Theory of ignition and burn propagation in inertial fusion implosions
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A detailed analytic model is presented here to investigate the physics of burn propagation in inertially confined plasmas. The onset of ignition and burn propagation occurs when alpha heating of the hot spot causes rapid ablation of shell mass into the hot spot. This allows large energy gains to be achieved since most of the fuel mass is located in the shell. Here we first present a comprehensive review of previous analytic models that have been used to describe the physics of hot-spot evolution and ignition; we then show that a proper description of a propagating burn wave requires a comprehensive model of hot spot and shell evolution that includes proper mass conservation in the shell, fusion reactivity, and fuel depletion. The analytic theory is in good agreement with detailed radiation-hydrodynamic simulations that predict the onset of burn propagation as occurring when the yield enhancement caused by alpha heating is between 15- and 25-fold, f ~ 1.4, where f = alpha energy deposited/hot-spot energy at bang time, and the hot-spot burnup fraction is approximately 2%. We show that the definition of ignition is not sensitive to the alpha-particle stopping power nor asymmetries provided that the absorbed fraction of alpha particles  is correctly accounted for. Finally, we use the results of 2-D simulations to show that even when  is small and unknown (as is true in hot spots with mid modes that have significant leakage of alpha particles into the surrounding cold bubbles), one can still relate the experimentally measureable parameter  to the yield amplification and the burning-plasma parameter  = alpha energy deposited/total input work delivered to the hot spot.

I.	INTRODUCTION
	In laser-driven inertial confinement fusion (ICF), a spherical capsule of deuterium and tritium (DT) is driven to high velocities by direct irradiation of laser energy (direct drive) or an x-ray bath of an irradiated hohlraum (indirect drive).1,2 In the acceleration phase of the implosion, the radiation is absorbed by the outer shell surface and as a result of the outward expansion of the heated material, the rest of the shell implodes inward and is accelerated to velocities of ~300 to 500 km/s. Once the central pressure exceeds the pressure in the imploding shell, a strong shock is launched into the shell. This phase is denoted as the deceleration phase. At stagnation, the final fuel assembly consists of a low-density (30- to 100-g/cm3), high‑temperature (5- to 10-keV) core—the hot spot—surrounded by a dense (300- to 1000‑g/cm3) and cold (200- to 500-eV) fuel layer—the compressed shell. Such plasma conditions are sufficient for initiating DT thermonuclear fusion when a deuteron and triton fuse to produce a 14.1-MeV neutron and a 3.56-MeV alpha particle. The alpha particle primarily deposits energy in the plasma by colliding with electrons, raising the hot-spot temperature and further increasing the fusion-reaction rate. This positive feedback cycle is called “alpha heating,” and ignition is a direct consequence of the resulting thermal instability. A summary of the status of all laser fusion schemes and their fusion performance can be found in Ref. 3.
	Currently, two large facilities in the United States routinely implode shells layered with cryogenic DT: the National Ignition Facility4 (NIF) delivers ~1.9MJ of laser energy into a hohlraum that converts laser energy into x rays irradiating the capsule. Progress toward ignition in NIF experiments is described in Refs. 5–12. The OMEGA Laser System13 directly irradiates ~26 kJ of laser energy onto a DT layered capsule. Since OMEGA cannot deliver enough laser energy on target to achieve ignition, the performance of OMEGA implosions is assessed by scaling the experimental results to NIF energies using the theory of hydrodynamic equivalence described in Ref. 14. Progress toward hydro‑equivalent ignition is detailed in Refs. 15–19.
	Defining ignition in a physical way for inertially confined plasmas is still an unresolved problem since there is no longstanding and accepted definition in the ICF community. In laser fusion, “ignition” has been associated with the creation of a laboratory plasma that produces fusion energy output exceeding the laser energy input. This is the definition of ignition that was originally adopted in 1997 by the National Research Council report.20 While demonstrating that “Gain = 1” has important implications for fusion energy, this definition of ignition is not rooted in the burning‑plasma physics of DT fuel. In ICF, ignition instead identifies the transition from alpha heating of the hot spot to thermonuclear burn of the shell. In the alpha-heating phase of an implosion, thermal‑conduction losses and alpha deposition into the inner shell layer ablate a moderate amount of shell material into the hot spot. When the alpha-heating rate exceeds a certain threshold, a deflagration wave penetrates rapidly into the shell until all of the fuel is heated to ignition temperatures. Since large gains in ICF are obtained by burning into the cold and dense shell (where most of the fuel mass is located), ignition should identify the transition from alpha heating of the hot spot to burn propagation into the shell.
	The purpose of this work is to analyze the physics of ignition and burn propagation using the analytic model of the deceleration phase described in Ref. 21. In Ref. 22, radiation-hydrodynamic simulations were used to define ignition as the point when the alpha energy deposition into the hot spot is 40% larger than the hot-spot internal energy and the yield amplification caused by alpha heating is approximately 15 to 25. This point indicates the onset of burn propagation into the shell. We will develop here an analytic model that is in good agreement with the results of these radiation-hydrodynamic simulations and further explore changes in hot-spot properties as alpha-heating levels increase enough to initiate a propagating burn wave. This paper is organized as follows: Section II reviews previous ignition studies in inertial fusion over the last six decades; Sec. III describes an analytic model of the deceleration phase of ICF implosions that includes the effects of burn propagation; Sec. IV focuses on the application of this model to explain the results of radiation‑hydrodynamic simulations; and Sec. V presents a discussion of how the physics of burn propagation is modified in the presence of asymmetries. Section VI presents our conclusions.

II.	HISTORY OF IGNITION CRITERION
	The first form of the ignition criterion was described in J. D. Lawson’s 1957 paper23 where he showed that for a fusion reactor to be self-sustaining, the alpha-heating rate in the plasma must balance the energy loss rate. This leads to a condition of the form
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where P is the plasma pressure,  is the confinement time of the plasma, T is the plasma temperature, v is the fusion reactivity (which is a function of temperature), and  = 3.56 MeV is the alpha particle’s birth energy. The primary insight here was that ignition required a laboratory plasma to be confined for enough time at a high enough pressure and temperature. 
	In the 1960s, Lawrence Livermore National Laboratory (LLNL) began developing the radiation-hydrodynamics code LASNEX to simulate laser–matter interactions.24 In 1972, Nuckolls published the seminal Nature paper detailing how thermonuclear fusion can be achieved in the laboratory by compressing DT fuel with lasers.1 In addition to initiating an experimentally driven laser fusion program at LLNL,25 this work initiated extensive theoretical and computational studies on the physics of alpha heating and ignition. Several follow-up papers from LLNL reported on simple estimates for the driver conditions required to achieve significant fuel burnup using LASNEX in combination with analytical estimates, where the fusion yield was estimated by a simple computation of how many reactions occur in a homogeneous sphere before its decompression from an inward propagating rarefaction wave.26–28 A review of LLNL’s early computational work on alpha heating in DT spheres is also presented in Ref. 29. Bare DT spheres with varying areal densities and temperatures were simulated, and the temperature required to yield 10 MJ/mg of fusion yield was plotted as a function of the areal density. This curve was denoted as the “Meldner” curve and was used at LLNL during the 1980s as an approximate ignition condition for the hot spot. In Ref. 30, R. Kidder considered the topic of ignition by equating the change in the hot spot’s pressure with the pressure increase due to alpha heating:


		



where   is the fusion reactivity, T is the plasma temperature, and  = 3.56 MeV is the energy carried by each alpha particle. If the fusion reactivity is assumed to vary quadratically with temperature, then a is constant and the solution is given by  Ignition was defined by considering the conditions that caused the pressure to diverge to infinity [which happens when tig – 1/aP(0)]. Of course, this singularity is not physical in real implosions, which eventually disassemble. The authors also considered the definition of ignition for radiation-hydrodynamic simulations. For a non-igniting implosion after stagnation, the hot-spot temperature drops as the assembly decompresses. However, when a large enough ablation pressure was applied to the capsule, the temperature continued to increase even while the density was decreasing. Therefore, Kidder speculated that ignition corresponded this bifurcation with respect to the relationship between the central temperature and the central density.
	The physics of alpha-driven thermal instabilities was also investigated at Sandia, where a simple analytical model was used to determine the temperature and areal density required to ignite a pellet.31 Ignition in that work was defined by considering the conditions when the alpha-heating rate exceeded all losses for a homogeneous prestagnated plasma for which the energy balance is given by
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where the first term represents the rate at which alpha particle deposition heats up the plasma in units of W/cm3. It can be written in terms of the density and temperature as P = C2v, where v is the fusion reactivity, which is a unique function of the plasma’s temperature T. The radiation term can be written as  the thermal conduction term as  and the expansion loss term as  where we have used  to represent the plasma disassembly time, where cs is the sound speed in addition to the ideal equation of state P ~ T to relate the plasma’s pressure to its density and temperature. It follows that the resulting ignition conditions depends primarily on the areal density R and temperature T as follows:
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The implication of this equation is that for each value of the plasma temperature, there is a critical areal density that must be exceeded in order for the plasma’s energy to increase. This result was consistent with numerical calculations, which suggested that areal density and temperature were the primary variables playing a role in determining which plasmas would ignite.
	A large computational effort was also launched by the Los Alamos group, which began developing radiation-hydrodynamic codes including alpha transport, radiation transport, and laser-energy deposition. In 1973, Clarke et al. published an article describing simulation results predicting that the irradiation of a DT capsule by CO2 lasers could result in large fusion gains.32 This was followed by a comprehensive paper by G. S. Fraley in 1974 that outlined detailed numerical calculations of alpha transport in DT spheres with important formulae for alpha-particle ranges.33 
	Many analytic studies on the physics of ignition and alpha heating were also published during this time period. Early studies of propagating burn waves demonstrated the existence of analytic solutions of alpha-particle–driven detonation waves in DT spheres.34,35 A detonation occurs when a high-pressure shock is supported by fusion reactions behind the shock front. This condition requires that the temperature behind the shock front be large enough to initiate significant alpha deposition to support the shock pressure. Such conditions are not relevant, however, for inertially confined plasmas where the final assembly at bang time consists of a low-density hot spot confined by a high-density shell. A rebound shock propagates through the shell and the shocked shell plasma is further adiabatically compressed by the central pressure before ignition occurs. Non-igniting hot spots are approximately subsonic, which requires pressure equilibrium in the hot spot and shocked shell. This directly implies that in inertially confined plasmas, propagating burn waves are initially launched as deflagration waves triggered by thermal conduction and alpha-particle–driven heat flow through the burn front at the hot-spot/shocked-shell interface. Detonation waves can occur only at sufficiently large alpha-heating levels after the subsonic approximation has broken down as a result of the alpha heating, resulting in a large pressure gradient at the burn front.
	Krokhin and Rozanov derived an important formula relating the fraction of escaped alpha particles  in a DT sphere to the ratio   R/, where  is the alpha-particle range and R is the hot-spot radius.36 Their analysis assumes the alpha particles primarily slow down via collisions with electrons, which is valid for temperatures of less than 40 keV (Ref. 2). The formula is given by
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[bookmark: _GoBack]This result was important because it implied the existence of a self-regulating behavior of a burning hot spot. This was illustrated in a 1974 review paper by Brueckner and Jorna from KMS Fusion,37 who described a homogeneous hot spot tamped by a cold shell and considered the process whereby alpha deposition of the shell’s inner layer from an ignited hot spot drives a burn front into the shell. If the alpha-particle range is given by  where Te is the electron temperature and  is the mass density,36 then the hot spot is self-regulating. If the hot-spot radius is smaller than the alpha-particle range, the alpha particles act to increase the areal density via mass ablation of the inner shell/hot-spot layer. If the hot-spot radius is too large, alpha deposition into the hot spot increases the temperature until the alpha-particle range is again comparable to the radius. Brueckner and Jorna used this behavior to set R =  and derived the burn-wave velocity and estimated that the burn wave becomes supersonic (i.e., a detonation wave) at hot-spot temperatures of approximately 15 keV. 
	To explore the physics of burn-wave propagation via thermal conduction and alpha‑driven ablation, Gus’kov et al.38 derived a self-similar solution to solve the burn problem exactly for a hot spot confined by an infinitely long dense and cold tamper for two cases: (1) the case of a burn wave initiated primarily by alpha-particle–driven ablation of the shell, and (2) the case of a burn wave driven by thermal conduction. However, they could not find a similarity solution accounting for heat fluxes driven by both processes at the same time. In Ref. 39, researchers at the University of Illinois also studied the relative impact of thermal conduction and alpha-driven ablation on burn propagation. Both groups found that at each temperature, there is a critical value of hot-spot areal density above which alpha-driven ablation dominates over thermal conduction for the hot-spot heating rate. The Illinois group extended this study further by analyzing how uncertainties in the alpha stopping power dE/dx could affect the relative importance of thermal conduction and alpha-driven ablation in the propagation of the burn wave. If dE/dx is large, the alphas are deposited locally and more self-heating of the hot spot occurs while ablation of the inner shell layer is dominated by thermal conduction. A modest increase in the alpha-particle range can be beneficial since it increases the burn-wave velocity; however, if the range is too long, the reduction in hot-spot heating can quench the ignition process.
	Perhaps the most comprehensive analysis of the physics of burn-wave propagation to date is detailed in a 1984 paper by Atzeni and Caruso in Ref. 40. In this work, a set of differential equations was derived to describe the evolution of a homogeneous hot spot surrounded by an infinite amount of cold tamping material, which are both initially in pressure equilibrium. The hot-spot energy-conservation equation included alpha-particle heating, hydrodynamic expansion losses, and radiation. The mass-conservation equation included thermal conduction and alpha-particle–driven ablation of the inner tamper layer. Although these equations were not solved exactly, their initial and asymptotic behaviors were analyzed to obtain a physics understanding of burn-wave propagation. The effect of hot-spot self-regulation to the alpha-particle range was quantified asymptotically such that , the fraction of alpha particles escaping the hot spot and stopping in the inner shell layer, asymptotes to 3/5. It was then found that the self-heating condition depends only on the hot spot’s areal density R and temperature T. In the absence of hydrodynamic expansion, a self-heating condition was derived for this system to determine the initial conditions that result in dT/d(R) > 0. The authors then derived an ignition criterion for the case where hydrodynamic expansion is accounted for and a deflagration burn wave is launched into the tamper. Ignition was defined as the criterion that the set of ordinary differential equations must satisfy to yield a solution where the hot-spot temperature increases with the radius of the burn wave (i.e., dT/dR > 0). Such a study was useful for understanding the underlying physics of burn propagation in the context of a hot spot penetrating into the surrounding cold fuel. Nevertheless, a comprehensive theory of burn propagation should account for spatial variations of hydrodynamic quantities and the finite shell mass, as well as the time-dependent problem of an imploding shell that stagnates and then expands. 
	Apart from the self-similar solution of Gus’kov in Ref. 38, most ignition criteria had been derived under the assumptions of a homogeneous hot spot. A new approach to the ignition problem was taken by the Los Alamos group in Ref. 41. In that work, a DT sphere with a fixed wall temperature with radiation and thermal conduction losses was considered. The hydrodynamic condition corresponding to dT/dt = 0 was solved and a critical temperature profile was numerically determined. The authors defined ignition as the unstable profile where a positive change in temperature caused a positive feedback on temperature (ignition), while a negative change in temperature caused a negative feedback on temperature (burn quenching). This work was important since it considered ignition in nonhomogeneous hot spots with all relevant physical mechanisms included (radiation and thermal conduction losses). This analysis was improved by Kishony, Waxman, and Shvarts in a 1997 paper42 in which they also considered stable and unstable solutions to the ignition problem. In this work, they were able to find an exact self-similar solution to the hydrodynamic equations including radiation losses, thermal conduction losses, and single-group alpha diffusion. This solution required the conditions that (1) the tamper’s density decreases like 1/r, (2) the central temperature T0(t) is constant, (3) the central density 0(t) is inversely proportional to the hot-spot size R(t), (4) the central alpha-particle density n0(t) also varies inversely proportional to R(t), and (5) the expansion of the hot-spot radius is constant (d2R/dt2 = 0). Similar to the analysis of Atzeni and Caruso in Ref. 40, the ignition condition was provided in terms of the hot spot’s areal density R and temperature T and an ignition line in R and T space was derived. The results from the self-similar solution were shown to be in good agreement with a simple 0-D model of a homogeneous hot spot, where (similar to the analysis from Ref. 31) ignition was defined by the power balance
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where P is the hot spot’s alpha-deposition rate, Pconduction is the rate at which energy is lost due to thermal conduction, Pexpansion is the rate at which energy is lost due to hydrodynamic expansion, and Pradiation is the rate at which energy is lost due to radiation emission. The ignition line predicted by this power balance was in good qualitative agreement with the exact self-similar solutions. This was illustrated by plotting the areal density required for ignition as a function of the hot-spot temperature, which is minimized around 15 keV. At low values of temperature (the “left branch”), ignition requires the hot spot to achieve large areal densities to overcome radiation losses. At temperatures larger than 15 keV (the “right branch”), hydrodynamic expansion losses increase the areal density required for ignition. It was found that the self-similar solution was unstable in the left branch but stable in the right branch. Although this was an interesting exercise for determining how the R and T conditions affect ignition defined as a steady-state power balance, such a scenario is not representative of time-dependent implosions. For example, the condition dR/dt = const cannot be satisfied throughout an implosion where the shell is being constantly decelerated.
	In Ref. 43, an analytic theory was developed to describe the entire deceleration phase of the implosion. Up until then, most theories of hot-spot evolution separated the stagnation phase of the implosion from the alpha-heating phase. They also did not account for the balance of forces between the hot spot and shell. This force balance is accounted for in Atzeni and Caruso’s 1984 paper. However, they assumed that an infinite amount of shell mass was surrounding the hot spot (i.e., burn-propagation time is much faster than hydrodynamic disassembly time).40 They furthermore only describe the hot‑spot evolution after the stagnation phase. In Betti’s 2001 paper,43 a self-similar solution to the problem of a thin shell with mass Msh imploding inward at an implosion velocity vimp decelerated by a hot spot with initial pressure Phs(0) and radius Rhs(0) was described. An exact solution for the case of an adiabatic hot spot (in the absence of alpha heating and radiation losses) was found. Thermal conduction was considered as a mechanism to ablate mass into the hot spot but not as an energy loss to the global hot-spot energy balance. If the hot spot is assumed to be subsonic such that the Mach number is low, then the hot-spot pressure profile is flat and the evolution of the hot spot and shell can be described by the energy and momentum conservation equations:


	 	(6)


	 	(7)


where  = 5/3 for an ideal gas, Phs is the hot-spot pressure, and Rhs is the hot-spot radius. The initial condition for the hot-spot velocity is that  This problem has an exact solution given by
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where  is the ratio of the shell’s kinetic energy to the initial hot-spot internal energy. When the alpha-deposition term is included in the energy-conservation equation, the problem is solved numerically. The authors considered the simple case where  to avoid introducing another equation for temperature. When the alpha-heating level is increased enough, a singularity in the pressure is observed. The authors then defined ignition as the conditions corresponding to this singularity. 


	In Refs. 44–46, the problem of a hot spot confined by a compressible shell was considered. The shell is divided by the return shock, which is the material that crossed the shock front and is slowed down by the hot-spot pressure. The free-falling shell is the unshocked material imploding inward at the implosion velocity vimp. Although the hot-spot profiles are still self-similar, the position of the shock propagating through a finite‑thickness shell cannot be described in such a way. A proper description of the compressible shell is important since in the incompressible shell model, all of the in-flight shell kinetic energy is converted into hot-spot internal energy at stagnation (i.e.,  where Ps and Vs are the hot-spot pressure and volume at stagnation). The compressible shell model, on the other hand, accounts for the fact that the free-falling shell mass does not transfer its kinetic energy to the hot spot. In Ref. 47, alpha-particle transport was added to the compressible-shell model and an ignition condition was derived using the constraint of increasing hot-spot energy  after stagnation when the hot-spot radius is minimized. Such a definition of ignition is not accurate because it indicates only self-heating after stagnation and does not determine the onset of a propagating thermonuclear burn wave into the shell. 

	Similar models have also been adopted at LLNL. In Ref. 48, a compressible-shell model was described for the purpose of inferring hot-spot topology from experimentally measured x-ray images. In this work, ignition was defined as the condition under which the second derivative of hot-spot temperature was larger than zero. A large ensemble of simulations also showed that this condition can be related to a large increase in fusion yield in radiation-hydrodynamic simulations. Similar to the condition  this condition is indicative of self-heating but not of burn propagation.

	In the context of assessing progress toward ignition in experiments, an effort to define an ignition metric was undertaken before and during the National Ignition Campaign (NIC).4 At the Laboratory for Laser Energetics (LLE), one such effort was initiated where alpha heating and radiation losses were added to the thin shell model.49 Two dimensionless parameters then arose in the energy conservation equation: one was denoted  and represented the alpha-heating rate normalized to the expansion loss rate; the other was denoted  and represented the radiative loss rate normalized to the expansion loss rate. For each value of , a critical value of  leads to a singular condition when alpha heating drives the calculated pressure to infinity. This singular solution arises from the power-law approximation for the fusion reactivity (i.e., v ~ T3–4), the lack of proper mass conservation in the shell (leading to a singular hot-spot mass), and the lack of an equation for fuel depletion. The ignition condition was then defined as  where c( is the critical value of  above which a singularity is observed for a given value of . The ignition condition  contains the subscript “no ” because it represents hot-spot conditions achieved purely by hydrodynamic compression and is evaluated without modifications from hydrodynamics resulting from alpha heating. The parameter no  was then related to the stagnation temperature and shell areal density because both of these parameters can be measured in experiments.
	A 2-D/3-D analysis was then applied to no  to test the metric for robustness to asymmetries in the hot spot.50,51 In this work, a clean volume analysis, as introduced in Ref. 52, was used to determine the sensitivity of the onset of ignition to the yield over clean (YOC) = yield with perturbations/yield without perturbations. The radiation-hydrodynamic codes LILAC53 and DRACO54 were then used to determine the power law of YOC that gave the best prediction of the ignition cliff. Several simulations of ignited targets were systematically perturbed to create a curve of the gain versus no . The parameter no  = 1 corresponded to the points when the target gain was 1/2 of its maximum gain. Such an analysis led to the following expression for no :
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where (R)no  is the neutron-averaged areal density and Tno  is the neutron-averaged ion temperature. All quantities are evaluated from simulations without alpha heating since no  is intended to represent the conditions related to pure hydrodynamic compression that are needed to achieve ignition. Since the YOC cannot be determined from an experiment, it was also shown in Ref. 51 that the YOC dependence is very weak when Eq. (9) is rewritten in terms of the neutron yield and stagnated mass as follows:
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where Mstag,mg is the stagnated DT mass in mg at bang time (time of peak neutron production) and Y16(no ) is the neutron yield evaluated in units of 1016 neutrons. 
	A similar metric was developed by LLNL and denoted the experimental ignition threshold factor or ITFX.55 The ITFXno  was obtained from a fit to HYDRA simulations of the indirect-drive–ignition point design target.56 Similar to no , ITFX was first developed based on no- properties and the LLNL group was able to relate the ITFX to experimental observables as follows:
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where Yield13–15MeV is the primary neutron yield between 13 and 15 MeV [Yield  Yield13–15MeV  exp(4 DSR)] and the DSR represents the number of down‑scattered ratio of neutrons in the 10- to 12-MeV energy range normalized with the primary yield.57 The DSR is roughly proportional to the areal density  (Ref. 58). The ITFXno  was normalized to equal unity when the simulations showed a fusion yield of 1 MJ. Although the ITFX was specifically developed for the NIC target with a DT mass of 180 g, it can be generalized to different energy scales if it is normalized to the stagnating mass  to resemble Eq. (10). 
	Despite efforts undertaken to define ignition metrics, there are still significant problems with using both no  and ITFXno  as ignition metrics. The first problem is that these metrics do not clearly indicate the onset of ignition. Both metrics have been tuned with simulations to predict the “ignition cliff” as a point when the fusion-yield output is increasing rapidly. Such a definition of ignition does not uniquely represent the onset of a propagating deflagration wave into the cold fuel. The second problem is that these metrics are not measurable in ignition-relevant experiments where alpha heating plays a significant role in the hydrodynamics. Consequently, no  and ITFXno  cannot be identified from experiments that exhibit alpha heating. The metric no  is more convenient in the context of assessing progress in OMEGA implosions since the hydrodynamics are not significantly modified by alpha heating.14
	The issue of how to infer ITFXno  from ignition experiments was addressed in the NIC review paper in 2014 (Ref. 4). In that work, the authors studied the behavior of the metric ITFX using an ensemble of over 2000 HYDRA simulations of the NIC point-design indirect‑drive target.56 The simulations achieved 1-D yields near 20 MJ and were degraded through a variety of failure mechanisms, including low-mode distortions, implosion velocity reduction, and entropy degradation. Since the parameter ITFXno  cannot be directly inferred from experiments with alpha heating, the authors developed the metric ITFX, which includes modifications to hydrodynamics from alpha heating and related it to the yield amplification caused by alpha heating. The yield amplification is given by the ratio of fusion yield output from a simulation that includes alpha transport to the fusion yield output from a simulation that does not include alpha transport and is a measure of the effect alpha heating has on the enhancement of the fusion yield. It was shown that for implosions characteristic of the “low-foot” campaign on the NIF, the yield amplification varies as an approximately unique function of ITFX. For low values of alpha heating, ITFX can be approximately related to ITFXno . However, the yield amplification rises sharply as ITFXno  approaches unity, which implies that ITFXno  cannot be inferred from experiments near the ignition cliff. A similar analysis was carried out in Ref. 29, where it was shown that “with-” metrics can be approximately related to no- metrics; however, this was done for a limited simulation ensemble.

	LLE also adopted “with-” metrics to assess alpha-heating levels in implosions.59,60 In this work, the yield amplification caused by alpha heating was related to the measureable parameter  using both an analytic model and a large ensemble of simulations with a variety of laser energies, implosion velocities, and adiabats. The yield amplification’s relation to was originally quantified in Ref. 59 as  via a fit to the simulation ensemble for yield amplifications less than 10. In Ref. 60, the simulation ensemble was extended to include higher adiabat implosions (as high as 5) which lowered the yield amplification fit to
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	The parameter  is more general than ITFX because it is applicable to implosions with different fuel masses. Similar to no , its equation is given by
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where the areal density, stagnated mass, and neutron yield are all evaluated from implosions with alpha transport on. Although the parameter  may be inferred from experiments, there is no single value of  that can be used to assess the onset of no  = 1. This problem is further illustrated in Fig. 1, where the with- Lawson parameter  is plotted against no , both of which are evaluated using Eq. (10) for a 1-D LILAC53 simulation ensemble. The simulation ensemble shown here uses a similar database as Refs. 22 and 61. It contains implosion velocities between 200 km/s and 600 km/s, laser energies between 30 kJ and 10 MJ, and adiabats between 1 and 6, where the adiabat is given for DT by  = P/2.25/3, with the shell pressure P in megabars and the plasma density in g/cm3 (Ref. 62). The 1-D database was generated by creating many ignited implosions with a variety of different target gains and then degrading them by reducing the implosion velocity or increasing the adiabat.
	In Fig. 1, the dashed black line represents the no  = 1 ignition condition, which corresponds to a wide variety of  values. This implies that no  cannot be inferred from  near the ignition point. As shown in Ref. 63, the yield-amplification relation—no —holds only for yield amplifications less than 10. Furthermore, in Fig. 2, it is evident that no  = 1 does not correspond to a unique alpha-heating level. In fact, the condition no  = 1 for some targets corresponds to maximum gain around a yield enhancement of a thousandfold, while other targets are still in the alpha-heating regime at yield amplifications <10. This is not surprising since the ignition condition no  = 1 was originally developed to determine a monotonic increase in fusion yield output. It follows that this ignition condition alone cannot uniquely identify the onset of burn propagation.

[image: ]
FIG. 1. The no- Lawson parameter no  is plotted against the with- Lawson parameter no . Ignition defined as no  = 1 is represented as the dashed black line, which is satisfied for a wide range of  values.

[image: ]
FIG. 2. The no-alpha Lawson parameter no  is plotted against the yield amplification caused by alpha heating. The “ignition” point no  = 1 occurs for implosions that are in both the burn-propagation phase and the alpha-heating regime.

	A similar figure was made by the LLNL group in Ref. 64 where the ITFX was modified to include the DT fuel mass. Near ITFXno   1, a much clearer separation in the yield amplification curves was observed for several different experimental campaigns on the NIF [Fig. 41(a) of that work]. Although we do not observe this behavior in the simulation ensemble presented here, it is likely that Lindl et al. found a clearer transition because the simulation ensemble presented in this work covers a more diverse set of implosions with respect to adiabat, laser energy, and implosion velocity. 


	Finally, another important metric worth mentioning is the ignition condition derived by B. Cheng in 2014 by setting the thermonuclear burn time to be less than the hot-spot disassembly time.65 The hot spot was treated as a prestagnated plasma sphere with a disassembly time of  and the ignition condition was reformulated in terms of the hot-spot areal density and temperature. In Ref. 59, the analysis was generalized to arbitrary hot-spot shapes by setting  where Rmin is the minimum hot-spot radius of the distorted plasma. While this choice of disassembly time leads to a conservative estimate of the conditions required to initiate self-heating, the hot-spot disassembly time is more accurately described by balancing the hot-spot force against the shell momentum since this confinement time accounts for the time-dependent implosion dynamics. Furthermore, while this condition certainly indicates the presence of significant self-heating, it does not uniquely identify the onset of a propagating burn as a valid indicator of ignition. 



	So far, although a precise ignition condition still has not been established, one intermediate alpha-heating goal on the route to ignition has been identified. The “burning‑plasma parameter” was introduced in Refs. 21, 61, and 63 and given by  where E is the alpha energy deposited in the hot spot before bang time (when neutron production is maximized) and PdVstag is the total PdV work delivered to the hot spot before stagnation. When  alpha heating is the dominant mechanism heating the hot spot. The achievement of the burning-plasma regime is an important milestone for ICF experiments. Betti et al. in Ref. 63 found that the burning-plasma parameter can be related to the yield amplification and a burning plasma can be claimed when yield amplifications larger than 3.5 are observed in experiments. It was found in Ref. 61, however, that in a 1-D system where most of the alpha particles are absorbed in the hot spot, it is more accurate to infer  by relating it to f = 0.5 Eα /Ehs, where Ehs is the hot spot’s internal energy at bang time. However, the validity of relating the burning-plasma parameter to experimentally measureable parameters in the presence of asymmetries has not yet been investigated. The burning-plasma parameter was also studied by Hurricane et al. in Refs. 12 and 60, where it was related to the hot spot’s areal density and temperature and is now used routinely to quantify performance on the NIF.

Although  represents an intermediate goal for sub-ignited implosion experiments to achieve on the path to ignition, defining what ignition is and how it can be inferred in ICF experiments is still an important question that needs to be answered. The definition Gain = 1 represents the fusion energy “breakeven” but it is not a physically valid ignition metric. Simple definitions, such as the alpha-heating rate exceeding the energy-loss rate, are not accurate because of the transient character of ICF implosions. In Ref. 21 it was shown that ignition can be defined as the transition from alpha heating by the hot spot to propagating burn in the shell and that such a transition occurs at fusion yield amplifications between 15 and 25. This is shown by plotting the yield amplification as a function of the fractional alpha energy f for a large simulation ensemble (Fig. 3). In the alpha-heating phase, the yield amplification varies uniquely with f until burn propagation begins and the fuel temperature and areal density determine the maximum achievable yield amplification from propagating burn in the shell. Figure 3 shows the yield amplification as a function of f defined as


	 	(14)

where  = 3.56 MeV is the alpha particle’s birth energy, Yield is the total neutron yield (i.e.,   Yield is the total alpha-particle energy),  is the fraction of alpha particles deposited into the hot spot, and Ehs is the hot spot’s internal energy at bang time. The factor 1/2 accounts for the fact that approximately one half of the total alpha energy is deposited before bang time. Lindl et al. in Ref. 64 also explored this parameter although they correlated the yield amplification with   Yield/Ehs, choosing to not include the 1/2 factor. Nevertheless, they also observed a separation of curves around a yield amplification of 20 to 30.
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FIG. 3. The yield amplification is plotted as a function of f. It is evident that in the alpha-heating regime, the yield amplification varies as a unique function of f. In the burn-propagation regime, the curves separate and the maximum yield amplification is likely determined by other implosion parameters (i.e., the areal density).

	The purpose of this manuscript is to develop an analytic model to better understand the physics of burn propagation in inertially confined plasmas when f > 1.4. The new model builds upon previous models21,49–51,63,66 that define the onset of ignition through a singularity of the solution. The singularity arises because the model fails to capture the propagating burn wave into the shell and the finite Mach number corrections, which are needed to properly conserve mass and energy. Alpha-heating levels are controlled in those models by changing the alpha-heating coefficient  in the energy-conservation equation until the solution exhibits a thermal instability (pressure and temperature become singular), which is deemed as “ignition.” Although those models can adequately capture the physics of hot-spot alpha heating, they fail to properly capture thermonuclear burn into the shell. This happens for several reasons: (1) the models assume the fusion reactivity scales as a power law of temperature (i.e., v ~ T3.7), when, in reality, the reactivity is maximized around ~67 keV (Ref. 67); (2) the models do not include the physics of fuel depletion; and (3) the models do not include the physics of shell burnup occurring as a result of hot-spot ablation into the shell. The models also assume instantaneous slowing down of the alpha particles, which can become comparable to the confinement time for an ignited target. A proper description of the burn-wave problem must account for the penetration of the ablation front into the shell and the fuel disassembly after the stagnation shock breaks out of the shell. A model that describes this process is described in the following section.

III.	BURN-PROPAGATION MODEL FOR INERTIAL CONFINEMENT FUSION
	A semi-analytic model of the hot spot and compressible shell is presented here to better understand the underlying physics of burn propagation. The analytic alpha-heating model of Ref. 21 is extended to include relevant physics for burn propagation and is based on the previous work from Refs. 21, 43–47, and 63. It describes a shell of mass Msh and thickness 0, which is imploding inward at the implosion velocity vimp. At time t = t0, a strong shock is launched into the shell. For t > t0, the shell is divided into two parts: (1) the highly compressed shocked shell and (2) the unshocked free-falling shell, which pushes against the hot-spot pressure and implodes inward at the implosion velocity vimp. A diagram of the setup is illustrated in Fig. 4. The model solves for the hot-spot pressure P, temperature T, radius R, shock position Rk, and the shocked shell mass Mss by solving mass, momentum, and energy-conservation equations in the hot spot and shell as done in Ref. 21.
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FIG. 4. The compressible-shell model during “phase 1.” In the deceleration phase, the shell is divided into two parts by the position of the return shock at r = Rk. The shocked shell has been impulsively decelerated by the shock and compresses the hot spot like a piston. The unshocked part is unaware of the hot-spot pressure and free-falls inward at the initial implosion velocity vimp. Reproduced from Ref. 21, with the permission of AIP Publishing

	To properly describe the physics of burn propagation, we made modifications to the analytic model from Ref. 21 as follows: (1) corrections resulting from hot-spot ablation of shell material are included in the mass-conservation equations; (2) an equation for fuel depletion caused by the fusion burn is added; (3) an equation for the alpha slowing down is added; and (4) the power-law approximation for the fusion reactivity v is replaced with the fusion reactivity of Bosch and Hale.67 
	The hot spot will be primarily described using the subsonic approximation whereby the Mach number is small. This approximation greatly simplifies the set of equations that need to be solved and leads to the conclusions that the pressure profile is flat and the hot spot’s kinetic energy is much smaller than the hot spot’s internal energy throughout the deceleration phase. However, there are a few Mach2 corrections that need to be included to describe burn propagation properly to avoid a singularity in the solution (as was observed in Refs. 21, 49, and 63). The most important one relates to the relative contribution of the hot-spot mass to the shocked-shell mass. The subsonic approximation implies that ablation of shocked-shell mass into the hot spot can be neglected in the mass-conservation equation for the shocked shell. While this effect is negligible in sub-ignited implosions, it becomes important in the burn-propagation phase when the shell mass begins contributing to neutron production. 

	It is important to also consider the behavior of the system after the stagnation shock breaks out of the shell’s outer surface. When the shock breaks out of the shell, the outer surface should contract (in the shell’s frame of reference) as the radius expands to conserve mass and entropy within the shell. Here we allow the shell outer surface to propagate at the same speed as the hot-spot radius for convenience. This assumption allows us to avoid calculating the relaxation of the hot spot when the radius is equal to the outer shell boundary (i.e., when all of the shell mass has ablated into the hot spot). This will likely lead to inaccurate estimates of the final gain. However, the primary focus of this analytic model is to understand the physics of the transition to burn propagation occurring between yield amplifications of 15 to 25. As shown later, this analytic model recovers all the qualitative features observed in radiation-hydrodynamic simulations. We also find that the solutions with yield amplifications between 15 and 25 have  which indicates that uncertainties in the disassembly time likely will not affect the yield amplification significantly near ignition. An analysis of the final gain will be conducted using the 1-D simulation ensemble of implosions.
	It is also important to note that once the shock breaks out, a rarefaction wave quickly travels through the relatively thin and dense shell; however, its propagation time into the hot spot can be neglected.
	To solve this model, we make several assumptions about the pressure, density, and temperature profiles in both the hot spot and shell. The temperature profile in the hot spot is assumed to be self-similar as was found in Ref. 43. Here, we use the profile that gives a finite heat flux at the inner hot-spot radius:


		(15)


where R is the hot-spot radius, T0(t) is the central hot-spot temperature at time t, and  is the self-similar temperature profile given by


		(16)

Such a profile gives rise to a finite heat flux at the hot-spot boundary, which is proportional to T5/2T/r. This is useful in the context of evaluating the mass ablation rate caused by thermal conduction at the hot-spot boundary.21 
	In the shell, several density and velocity profiles are assumed to make the problem easier to solve. The density in the free-falling shell is evaluated by using a parabolic density profile in the free-falling shell of the form


	 	(17)

where Router is the outer free-fall trajectory and Rinner is the inner free-fall trajectory. The free-fall shell is unaware of the large hot-spot pressure and simply implodes inward at the implosion velocity vimp with an initial thickness 0. The velocity profile in the free-falling shell is not constant since the shell will expand outward because of the absence of applied pressure after the laser turns off. If the difference between the inner and outer surface velocities is given by v, then Rinner(t) = R0–vinnert and Router(t) = R0 + 0–(vinner–V)t, where vinner is the velocity of the inner free-falling shell surface. Assuming the velocity profile in the free-falling shell is linear leads to


	 	(18)

where the velocity vinner then chosen in such a way that 


	 

This equation is satisfied if the following condition is met:


		(19)

	The shocked shell is also described by the following profiles for density, pressure, and velocity:


	 	(20)


		(21)


		(22)


The velocity derivative is estimated from entropy conservation in the shell  where D is the Lagrangian derivative. This is evaluated in more detail in Refs. 21 and 43, leading to


	 	(23)



	Finally, it is important to normalize the solution in a way that allows the set of equations to be solved in dimensionless form. We do this by normalizing the solution to the thin-shell adiabatic model in the absence of radiation losses and alpha heating. In this case, all of the shell’s kinetic energy  is transferred to internal energy  where Ps and Rs denote the pressure and radius at stagnation. The temperature is normalized to T*, which is done to make the hot-spot mass-conservation equation dimensionless.49 It is given by


		(24)

where 0 is the Spitzer thermal conductivity coefficient (Spitzer = 0T5/2) and


	 	(25)







is the spatial factor that arises from integrating the hot-spot density over its volume using the temperature profile from Eq. (16). The final variables that we solve for are the hot-spot radius pressure  temperature shock position  and shocked-shell mass  as a function of time 

	Initial conditions are governed by the parameterwhich represents the ratio of the shell’s kinetic energy to the initial hot-spot internal energy. A comprehensive derivation of this model and the initial conditions are provided in Ref. 21. In this work, we state the integrated equations with only the corrections that are necessary to describe burn propagation. 

A.	Ablation velocity corrections

	To properly account for the effect of the shell losing mass because of ablation into the hot spot and the increase in hot-spot energy caused by ablation, it is important to determine the ablation velocity vabl, which is the speed at which the ablation front driven by the hot-spot heat losses penetrates into the shell. Mass conservation about the hot-spot boundary R implies that the hot-spot mass ablation rate  is given by


		(26)



where ss denotes the shocked-shell density. The ablation velocity can be determined from  This can be rewritten in terms of the hot-spot mass Mhs by using  giving the following result:


		(27)

where


		(28)


where the Rankine–Hugoniot relation gives ss(Rk)  4ff(Rk) in the strong shock limit. In normalized units, we write  to normalize the mass-conservation equations. 

This yields the following equation for 


		(29)

The ablation velocity, normalized to the implosion velocity vimp, is then given by


		(30)

where mi is the DT ion mass (2.5 amu). The constant in front is proportional to the Mach number squared, which is defined as the implosion velocity over the sound speed for the adiabatic model:


		(31)

where we have used T  0.8Ts, which is obtained by solving the thin-shell adiabatic model. It follows that the ablation velocity can be written in terms of the Mach number as follows:


	 	(32)

B.	Equation for alpha slowing down
	The pressure enhancement resulting from alpha heating causes the shell to expand faster. This means that the energy confinement time E decreases as the hot spot ignites, as shown by the formula 


	 	(33)

where Mstag is the stagnated mass, Phs is the hot-spot pressure, and Rhs is the hot-spot radius. One consequence of the decrease in confinement with alpha heating is that the alpha slowing down time becomes comparable to the disassembly time in the burn-propagation phase. This means that the finite alpha slowing down time must be accounted for in an analytic description of burn propagation.
	The alpha particle slowing down time can be included by first considering how alpha particles lose kinetic energy according to the formula 


		(34)

where e is the alpha particle’s slowing down time caused by collisions with plasma electrons and v is the alpha particle’s velocity. The solution to this equation is


		(35)


where v,0 is the alpha particle’s birth energy. This implies that the energy deposited by this alpha particle to the plasma at time t is given by  and the energy deposition rate to the plasma at time t from alpha particles born at time t0 is given by


		(36) 

where S(t0) is the alpha energy’s production rate at time t0. For simplicity, we assume that the alpha particles have deposited their energy locally and that the slowing down time does not vary with space. The effects of alpha-particle transport will be discussed later. The next step is to determine the total alpha energy deposited at time t from all alpha particles born before that time:


		(37)

It follows that the alpha energy deposition rate at time t is


	 	(38)

leading to


		(39)

In dimensionless form, this becomes 


		(40)



where both the source term S and the alpha-deposition term W are normalized to  to make the energy-conservation equation dimensionless and  We now note that the alpha particle’s slowing down time in picoseconds is given by36


		(41)

where log e is the Coulomb logarithm, is the plasma density in g/cm2, and Te is the electron temperature in keV. Although the ion contribution to the stopping power can become important for temperatures larger than 20 keV in the burn-propagation phase, we do not include it in this model for simplicity. Technically, e should also be evaluated along the path of the alpha particle but we neglect spatial variations in the alpha-particle range for simplicity. In dimensionless units, we can write the slowing down time as 


		(42)


where we use 0  0.02, which is estimated by assuming that the alpha particles slow down near the hot spot’s edge where the temperature drops to approximately 17% of its central value. Note that the alpha slowing down time compared to the implosion time is negligible in the subsonic limit  It follows that the effect of finite alpha slowing down time is another important Mach2 effect to include in the burn-propagation model. A more comprehensive discussion of this will be provided in the following sections of this paper.
	The source term S can be easily derived by integrating over the fusion-production rate:


	 	(43)


where  = 3.5 MeV is the alpha particle’s birth energy. We assume that all alpha particles are absorbed in the hot spot, as was found in Ref. 21 for 1-D implosions. We can then write nDnT = 1/4(1)2n2, where  is the fraction of alpha particles in the fuel. The ideal equation of state is then written as P = (ne + n)T = 2nT(1 + /2), where full ionization requires ne = nD + nT + 2n. Equation (43) can then be simplified as follows:


		(44)

where we have assumed a 50–50 partitioning of D and T in the fuel and the spatial integrand (T0) is given by


		(45)

where x  r/Rhs.




	Evaluating this integral properly requires the exact dimensional temperature to be known. It is for this reason that in solving this system of equations, we also assign a value for T since  In dimensionless form, using the convention that   and,  we find that 


		(46)

where


	 	(47)

with v representing the fusion reactivity evaluated at T = T and  is the dimensionless parameter, which approximately normalizes the alpha-heating rate to the plasma-expansion rate. It is given by


	 	(48)

C.	Equation for fuel burnup

	In the alpha-heating phase, the burnup fraction can be neglected. This effect becomes important in the burn-propagation phase when the thermal instability causes fusion yield enhancements  To determine the burnup rate correctly, it is important to note that the rate at which fusion reactions occur is equal to the rate at which alpha particles are introduced into the hot spot:


		(49)

where N is the total number of alpha particles present in the hot spot. We define with  the fraction of alpha particles in the hot spot:


	 	(50)

where N, Nd, and Nt are, respectively, the number of alpha particles, deuterons, and tritons in the hot spot. Using this formulation, the burnup equation for  can be written as


	 	(51)

In dimensionless form, this becomes 


		(52)

D.	Energy conservation
	We first begin with the hot-spot energy-conservation equation obtained by integrating over the hot spot up to the outer boundary where the temperature is much smaller than its central value:


		(53)

where W is the rate at which alpha particles deposit energy into the hot spot, Phs is the hot‑spot pressure, R is the hot-spot radius, Pss is the shocked-shell pressure, Uss is the shocked-shell velocity, and Wrad is the rate at which energy is radiated from the hot spot, which is given by


		(54)


where rad  0.2 is the fraction of emitted radiation reabsorbed in the hot spot and Cbr is a constant. The parameter rad was calculated in Ref. 21 by tracking the Lagrangian trajectory of the hot spot and calculating the ratio of absorbed to emitted radiative energy. Note that the term dR/dtUss = vabl is the ablation velocity (penetration velocity of hot-spot ablation front into the shell). Now by dividing the energy equation by  we obtain the final equation for the hot-spot energy:


		(55)


where  is the alpha-heating rate normalized to the expansion loss rate. The parameter  arises as a dimensionless number representing the radiated power normalized to the expansion loss rate. Detailed radiation-hydrodynamic simulations indicated that   0.3 was a good fit to simulation data.21 Here, we neglect the Mach2 corrections to the energy-conservation equation to avoid evaluating the shocked-shell density at the hot-spot boundary. The Mach2 corrections for kinetic energy and energy flux also do not qualitatively change the physics of the transition to burn propagation. 

E.	Shocked-shell position
	The position of the shocked shell is given by the Rankine–Hugoniot conditions. A detailed derivation is presented in Ref. 21. Here we only state the equation for the position of the shock Rk in the strong shock limit:


		(56)

which in dimensionless form comes out to


		(57)



where  and  They are determined from Eqs. (22) and (18), respectively, evaluated at the shock position Rk.

F.	Shocked-shell mass
	The equation governing the shocked-shell mass is obtained from a straightforward integration of mass conservation from the hot-spot boundary to the shock position:


		(58)

In dimensionless form, Eq. (58) takes the form


		(59)

G.	Shocked-shell momentum
	The shocked-shell momentum equation is given by


	 	(60)



Here, is the shocked-shell mass and  denotes the mass-averaged shocked-shell velocity. It is approximately evaluated as the average of dR/dt and Uss(Rk,t). The free-fall pressure Pff is also neglected here since we assume the shock at r = Rk is a strong shock. In dimensionless form, this equation becomes


		(61)

where the Mach2 here represents the rocket effect on the shell by hot-spot–driven ablation. We let Uss(R,t)  dR/dt because we neglect corrections of the order of Mach4. 

H.	Hot-spot mass
	The hot-spot temperature is governed by the ablation process at the hot spot/shell interface. Thermal conduction, radiation, and alpha particles heat up the shell’s inner surface and ablate material into the hot spot, thereby reducing its temperature. This process is described by the mass conservation in the hot spot:


	 	(62)


where  is the hot-spot mass ablation rate derived by conserving energy at the hot-spot boundary:


		(63)

Details of the derivation of Eq. (63) are provided in Ref. 21. The final dimensionless equation for mass conservation in the hot spot is therefore given by


		(64)



where the total fraction of absorbed radiation causing ablation of shell material into the hot spot  (Ref. 21). Since calculating exactly the fraction of absorbed radiation is cumbersome, an average absorbed energy was determined from the time-integrated fraction of radiated energy deposited into the ablated mass into the hot spot in Ref. 21. In that work, the ablation of the shell’s inner material by alpha particles was neglected since it resulted in a singularity in hot-spot mass for large alpha-heating levels. Since the hot-spot mass is being properly conserved in this model, we allow  which is consistent with the calculations presented in Ref. 21. 

1.	Solution of the model







	Equations (32), (40), (52), (55), (57), (59), (61), and (64) are combined to solve for the hot-spot alpha-deposition rate  the fuel burnup fraction , the hot-spot pressure  the hot-spot radius  the hot-spot temperature  the ablation velocity into the shell  the shocked-shell mass  and the stagnation shock position respectively. 




	The initial conditions are primarily written in terms of 0 = 35 and A0 = 1.5 as was done in Ref. 21. The hot-spot radius is initially free-falling at the implosion velocity such that  initially. The outer shell’s position is given by  where  is the initial aspect ratio. It is trivial to show that the rest of the initial conditions can be expressed as follows: 


		


	A Runge–Kutta scheme is used to solve this system of equations with the given initial conditions. We consider different families of implosions with Mach numbers ranging from 0.05 to 0.10 and the adiabatic stagnation temperature  ranging from 10 keV to 25 keV. Implosions are ignited by increasing the parameter . The “no-alpha” calculation corresponds to the  = 0 case.


	For a case with  keV and Mach2 = 0.10, the hot spot and shell trajectories are shown in Fig. 5. The with- hot spot stagnates earlier and disassembles faster than the no- case due to the increase in hot-spot pressure. This also translates into a faster stagnation shock-propagation rate. The with- solution here is in the burn‑propagation regime with a yield amplification of 45 folds. The partitioning of mass between the hot spot, shocked shell, and free-falling shell is shown in Fig. 6. It is clear that since  is of Mach2 order, it is always small for implosions without alpha heating. Ignited implosions must include the effect of mass ablation of the shell however, to prevent alpha heating from causing a singularity in the hot-spot mass. 
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FIG 5. The hot spot, shocked-shell, and outer-shell trajectories are plotted as a function of time. (a) The solution without alpha heating, which consists of a simple stagnating hot spot, a free-falling outer shell surface, and a shock that propagates consistently through the shell. (b) The solution during the burn-propagation regime, where the shell is clearly stagnating before rapidly decompressing.
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FIG. 6. The hot spot, shocked-shell, and free-falling shell masses are plotted as a function of time. (a) The solution without alpha heating, which consists of a monotonically increasing shocked-shell mass until the shock-breakout time, after which the shocked-shell mass decreases very slowly as a result of ablation into the hot spot. (b) The solution with alpha heating, where bootstrap heating of the hot spot has resulted in a large mass ablation rate of shell material into the hot spot. The hot-spot mass quickly rises until nearly all of the fuel mass is contained within the hot spot.

IV.	TRANSITION FROM ALPHA HEATING TO BURN PROPAGATION
A.	Yield amplification—f curve
	In Ref. 61, the parameter f was introduced as the ratio of the alpha energy deposited into the hot-spot internal energy at bang time:


	 	(65)

where  is the fraction of deposited alpha particles that have slowed down in the hot spot before bang time,  = 3.5 MeV is the alpha particle energy, Yield is the neutron yield, and Ehs is the hot spot’s internal energy at bang time (when the neutron-production rate is maximized). The factor 2 in the denominator accounts for the fact that approximately 50% of the total number of alpha particles produced in an implosion have been generated before bang time (assuming a symmetric neutron-production rate). We define the hot-spot boundary as the point when the neutron-production rate drops to 17% of its peak value. The fraction of absorbed alpha particles is calculated by backtracking this Lagrangian cell in time and determining the ratio of alpha particles deposited in the hot spot to the total amount of energy deposited in the simulation domain:


	 	(66)

where tbang is the bang time when the neutron-production rate is maximized, W,hs(t) is the alpha-deposition rate into the Lagrangian hot-spot mass at time t, and W,tot(t) is the total alpha-deposition rate in the entire simulation domain at time t. This is an exact calculation of the fraction of deposited alpha particles in the presence of ablation of shell material into the hot spot. It was shown in Ref. 21 that nearly all of the alpha particles have been absorbed into the hot spot near bang time via this calculation. 
	In 1-D implosions, Eq. (65) is a good approximation when the slowing down time is much less than the burnwidth. In the burn-propagation phase, however, the burnwidth becomes smaller while the alpha-deposition time simultaneously increases. This is illustrated in Fig. 7, where the yield amplification is plotted as a function of f for the LILAC simulation ensemble with f defined in three different ways: (a) is f given by Eq. (65), (b) is f evaluated by integrating the alpha energy deposited into the hot spot up until bang time (E,absorbed,bt) in a Lagrangian hot-spot mass:


	

and (c) is fcalculated by replacing 1/2 with the exact fraction of alpha particles emitted before bang time.  Note that the main difference between f and f* is that f* accounts for the finite alpha slowing down time. This can be understood more clearly by considering the ratio of f* to f:


	 

which essentially represents the ratio of emitted alpha particles that have slowed down before bang time.
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FIG. 7. The yield amplification is plotted as a function of f defined in three different ways for LILAC simulations: (a) is the definition of f adopted in Ref. 19, (b) takes into account the finite alpha slowing down and uses an exact calculation of alpha energy deposition into the hot spot before bang time, and (c) calculates fsimilar to the parameter in (a) except the factor 1/2 is replaced with the exact fraction of alpha particles emitted before bang time Fbt. 


Several important conclusions are made from Fig. 7. In Fig. 7(b), f is computed exactly by integrating the energy deposited into the hot spot by alpha particles up until bang time (E,absorbed,bt) in a Lagrangian hot-spot mass. If the alpha particle’s slowing down time was infinitely small, then f would be identical to the f defined using the exact fraction of emitted alpha particles. Nevertheless, the non-monotonic nature of this curve implies that in the burn-propagation regime, the alpha particle’s slowing down time is comparable to the DT fuel confinement time. This conclusion follows from the observation that yield amplification continues to increase with f when the fraction of slowed-down alpha particles is not taken into account, regardless of whether or not the asymmetry in the neutron production rate is accounted for. It is important to note, however, that the yield amplification is still a unique function of  until the transition point around f ~ 1.4. It follows that the definition of ignition occurring at yield amplifications between 15 and 25 is valid even in the presence of a finite alpha slowing down time. Since f from Eq. (61) is the easiest to infer from experiments, we will continue to adopt this definition for the remainder of this paper.


	In Fig. 8, the yield amplification is plotted against f from the solution of the analytic model for values of  (10,25) keV and Mach2  (0.05,0.1). The alpha-heating curves are then generated by increasing  until the target is well within the burn‑propagation phase. Here, we calculate the yield amplification where the fusion yield from the model is given by


	 	(67)

The alpha-heating parameter f is then given by


	 	(68)



where  is the bang time at peak neutron-production rate and  is the point where the fusion reactivity drops to 17% of its central value. It is calculated by solving the equation


	 	(69)




at bang time, where  In Fig. 8(b), f is computed by integrating the exact alpha-deposition rate  up until bang time and then dividing by  
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FIG. 8. The yield amplification plotted as a function of f for the analytic model. (a) f is defined as one half of the alpha energy divided by the hot-spot energy; (b) f is defined by evaluating the exact alpha energy deposited into the hot spot; (c) f is defined by replacing 1/2 with the exact fraction of emitted alpha particles before bang time Fbt. 

	By comparing the analytic model with the LILAC results, it is clear that the model qualitatively describes the transition to burn propagation, which includes f depending uniquely on yield amplification until ignition when the curves separate. The model also recovers the breakdown in monotonicity between f and yield amplification when the exact absorbed alpha-particle energy is used in the definition of f. 

B.	Effect of the alpha-particle range
	The effect of alpha-particle transport was studied by simulating three of the targets in the LILAC database with multipliers on the alpha-particle range. We chose to do this for a slow target with an adiabat ~1 (highest-yield amplification target in the database), a mid-gain  ~ 2 implosion, and the lowest gain  ~ 5 implosion. The results are plotted in Fig. 9, where it is evident that the smaller the alpha particle range, the larger the achievable maximum yield amplification. The yield amplification is still a unique function of f and the ignition point is preserved at f ~ 1.4 for the three different alpha-particle range multipliers. Note that increasing the alpha-particle range leads to a reduction in the yield amplification at which the  ~ 5 implosion enters the burn‑propagation regime. This likely happens because when the alpha-particle range is increased, the alpha slowing down time also increases. Since the  ~ 5 implosion has the shortest confinement time, this implosion is unable to stop enough of the alpha particles in time to generate a yield amplification of ~15 at f ~ 1.4. Furthermore, such implosions have the lowest hot-spot areal densities and exhibit sharp reductions in alpha deposition for larger alpha-particle ranges (i.e., fewer alpha particles are slowing down in the highest-temperature regions of the hot spot). 
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FIG. 9. The yield amplification plotted as a function of  using Sn alpha transport (black curve) is compared with alpha-heating curves generated with a 0.5 multiplier on the alpha-particle range (red curve) and a 2 multiplier on the alpha-particle range (blue curve).

C.	Burn-profile shift




	Another interesting feature of the onset of burn propagation concerns the burn profile in the hot spot at bang time. This can be studied by examining how f compares to its central value at  where  Here, P0, T0, and  denote the central hot-spot pressure, temperature, and fusion reactivity evaluated at bang time, respectively, and burn is the FWHM of the neutron‑production rate. Note that  is related to f via the following relation:


		(70)

where  is a factor depending only on spatial profiles given by


		(71)



where  and  is the hot-spot volume. Here, the ideal-gas equation of state is used in the hot spot P = 2nT with n representing the ion number density for a 50–50 DT plasma. The fusion production rate n2v is proportional to P2v/T2 and is spatially dependent only on the temperature for a flat pressure (isobaric) profile. 
	The factor p = 1 for a perfectly isobaric configuration and is given by


	 	(72)

	In the analytic model, we assume p = 1. This factor can change, however, during the burn-propagation phase as a result of the pressure gradient arising from rapid expansion of the hot spot. 
	Figure 10 shows a tight correlation between f and f up to the ignition point where f ~ 1.4 and a distinct maximum in f occurs. In the alpha-heating phase, the macroscopic alpha-heating parameter f is coupled to the microscopic parameter f, indicating that the neutron-production rate is self-similar in the hot spot. At the ignition point, the central hot-spot temperature corresponding to the maximum value of f in Fig. 10. varies between 10 and 17 keV in our database. This is not surprising, considering that S is minimized around 14 keV. It follows that as a result of the runaway amplification in temperature, an important feature of the onset of burn propagation is that the central temperature reaches the value of ~14 keV, corresponding to the minimum value of S. Consequently, the peak of the fusion-reaction rate shifts toward the denser regions (i.e., the shell), indicating that alpha heating, with respect to power losses, is becoming more dominant in the shell than it is in the low-density hot spot.
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FIG. 10. The alpha-heating parameter f is compared with its central value f0. A one-to-one correlation is expected in the alpha-heating phase when the hot-spot hydro profiles are expected to be self-similar. In the burn-propagation regime, the similarity breaks down and the neutron‑production rate becomes more dependent on the central temperature.



	This critical point is also consistent with the ignition condition f  1.4 since if we write  and neglect the contribution from the PdV work at the ignition point (since alpha heating is dominant and the shell is expanding at bang time), f can be related to temperature as  where the approximate formula for radiation losses derived in Ref. 61 was used. We emphasize that this approximate formula is only valid near ignition when the input work is much smaller than all of the other terms. In the burn-propagation phase, the net delivered work will be negative as a result of the hot spot’s expansion (therefore allowing f > 1 to be achieved). The LILAC simulations here show that the neutron-averaged temperature is ~63% of the central ion temperature at bang time. If the central temperature at bang time varies between 10 and 17 keV at ignition, the neutron-averaged temperature will vary between 6 and 11 keV. This implies that the fa at ignition should vary between 1.1 and 1.5, consistent with what is observed in simulations. We therefore conclude that ignition at fa ~ 1.4 is consistent with the temperature about the minimum of S.

1.	Fuel-burnup fraction
	In the burn-propagation phase, the yield amplification no longer depends exclusively on f. This leads to the question of what causes certain implosions to achieve lower yield amplifications than other implosions at the same value of f.
	In the simulation ensemble presented in this work, many of the points represent implosions of different laser energies, adiabats, and implosion velocities. To understand what is limiting the final yield amplification, it is important to consider how the fuel burnup depends on areal density and temperature. Here we consider two burnup fractions: (1) hs = Yield/Nhs, where Nhs is the number of atoms in the hot spot, and (2) tot = Yield/NDT, where NDT is the total number of DT atoms in the hot spot and the shell. The hot-spot burnup fraction can easily be written as


		(73)

where n0 is the central ion number density and Vhs is the hot spot’s volume, both evaluated at bang time. Here we neglect the fuel-burnup fraction as a small effect and are interested in only the zeroth-order scalings. Likewise, the total burnup fraction can be written as 


		(74)

where Mhs is the hot spot’s mass at bang time and Mtot is the total unablated DT mass at bang time. Of course, in the limit that Mhs = Mtot, the total burnup fraction should approach the hot-spot burnup fraction. This is verified in Fig. 11, where n0v0burn is compared with hs (red points) and tot (blue points). Evidently, the total burnup fraction is much smaller than the hot-spot burnup fraction in the alpha-heating phase, where the hot-spot mass is much smaller than the shell mass. In the burn-propagation regime (near a hot-spot burnup fraction of 0.02), the hot-spot mass increases rapidly and the total burnup fraction begins to approach the hot-spot burnup fraction. This value of the burnup fraction is consistent with the f = 1.4 definition of ignition at a central temperature of 15 keV since the hot-spot burnup fraction can also be written as
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FIG 11. The hot-spot burnup fraction (red points) and the total burnup fraction (blue points) are plotted against the parameter n0 v0. At a hot-spot burnup fraction of around 0.02, the hot spot and total burnup fractions approach each other. This is due to the fact that the hot-spot mass approaches the total mass in the burn-propagation phase.

	If instead of using the neutron burnwidth, one writes the disassembly time of an ignited plasma as  = R/Cs, where Cs is the hot spot sound speed, the hot-spot burnup fraction becomes


		(75)


where 0 is the central hot-spot mass density at bang time. This case is presented in Fig. 12. At large alpha-heating levels, both hs and tot appear to be well correlated with R/Hb, where R is the areal density of the hot spot (defined by the neutron R17 boundary) and  We do not expect this formula to work at low alpha-heating levels where tamping by the shell must be included in the confinement time.
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FIG. 12. The hot-spot burnup fraction (red points) and the total burnup fraction (blue points) are plotted against the parameter  In the burn propagation phase, both hs and tot approach the expected scaling of  with R/Hb.

	The result presented in Fig. 12 implies that the fuel areal density plays a dominant role in determining the neutron yield in the burn-propagation phase. High-adiabat implosions, compared to lower-adiabat implosions at the same value of f, will be limited in yield amplification because of the fuel burnup’s strong dependence on the areal density in the burn-propagation phase. 

D.	Transition out of the subsonic regime 
	The onset of burn propagation necessarily requires the subsonic approximation to break down. This is because burn-propagation requires Mhs ~ Mtot, while at the same time Mhs ~ Mach2 Mtot. Reference 68 also reported on a significant increase in the hot spot’s Mach number during the ignition process. Several observations near the ignition point indicate the onset of burn propagation:
1. The alpha slowing down time becomes comparable to the disassembly time.
2. The hot-spot mass is significantly amplified.
3. The hot spot acquires a significant amount of kinetic energy.

	The effect of finite alpha slowing down has already been described in Fig. 7. If f is defined using the exact alpha-particle energy deposited into the hot spot, then f is no longer a monotonically increasing function of the yield amplification as a result of the finite alpha slowing down time. This is an effect that can happen only as the hot spot transitions out of the subsonic regime.
	Another important signature of burn propagation (as well as a transition out of the subsonic regime) is the rapid increase in hot-spot mass. In the alpha-heating phase, one should not expect the amplification in hot-spot mass to vary uniquely with f since different hot spots with different Mach numbers are expected to undergo different mass ablation rates. Around the ignition point, however, one would expect the implosions to be characterized by a rapid increase in hot-spot mass. This is verified in Fig. 13 where the hot-spot mass amplification is plotted as a function of f. As expected, a rapid amplification in the hot-spot mass is observed after f ~ 1.4. This signifies that the f ~ 1.4 point is indeed associated with the increase in neutron-producing mass that characterizes the propagation of a deflagration wave into the shell. 
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FIG. 13. The amplification in hot-spot mass at bang time is plotted as a function of f. A large amplification is observed after the ignition point around f ~ 1.4, indicating the onset of a runaway deflagration wave into the shell.

	Assessing the relative importance of hot-spot kinetic energy is another indicator of the transition out of the subsonic regime after ignition. This is demonstrated in Fig. 14 where f defined using the hot-spot internal energy is plotted against f defined using the total hot-spot energy (including the kinetic energy contribution). It is evident in this figure that after the ignition point, the two values of f diverge as a result of the increase in kinetic energy.
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FIG. 14. The alpha-heating parameter f is plotted against f, defined by considering the contribution of kinetic energy in the hot-spot energy.

V.	IMPACT OF ASYMMETRIES ON THE DEFINITION OF IGNITION
	To conclusively assess whether or not ignition has been achieved, it is important to (1) relate ignition metrics with experimental observables and (2) show that the metrics are robust to 2-D and 3-D asymmetries. The parameter f can be inferred from experimental observables by setting the total alpha energy to E =   Yield and relating the pressure to the neutron yield, ion temperature Ti, hot-spot volume Vhs, and burn duration (or confinement time)  as described in Ref. 69:


		(76)

We then define f,approx as


		(77)

where  = 0.93 gives the best least squares fit for f ≤ 1.4. It was shown in Ref. 21 that this formula works well for the 1-D simulation ensemble. The next step is to consider how the definition of ignition is modified by the presence of asymmetries that inevitably exist in real implosions. In particular, it was shown in Ref. 21 that if the fraction of absorbed alpha particles is correctly accounted for, the yield amplification –f relation should be universal up until the ignition point. Here we present 2-D DRACO54 simulations of two different targets that achieve burn propagation in 1-D and are then systemically degraded by single modes 2, 4, 6, 8, and 10. These modes are initially applied to the inner shell surface of the implosions, and the yield amplifications are systemically degraded as the perturbation amplitudes are increased. The simulation ensemble presented here consists of a variety of perturbation levels ranging from nearly uniform to a 30% degradation in the no-alpha yield. We emphasize that we only consider moderately perturbed implosions since it is difficult to ignite highly distorted implosions with yield over cleans less than 30%. The DRACO simulations are run using sector ray trace, flux-limited thermal transport, multigroup alpha transport, multigroup radiation transport, astrophysical opacity tables, and SESAME70 equation-of-state tables. A straight-line angular Monte Carlo transport algorithm is used to transport the alpha particles.71 In Fig. 15, the yield amplification is plotted as a function of f where  is replaced with 0.93. This is done because  cannot presently be inferred from experiments (while Ehs can as demonstrated in Refs. 22 and 61). It is evident that 1-D LILAC simulations show no sensitivity to whether or not the fraction of absorbed alpha particles is accounted for. This is the same conclusion that was reached in Ref. 21. In Ref. 22, it was found that low modes with yield-over-cleans above 50% satisfied the same curves as 1-D simulations with reasonable accuracy. However, it is evident that mid-mode implosions [ (6,10)] deviate significantly from the trend. This occurs because the alpha particles are leaking out of the neutron-producing hot spot and into the surrounding cold bubbles.
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FIG. 15. The yield amplification is plotted against f, where the fraction of absorbed alphas  is replaced with 0.93.


	To properly account for the alpha particles leaking out of the hot spot, one can track how many alpha particles have deposited their energy into the Lagrangian hot-spot mass integrated up until bang time. In 1-D Lagrangian simulations, this calculation is trivial because it involves finding the Lagrangian cell defining the hot-spot radius at bang time and backtracking the location of this cell in time. In asymmetric hot spots, this is accomplished by defining the hot-spot surface at bang time (here we look for the contour of the neutron-production rate nDnTv at 17% of its maximum value) and then calculating the Lagrangian trajectories of each point along the boundary by allowing the boundary to move with the fluid (solving  for each point i along the boundary). An example of the backtracked hot-spot radius is provided in Fig. 16, where the density contour is plotted for an implosion with a yield amplification of 12 and a yield over clean of 0.5 as a result of a single-mode 10 perturbation. Figure 16(a) shows the hot-spot density contours at bang time. It is evident here that the hot-spot boundary is surrounded by cold bubbles that do not contribute significantly to neutron production. In Fig. 16(b), the Lagrangian hot-spot boundary at the time of peak shell kinetic energy is plotted. The hot‑spot boundary includes some of the shell material that eventually become spikes and are ablated into the hot spot. More importantly, however, the hot-spot mass is significantly reduced as a result of the mid-mode perturbation (as was also found in Ref. 72). It follows that alpha-particle deposition outside of the hot-spot boundary will not contribute to the hot-spot energy balance at bang time and therefore will not contribute to significant yield enhancements caused by alpha heating.
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FIG. 16. (a) The solid line represents the hot-spot boundary at bang time defined by the neutron R17 contour; (b) the solid line represents the Lagrangian hot-spot boundary at the time of peak inward kinetic energy, which conserves the hot-spot mass at bang time. The shaded areas are the density contours in g/cm3.

	Similar to the calculation for a 1-D hot spot, the fraction of alpha particles absorbed into the hot spot is calculated as


		(78)

where tbang is the bang time when the neutron-production rate is maximized, Whs(t) is the alpha-deposition rate into the Lagrangian hot-spot mass at time t, and Wtot is the total alpha-deposition rate in the entire simulation domain at time t. In Fig. 17, the yield amplification is plotted as a function of f, where the exact fraction of alpha particles is included. It is clear that the definition of ignition (f = 1.4) is valid in the presence of asymmetries provided that the fraction of absorbed alpha particles is correctly accounted for. Although Fig. 17 validates the physics of ignition in the presence of asymmetries, it is important to note that  cannot be easily inferred from ICF experiments. It is therefore worthwhile to quantify proximity toward ignition using other potential metrics. 
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FIG. 17. The yield amplification is plotted as a function of f for the ensemble of 1-D LILAC50 simulations (turquoise points). In the alpha-heating regime f < 1.4), the yield amplification depends uniquely on f regardless of the target mass, areal density, and temperature. After f = 1.4, shell mass and burnup fraction determine the maximum fusion yield. The yellow, red, green, and dark blue points, respectively, represent 2-D DRACO51 single-mode simulations of modes 2, 4, 6, and 10. The purple points are multimode simulations perturbed by modes 2 and 4.

A.	Comparison of f with other metrics
	Apart from f, another commonly used alpha-heating metric is , which depends on the areal density and yield as follows:50


		(79)

where Mstag is the stagnated fuel mass at bang time, R is the neutron-averaged fuel areal density (including the hot spot and shell), and Yield16 is the neutron yield in units of 1016 neutrons. In Fig. 18(a), the yield amplification is plotted as a function of . While there is evidently an alpha-heating phase and a burn-propagation phase, the transition between the two phases is not as clear from this figure as it is from the f yield‑amplification curve. Nevertheless, an upper bound on the  value, which is needed to claim that ignition has occurred, can be inferred from this relationship. Here, we find that a yield amplification of 15 will require at least  > 2 to 2.5. 
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FIG. 18. (a) The yield amplification is plotted as a function of  from Eq. (79), which does not show as distinct a transition in comparison to f. However, > 2 to 2.5 could represent an upper bound on the  needed for ignition.



	It was already shown in Refs. 61 and 63 that the yield amplification is also correlated with  Particularly in Ref. 61, f was plotted against  and they were shown to be well correlated in the alpha-heating phase. However, higher-adiabat targets on the curve deviated from f because of the breakdown in the relation Mstag ~ (R)R2. Higher-adiabat targets tend to have higher Mach numbers, which results in the hot spot contributing a significant fraction of the stagnated mass and areal density. In addition, the aspect ratio is usually lower, implying that the shell volume Vshell ~ R2 breaks down because the shell thickness is a significant fraction of the hot-spot radius. It is for these reasons that  does not exhibit as pronounced of a transition at ignition as f does. One important property to consider about  is that it was designed to be robust to asymmetries (see Refs. 50 and 51), where a clean volume analysis was utilized to derive a version of no  that could be used to assess progress toward the ignition cliff in the presence of asymmetries. A thin-shell model of the shell and hot spot was developed and the penetration of the spike amplitude R was estimated via the classic Rayleigh–Taylor growth rate (without ablation). The “clean” radius was defined as Rclean = Rhs–R. Only hot-spot material with r < Rclean was allowed to produce fusion reactions. The YOC was varied by changing the amplitude of the initial seed perturbation. At a given YOC, the parameter  was then increased until a singularity in the solution was observed at  = c, where c will increase as the YOC decreases. The ignition parameter no  was then defined as  Since the parameter  can be related to the shell areal density and temperature, no  was found to depend exclusively on the shell areal density, temperature, and YOC. The power-law coefficients were tuned with 1-D and 2-D simulations to yield no  = 1 when the target gain fell to one-half of the maximum gain. The ignition parameter no  was then reformulated in terms of the stagnated mass, yield, and areal density, which resulted in a very weak dependence of no  on the YOC [and, therefore, the formula given in Eq. (79)]. The robustness of  has been validated already in Ref. 63, where the yield amplification was shown to be robust to no  in the presence of asymmetries. This conclusion was also reached by the LLNL group in Ref. 4, where it was found that the metric  was much more robust to asymmetries than the General Lawson Criterion (GLC) ~ f for a simulation ensemble with low-mode perturbations. It follows that the parameter  is expected to be less sensitive to asymmetries and, therefore, may be less sensitive to uncertainties in . 

	One important point worth noting, however, is that the angularly averaged areal density was used in the 2-D simulations of Ref. 63. A more-accurate way to evaluate  is to calculate the down-scattered ratio of neutrons between 10 and 12 MeV, which is how the areal density is inferred in ICF experiments.57 This is the approach that was adopted in Ref. 3 to evaluate ITFX. In this work, we post-process DRACO simulations using the neutron transport code IRIS3D described in Ref. 73. We position three detectors in the simulations to measure the DSR: one at the equator, one at the pole, and another one at a 45° angle between the pole and equator. In the formula for , we use the average DSR from all three detectors. The areal density is then inferred from the DSR via the relation  (Ref. 58). In Fig. 19, the yield amplification is plotted as a function of  for both 1-D LILAC and 2-D DRACO simulations. It is evident that the yield amplification is nearly a unique function of , even in the presence of asymmetries. As a result, we conclude that in the alpha-heating phase, it is more accurate to experimentally infer yield amplification using  instead of f. This also resolves the discrepancies observed in the analysis of high-foot implosions in Ref. 61 in which the f analysis consistently overestimated the yield amplification with respect to the  analysis. This is further illustrated in Fig. 20 where f is plotted against . A valid relationship between f and  is given by


		(80)

It is important to note that this relationship is slightly different than the formula from Ref. 61 because f from Ref. 61 did not include the absorbed fraction of alpha particles in its definition. Overall, f as a metric is intuitive to understand since it simply represents how energy deposition from alpha particles compares with the hot-spot internal energy. However, it can only be inferred experimentally for 1-D–like implosions (low modes with YOC > 0.5). It follows that  is the more practical metric that should be used to assess promiximity toward ignition in experiments as a result of its robustness to asymmetries. 

[image: ]
FIG. 19. The yield amplification is plotted as a function of  for both 1-D LILAC and 2‑D DRACO.
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FIG. 20. The parameter f can be directly related to  in 1-D and 2-D. The black curve represents the best-fit line given by Eq. (80).

B.	Effect of asymmetries on the burning plasma condition

Now that calculations of  are available for 2-D simulations, the next step is to evaluate the feasibility of inferring the burning parameter  from experiments, which is given by


	 




where PdVstag is the maximum amount of PdV work delivered to the hot spot. The burning‑plasma parameter was originally introduced in Ref. 63 and related to the yield amplification. In Ref. 61, it was found that  can be directly related to f from energy balance considerations. However, it will be difficult to infer  from f if the fraction of absorbed alpha particles is not known. Furthermore, the validity of relating  to  and f has not been verified for multidimensional implosions because of difficulties in computing the delivered input work to a distorted hot spot surface. The PdV work W can be computed exactly in 2-D simulations using the same Lagrangian hot-spot surface that was used to determine the absorbed fraction of alpha particles. The rate at which work is done on the hot spot is then given by


	 



where dS is a surface-area element of the hot-spot boundary, P and u are the pressure and fluid velocity evaluated at the boundary, and  is the normal vector to the surface. In both 1-D and 2-D implosions, the stagnation point is defined when dW/dt = 0. This is done because the purpose of the burning-plasma parameter is to compare the deposited alpha‑particle energy with the maximum amount of work that has been delivered to the fusion‑producing hot spot. When  one can conclude that the hot spot gained more energy from alpha heating than it did from PdV compression. 


In 1-D, the maximum work delivered to the hot spot is determined by the stagnation point when dR/dt = 0 and by integrating the PdV work rate by backtracking the Lagrangian hot-spot cell. These calculations are more difficult in multidimensional simulations, which is why the theory of how the burning-plasma parameter can be related to the Lawson parameter in the presence of asymmetries has not yet been understood. In Fig. 21, we present the first calculations of the burning-plasma parameter as a function of  for both 1-D LILAC and 2-D DRACO simulations and find good correlation. A good fit to this curve (for ) is approximately given by 


	 	(81)


Equation (81) enables the assessment of the proximity to the burning-plasma regime through the inference of  in experiments. This criterion is valid in multidimensions and indicates that  is a burning- plasma threshold.
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FIG. 21 The relationship between the experimentally inferable metric  and the burning plasma parameter  is valid in the presence of asymmetries.

VI.	CONCLUSIONS
	A comprehensive study of the physics of burn propagation and ignition in inertially confined plasmas has been presented in this work. Although the physics of thermonuclear instabilities in the hot spot has been extensively studied over the last 50 years, an ignition condition based on the onset of burn propagation into the surrounding shell had not yet been identified. Since large energy gains in inertial fusion require rapid ablation of shell material into the hot spot, the correct definition of ignition should identify the point when alpha heating and thermal conduction-driven ablation causes the hot-spot mass to become comparable to the unablated shell mass. Because the ratio of hot-spot mass to shell mass varies like Mach2 (where Mach is the hot spot Mach number), the transition to burn propagation requires the hot spot to transition out of the subsonic regime where finite Mach number effects can no longer be neglected in the description of hot spot and shell dynamics. In this work, we describe a semi-analytic model that captures the transition to burn propagation and showed that it is in good qualitative agreement with radiation-hydrodynamic simulations. Using an ensemble of 1‑D simulations, several important effects during the transition from “alpha heating” to “burn‑propagation phase” are identified: (1) The enhancement in fusion yield output caused by alpha heating no longer depends uniquely on the parameter f = alpha energy deposited/hot-spot energy at bang time; (2) the fusion-production profile shifts so that neutron production is weighted toward the hot-spot edge instead of the hot-spot center; (3) the fuel-burnup fraction scales as expected with the hot-spot areal density and temperature; and (4) the hot spot transitions out of the subsonic regime, resulting in a significant amplification of the hot-spot mass, kinetic energy, and alpha slowing down time near the ignition point. 
	Ignition is defined as this transition to burn propagation, and it occurs at f ~ 1.4, yield amplifications between 15 and 25, and at hot-spot burnup fractions of approximately 2%. We also showed calculations where the alpha-particle range was halved and doubled and that this definition of ignition is not sensitive to the alpha-transport model used to generate these alpha-heating curves. In addition to f, ignition can also be identified (albeit with less accuracy) from  as  > 2 to 2.5, although the yield amplification— curve does not exhibit as clear a transition as the f—yield amplification curve. The f parameter must include the fraction of absorbed alpha particles in its definition. While the hot‑spotabsorbed alpha-particle fraction  varies little in 1-D implosions as a result of the ablation of shell material recycling alpha-particle energy back into the hot spot, it can be very small for perturbed implosions when alpha particles leak into the surrounding cold bubbles. We show that this definition of ignition is valid in the presence of asymmetries when the absorbed alpha-particle fraction is included in the definition of f. We furthermore show that both the yield amplification and burning-plasma parameter can be uniquely related to , which is not sensitive to the presence of asymmetries.
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