
 

Angular Momentum in Rotating Superfluid Droplets
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The angular momentum of rotating superfluid droplets originates from quantized vortices and capillary
waves, the interplay between which remains to be uncovered. Here, the rotation of isolated submicrometer
superfluid 4He droplets is studied by ultrafast x-ray diffraction using a free electron laser. The diffraction
patterns provide simultaneous access to the morphology of the droplets and the vortex arrays they host. In
capsule-shaped droplets, vortices form a distorted triangular lattice, whereas they arrange along elliptical
contours in ellipsoidal droplets. The combined action of vortices and capillary waves results in droplet
shapes close to those of classical droplets rotating with the same angular velocity. The findings are
corroborated by density functional theory calculations describing the velocity fields and shape deforma-
tions of a rotating superfluid cylinder.
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A quiescent droplet is spherical, whereas it experiences
pronounced shape deformations when set into rotation.
Classical viscous droplets execute rigid body rotation
(RBR), the kinematics of which are well understood
[1–4]. In contrast, a superfluid droplet is described by a
quantum mechanical wave function [5,6]. At low temper-
atures, the angular momentum of a superfluid droplet may be
stored in quantized vortices or, as much less frequently
discussed, in capillary waves. Both phenomena are funda-
mentally different from RBR, which poses intriguing ques-
tions regarding their relative contributions when comparing
classical and quantum mechanical kinematics. Experimental
studies of rotation in single, free superfluid 4He droplets have
recently become feasible with the advent of x-ray free

electron lasers (XFELs) and intense extreme ultraviolet
(XUV) sources [7–10]. Ultrafast diffraction experiments
have established the existence of oblate axisymmetric and
triaxial prolate superfluid droplets with shapes that are found
in classical droplets [1–4]. However, previous experiments
could not independently probe the angular momentum and
angular velocity of rotating droplets, which is imperative for
understanding their laws of motion. We address this chal-
lenge by simultaneously determining the angular momentum
L, the angular velocity ω, and the corresponding shapes of
the rotating droplets via imaging of both the shapes of 4He
droplets and the vortex configurations they contain.
The shapes of classical droplets undergoing RBR follow

a universal stability diagram in terms of reduced angular
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momentum ΛRBR and reduced angular velocity ΩRBR, as
shown in Fig. 1 [1–4]. The reduced quantities are linked to
the angular momentum LRBR and angular velocity ωRBR
according to

ΛRBR ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

8σρR7
p LRBR ð1Þ

ΩRBR ¼
ffiffiffiffiffiffiffiffi

ρR3

8σ

r

ωRBR: ð2Þ

Here, σ is the surface tension of the liquid; ρ its mass
density; and R the radius of a spherical droplet with the
same volume as the deformed droplet. With increasing
ΛRBR, the droplets become more oblate. At ΛRBR > 1.2,
however, they assume prolate shapes such as pseudotriaxial
ellipsoids, capsules, and dumbbells.
Rotation of prolate superfluid droplets can be accom-

plished by capillary waves, which decay rapidly in classical
droplets due to viscosity-induced energy dissipation but
may be sustained indefinitely in superfluids. Capillary
waves in levitating helium droplets have been investigated
experimentally and theoretically [12,13]. Traveling capil-
lary waves give rise to a new branch in the stability diagram
as shown by the blue line in Fig. 1 [11]. Prolate superfluid
droplets likely contain both capillary waves and vortices,
whose combined action determines the droplet shape. The
arrangement of vortices in rotating, nonaxisymmetric
systems represents a general problem that has been dis-
cussed theoretically in connection with liquid helium
[11,14] and dilute Bose-Einstein condensates (BECs)

[15–18]. The observation, however, of vortices in rotating
systems with large asymmetries remains challenging [19].
We posit that in axisymmetric, oblate superfluid droplets,

angular momentum originates solely from quantized vor-
tices that arrange in a triangular lattice [7,20] similar to
those previously observed in BECs [5,6,21]. In contrast, the
angular momentum in prolate superfluid droplets has
significant contributions from vortices and capillary waves.
We find that in capsule-shaped droplets, vortices form a
triangular lattice, whereas they are arranged along elliptical
contours in ellipsoidal droplets. The combined action of the
vortex lattice and the capillary waves yields droplet shapes
close to those in isochoric classical droplets rotating at the
same angular velocity.
Experiments were performed using the LAMP end

station at the Atomic, Molecular, and Optical (AMO) beam
line of the Linac Coherent Light Source (LCLS) XFEL
[22,23]. Sub-micrometer sized helium droplets containing
NHe ¼ 109–1011 atoms are produced via fragmentation of
liquid 4He expanded into vacuum through a 5 μm nozzle at
a temperature of 4.5 K and a backing pressure of 20 bar
[7,24,25]. The droplets evaporatively cool in vacuum to
T ¼ 0.37 K [25,26], becoming superfluid at T ≈ 2.17 K.
To visualize vortices, the droplets are doped with Xe atoms,
which cluster along the vortex cores [7,27–30]. The XFEL
is operated at 120 Hz with a photon energy of 1.5 keV
(λ ¼ 0.826 nm) and a pulse width of <180 fs. Small angle
diffraction images are recorded on a p-n charge-coupled
device detector centered along the XFEL beam axis. The
patterns predominantly contain column density information
of the scattering object in the direction perpendicular to the
detector plane.
Diffraction patterns from doped droplets with slightly

oblate axisymmetric, triaxial pseudoellipsoidal, and cap-
sule shapes are presented in a logarithmic color scale in
Figs. 2(a1), 2(b1), and 2(c1), respectively. Figures 2(a2)–
2(c2) show the corresponding column densities of
He (blue) and Xe (red and yellow) obtained from the
diffraction patterns using the droplet coherent diffractive
imaging (DCDI) algorithm [28,31], see Supplemental
Material for details [32]. The diffraction pattern in
Fig. 2(a1) exhibits a circular ring structure close to the center
and a speckled pattern in the outer region, which is due to
scattering off the He droplet and embedded Xe clusters,
respectively. The projection of the droplet contour onto the
detector plane is circular with a radius of 308� 6 nm
[7,27,31]. The droplet in Fig. 2(a2) contains 12 vortex cores
that are aligned along the droplet rotational axis and extend
between opposite surface points. The filaments appear shorter
than the droplet diameter, indicating that the rotational axis is
tilted with respect to the x-ray beam by ∼0.3 rad.
Figures 2(b1) and 2(c1) exhibit elongated diffraction

contours, with Fig. 2(c1) also featuring a pronounced streak
and a regular Bragg pattern. Most noticeably, two parallel
lines of four Bragg spots each are arranged symmetrically

FIG. 1. Stability diagram for classical droplets executing RBR.
Red solid traces indicate stable shapes for specific combinations
of reduced angular velocity ΩRBR and reduced angular momen-
tum ΛRBR [3,4]. The left branch corresponds to oblate axisym-
metric shapes, the right branch to prolate shapes. The unstable
portion of the branch is indicated by a dashed curve. The blue
curve corresponds to droplets rotating solely through capillary
wave motion [11]. Black circles mark the locations of classical
droplets with the same aspect ratios as the superfluid droplets
studied in this work.



with respect to the streak. We assign the Bragg spots to
x-ray scattering off a lattice of vortex-bound Xe clusters
[7]. Figure 2(c2) shows that the droplet contains ∼50
vortices arranged in four rows parallel to the droplet’s long
axis. The Xe clusters in Fig. 2(c2) appear as compact spots,
although they are likely filaments as in Fig. 2(a2).
Therefore, the filaments must be aligned perpendicular
to the detector plane and the droplet’s angular momentum
along the x-ray beam.
The droplet in Fig. 2(b2) has a pseudoellipsoidal shape

and the pattern of vortices within resemble the droplet’s
outer contour. The Xe clusters show some elongation along
the long axis, indicating a tilt of ≤0.15 rad around the
droplet’s intermediate axis. Since the angular momentum of
the droplets in panels 2(b) and 2(c) is aligned approx-
imately along the x-ray beam, the droplet contours yield the
actual values of the major and intermediate half axes, a and
b, as well as the droplet aspect ratio: A ¼ a=b. The minor
half-axis c, parallel to the rotational axis, cannot be directly
determined.
Figures 2(a2), 2(b2), and 2(c2) showcase the evolution of

vortex arrangements with changing droplet shapes.
Because of the small abundance of fast rotating droplets
crossing the x-ray beam focus with proper orientation,
only the two diffraction patterns shown in Figs. 2(b1)
and 2(c1) were suitable for reliable image phase retrieval.
These are considered representative of droplets with similar
aspect ratios since any nonequilibrium configurations
decay before the droplets reach the interaction point with
the imaging x-ray beam [7]. In the spheroidal droplet in

Fig. 2(a2), the vortices are distributed across the entire
volume and at regular distances from each other. In
Figs. 2(b2) and 2(c2), the vortices only occupy the central
part of their respective droplets, leaving ∼100 and
∼150 nm wide boundary regions devoid of vortices,
respectively. The vortices in the prolate droplet are arranged
in four rows along the droplet’s long axis. The vortex lattice
is reciprocal to that of the Bragg spots and is defined as

R
⇀ ¼ m1r1 i

⇀

1 þm2r2 i
⇀

2; ð3Þ

wherem1 andm2 are integers, r1 ¼ 111 nm, r2 ¼ 100 nm,

and i
⇀

1 and i
⇀

2 are unit vectors with i
⇀

1 perpendicular to the

streak and i
⇀

2 oriented at a 67° angle relative to i
⇀

1 as
illustrated in Fig. 2(c2). The vortex lattice is triangular, but
not equilateral as in the idealized 2D case [5] and as
previously observed in axisymmetric rotating He droplets
[7] and BECs [5,6,21]. These observations suggest that the
droplet shapes and vortex patterns within are closely
interrelated.
We compare the angular momentum and angular veloc-

ity in superfluid droplets in Figs. 2(b2) and 2(c2) to those of
their classical counterparts. From the measured aspect
ratios in Figs. 2(b2) and 2(c2), we first obtain the values
of the reduced quantities ΛRBR and ΩRBR [3,4,8] for the
corresponding classical rotating droplets and then calculate
LRBR and ωRBR according to Eqs. (1) and (2). The angular
momentum due to vortices LVORT is obtained from the
number of vortices NV and their location within the droplet

FIG. 2. Diffraction patterns from Xe-doped droplets with various shapes: (a1) axisymmetric, nearly spherical, (b1) triaxial
pseudoellipsoidal, and (c1) capsule shaped. The horizontal stripe in (a1)–(c1) results from the gap between the upper and lower
detector panels. Panels (a2)–(c2) show column densities retrieved via the DCDI algorithm. The basis vectors of the vortex lattice in (c2)
are shown in the upper right corner of the panel.



[33] as detailed in the Supplemental Material [32]. The
angular velocity of the vortex array is obtained from the
average vorticity as [34]

ωVORT ¼ nvκ
2

; ð4Þ
where nv is the areal number density of vortices and
κ ¼ h=m4 is the quantum of circulation, derived from
Planck’s constant h and the mass of the 4He atom m4.
The angular velocity of the superfluid droplet is given by

ωSF ¼ ωVORT because the vortex array must be stationary
with respect to the droplet contour at equilibrium. The
angular momentum due to capillary waves LCAP is obtained
as the product of the effective irrotational moment of inertia
of the droplets multiplied by ωSF [32,35]. Contributions of
Xe tracers to the angular momentum are neglected since the
total mass of the embedded Xe atoms in Fig. 2 is ∼100
times smaller than that of the He droplet and the vortices
doped with Xe atoms mostly occupy the central region of
the droplet. The impact of doping on vortex kinematics in
spherical droplets has been studied previously [27,38]. It
was concluded that bare and Xe-decorated vortices have
similar angular momenta when the vortices are located near
the droplet’s center as is the case here.
Table I lists the kinematic parameters of the rotating

superfluid droplets in Fig. 2. The total angular momentum in
superfluid prolate droplets [(b2), (c2)] LSF ¼ LVORTþ
LCAP. The LCAP=LVORT ratio decreases with decreasing
aspect ratio, A, ultimately meeting the condition LCAP¼0
in axisymmetric droplets (a2). The analysis also reveals that,
within the accuracy of our estimates, LSF ≈ LRBR and ωSF ≈
ωRBR for isochoric classical and vortex-hosting superfluid
droplets of similar shape. More generally, the results in
Table I suggest that rotation of large, vortex-hosting super-
fluid droplets can be described in terms of a reduced angular
velocity and a reduced angular momentum in a similar
fashion as the rotational motion of their classical counter-
parts. Details of the analysis and a comprehensive list of
geometric and kinematic parameters are presented in the
Supplemental Material [32], which also notes differences
between classical and superfluid droplets having the same
aspect ratio.
To rationalize the similarities between the shapes of

classical and superfluid droplets, we may recall that, for a
given L, RBR results in the smallest kinetic energy.

A vortex array in the central part of a droplet creates a
region of liquid that effectively moves as in RBR and
minimizes the required capillary engagement. Essentially,
the prolate droplet attempts to approach RBR by combining
the effect of vortices and capillary waves. It appears that for
each L, there is an optimal partitioning into LVORT and
LCAP that minimizes the total energy of the rotating droplet.
To ascertain how the shape of a superfluid droplet

changes with the number of vortices at constant angular
momentum, we have carried out density functional theory
(DFT) calculations [11,36,37]. Computationally costly 3D
calculations can only be performed for small droplets,
which cannot support a large number of vortices [11].
Therefore, we study a freestanding, deformable 4He cyl-
inder, rotating around its symmetry axis. Calculations are
performed in the corotating frame [37]. The total angular
momentum is fixed at LSF=NHe ¼ 7.83ℏ.
Figure 3 shows the results of the calculations with

different numbers of vortices, ranging from NV ¼ 2 to
NV ¼ 11. The deformation of the cylinder increases for
decreasing numbers of vortices, as capillary waves con-
tribute more angular momentum. Note that the energies of
the configurations in Fig. 3 are similar; they differ less than
0.01 K per atom, with theNV ¼ 6 configuration [(Fig. 3(c)]
representing the global minimum. Each panel in Fig. 3
shows the computed LCAP=LSF ratio and the cylinder’s
aspect ratio and ω. In cylinders with relatively small
A ¼ 1.1 and 1.5, the vortices are arranged into elliptical
patterns, whereas they form elongated arrays for larger
aspect ratios, in agreement with the experimental observa-
tions in Fig. 2.
Figure 3 illustrates how the effects of vortices and

capillary waves confer the appearance of RBR to the
motion of the superfluid. Each panel shows the superfluid
streamlines, illustrating the different irrotational velocity
fields: the streamlines dominated by vortices wrap around
the vortex cores, whereas those associated with capillary
waves terminate at the surface.
Figure 3(d) shows an elongated droplet containing

eight vortices arranged in a pattern reminiscent of a
distorted square lattice with an average nearest-neighbor
distance of d ¼ 4.7 nm and an areal vortex density of
1=d2 ¼ 4.5 × 1016 m−2. According to Eq. (4), the angular
velocity is ω ¼ 2.26 × 109 rad=s in excellent agreement
with the DFT result of ω ¼ 2.23 × 109 rad=s. Thus, the
results of the DFT calculations lend further support for
using Eq. (4) to determine ω of rotating He droplets from
the finite vortex arrays they contain.
This combined experimental and theoretical study pro-

vides the first direct comparison between the shapes,
angular velocities, and angular momenta of rotating
classical and superfluid droplets. The results indicate that
the equilibrium figures of superfluid droplets hosting
vortices may be described in a similar fashion as those
of classical, viscous droplets by a series of oblate and

TABLE I. Kinematic parameters for the droplets in Fig. 2.

Quantity (a2) (b2) (c2)

LRBR=ðNHe × ℏÞ 4.8 50 73
ωRBR, rad=s 2.0 × 106 1.24 × 107 4.9 × 106

ωSF, rad=s 2.0 × 106 9.7 × 106 4.9 × 106

LVORT=ðNHe × ℏÞ 4.8 31 30
LCAP=ðNHe × ℏÞ 0 18 48
LSF=ðNHe × ℏÞ 4.8 49 78



prolate shapes that evolve along curves of stability as a
function of reduced angular momentum Λ and reduced
angular velocity Ω. In axisymmetric oblate superfluid
droplets, all angular momentum is stored in triangular
lattices of quantum vortices that extend throughout the
entire droplet volume. In prolate droplets, however, capil-
lary waves can contribute a substantial and, for large aspect
ratios, even dominant amount of angular momentum. It
appears that prolate superfluid droplets approach the
classical equilibrium figures through a combination of
vortices and capillary motion, whereby the vortex arrange-
ments are restricted to the central region of the droplet.
Future experiments at high-repetition rate ultrafast x-ray

light sources will provide larger sample sizes and explore
more expansive ranges of Λ, Ω, and R. More advanced
theoretical work is required to study angular velocities and
angular momenta with higher accuracy and to derive a more
detailed stability diagram of superfluid droplets from the
measurements. Furthermore, probing smaller droplet sizes
will reveal possible finite size effects. Corresponding work
on self-bound quantum droplets in mixed BECs may
provide complementary information by studying more
dilute systems, potentially with greater control over their
rotational states [39,40].
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FIG. 3. Calculated equilibrium density profiles of a deformable 4He cylinder rotating around its symmetry axis at fixed LSF=NHe ¼
7.83ℏ for different numbers of vortices. Streamlines are shown in black. The positions of the vortex cores are marked by red dots for
visualization. The color bar shows the density in units of Å−3.
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