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COMPOSITE FERMION EXCITATIONS
IN FRACTIONAL QUANTUM HALL SYSTEMS

John J. Quinn

University of Tennessee, Knoxville, TN 37996 USA
and
Oak Ridge National Laboratory, Oak Ridge, Tennessee 37831 USA

ABSTRACT

In two dimensional systems in a strong magnetic field, electrons can be transformed into composite
Fermions (CF) by attaching to each a fictitious flux tube (carrying flux @) and fictitious charge g, where
the product q® is a multiple of 27. In the mean field approximation, this transformation corverts a
fractionally filled electron Landau level into an integrally filled CF Landau level. This integrally filled
CF Landau level corresponds to the ground state of a Laughlin incompressible fluid. Excited stzfes are
described by the ngr and ngy, the numbers of quasielectron and quasihole CF excitations. For N
electrons on the surface of a sphere the energy and angular momentum of a quasihole (or quasielectron)
areeqy and £gn = 3(N +nga —nge —1) lorcgr and £gE = Loi +1). The lowest energy sector
of the energy spectrum contains the minimum number of CF excitations consistent with the value of N
and the degeneracy of the lowest Landau level, 25+1. The first excited sector contains one additioral QE-
QH pair. The total angular momentum L is obtainred by adding the angular momenta of QE excitations
and QH excitations treated as distinguished sets of Fermions. In the absence of CF interactions, all
states containing nQ g quasielectrons and ngp quasiholes are degenerate. The interaction between CF
excitations partially removes this degeneracy. The interactions between CF excitations can be determined
by comparing exact numerical results for N electrons with the CF picture. This amounts to consiructing
a Fermi liquid theory of CF excitations, and should allow the study of low lying excitations of systems
with much larger values of N than can be treated numerically.

DISCLAIMER

This report was prepared as an account of work sponsored by an agency of the United States
Government. Neither the United States Government nor any agency thereof, nor any of their
employees, makes any warranty, express or implied, or assumes any legal liability or responsi-
bility for the accuracy, completeness, or usefulness of any information, apparatus, product, or
process disclosed, or represents that its use would not infringe privately owned rights. Refer-
ence herein to any specific commercial product, process, or service by trade name, trademark,
manufacturer, or otherwise does not necessarily constitute or imply its endorsement, recom-
mendation, or favoring by the United States Government or any agency thereof. The views
and opinions of authors expressed herein do not necessarily state or reflect those of the
United States Government or any agency thereof.




1. INTRODUCTION

The study of the electronic propertics of quasi two dimensional systems has been a very exciting area
of condensed matter physics during the ?ast two decades. ' Among the most interesting discoveries in
this area are the integral ? and fractional ® quantum Hall effects. For both of these effects, incompressible
states of the two dimensional (2D) electron liquid are found at particular values of the two dimensional
electron density for any given value of a dc magnetic field applied normal to the layer. The integral
quantum Hall effect is relatively simple to understand qualitatively. The incompressibility results from
an energy gap hw, in the single particle spectrum. When all states below the gap are filled and all states
above it empty, the ground state is incompressible. Excited states consist of electron-hole pair excitations
and require a finite excitation energy. Both localized and extended single particle states are required in
order that the experimentally observed magnetoconductivity be realized.

The fractional quantum Hall effect is more difficult to understand and more interesting from a
theoretical point of view. The energy gap that gives rise to the Laughlin * incompressible fluid state is
completely the result of the interaction between the electrons. The elementary excitations are fractionally
charged Laughlin* quasiparticles, which satisfy fractional statistics. °'® The standard techniques of many
body perturbation theory are incapable of treating fractional quantum Hall systems. With remarkable
insight into the nature of the many body correlations, Laughlin was able to determine the form of both
the ground state wave function and of the elementary excitations. Striking confirmation of Laughlin’s
picture was obtained by exact diagonalization of the full interacting Hamiltonian within the subspace of
the lowest Landau level. ® More recently Jain, 7 Lopez, and Fradkin ® and Halperin, Lee and Read °
have developed the composite Fermion picture of the two dimensional electron gas in a strong magnetic
field. This picture has offered new insight into the problem of interacting 2D electron systems.

The object of this paper is to present a simple and understandable review of the composite Fermion
(CF) picture as applied to fractional quantum Hall systems. Exact numerical calculations for small
numbers of electrons on a spherical surface are interpreted in terms of CF excitations, and an outline
of how to construct a phenomenological "Fermi liquid” interaction between CF excitations by using the
numerical results for small systems as input data is presented.

The plan of the paper is as follows. Section 2 gives a very brief review of the single particle states
and the integral quantum Hall effect. In Section 3 the Laughlin incompressible liquid state wave function
and the fractionally charged Laughlin quasiparticles will be discussed. Section 4 gives a brief discussion
of statistics in 2D systems, and a discussion of how anyon statistics arise. The realization of anyon
statistics and the transformation of particle statistics in 2D systems through the introduction of fictitious
flux and charge (i.e., Chern-Simons gauge fields) are discussed. In Section 5 the results of numerical
diagonalization of the Hamiltonian for small numbers of interacting electrons on a spherical surface are
reviewed. The behavior of the spectrum of eigenvalues E 7 as a function of the total angular momentum
L is discussed qualitatively. In Section 6 the composite Fermion transformation is introduced. The nature
of the low lying excited states in the energy spectrum discussed in Section 5 is interpreted in terms of
CF excitations above the mean field ground state. The treatment of fluctuations about the mean field by
standard many body techniques is also discussed briefly. The final section contains a comparison of the
CF picture with the numerical results. From this comparison a "CF interaction function™ can be obtained.

! See, for example, the Proceedings of the International Conferences on Electronic Properties of Two
Dimensional Systems (1975, 77, 79, 81, 83, 85, 87, 89, 91, 93) published in Surface Science.
K. von Klitzing, G. Dorda, and M. Pepper, Phys. Rev. Lett. 45, (1980) 4%4.
D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev. Leit. 48 (1982) 1559.
R. B. Laughlin, Phys. Rev. Lett. 50 (1983) 1395.
B. L. Halperin, Phys. Rev. Lett. 52 (1984) 1583.
F D. M. Haldane, Phys. Rev. Lett. 51 (1983) 605.
J. K. Jain, Phys. Rev. Lett. 63 (1989) 199.
A. Lopez and E. Fradkin, Phys. Rev. B 44 (1991) 5246.
B. I. Halperin, P. A. Lee, and N. Read, Phys. Rev. B 47 (1993) 7312.
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This function may be useful in understanding somewhat higher energy eigenstates or in studying systems
containing a larger number of electrons than one can treat by exact numerical diagonalization.

2. INTEGER QUANTUM HALL EFFECT

The Hamiltonian for a single electron corfined to a two dimensional plane in the presence of a de
magnetic field B, oriented normal to the plane is

2
1 e
H,=— 4, 1
o= (7454) (1
where ' = (p;,py, 0) is the momentum operator, and A, (F) is the vector potential associated with the
magnetic field BfJ If we choose the vector potential A, B (—y.x,0), then the single particle

elgenfuncnons are the form ¥, (r,8) = e””eu,,m(r) and the eigenvalues are given by

1

Eom = ;ﬁ;c(Qn + 1+ |m|+m). (2)
In these expressions the principal quantum number n takes on non-negative integral values, and the
angular momentum quantum number m can tzke on any in tegral value. The lowest energy states (referred
to as the lowest Landau level) haven = 0.m = 0, -1, —2. -+ and have energy Eom = hw /2. Ttis
convenient to introduce a complex coordinate Z = re"'o = I — 1y, and to write the eigenfunctions
belonging to the lowest Landau level as ¥ —m = upm(Z) = NnZ™exp(—|Z[*/4), where Ny, is a
normalization constant. With this definition of u,{Z), m can take on any non-negative integral value.
In writing these expression we are using the magnetic length £ = (hc/ eB,)7 as the unit of length. The
function [t (Z)|? has its maximum at a vale r, which is proportional to m?. All of the single particle
states belonging to a given Landau level are degenerate. Each Landau level is separated in energy by

fw, from neighboring levels.
If m is restricted to being less than some maximum value, 2N'L. chosen so that the system has "finite

radial size", then the lowest Landau level contains .V states with m = 0,1.-+- N — 1. The value of
Ny is equal to the flux through the sample, B, -1 (where A is the area of the sample) divided by the flux
quantum hc/e. We introduce the filling factor v = NN ''. A decrease in the area A decreases Vi, the
number of states in a Landau level. Thus ar integrally filled system (v = 1.2, - ) can be compressed
only at the finite cost in energy associated with promoting electrons to higher Landau levels. Even though
it is non-trivial to demonstrate that the energy gap hw, and the resulting incompressibility lead to the
observed quantum Hall behavior? of the magnetoconductivity, this incompressibility at integral values
of v is responsible for the integral quantum Hall effect.

In this discussion we have considered only the single particle states #,,(Z) in the lowest Landau
level. For a system of N electrons filling the lowest Landau level, the many electron wavefunction
U(Zy,23, - ZN) must be antisymmetric under interchange of a pair of particles. This can be
accomplished by constructing an antisymmetrized product function

V(Zy,--Zn) = A{ue(Z1)u1(Z2) - ux_1(Zx)}, (3)

2 .
where A is the antisymetrizing operator. By using um(Z) & Z™ exp(sz—]—), this can be written

10 See, for example, S. Gasiorowicz, “Quantum Physics”, John Wiley and Sons, New York (1974).
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V(Z,,Z8) x Z 2 ZV exp{~—Z!Zl2} (4)
Z}N—l Zz‘v“l ZN 1

Il

The determinant in Eq. (4) is the well-known van der Monde determinant, and it can be written as >

(Z; — Zj). This is easily demonstrated by subtrac “ng column j from column i and noting Z;; = Z; - Z,
is a common factor. Since this is true for every ¢ # ), the result is apparent. The N-particle wavefuncton

U(Zi, - Zn) = (i g}_ Z,-,-)exp(-ﬁ;;zm), (5)

corresponds to a filled Landau level because the highest power of Z; appearing in Eq. (5) is the N-1
power. This means the allowed values of Im! are equal to 0,1, \ — 1, or that N, the number of
single particle states in the Landau level, is equal to N, so that v = N/.V; = 1.

3. LAUGHLIN STATE

For v = 1 we are essentially forced to Eq. (5) by the requirement of antisymmetry imposed upon

the product of single particle eigenfunctions. For fractional filling, e.g. v = %, it is not at all apparent
how to construct antisymmetric product functions for N electrons in 3N states. Laughlin proposed a

wave function n . 2
V3(Zy,--Zn) x ( Z?j)”?(—z ; IZiP)' {6)

1>

This choice was dictated by the requirement of antisymmetry, by the attempt to minimize the repulsive
interaction between electrons by having the wavefunction vanish rapidly as Z;; — 0, and by the
observation that the highest power of Z; appearing in (6) is N — 1 = 3(N — 1) giving v — { as
N — oo. Laughlin states at v = L, where m is any odd integer, are constructed in a similar way.
Laughlin also proposed the form of the fractionally charged elementary excitations, and it was

soon established that Laughlin’s fractionally charged quasiparticles were anyons satisfying fractional
statistics.”s 11

4. STATISTICS OF IDENTICAL PARTICLES IN TWO DIMENSIONS

For two identical particles initially at positions 71 and 73 in a three dimensional space, the amplitude
for the path that takes the system from the initial  state (F1,72) to the same final state (7}, 72) depends
on whether the angle of rotation ¢ of the vector F12 is zero or 7. The angle ¢ is only defined modulo
27, and, what's important, are the end points © = 7 or ¢ = 0 representing exchange or non-exchange
processes.

In two dimensions the angle ¢ is perfectly well-defined for a given trajectory. It's possible to
keep track of how many times ¢ winds around the origin. The space of particle trajectories falls into
disconnected pieces that cannot be deformed into one another (if r;; is not allowed to vanish). Each piece
has a definite winding number. In constructing path integrals, the weighting of trajectories can depend

11 D Arovas, J. R. Schrieffer, and F. Wilczek, Phys. Rev. Lett. 53 (1984) 722.




5
on a new parameter & (defined modulo 2x) through a factor exp(i 8 ¢ / n}). For§ =0 or 6 = = we
have the usual Boson or Fermion statistics. For the most general case we have

P v(1,2) = € v (1.2). (7)

and for arbitrary 8 the particles are called anyons and satisfy a new form of quantum statistics. 12
A simple way to realize anyon statistics is to add to a simple Lagrangian describing the relative

motion (7 = (r, @)] of two interacting particles a term (g®/7) ¢, where ¢ and & are a fictitious charge
and flux. For example, if

L= (P +1°) = V() + 6(ad/), ®)

the fictitious (Chern-Simons) charge-flux term has no effect on the classical equations of motions (since
g and @ are time independent). However, the canonical angular momentum is given by py = ur?¢ +

qP /7. Because ezp(2 7 i py) generates rotations of 21, A~ ps must have integral eigenvalues £. The
kinematic angular momentum pg — {¢P/7) can, however, take on fractional values which will result in

fractional statistics for the particles.
If we have a system of particles in 2D satisfying some particular statistics and described by a

Hamiltonian
1 - - ,
H= .-?-17—1- Z‘: (P,‘ + 'i: A (1‘,‘)]2 + |§j i’(r,-j), (9)
then we can change the statistics by adding a fictitious charge ¢ and flux tube carrying flux @ to each
particle. The new Hamiltonian simply has £A(r;) replaced by £ A(r;) + d(r;), where

- Z X F‘J
afri)=9 .7 . : (10)
' J#F T
is the fictitious vector potential at ©; caused by the flux tubes on all the particles at r; # r;. The net
effect of the added Chern-Simons term is to change the parameter § describing the particle statistics to
0 + (wq®/hc). If D is equal to p(if) where p is an integer, then § — 8 + pri;forg=e,p=1
this will convert Bosons to Fermions [§ = 0 — 8 = =] and Fermions to Bosons [§ = # — § = 2z].
For p = 2, the statistics would be unchanged by the Chern-Simons terms.

5. NUMERICAL STUDY OF SMALL NUMBERS OF ELECTRONS ON A
SPHERICAL SURFACE

Haldane introduced the idea of putting a small number of electrons on a spherical surface of radius
R at the center of which is a magnetic monopole of strength 25(he/e). The single particle Hamiltonian

can be expressed as 13
1

= 5 (L - &S Ry, (11)

12 A very nice introduction to fractional statistics is given in E. Wilczek, “Fractional Statistics and
Anyon Superconductivity”, World Scientific Singapore (1990); the present discussion draws heavily
on this work.

13 G. Fano, F. Ortolani, and E. Colombo, Phys. Rev. B 34 (1986) 2607.
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where [ is the angular momentum operator and R a unit vector in the radial direction. The components
of L satisfy the usual commutation rules {L,,L3] = 1h €53, L. The cigenstates of H, can be
expressed as |1, m >, where |, m > is an eigenfunction of L? and of L, with eigenvalues A2€(f + 1)
and hm respectively. The lowest eigenvalue occurs for { = S and has energy hw,/2. The n'* excited
state has £ = S + n, and

hw,
28

If we concentrate on a partially filled lowest Landau level we have only 25 + 1 degenerate single
particle states (since the electron angular momentum [, must be equal to S and its z— component
can take on values between —S and S). From the 25 4 1 single particle states, we can construct
Niyrp = (2S+1){[N'(25+1-N)!]7! antisymmetric many body states containing V' electrons. For the
Laughlin v = 1/m state, 25,21/m = m(N ~1). Table 1 lists the values of £,25+1, Nasg, Lysax
(the largest possible total angular momentum of the system), and the allowed values of L, the total angular
momentum, with a superscript indicating how many times they appear. The number in parenthesis
in the allowed L-value column is the total number of different L-multiplets that appear. For three
electrons there are five such states, all with different L-values. For four electrons there are eighteen
states; L = 12,10, 9, 7,5 and 3 each appear once, L = 8.2 and 0 each appear twice, and L = 6 and
4 each appear three times.

One can diagonalize the interaction Hamiltonian Hy = t.; e'zr'-—jl within the subspace of the Nusg

many body states associated with the lowest Landau level. The many body states of the non-interacting
system can be written |a, L, M >, where L is the total argular momentum, M its z-component, and a
is a label which distinguishes different states with the same L value (e.g. for the four electron system the
three L = 6 states correspond to the three different values of a). Because the interaction Hamiltonian is

a scalar, the Wigner-Eckart theorem tells us that

E, = [(S+n)(S+n+1) - 5% (12}

<a' L' M ' H] f a LM > = 5LL’ c(_\[.xp < a'L ,H{ fO'L >, (13)

where the reduced matrix element is < a’L{H{a L > independent of 3. The 210 many body states of
four electrons give us an 18 by 18 matrix that is block diagonal with two 3 by 3 blocks, three 2 by 2 blocks,
and six 1 by 1 blocks. For small numbers of electrons these finite matrices can be easily diagonalized to
obtain the many body eigenvalues and eigenfunctions.

In Figure 1 we display the energy spectra for an eight electron system as a function of the total
angular momentum L for various values of 25. These result were first obtained by He et al. * It is
clear that the states fall into a well defined low energy sector and a slightly less well defined first excited
sector. For the Laughlin v = %— state (25 = 21) the low energy sector consists of a singlet L = 0 state.
For 25 =20 the system is one single particle state shy of having the Laughlin v = %— filling. In this
case the low energy sector corresponds to having a single Laughlin quasielectron of angular momentum
L = 4. For 25 = 19 the low energy sector contains two Laughlin quasiparticles.

6. COMPOSITE FERMION TRANSFORMATION

The difficulty in trying to understand the fractionally filled Landau level in 2D systems results from
the enormous degeneracy that is present in the non-interacting many body states. The lowest Landau
level contains N states and Ny = B,.4/(hc/e), the number of flux quanta threading the sample

area A. Therefore N /N = v~! is equal to the number of flux quanta per electron. Let’s think of the
v= % state as an example; it has three flux quanta per electron. If we attach to each electron a fictitious

14'S. He, X. Xie, F. Zhang, Phys. Rev. Lett. 68 (1992) 3460.
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charge ¢ (taken cqual to —e, the electron charge) and a fictitious flux tube (carrying flux ¢ = 2 pé,
directed opposite to B, where p is an integer and ¢, the quantum of flux), the net effect is to give us
the Hamiltonian described by Egs. (9) and (10) and to leave the statistical parameter 8 unchanged. The
electrons are converted into composite Fermions which interact through the gauge field terms as well as

through the Coulomb interaction.
Why would anyone want to make this transformation since it makes the Hamiltonian more

complicated? The answer is simple. If the gauge field a(r,) is mglaced by its mean value, we can
define an effective magnetic field B* = B,+ < b >, where < b > is the average magnetic field
associated with the fictitious flux. Since B, corresponds to three flux quanta per electron and < & >

corresponds to two flux quanta per electron directed opposite to B,, we see that B* = 1 B,. The
effective magnetic field acting on the composite Fermions gives a CF Landau level containing %N L

states, or exactly enough states to accommodate our .V particles. Thus the v = 1 electron Landau level
is converted by the CF transformation to a ¥* = 1 CF Landau level. We know everything about the

properties of a filled Landau level in 2D systems. The ground state is the antisymmetric product of single
particle states containing N particles in exactly /N states. Fluctuations about the mean field can be treated

by standard many body perturbation theory.s’g' 13
The original Hamiltonian of the 2D system of electrons can be written as H = H, + V, where

H, = ;1—- /d2r vi(r) [P+ Ei("q)}z ve(r). (14)
2m ¢

Here 1.(r) is the electron annihilation operator, and V is the electron-electron interaction. The CF
operator is defined by®

pH(r) =/ (r) ezp[~i pso /dzr’ arg (7 =7 ")p(r")], (15)
where arg (F — 7 ') is the angle that 7 — 7 ' makes with the x-axis, p(r) = pH(r) v(r) =
y’)j'(r) Ye(r).¢o = hc/e, and p is an even integer. The Hamiltonian H, can be expressed in
terms of the CF operators as

1 2.+ ~, ¢ € o mr2

Hy = = [&rote) 7+ S 40 - Sanf o), (16)

2m c c
where

—- 2 ) 2 X (F~ F') I

a(r) = po [ d°r TR p(r). (17)
In the mean field approximation we can write a(r) = a(r) + &a(r), where a(r) is obtained by
replacing p(r') in Eq. (17) by its average value p,. H, can be rewritten as H, = H; + 6H,, where

H = z—lr; /d‘*r H(r) (7 + S A0 o) (18)

Here A*(r) = A(r)—a(r) and the effective magnetic field B* acting on the composite Fermions is equal
to VxA*(r). 6H, is simply the difference between H, and H;. It involves linear and quadratic terms in
Sa(r). The quadratic term gives rise to three body interactions proportional to [ d*rd?r'd?r"W(r —
r'ir —r")p(r)p(r')p(r"), where p(r) = ¥ t(r)(r). These terms are difficult and are usually
neglected. The two body terms can be written as

13 S, Simon and B. Halperin, Phys. Rev. B 48 (1993) 17386.




5Ho = % /frfr' ju(F) V;w (F“’T')jv(r,)' (19)

where jo(r) = p(r} — p, is a charge dessity fluctuation and j,(r) and j,(r) are current density
fluctuations. '® 8H, can be added to the Coulomb interaction 1°{r) and can be treated by standard
many body perturbation theory (e.g. by gereralized RPA).

The CF transformation can be applied ‘o the system of /N electrons on a sphere. For the v =
state we know that 25»:% = 3(N — 1). Thus for an 8 electron system, 25,_ has the value 21 as
discussed earlier. For 25 close to the value 25, _1, we can write 25 = 25,4 + ngn — nqe.
Thus, the state with 25 = 19 must contain at least 2Q E, and the state with 25 = 22 must contain at least
one (JH. When we transform the electrons ‘o composite Fermions, we arrive at a new effective value of
2Sgiven by 25* = 2S)._, + ngg - now.1f2S =} = 3(N, 1), 25._; = 1(N,.-1);
however the values of ngg and ngy are unchanged by the CF transformation. If we concentrate on
the eight electron system we have 25._;, = Tor S)._, = 7/2.

For the composite Fermions S* is the angular momentum associated with the lowest CF Landau level.
If we create a @ £ — Q H pair by promoting cre CF from the lowest CF Landau level to the first excited CF
Landau level, we must have gy = S* and g = §™ + 1. Thus for an N electron system containing
nqQkr and ngy CF excitations, we know that each QH has gy = 5° = —:’;(‘V +ngx — nge — 1)
and each @ F has EQE';@QH‘f'l- :

The energy spectra obtained by exact numerical diagonalization can be interpreted 7 by assuming
that the lowest energy sector contains the minimum number of CF excitations consistent with the values
of 25 and N. In the absence of interactions between the quasiparticles (i.e. when 8 H = 0), the energy
of a state containing ngg quasielections and ngy quasiholes is simply ngg €Qe + nQH €QH,
where €gp and €gy are the quasielectron and quasihole energies. The allowed values of the total
angular moment of these states can be obizined by simple addition of the angular momenta of the
quasielectrons and quasiholes treated as disénguishable sets of Fermions. Table 217 gives the values of
nQEe,nQH 8QE,fQn and the allowed values of the total angular momentum L that correspond to
the lowest energy sector of the energy spectum of eight electrons at values of 25 going from 16 to 24.
It is worth noting that a Laughlin v = 2/3 incompressible liquid state occurs at 25 = 16 even in the
absence of any interactions between the quasielectrons. The reason for this is that as 2.5 decreases from
the value 25 = 21 corresponding to the Laughlin state, the number of quasielectron states, 20gg + 1,
decreases and the number of quasielectron excitations increases. At 25 = 16, both of these quantities have
a value of five. There is only one way to put five quasielectrons into five CF states (i.e. by having the
2-component of £g £ take the values -2, -1, 0, 1, 2); this gives the state at L = 0 as the entire low energy
sector. For quasiholes this does not occur. The number of available quasihole states increases as the
number of quasiholes increases. Thus a Laughlin state at ¥ = 2/7 can occur only if quasihole-quasihole
interactions result in a single L = 0 state having the lowest energy in a crowded low energy sector.

The first excited sector should result from adding one additional quasielectron-quasihole pair to the
low-energy sector. For example, at 2.5 = 21, the Laughlin incompressible fluid state has L = 0 and has no
QFE — QH pairs. The first excited sector should contain a single Q E — QH pair. Because {g = 3.5
and o = 4.5, this sector (in the absence of QE — @QH interactions) should contain eight degenerate
states with energy g g + €gn and angular momentum L satisfying fop — {gp < L < €gp + {gH.
or going from L = 1 to L = N. Seven of these eight states appear in the first excited sector of the
energy spectra obtained numerically. The L = 1 state is missing from this sector, and this is true for five,
six, and seven electron systems too. Our conclusion is that there must be a strong QE — QH repulsion
when these particles are in a total angular momentum state L = 1. The QE — @ H interactions are also

wi—

16 See, for example, Y. Chen, F. Wilczek, E. Witten, and B. 1. Halperin, Int. Journal of Mod. Phys.
B, Vol. 3 (1989) 1001.
17 X. M. Chen and J. J. Quinn, Solid State Commun. 92 (1994) 865.
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responsible for the magnetoroton structure of these states; the interactions remove the degeneracy and
give a binding of the 55 — QH pair which is largest for L >~ 4 and 3.

For 25 = 20, the first excited sector should have ngg = 2 and ngy = 1. The angular
momenta of the individual quasiparticles are {gp = 4 and fqu = 3. If we first add the angular
momenta of the two QF, we obtain Log = 7.5,3,1. Adding to these values fon = 3 gives
total Lvalues L = 0518293 ¢4 e533c63a772382 396 10. Comparing with the
numerical results, we observe that the L = 3 and L = 4 states occur twice and three times, respectively,
instead of the three and four times predicted. To test whether our ideas are correct, we introduced a
QE — QH interaction that was strongly repulsive when the total angular momentum of a QE — QH
pair was equal to unity. ¥ With just this interaction, the degeneracy of the first excited sector is removed,
and one of the L = 3 states and one L = 4 states are pushed into the next excited sector.

To summarize our findings, we emphasize that the low lying excitations can be described in terms
of the numbers ngg and ngpy. The total angular momentum can be obtained by the addition of the
individual QF and @ H angular momenta, being careful to treat the () E excitations as a set of Fermions
and QH excitations as a set of Fermions distinguishable from the QFE excitations. The energy of the
excited state would simply be the sum of the individual quasiparticle energies if interactions between
quasiparticles were neglected. The interactions partially remove the degeneracy of different states having
the same values of ng g and ng . The CF excitation picture can be used to predict the states in the low
energy sector for N larger than the values that have the studied numerically up to now. Table 3'7 gives
the allowed L-value for QF states in the low energy sector for systems with .V going from 9 to 12 and

nQg going from 1up to 7.

7. QUASIPARTICLE-QUASIPARTICLE INTERACTIONS

In the mean field approximation the energy necessary to create a QE-QH pair is hw], the CF
cyclotron energy. However, the quasiparticles will interact with the Laughlin condensed state through
the fluctuation Hamiltonian. The renormalized quasiparticle energy will include this “self-energy” which
is difficult to calculate. We can determine the QE and QH energies phenomenologically, using the exact

numerical results as input data.
For the eight electron system the Laughlin condensed state occurs for 25 = 21 at L = 0. A single

QFE excitation is present for 25 = 20 and its angular momentum is L = 4; a single quasihole occurs
for 25 = 22 at L = 4. The energies egp and €gy are simply the difference between the energy of
the Laughlin condensed state E(L = 0) at 25 = 21 and the energy E(L = 4) at 25 = 20(QE)
and 25 = 22(QH). In considering the quasiparticle states, we keep the number of electrons corstant
but change the value of 25. The effects of the neutralizing background are subtracted from the enegies
obtained numerically by addition of either ~N2/2R or —(N'? — v2)/2R. They correspond to the
definitions of the quasiparticle energies used by Halperin® and by Fano et al.'? respectively. In Fig. (2)
we plot these two quasiparticle energies as a function of N !, to obtain €gg and gy free of finite size

effects.
The picture we are using is very reminiscent of Fermi liquid theory. The ground state is the Laughlin

condensed state; it plays the role of a "vacuum" state. The elementary excitations are quasiparticles (QE
or Q H). We propose that the total energy can be expressed as

E=E, + g—:séqp nop+ 3 QP%P, Vop—qp (L) ngp ngep. (20)

The last term represents the interactions between pairs of quasiparticles in a state of angular momentum
L. We have taken the energy spectra for 5,6, 7, and 8 electrons, and compared the two QP siates
QQFE,2QH, or 1QF + lng) with the CF picture.

18 X. M. Chen, S. N.Yj, and J. J. Quinn, unpublished.
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In Fig. (3) the resulting Vge-qur (L is plotted as a function of the total angular momentum L.
The lower curves use the definition of Fano et al.!? for the quasiparticle energies, the upper curves that
of Halperin."’ Which value is used is unimportant as long as it is used consistently.

In Fig. (4) and (5) we plot Vou _qu and Vo r_q£ versus the relative angular momentum defined
by RAM = Larax — L as discussed by Haldane and Rezayi 19 and by Johnson and Canright. 20
The value of Vgp_qp are obtained by subtracting the energies of the non-interacting quasiparticles
from the numerical values of E(L) for the 2Q P states after the appropriate positive background energy
correction. Here the upper curves are for the QP energies used by Fano et all?

It is worth noting that the interaction energy for unlike quasiparticles depends on the total angular
momentum L while for like quasiparticles it depends on the relative angular momentum L 4x — L.
This can be understood by considering the 2D plane (or sphere with B — oc). Oppositely charged
quasiparticles form bound states in which both charges drift in the direction perpendicular to the line
connecting them. Their spatial separation is related to the total angular momentum L. Like charges repel
one another, but they actually orbit around one another due to the effect of the dc magnetic field. Their
separation is related to their relative angular momentum.

So far we have not investigated carefully states with more than two quasiparticles. We believe the
energy of such states can be understood on the basis of Eq. (20). We also believe that systems with large
numbers of electrons can be treated using the phenomenological Vo p_gp to determine how the states
in the low energy sectors are affected by QP — QP interactions.
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TABLE AND FIGURE CAPTIONS

Table 1. For N electrons on the surface of a sphere the values of €., the angular momentum of an electron in
the lowest Landau level; 25 + 1 the degencracy of the Landau level; Nyjg = (25 + 1)![N!(25 +
1 — N){~1, the number of antisymmetric .\" electron states; L s 4, the maximum value of the
total angular momentum L, and the allowed L-values (the exponent gives the number of times an
L-multiplet appears). The number in parenthesis is the total number of L-multiplets.

Table 2. For an eight electron system, the values of nQE,nQ#u.fQe.fon and the allowed values of the
total angular momentum L for states in the lowest energy sector at values of 25 ranging from 16 to

24,
Table 3. The allowed values of the total angular momentum for systems of N = Qup to N = 12 for states in

the low energy sector as a function the number of quasielectron excitations ng g. Note that Laughlin
condensed states (corresponding to v = 2/5) occur at ngg = 6 for the ten electron system and at
ngg = 7 for the twelve electron system.

Figure 1. Energy spectra for an eight-electron system on a sphere as a function of total angular momentum L.
The curves, a, b, ¢, d, e, f correspond t0 0, 1, 2, 3, 4, and 5 quasielectron ground states respectively.
The energy is in units of €2 /€. Low energy sectors are below the dot-dash lines.

Figure 2. £gg and €g g obtained from the numerical calculations as a function of the inverse of the number of
electrons. The open symbols include the “self-energy” correction suggested in [19] and [13]. Energies
are in units of ¢?/¢.

Figure 3. Vop_qH as a function of total angular momentum L for N, = 3,6.7, and 8 electrons. The
lower curves were obtained by including the "self-energy” correction in the quasiparticle energies,
in the upper curves it was omitted. The correction essentially shifts the curves by a constant value.
Energies are in units of e? /2.

Figure 4. Vo _qQH as a function of the relative angular momentum defined by RAM = Lyax — L, where
L is the total angular momentum and L s 4x its maximum value. Energies are in units of 62/50 is
the magnetic length for v = % Here the upper curves include the "self-energy” correction to ¢g .

Figure 5. Same as Figure 4 but for Vog_gE instead of Vou_qH.
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