combinatorial ones
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Generalized moving least squares (GMLS)
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Approximate point evaluation of derivatives:
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Abstract approximation theory:
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A rigorous meshfree approximation framework

Foundation to build provably consistent
schemes:

• Naturally stable discretization of Stokes+Darcy
• Nonlocal discretizations of fracture mechanics
• Native data transfer for mixed FEM-type DOFS
• Functional regression to support data-driven

model discovery
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Why is conservation hard in meshfree?

Generalized Stokes theorem
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Gauss divergence theorem

ICV•uds u•dA
Feac

a

a

Ingredients to cook up a conservative discretization:
• A chain complex — a good boundary operator
• A consistent coboundary operator — good function approximation
• A measure on each mesh entity
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Quadrature with GMLS

Assume a basis, Vf...) V, CP and rewrite GMLS problem as

= a rg min 7
cG ::Grefn ky 2

A1(P))2 A1).

er(P')

Ex: Selecting T = fc u dx, ard defining the vector

= Pdx

we can see that a quadrature functionais rnay be represented as a pairing
of the GMLS reconstruction coefficient vector with some vector in its
dual space

ic[u] = -vIc*

We seek to similarly define meshfree quadr3ture hinctionols with
summation by parts properties.
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Desired functional form to get summation-by-parts

Construct E-ball graph:
• Virtual cells (nodes)
• Virtual faces (edges)
• Physical boundary faces (red)
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Virtual divergence theorem construction

Let F c P (C/ We s e
theorem.

where

he fo o
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How to get the areas?

Assume virtual are may be expressed in ter
multiplied by point e

Then we obt n the f
basis function

Fo g Fredholm
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How to get the volumes?

Assumed we have a process for genera ng vol es sa s
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Solve the follo ing equality co
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For any weight w 0, this provides he definition
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First order truncation error for discrete divergence

H unweighted weighted

1/16 0.081 0.058

1/32 0.049 0.032

1/64 0.024 0.015

1/128 0.011

(c

0.0072
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Can use to build up discretizations of conservation laws

Consider conse a on la for conserved v able q

Otq IN7F

Where we   e s eady sta e and

• Darcy:

he follo ng fluxes:

ict

Singularly per urbed advection diffusion:
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Lin elasticity:
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Darcy: jumps in material properties

Flux continuity across interface:
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Darcy: jumps in material properties

Flux continuity across interface:
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Singularly perturbed advection diffusion
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Single tinnestep
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Unification with Combinatorial Hodge theory

Coinbinato l chain complex
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Combinatorial c chain complex
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Note that:
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Current work: a meshfree de Rham sequence

Previous scheme c be e itten combinato all. Hodge no on:

Acclivh(u) = 60 [(600f)T Dfcf(u).1
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We may si ilarly define a metie curl operator by ovmg to the right on the
co binat rial de Rh co plex

Ch os f [V x

godiVh °

If[V u] [( IPe)T Dece(u)]

(800f)T Die (V x u) we obt

lh(u), = g(51 [(6 Dece (u)]

A direct extension to define virtual curl satisfying
div*curl = 0
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