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Ingredients:

V, V* - a function space (e.g. continuous functions) and its dual

P = span{pi}?_i C V - a finite dimensional approximation space, e.g. polynomials
FE analog: local approximation space within an element

Ah := 0111 , . . , AhNhl c C V* - a finite set of sampling functionals (e.g. point evaluations)
FE analog: degrees of freedom

TETC V*

W(rdki): (T U A) x (T U A)

Example, MLS case:

I1Z

- a target functional (or a family of target functionals)

- a window function correlating functionals (e.g. a radial
kernel) determines the smoothness of reconstruction

FE analog: 1 if target and sampling functionals belong
to the same element, 0 otherwise.

Point cloud Xh = txhINh 1 c Q, with filling distance h = sup mini= —
xh,Gc2 2=1,...,Nh

u e V = Ck+1- (Q), P = llk (Q) Aih (u) = u(xih) Tx = u(x) , W = W —



Generalized Moving Least Squares

Recipes (2 equivalent formulations):

1. Least Square formulation:

t
TR ) := TR(PR,u) PR,u = arg min (AI (u)

pEP

• 00 • • • • • • • • • • • • • • • • •

2. Constrained Optimization formulation:

TX (2.0

ZEIX
TR
A1:1(U) { aTix =

: IY =

- (p)) 2 "W(,

: W(k, Xin >

• • • • • • •

supp(W(, -))

• •

arg min
ai W (X,

Tx (u) := u(x)

Txh (u)

i(u):=u(xiii)

P=112
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S. t. TRW i (p), Vp E P (p) = Th-c(p))
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Properties of Generalized Moving Least Squares

Main questions: When is the reconstruction possible? How good is the reconstruction?

• Unisolvency:
In order for 7-,/' to exist, Ax := Odic/. must be P-unisolvent, i.e. for p E P

'Ai E Ax, Ai(p) = 0 < > p = O.

• Approximation property:

'T)/c1(2t) — Tx(U) EN) o(hs), for some s.
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FE DoFs are
unisolvent by
construction

> Sufficient results for unisolvancy and approx. error have been provided by Wendland* for (non
generalized) ML S.

> Results has been generalized by Mirzaei**, for point derivatives as target functionals:

D'h(u) — TY,(u)1 r) 0(0±1-1'1)), where k is the degree of the polynomials.

and for weak derivatives in Sobolev spaces***.

* H. Wendland, Scattered data approximation, Vol. 17. Cambridge university press, 2004.
** D. Mirzaei et Al., IMA J. Num. Analysis, 2011.
*** D. Mirzaei, Comp. And App. Math. 2016



Generalized Moving Least Squares: our plan

Our plan is to further extend analysis of generalized moving least square, and present
general approximation results.

• Sampling/target functionals: we want to consider differential forms and in particular
volume integrals, fluxes over (virtual) faces and line integral over (virtual) edges.
Potentially useful for PDE discretizations and data transfer.

• Approximation space: we want to consider vector polynomials and subspaces of complete
polynomial spaces (e.g. div-free, curl-free spaces).

• Go beyond smooth functions and consider functions in Sobolev spaces (expanding on what
done in Mirzaei ***)

In the following we present
1) existence results for different sampling functionals
2) approximation results for different sampling/target functionals
3) generalization of definition of "local polynomial reproduction"

*** D. Mirzaei, Comp. And App. Math. 2016
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Reconstructing vector functions
(from projections along given directions)

Associate to each particle i a position xi and a unit vector vi E

Sampling functional: (u) := u(xi) • vi

d

Filling distance h, is the radius of the smallest ball that centered at any
point of Q contains d particles whose versors v1, . . . , vd contain a basis for qd
with associated determinant bigger than w det[vi, . . . , vd] > w).

-q111----0 V3
V

V 5

2- rAT

For h, < C (0 , R, m, w) , bp G [111d,

E Ah, such that Ai, (p) I > pw11131

Other sampling functionals we considered:

1
(u) • —   u • ti Aif (u) =   u • ni A'Au) :=   u(y) dy

lei fei 
fy
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GMLS approximation results:
kjaartiidoinaal
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Basic technique:

Tx (11)- 7-31 (u)1 • I ,-x(u)-r.(v)I+I,x(y) —,-x`(U)I. (V p e P)

Tx (u) Tx (p) + 7-31c) — u)1, reconstruction property

Np
• ITx(u - p) + E Ai(u - p) aTX

i =1

< Tx (7-1 — p) + maxx lAi(u — p) E
ZEIX

GML S definition

>2, x  < CIIITAP*A;1
ierx

Holds for any target functional and approximation space:

1Tx(U) T3c 1Tx(11 13)1 C W 1Tx P* 11A;1 max
ZEIX

Ai(u — P)11 P E P



GMLS approximation results: div free spaces
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V = {u E 
[Ck+1 (c2)]d, div(u) = 01, p = fp e [Elk 

(Q)]d
 div(p) = 01

Aii (u) := u(xi) • ei , Tfc (u) = u(x) • ei , T x = Tx1 . . . TX)

The Taylor polynomial pxkot of u E V, belongs to P (it's divergence free).

T3jc (U) (1) < TX (11 — 133Ck 171)1 C

Taylor approx.

(ed k)
►
0

I Tx (u) - 7-x(u) rJ (-9(hk+l)

Note that, in general, div(Txh(u)) / O.

max 1A4 (u — Pk )1x,u
zEIX

Taylor approx.

c9 (hk+l)



GMLS approximation results:
integral target functionals (e.g. used for nonlocal problems)

A,7(u) :=  
1 

lei fei u • ti,

Tx ( u ) = di IT ( u ) 1 .

V = Ck+l(C2),
p [fik(Q)] d

I A(u)1 s 11111 IL00(ei)

Take p = p xk ,,,, , the Taylor polynomial of degree k of u at x.

1Tx(U) — Tx (U)1 < 1Tx(U — PX,u)1 ± CW

Taylor approx.
(k > 1)

ITx(u) — T,1(1(u)1
7
o +

zi

Tx 1 P* 11-A;1 11 max 1 Ai (u — pxk ,u) 1iErx

Mirzaei**
7

Ch-
1 hk+11 ul

1Tx(11) — T311( (11)1 c hk 1111 11 Do ,S2

** D. Mirzaei et Al., IMA J. Num. Analysis, 2011.

oo,Q, if leil "J h
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Application to PDE: staggered scheme for Darcy
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I div(u) — 0
u KVO

•

•

Xk
•

eik

xi •
❑

•

Solution of PDE w/ jumps in permeability

VOI

Aii (u) U • tii

•
Xi

15

K (xii)(0i 0i)

Tx z (U) = div (11)1 x

P
[ll m]d

W (Tx Aij

I , I

— Exact
- - dx = 1/16
- - - dx = 1/32

- - dx = 1/64
dx = 1/128

.2 0.4 x x 0.6 .8
I I



Towards a general theory for GMLS: local reproduction
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Result (local polynomial reproduction) [MLS]

If, for each x e SZ c Ah c A c V*, exist Cloc > 0 and Ca > 0, s.t.

{ rxh(p) := Ei aix P(xj) = p(x), vp c Ilm
T,,, 141 ca
Ix — xi l > cli„h  > aix = 0

 > i.x~,,~- u(x)1 < Cuo-nhm+1

- consistency
- uniform boundness
- local support

Result (generalized local reproduction) [GMLS]

If, for each TETc V*, Ah c A c V* there exist qh,c,c o, 0,

CahqA O, s.t.

Th(P) := Ei aTAi(P) = T(P), VP E P
Cah

d(T, Ai) > Clhoc > = 0,

Vf E V, P such that:
17-(u — p) < Cf,11 T and
lAi(u < VAi : d(T, Ai) < Cihoc.

  Th (11) — T < Cf7LT 
Cacf7LA

- consistency

- uniform boundness

- local support

- approximation
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Thank you!



Towards a general theory for GMLS
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TETC V*, Ah = fAih E VTT2L1 c A c V*

Psudo-distance:
X : (T U A) Rq X (7 - , À) := x(T) - x(A)1

Separation and filling distances:

hs = —
1 
min d* (Ai, Ai) , h = sup min d* (T, Ai),2 ioi TET i

Quasi-uniformity:

hs < h < Cquhs

Properties of window function W:Tx A ---  :

0 < W(T, À) < M,
W(T, À) = 0 if d* (T, À) > Clhoc
W(T, À) > p > 0 if d* (7-, A) < Ctoc

Neiahborhood:

IT := fi, IWO-, Ai) > 01, IT := fi, 1 d*(T, Ai) < -Chl



Towards a general theory for GMLS
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Sample mapping

TT : P   , TT (v) := (Ai (0) e
IT

GMLS process defines a local reproduction if:

VAh, h < ho :

11T v* < , My* < CAV2

111;1 < CA h'83

Vf E V, ]/3 E P such that:

V\Ker(T) < Cf hal
V\Ker(Ai) < C fh'2 , : d(T, Ai) < Ch.

and


