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Abstract— The A-I. formulation has been proposed as a new paradigm for deriving compu-
tational electromagnetics methods with no low frequency breakdown, and that are more directly
applicable to coupling into quantum physics problems of interest. This formulation utilizes equa-
tions developed in terms of the magnetic vector potential (A) and electric scalar potential (I.),
which are deemed more fundamental quantities for quantum applications than the electric and
magnetic fields. Further, computational electromagnetics solvers developed from the A-.1) for-
mulation have been successful at overcoming many of the inherent multiscale limitations that
exist for field-based solvers. This has been shown in recent work, where time domain inte-
gral equations (TDIEs) applicable to perfect electric conductor (PEC) objects were shown to
be stable and accurate over broad frequency ranges. However, many quantum electromagnet-
ics applications of interest are pursued at optical frequencies where approximating metals as
PEC is no longer acceptable. Instead, these regions are more appropriately described with a
Drude-Lorentz-Sommerfeld model; and so computational electromagnetics solvers applicable to
multiscale geometries that can analyze these regions over very broad frequency ranges are needed.
This current work begins to address this need by presenting for the first time in either frequency
or time domain a set of A-.1) formulation surface integral equations applicable to simple, loss-free
dielectric regions. To do this, we derive TDIEs based on recently developed integral represen-
tation of solutions to the wave equations for A and (D. A rigorous functional framework that
was used to analyze the stability of the PEC A-4. formulation TDIEs is leveraged to determine
appropriate combinations of integral equations and unknowns so that stable marching-on-in-time
discretization approaches for the dielectric TDIEs can be developed here. The result is a set
of A-.I) formulation TDIEs with appropriate discretization guidelines that can accurately and
stably analyze dielectric regions at middle frequencies. Although not applicable at very low fre-
quencies, these equations provide an essential step toward this goal by determining a baseline for
combinations of equations and unknowns for dielectric regions within this formulation.

1. INTRODUCTION

Modern applications of electromagnetic and quantum physics require computational electromag-
netics (CEM) tools to analyze traditionally challenging problems; namely, the very broadband
analysis of multiscale/subwavelength dielectric geometries [1, 2, 3, 4]. This is largely driven by
many applications operating at near-optical wavelengths, where approximations of metals as per-
fect conductors no longer apply [1]. These challenging problems necessitate new CEM methods,
such as the A-4) formulation, which attempts to address these needs by formulating CEM methods
directly in terms of the magnetic vector (A) and electric scalar (.1.) potentials [5, 6]. However,
these potential-based integral equation formulations to date have only been applicable to perfectly
conducting objects; making them inapplicable to many quantum applications of interest.

This work begins to address this by presenting a set of potential-based time domain integral
equations (TDIEs) for dielectric regions based on frequency domain integral representation formulas
derived in [5]. Further, we provide guidelines based on rigorous functional analysis of similar inte-
gral equations for what basis and testing functions can be used in a marching-on-in-time (MOT)
discretization to achieve stable results in practice [7, 8]. In lieu of this analysis for these equa-
tions, we demonstrate the stability and accuracy of this formulation at middle frequencies through
numerical results.

The remainder of this work is organized into the following sections. Section 2 presents the
derivation of the potential-based TDIEs applicable to dielectric regions. Following this, Section 3
provides details on MOT discretizations of these equations to achieve stable results. Section 4 then
demonstrates the qualities of these new TDIEs through appropriate numerical examples. Finally,
Section 5 discusses conclusions and future work related to potential-based TDIEs.
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2. FORMULATION

Before integral representation formulas for the different potentials may be discussed, it is necessary
to determine the partial differential equations (PDEs) that the potentials should obey. A standard
approach to this introduces the potentials so that Maxwell's equations are automatically satisfied
[5]. In particular, by letting

B = V x A, (1)

E = -A. - V(I), (2)

and utilizing the Lorenz gauge,

V • A = —pc&

it can be easily seen that A and 4) must satisfy the following two wave equations:

V2A — µEA. =

02'/' — 1.1641 =

(3)

(4)

(5)
To simplify the derivation of integral representation formulas, we will perform it in the fre-

quency domain and then transform the results to the time domain. Assuming an exp(—iwt) time
dependence, the wave equations for the potentials in the frequency domain are

V2A k2A = —

0
24) + k24) = p/e,

(6)

(7)
where k2 = c.02µ,e. With the relevant wave equations determined, the integral representation for-
mulas for the two potentials may be derived.

2.1. Integral Representation Formulas

2.1.1. Frequency Domain

For simplicity, the representation formula for 4 will be derived first. To begin, consider any closed,
homogeneous domain Qi with boundary S, and its companion space Ile = 1.3 \ SZi. Then an integral
representation for 4 can be found, where 4 is a solution of the wave equation in R3 \ S, equal to
4)e in Q, and 4, in St,.

In the absence of sources, the potential in Qi must satisfy

co + k2\)(P (r) = 0. (8)

Similarly, a Green's function may be defined within Qi that must satisfy

(O k2)g(r,r/) —6(r — r'). (9)
The classic example of a function satisfying this equation and the radiation condition is the homo-
geneous medium Green's function, i.e.,

eikR

g(r,V) = 
47R •

Now, multiplying (8) by g(r, r') and (9) by 4 and subtracting the resulting equations gives

(g(r, rt)V2./.,(r) — (r)V2g(r, c/S2, = (1)(1!), E

(10)

Applying the divergence theorem and then swapping the role of r and I.' we arrive at the following
surface integral,

(g(r,r1)11! • VI4),(V) — • Vig(r,r1).1.i(V))dS' = 4:Di(r), r S, r E Qi, (12)
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where is the outward pointing normal to S at r'. A similar process can be performed in the
exterior domain SZe. Adding the contributions from the two regions together gives

fs (g(r,r')p(ri) —Ai • Vg(r,r')co(r'))dS' = (r), r S, (13)

where co = 4), — 4), and p= ft' • V'4), — ft,' • V'4., are the jumps of and its normal derivative across
S. This integral representation of 4) is essential for deriving surface integral equations that solve
the scalar wave equation [7, 9].

At this point, the integral representation formula can be seen as simply producing solutions
to the wave equation given in (7). So that the potential actually represents an electromagnetic
potential (i.e., it solves Maxwell's equations), it is essential that the Lorenz gauge be applied to
"tie the potentials together correctly [10]. This can be done by utilizing the current continuity
equation when the charge density is written in terms of the potentials. In particular, for the surface
current densities that are of interest to solving integral equations, the current continuity equation
becomes

V' • J
•  = (II + 13)iwE

(14)

where II = • (A, — Ae), and V • J should also be thought of as being defined by "jumps" in
the value on either side of S. Considering this, (13) becomes

(b. g(r,r')V' • J(r') — g(r,r1)11(ri) ii,' • Vig(r,r1) i
1 

If(r'))c/S' = (1.(r), r S, (15)

where kIf = —iwco. This change is made so that ‘If has the same temporal regularity as the other
surface sources (e.g. II), and so, will be able to be discretized using the same temporal basis
functions [7].

With the basic process understood, it is now necessary to derive a similar integral representation
formula for A. Considering the similarity of the vector and scalar potential wave equations, it can
be immediately seen that a possible integral representation for A is [5]

fs (g(r,r')//' • V'A(r) — ft' • Vg(r,r')A(r1))dS' = A(r), r V S. (16)

Although formally correct, this integral representation is of limited use in practical applications.
Instead, an equivalent form that is more useful and can be derived using a generalized Green's
theorem, as shown in detail in [5], is

— (g(r, r')[//' x x A(r))] — Vg(r, r) x [ft' x A(r')]

— fig(r,r')V • A(r) Vg(r,r')//,' • A(r'))dS' = A(r), r V S. (17)

Similar to the scalar potential integral representation, it is essential that the Lorenz gauge
be applied to "tie the potentials together in (17). Performing this gives an updated integral
representation suitable for electromagnetic problems as

— (µg(r, ri)J(ri) + Vg(r,r') Lm(,))+ iig(r,r')µ64f(r')
— 1 Vig(r, r')II(V)) dS' = A(r), r S, (18)
zw

where itJ = [ft' x x A] and m = x A has been used. Note again that surface sources
are selected so they have the same temporal regularity as each other. Utilizing the integral rep-
resentations given in (15) and (18), surface integral equations that perform well from very low to
high frequencies for PEC objects have been derived [5, 6, 11]. As will be shown shortly, these in-
tegral representations may also be used to derive integral equations applicable to solving problems
involving penetrable media (e.g., dielectric objects).
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2.1.2. Time Domain

c1,111
Region 1 Vi
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Figure 1: Configuration of a two region problem.

Time domain integral representations of the potentials can be derived by taking inverse Fourier
transforms of the frequency domain formulas. Although performing this is quite simple, it is
important that care be taken in the overall derivation to arrive at TDIEs that may be stably
discretized with the MOT method.

Starting with the scalar potential representation given in (15), the time domain version is

( IT V • J(1), t,) 
dt 

, 11(ri, 7-) vt fr t')dt)dS' = (r), r S, (19)„„ 47TRE 47FR -00 47r/i

where 7 = t - RI c is the retarded time and c is the speed of light. Similarly, the integral represen-
tation for A given in (18) becomes

j(r'' 7) fT 11(e't/)de + tif(ri'r) + V x fr   = A(r), r ,$ S.
47rR V _cx, 47rR 114€ 47rR -00 47rR

(20)

2.2. Surface Integral Equations

A number of approaches exist to derive integral equations to solve electromagnetics problems com-
posed of piecewise homogeneous regions. One standard way is to independently formulate an
equation for the field/potential in each region in terms of surface unknowns and to then tie the
solutions in each region together using boundary conditions [9]. This process will be performed for
the scenario shown in Fig. 1 using the integral representations derived in the previous sections.

To begin, we note some relevant boundary conditions that need to be satisfied on S. These are

{
ft x A1 = /1 X A2

ñ ' €1A1 = ñ ' €2A2

(1)1 = (1'2

ñ X H1 = ñ X H2

(21)

where the subscripts denote the region that the total (i.e., incident and scattered) potential or field
are defined in [5]. Our goal is to derive integral equations for each region independently that can
be tied together using (21) and produce the correct potentials in each region.

2.2.1. Exterior Integral Equations

With this in mind, we first formulate an integral equation for the exterior region (region 1 in Fig. 1).
This is done by associating with the actual PDE to be solved in the exterior region another auxiliary
PDE in the interior region. We have the freedom to choose the interior PDE in an advantageous
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way, as will be seen shortly. The exterior PDE that needs to be solved is

V2,1.1(r,t) - PiEiC(r,t) = -p/Ei in V1 x R±{

V2A1(r,t) - iticiAi(r, t) = -itiJ in Vi x ELF

(1)1(r, 0), .$1(r, 0) = 0 in V1

Ai(r, 0), Ai(r, 0) = 0 in V1
(Di (r, t) = .1,2(r ,t) on S x R±

ft x [Ai(r,t) x fi] = fi x [A2(r,t) x ii] on S x R±.

As previously mentioned, we need to associate with this external problem an auxiliary internal
problem that will allow us to solve the entire problem. This will require having the different "jumps"
in the surface sources across S be equal to the total potentials or fields in region 1. This can be
done by choosing surface sources so that the scattered potential in region 2 (denoted as (Di) cancels
the incident potential at all times (e.g., 4:13% = -(Dinc), producing the well-known extinction theorem
[5, 9].

Using the results in Section 2.1, we now have the following integral representation for the
scattered potential in region 1 (denoted as (1.,):

fr E Vi, .T.,
t r E  V2, —11)inc 

is ( froio V .4j7r1R(rEi; t')de 1114(71c' Ti) fit V' f 71 Wi(r'' t')de)d8',
47R

(23)

by continuity of thewhere Ti = t - RIci. To arrive at a surface integral equation, we note that
total scalar potential we have

- 4:1)e + (Dine = ± (Dine = r E S.

Plugging in our representation for .1), and taking the limit as r approaches S
at the following integral equation:

(22)

(24)

(from Vi) we arrive

f f  4.17,1R(r:i'e) + 1114(irc'TildS' +2 f 
oo 
t Wi(r,e)de

+J fi' i?‘ (f 4j 417(1111,2ti)dt, W417(1;1:111 dS' = r E S.
-00

Following similar steps, but for the vector potential, we have

Ji(r', ,c, 1 fTl  00 111(r'' t') + +1(1),T1))dS' + ft x mi(r, t')dt'
47R 47R 47R 2 j 00- 

(25)

r I' mi(r ,e) de  711c
+inzil-(r, , 7

1

1) dSI = —11, X [Ainc(r) x Id , r E S. (26)—Px L., 4R2s - 00

At this point, we have derived two coupled integral equations for four unknown functions. To arrive
at a solvable system, we will need two more integral equations. These can be derived by considering
integral equations derived in the internal region.

2.2.2. Interior Integral Equations

A similar process can be taken for deriving integral equations in the interior domain. However,
because there are no incident potentials (for the scenario shown in Fig. 1) the PDEs are slightly
different. In particular, we start with the interior region, V2 , with the following PDE:

V2.1.2(r,t) - µ2€24.2(r,t) = 0 in V2 X R±{

V2A2 (r, t) - µ262A2 (r, t) = 0 in V2 X R±

(I) 2 ( r , 0), ./.2(r, 0) = 0 in V2

A 2 (r, 0), A 2 (r, 0) = 0 in V2
(I)2(r,t) = (1)1(r, t) on S x R±

h x [A2(r,t) x ft] = ft x [Ai(r,t) x ii] on S x R.±.

(27)
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Given there are no incident potentials we formulate the exterior PDE with a solution of null
potentials.

From this, we have as an integral representation of the solution the following:

72 412(rfl tf)dt / dS / (28)
rr EE Vv2i 0(1.2 fs LI V • J2 (e, ti) dt, r12(e, 7-2) v,

47rRe2 
47FR 

47FR

where T2 = t — R/c2. From the continuity of the scalar potential on S we have that

4)2 = 0, r E S. (29)

Plugging in our representation for (13.2 and taking the limit as r approaches S (from V2) we arrive
at the following integral equation:

fol V • J2(ri, dt, +
, T  „

47rR€2 
— Lc., (r, t )dt

47TR 

2) 1 

fj n ( j T W42:R2 7r R 
+  

4 
2 (r' 72)) = 0, r E S. (30)

s 2 c2

Similarly for the vector potential, we have 

\

I )
172 rI2 (e, t') 1-1/ €2 4f2 ' 72) dS — t

(e, T2) f dt + tt2fs (112 47FR 00 47rR 47FR 2 —oo 

fil X m2(r,e)de

2 

X [jT.
00 47rR2 

1112(r, t') n1427r(rR + 
\
:22)]dS' = o, r E (31)

— 

We have now derived four integral equations in total. However, it is clear that the unknown
functions are different between (25)-(26) and (30)-(31). This can be resolved by utilizing the overall
boundary conditions for the problem, given in (21).

2.2.3. Complete Integral Equation System

Considering the boundary conditions in (21), we see that in all but one case the equivalent sources
defined in the exterior and interior integral equations are the same. The one equivalent source that
needs to be adjusted is H = fi • A, which can be simply done by noting that

El Fr
112 =

62
(32)

Performing this replacement and removing the now redundant subscripts on the unknowns, we
arrive at the final surface integral equation system to be solved. This is:

Js 
(iti

J(e, Tl)
+7Y,LtiEi 

ft

47FR f Too' 11(rf' t')47rR 
4j(r '11) 
47rR

)dS' ± 2Loo x m(r, t')dt'

fR x [ idS — n x [Ainc( )m(r/' ti) + m(r, T1) r x47rRc1 
E S, (33)

47rR2L J:010

fs(-1.1 dS +V • j(11, e) + 1141'1
47rRe1 47rR 

foo (r, tl)de

+ J n R ( f tif(r, ti) +  (1), T1)  &SI =
47R2 47iRcl 

)
r E S, (34)

is (/..t2 j(r'' T2) V fT2 
1147rR
(ri, t') de + fi,u262 W( 

47rR 2 
T2) dS' + —1 ft fix m(r,e)de

47FR i— 00 00

— fl X [ fl-02 
47r

0 m(r
R
,
2
e)  de + m47r(rR, cT 22) dS, = o, r E S, (35)

Js
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I s (— fr2 '7 4. .1,71r:,,e) 
dt

 + :21 11(41:'::) ) dS' -k - ftoo kli(r,e)de

+ 1 ii, 1 • /4 ( f T2 lif4(7rr IP de ± W4(7rr R're 22 ) ) dS/ = 0, r E S. (36)
J s J -00

3. DISCRETIZATION

With the necessary integral equations now derived, the discretization can be discussed. As was
pointed out previously, the time domain discretization of these potential-based integral equations
is complicated by the need to determine correct basis and testing functions to ensure stability of the
overall method. To do this, rigorous functional analysis of the integral equations within appropriate
Sobolev spaces are necessary [7]. This type of analysis was extended for use with potential-based
TDIEs for PEC objects in [8], where it was shown how selection of correct temporal basis functions
was critical to the stability of MOT discretizations of the potential-based TDIEs. In this section,
we discuss how the TDIEs presented in Sections 2.2.3 can be stably discretized. Although not
rigorously discussed, the selection of unknown functions to be discretized and the basis and testing
schemes are heavily guided by the functional analysis methods presented in [7, 8]. In addition to
selecting correct basis and testing schemes, accurate numerical integration methods must be used
to achieve stable results. In particular, we utilize the method presented in [12].

3.1. Temporal Functions

To begin, we note that these equations are on a similar temporal scale to the potential-based TDIEs
presented in [8]. As a result, it is concluded that J and II should be appropriate unknown functions
to be used. Further, the same integral operators are present so that the same temporal discretization
for these unknowns will be acceptable. In particular, this uses a pulse function (constant over two
time steps) as basis functions in a MOT scheme.

For simplicity, it is desirable to use other unknown functions that can be discretized with the
same temporal basis function in a MOT scheme. For this to be the case, the additional unknown
functions will need to have the same temporal regularity as J and H. This was built into our
derivation in Section 2 by writing the equations in terms of m = iil x A and kli = Cp. That these
are correct choices can be intuitively seen in the following way. Beginning with m, the symmetry
of Maxwell's equations suggests that J and M should have the same temporal regularity, where
M = —iii x E. Considering this, it is seen that m is a component of M and so should also utilize
the same basis function as J. In a similar manner, kIf should be used as an unknown so that it
has the same temporal regularity as the other unknown functions (e.g., II = fil • A), which all have
either a spatial or temporal derivative applied to them. More rigorous justification that cp as an
unknown would require a different temporal basis function is given in [7].

3.2. Spatial Functions

Although the unknown functions and equations have been carefully selected so the same temporal
basis functions can be used for all unknowns, the practical stability of these equations are not
guaranteed. The further aspect that is needed is the correct selection of spatial basis and testing
functions for key integral operators. In particular, both J and m need div-conforming functions,
so J is discretized with RWGs and m with Buffa-Christiansen (BC) functions [13]. Note that if
m were to use RWG functions the resulting system would be unstable due to the poorly tested
identity operator for m.

To simplify computation of far-field results, it is desirable to be able to recover M in post-
processing. This is possible by selecting a spatial basis function for W that can have the surface
gradient taken of it. The classic linear nodal basis function used in finite element methods is
one particular option, which also meets the spatial regularity properties needed by the integral
operators that act on W. [7]. To arrive at a square matrix system, II should be discretized with a
function associated with mesh nodes (similar to iF). One simple option that has the correct spatial
regularity is a nodal pulse function, i.e., it is a constant over all triangles attached to the node the
function is associated with.

In summary, the following spatial basis functions will be used for the following unknowns: RWG
functions for J, nodal pulse functions for II, BC functions for m, and linear nodal functions for W.
Spatial testing will use RWG functions for (33) and (35), and nodal pulse functions will be used to
test (34) and (36).
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Figure 2: Accuracy and stability of this formulation for scattering from a sphere: (a) RCS at 30 MHz and
(b) late-time stability of sample basis function coefficients.

4. NUMERICAL RESULTS

With all the necessary details now discussed, numerical results are presented for the formulation
presented in this work. Two simulations are performed to illustrate the stability of the method, with
accuracy tested by comparing against an analytical solution for a dielectric sphere. We conclude
the section by commenting on the lack of low frequency performance of these equations.

The first simulation considered is for a 1 meter radius sphere with a relative permittivity of 2.56.
The incident vector potential is assumed to be a plane wave with a temporal profile defined by a
modulated Gaussian pulse with a center frequency of 30 MHz and a bandwidth of 15 MHz. A time
step of 1.11 ns was used for this simulation. Since the source is assumed to be in the far-field, the
incident scalar potential is set to 0 [11]. The incoming wave propagates in the +2-direction and
is polarized in the + 'X-direction. Sample results are shown in Fig. 2, where it is seen that good
accuracy is achieved at the center frequency of 30 MHz, verifying the formulation. Due to the size
of the overall matrix system, an eigenvalue stability analysis was not performed for this simulation.
In lieu of this rigorous test, sample values of the solved for basis function coefficients are plotted
as a function of time for approximately 450 transits of the geometry in Fig. 2(b).

The second simulation analyzes a more challenging geometry to demonstrate the stability of the
discretization. The geometry analyzed is generated as a typical double ogive body-of-revolution
that is then shrunk in one dimension by a factor of 10 to make it very thin. The generating
equations are

where

1 — cos(46.4°
p(x) =

)

5g (x)
for 0 < x < 25,

f (x)

g(x) =

5f (x) 
for — 12.5 < x < 0

1 — cos(22.62°)'

2

(12x.5) 
sin2(46.6°) — cos(46.6°),

2

- (-
x 

sin2(22.62°) — cos(22.62°),
25

(37)

(38)

(39)

and all dimensions are in inches. This object is shown in Fig. 3(a). The incident vector potential
has a center frequency of 40 MHz and a bandwidth of 30 MHz. A time step of 0.71 ns was used
for this simulation. Sample values of the solved for basis function coefficients are plotted as a
function of time for approximately 500 transits of the geometry in Fig. 3(b), demonstrating the
good stability properties of the discretization approach presented.
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Figure 3: Stability of the discretization for a more challenging thin and complicated geometry: (a) geometry
analyzed and (b) late-time stability of sample basis function coefficients.

Unfortunately, this combination of equations loses accuracy as the frequency is lowered until the
simulation becomes unusable due to inaccuracies. Despite this loss of accuracy, the simulations have
not become numerically unstable even for a simulation of a 1 meter radius sphere with a 1 Hz center
frequency. It is anticipated that supplementing these equations by enforcing additional integral
equations corresponding to more boundary conditions will improve the low frequency performance.
This will be investigated in our future work.

5. CONCLUSION

This work presented the systematic development of potential-based TDIEs applicable to dielectric
regions. The foundation of this is the development of coupled integral representations of the so-
lutions to the scalar and vector potential wave equations in the time domain. The derivation of
these integral representations were performed to specifically arrive at a form that can be easily
used to develop stable TDIEs when using a MOT discretization approach. Correspondingly, guide-
lines for selecting appropriate basis and testing functions to achieve stable numerical results based
on the Sobolev space mapping properties of these time domain integral operators were presented.
Numerical results were presented which validated the accuracy and stability properties of our for-
mulation and discretization approach. Our future work will address the issues of the low frequency
inaccuracy of these equations so they may be used in analyzing applications of interest.
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