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Phase-field Inversion Examples

Improved Forward Modeling of Crack 
Propagation in Brittle Materials
•	Developed an explicitly integrated phase-field/gradient-damage model which avoids 

the usual nonlinear equation solve at each time step (>10 x better performance)

•	Extension of the damage model by Lorentz, et al. 2011, which was shown to converge 
to a cohesive zone model as the length scale approaches 0

Max principal stress criterion with element death shows significant mesh dependence

Coarse mesh Medium mesh Fine mesh

•	Most analyses today are forward problem solves: simulate what happens in a given 
scenario

•	However, what is often truly desired is the solution to the corresponding inverse problem

•	Example fracture inverse problems:

–– Crack detection/non-destructive evaluation: determine the existence and locations of 
cracks in a structure

–– Crack forensics: find the loadings applied to a structure which result in the observed 
failure pattern

–– Material design: optimize the properties and geometry of a structure to resist crack 
initiation and propagation

•	These last examples require accurate fracture prediction

Fracture Inverse Problems

General inverse problem 
statement as a PDE constrained 
optimization problem
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:state variables
:design parameters
:differential operator
:quantify of  interest

•	A C++ library has been developed which simplifies the implementation and testing 
of adjoint sensitivities for explicit dynamic simulations

•	Users define the state u (e.g. the nodal displacements), and the input parameters 
θ (e.g. each element’s material damage), and the following time step update rules 
and quantify of interest operators:

Library for Efficient Computation 
of Parameter Sensitivities

begin parameters for model gradient_damage_explicit

youngs modulus = 32.0E9

poissons ratio = 0.2

fracture length scale = 2.5e-04

fracture energy = 3.0

critical stress = 1.0e7

cohesive shape = 1.0

phase viscosity = 0.1

end

end

It is also necessary to add a reaction di↵usion command block:

begin reaction diffusion

initial value = 0.0

solve explicit = on

end reaction diffusion

The initial value = 0.0 sets the phase field to 0 initially (this is in contrast
to the standard phase field fracture which starts the phase at 1 and evolves
it to 0). Most of the material properties are standard. The two glaring
exceptions are the “cohesive shape” which corresponds to p from [1, 2] (we
typically use 1) and “phase viscosity” which is currently very poorly labeled
as it actual corresponds to 1

f

?
N

(i.e. the fraction of the length scale that the
smallest element spans with a safety factor, we typically use 0.1 and have ⇠5
elements per length scale).
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•	From this definition of the physics, the sensitivity                                      
is automatically computed by the library 

•	Computes 1,000 – 1,000,000 parameter sensitivities with O(10) times 
the cost of a forward solve
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•	Minimize discrepancy between observed displacements and simulated 
displacements by varying phase (volume fraction) element by element

•	Sandia’s ROL library used to perform the optimization

Initially unknown hidden tunnel
subjected to surface excitation

Reconstructed material properties due to 
observed surface displacements in Sierra-SD

Initial crack/damage in specimen Reconstructed crack based on observed 
displacements due to acoustic excitation

begin parameters for model gradient_damage_explicit
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poissons ratio = 0.2

fracture length scale = 2.5e-04

fracture energy = 3.0
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cohesive shape = 1.0

phase viscosity = 0.1

end

end

It is also necessary to add a reaction di↵usion command block:

begin reaction diffusion

initial value = 0.0

solve explicit = on

end reaction diffusion

The initial value = 0.0 sets the phase field to 0 initially (this is in contrast
to the standard phase field fracture which starts the phase at 1 and evolves
it to 0). Most of the material properties are standard. The two glaring
exceptions are the “cohesive shape” which corresponds to p from [1, 2] (we
typically use 1) and “phase viscosity” which is currently very poorly labeled
as it actual corresponds to 1
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⌘ḋ = h(d) (σ) − 3

4

G

c

l

+
3

8
G

c

lr · rd
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6Cohesive phase-field traction separation law 
(left) and through ‘crack’ damage profile (right), 

p is a parameter of  the model.

Adapted from Lorentz, et al. 2011.

Kalthoff  validation problem 
achieves the expected crack 

propagation angle: ~70o

Brittle Fracture Physics and 
Mesh Convergence
•	Crack propagation in brittle materials is characterized primarily by a critical stress 
σ

c
 and critical energy release rate G

c
 (energy dissipated per crack area)

•	Many brittle damage material models include σ
c
, but G

c
 is often ignored

•	However, G
c
 is essential for predicting crack branching and introducing a physical 

length scale to get mesh insensitive results

•	Observed convergence rate for dissipated energy: ~0.7

Mode-I crack transition to branchingPressure contours for dynamic crack propagation

High G
c

Low G
c

Medium mesh: 
250k elements 

Fine mesh: 
1,000k elements 

Extension to 3D in Sierra-SM

Ceramic impact Brittle torsion fracture

•	Capable of capturing complex 3D crack patterns without explicitly representing crack 
geometry

•	Predicts crack initiation, branching and coalescence all from a single 
thermodynamically consistent gradient damage model

The State of Fracture Modeling
•	Fracture modeling is critical to predicting the performance and reliability of many Sandia 

components and systems 

•	Many fracture models used at Sandia (and elsewhere) are ill-posed and non-convergent

E. Lorentz et al. / C. R. Mecanique 339 (2011) 20–26 25

Fig. 3. Asymptotic cohesive zone model.

3.3. Consequences

It appears from (23) that the damage profile is homothetical for decreasing length scale D and hence tends to a crack
when D → 0. Besides, the band width variation between damage inception and failure is larger for larger values of p, since
the initial and ultimate band widths are equal to:

b̄(0) = π

2
√

p + 2
; b̄(1) = 1 (27)

It is also interesting to take advantage of the expression (26) in order to evaluate the asymptotic behaviour of the
opening displacement at ultimate failure. After some calculations, it can be shown that this critical opening displacement
δ̄c is finite (as announced) with value:

lim
a0→1

δ̄(a0) = 3π

4

√
p + 1 (28)

This relation thus provides a physical interpretation for p in terms of critical opening displacement.
Finally, the expressions (25) and (26) provide the asymptotic response in terms of stress vs. opening displacement for a

vanishing length scale D and constant macroscopic parameters in the 1D case. It takes the form of a cohesive zone model
that obeys the following law expressed in a parametric format:

(δ,σ ) ∈
{(

G f

σy
δ̄(s),σyσ̄ (s)

)
; 0 � s � 1

}
(29)

The corresponding (normalised) graph is plotted in Fig. 3 for two values of the shape parameter p. It highlights the prop-
erties of the cohesive law: perfect adhesion in the reversible regime, then a decrease of the stress with increasing opening
displacement (no snap-back) when damage occurs and at last failure corresponding to zero stress and a finite critical open-
ing displacement.

4. Conclusion

It has been showed that the uniaxial response of a specific gradient damage model converges toward the response of
a cohesive zone model when the length scale that controls the nonlocal effects goes to zero. Even though the study is led
in a one-dimensional context, it is a first step towards a more comprehensive convergence analysis. Several complementary
points should be explored in that sense:

– numerical validation of the convergence in mode I in a 2D then a 3D setting;
– mathematical demonstration through Γ -convergence of the underlying energy;
– extension to mixed mode loading;
– extension to crack closure and compressive damage.
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Fig. 1. Damage profile.

Fig. 2. Damage band width.

assumed to be centred on x = 0, where the damage field reaches its maximal value a0. The width of the current damage
band is denoted b(a0) so that the band spreads over the area:

−b(a0) � x � b(a0) with b(a0) = x(a0,0) (10)

Note that the present closed-form solution is shown to be admissible with respect to the irreversibility condition ȧ � 0 if
and only if b(a0) is increasing. At the ultimate stage a0 = 1, the profile of the damage band simply reads:

au(x) =
(
1− x

D

)2

with D =
√

2c

k
(11)

where D denotes (half) the band width. In Fig. 1, the damage profile is plotted for two values of a0 (0.5 and 1, see the
damage axis) and two values of the internal parameter p of the stiffness function (2). The space axis x is normalised by D
which brings a length scale. In that way, the ultimate damage profile (11) is constant. In Fig. 2, it can be observed how
the (normalised) current damage band width b(a0) evolves with increasing damage. In particular, it is indeed an increasing
function of a0, the condition for the closed-form solution to be admissible.
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•	Collaborating with Sandia analysts to validate phase-field models for lab relevant 3D 
problems

•	Applying the new inverse framework to the new phase-field crack propagation model in 
order to solve unprecedented crack inverse problems 

•	SANDIA reports and journal articles:
–– Brittle fracture phase-field modeling of a short-rod specimen (published SANDIA report)

–– A parabolic regularization of cohesive fracture for explicit dynamic crack propagation (to be submitted for peer review)

–– A C++ library for efficient adjoint sensitivities and automatic checkpointing in nonlinear explicit dynamic simulations (in 

progress SANDIA report) 

•	References:
–– Convergence of a gradient damage model toward a cohesive zone model, E. Lorentz, et al.

–– Minimal repetition dynamic checkpointing algorithm for unsteady adjoint calculation, Q. Wang, et al.

–– Crack identification by ‘arrival time’ using XFEM and a genetic algorithm, D. Rabinovich, et al.

Work in Progress

SAND2016-2904C


