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Abstract

The quality of a sonar array’s localization capabilities, often expressed as directivity, is limited by
the sonar’s aperture, that is, the length of the sonar array. Previous attempts to improve directivity,
without increasing array size, have been moderately successful. Wave scattering within a
nontraditional array, such as an array fabricated from a non-homogenous material, could provide
additional information to the localization calculations and improve array directivity without
increasing the size of the array. An investigation of array directivity improvement through wave
scattering is performed. This paper modifies existing localization and directivity calculations to
consider the scattered waves, and uses the derived equations to explain why previous proposed
scattering was incapable of increasing directivity. A scattering relationship capable of enhancing
array localization without increasing array size is proposed, and the directivity improvement

claims are verified with beamform plot comparisons and directivity index calculations.

© 2019 Acoustical Society of America

Keywords: Directivity, Bragg scattering, Localization, Array
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1. Introduction

One major limitation to array localization is the array aperture, in which larger arrays produce
more precise location estimations and are more resistant to the influences of noise!. An array’s
localization capability can be quantified as the directivity of the array, in which high directivities
are desired and traditionally achieved through the use of larger arrays. Although large arrays are

desired, they are often infeasible to implement due to the cost and the physical space available?.

Several methods have been investigated in an attempt to improve directivity without expanding

3, synthetic expansion®®, and

the array size. These methods include weighting optimization®-
internal scattering”!?. The most common method of enhancing an array’s measurement without

requiring longer arrays is the use of weighting optimization, which is applied during the

beamforming process.

Arrays excited by acoustic plane waves respond at wavenumbers within the acoustic cone from
To/c to w/c, where o is the excitation frequency and c is the speed of sound in the underwater
environment. Traditionally, arrays are designed to operate within the acoustic cone, and responses
beyond this are often considered unwanted noise. Beamforming algorithms, such as Delay-and-
Sum (DAS), steer among the known response wavenumber region to calculate a beamform plot.
Equations 1 and 2 are commonly used to perform the DAS calculation®. Equation 1 writes the
beamform plot value, B, as a function of steering angle, 05, in which the sensor measurement of
the transverse response, yu, is multiplied by a weight, wy, and a term accounting for the phase delay
in sensor responses as the excitation propagates down the array, t.. The phase delay term for the
chosen steering angle is applied to all sensors, and then summed over all sensors and over all time.
Beamform plots are generated by calculating beamform values for the full region of potential

excitation angles. Note that a beamform plot is a function of the steering angle because the actual
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incident angle is unknown. For a one-dimensional baffled array, such as an array attached to the
side of a ship or submarine, the steering angles would range from [190° to 90°. Equation 2 defines
the phase delay, in which x, is the location of the measurement sensor in the array and Xrer is a
reference position for the array sensors. The first portion of the phase delay term, the steering
wavenumber, describes the wavenumber of a plane wave located at the steering angle. When the
reference sensor location is zero the phase delay can be rewritten as simply the steering

wavenumber, k(0s), multiplied by the sensor location, as in Equation 2.

T N-1

BO) =) ) wyn(Hye @) (1)
t=0 n=0

Tn = ?Sin(gs) (xn - xref) = k(05)xy, (2)

Examples of the resulting beamform plots of a 1 kHz excitation in air (¢ = 343 m/s) at [130° on
linear, one-dimensional, 1.82 m and 3.64 m-long homogenous arrays are shown in Figure 1.
Excitation in air was used to remain consistent with experimental testing not discussed in this
paper, and to produce narrower main lobes which better illustrate the following discussion.
Excitation in water may be simulated by changing the speed of sound value. The main lobes are
compared, in which the array with a higher directivity (the 3.64 m array) produces a beamform

plot with a narrower main lobe.
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0 T T T T T T T T
Mainlobe = Beamform Plot: 1.82 m Array
— — Beamform Plot: 3.64 m Array
-50
o
T -100
:m I|
~ |
o0 150 !
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6. (degrees)
Fig. 1. Comparison of beamform plot main lobes for a 1.82 m array (solid line) and a 3.64 m

array (dashed line) from a 1 kHz plane wave excitation in air at [130°.

The weighting term in Equation 1 can improve the beamform plot if appropriate weights are
chosen. Optimization methods have been defined to choose the best weighting terms, such as
Minimum Variance Distortionless Response (MVDR)*?, has been shown to be very effective at
improving localization. However, it is important to realize that weighting optimization techniques
do not increase the directivity of the array, they only improve the localization calculation from the
measurements available. If optimized weighting could be applied to measurements from an array

with higher directivity, the resulting localization will be even better.

Synthetic expansion®® is another method used to improve the directivity of an array. Synthetic
expansion uses the motion of the array vehicle (such as a ship or submarine) to take measurements
across a large area, and then stitches all measurements together before beamforming. The resulting
data spans an area much longer than the actual array, and a higher directivity is achieved. Synthetic

apertures were initially proposed by Yen®, but thoroughly studied by Stergiopolous’®. Although
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the method was successful in improving array directivity, it also constrained the motion of the

vehicle and required substantial processing power.

One more proposed improvement technique leverages internal wave scattering induced when a
nonhomogeneous array material is used. Wave propagation within a nonhomogeneous array
introduces additional scattered waves that contain information about the location of the incident
acoustic signal, similar to the waves formed in a traditional homogeneous array. However, the
scattered waves will have a smaller wavelength than the traditional waves, and additional
information may be extracted from the scattered waves about the origin of the acoustic signal. The
idea of scattering as a method of directivity improvement was first proposed by Cray”!'?. Cray
theorized improved directivity based on the decreased wavelength of scattered signals, and
analyzed the scattering in a non-homogenous array consisting of periodic aluminum ribs in a

urethane hull-mounted array to generate Bragg scattered waves.

Periodically ribbed materials capable of manipulating acoustic signals through Bragg scattering,
such as Cray’s proposed array design, is a form of a phononic crystal'!. These materials are
typically investigated for the generation of a band gap; a narrow frequency region in which only
evanescent waves exist, and therefore no wave propagation exists. The waves in a band gap have
the potential to respond in unique ways, and studies have applied band gaps to lens focusing'?,

3, waveguides'?, and cloaking'>. A review paper on applications of phononic

signal reduction’
crystals has recently been published'® and Elachi'’ provides a lengthy compendium on Bragg
scattering effects in periodic structures, yet within the previous body of literature, Cray is the only

author that this work’s authors are aware of to consider the use of a phononic crystal as a broadband

localization improvement technique.
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The wavenumbers of Bragg scatted waves (called Bragg replicates) are predicted using Equation
3, in which the wavenumber, kq(0), is written as a function of excitation frequency, o,
environmental speed of sound, ¢, and incident angle, 0, plus a replicate term defined by the
periodicity, a, and an integer multiple, n, that defines the predicted replicate'®. For example, if the
integer multiple is 0, the wavenumber is the original wavenumber that would manifest in a
homogenous panel. If the integer multiple is [11, then the wavenumber is predicted for the first

negative replicate.

W 21
k,(6) = —sin(0) + —n 3)
c a
The spatial and wavenumber responses of traditional arrays are shown in Figures 2a and 2b, and
are compared to the spatial and wavenumber responses of periodic sonar arrays that Bragg scatter

the incident waves, shown in Figures 2c and 2d, respectively.
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(a) Traditional Array Spatial Response (c) Bragg Scattering Array Spatial Response
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(b) Traditional Array Wavenumber Response (d) Bragg Scattering Array Wavenumber Response
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120  Fig. 2. Array response to a 1 kHz excitation in air at [130° for a traditional, pure urethane array in
121 the (a) spatial (displacement) domain and (b) wavenumber domain, and the response to the same
122 excitation for a ribbed array in the (c) spatial (displacement) domain and (d) wavenumber

123 domain.

124  Cray reasoned that the Bragg replicates should result in higher directivities because the replicate
125  wavelengths were smaller than the traditional wavelengths (the ratio of the number of replicate

126  wavelengths to the fixed array aperture increases, thus increasing directivity). However, Cray later
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redacted this claim, stating that array directivity enhancement could not be obtained from the

reduced wavelength of the Bragg replicate waves'®.

This paper will explain why fixed periodic Bragg replicates are incapable of improving directivity,
and will introduce the scattering behavior that is required of a nonhomogeneous array to achieve
enhanced directivity. If successfully designed, signal scattering as an array enhancement method
could be a promising method of passive directivity improvement. Wave scattering would
inherently improve directivity, would not depend on the movement of the vessel, and would not
increase the computational load for localization estimation. Directivity improvement claims are
supported with beamform plots and directivity index comparisons between traditional arrays and
the proposed scattering array. The definition of a wave scattering relationship capable of enhancing
array directivity is the first step towards array performance improvement without the need to

increase array size.
II.  Scattered wave beamforming and directivity equations

Scattered waves lay in a different region in the wavenumber domain than the waves used in
traditional beamforming. The DAS equations need to be rewritten to consider the appropriate
wavenumber region before scattered waves can be used to estimate the location of the acoustic
excitation. The wavenumber region of interest is modified from traditional waves to scattered
waves by substituting the traditional phase delay, 1., with the scattered phase delay, ts,, defined in
Equation 4, in which ky(6s) is the predicted wavenumber of the scattered wave at the chosen

steering wavenumber, 0,'°.

TSy = kg (es)xn “4)
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The resulting beamform plots can indicate if the scattered waves will improve the directivity of
the array. If the main lobe of the beamform plot calculated from the scattered waves is narrower
than the main lobe of the beamform plot, and the sidelobes levels are equivalent, calculated from
a traditional array of the same size, then the scattered waves will improve the directivity of the

array.

The main lobe of the beamform plot is an indicator that directivity is improved, but it is not a
definite determination of directivity change. Optimized weighting algorithms, for example,
significantly decrease the main lobe in beamform plots, but at a cost of raising sidelobe levels, and
hence have no effect on the array directivity. Therefore the directivity of the array must also be

calculated to show that scattered waves can inherently improve an array’s directivity.

The directivity of an array can be quantified by calculating the directivity index (DI) for a particular
incident angle. The DI describes an array’s ability to suppress a diffuse noise field, in which a
higher DI indicates an array is more adept at suppressing noise*’. The noise suppression capability
manifests as a narrower main lobe in a beamform plot. The DI equation for traditional arrays is
written in Equation 5 as a function of an angular response term, A, in a form similar to that used
in Lee?!, but for a one-dimensional array with uniformly spaced sensors and uniform weighting.
These assumptions allow for significant simplifications to the angular response equation. Equation
6 defines the angular response term as a function of the difference between the actual incident
wavenumber, k(0), and the steering wavenumber, k(6s), assuming constant sensor spacing and

uniform sensor directivity.
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2N?2
DI(8) = 101logo | — (5)

[%|A6)12 cos(8) db
2

N

A0) = z oi(K(O)~K(85)xn 6)

n=1

Consider the angular response term in Equation 5. For DI to increase, the integral in the
denominator must decrease. The integral decreases when the exponential term in Equation 6
becomes narrower in angle. For traditional arrays, the wavenumber term is written in the form
(/c)Isin(B) for the excitation wavenumber and (w/c)[Isin(Bs) for the steering wavenumber. By
increasing frequency (o), decreasing wave speed in the environment (c), or increasing the length

of the array (xn), the exponent term can be increased, therefore increasing the DI.

The DI calculation was modified for scattered waves by substituting the traditional wavenumber
terms in the angular response equation (k(6) and k(6s)) with the scattered wavenumber terms (ky(0)
and ky(6s)), as in Equation 7. The array response is a superposition of all wavenumbers, including
both the incident wave response and the scattered waves. However, the wavenumber can be simply
modified in the beamforming equations because the modification is just re-defining which
wavenumbers are being considered (i.e. looking at the scattered region instead of the traditional
region). The response measurement input to the beamform equation (yn) is unchanged in the

modified beamform equation and still contains information from all wavenumbers.

N

A(G) = 2 ei(ks(e)_ks(es))xn (7)

n=1

The calculated directivity using the scattered waves can be compared to the calculated directivity
using traditional waves. If the calculated directivity is higher for scattered waves, the scattering in

the array will enhance the directivity of the array.
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I11. Analysis of Bragg scattering directivity gains

The beamforming and DI calculations of scattered waves previously discussed were first applied
to Bragg scattering in an array. The array’s scattering was simulated using a high-order shear,
closed form elastic plate model developed by Hull*2. The model was used to predict the out of
plane displacement response in a periodically ribbed array excited by a plane wave. The simulated
array was modeled to be infinitely long and 0.01905 m thick, and included alternating 0.00635 m
wide aluminum and 0.0508 m wide urethane, as shown in Figure 3. The urethane was chosen to
have a modulus of elasticity of 1x10® Pa, a Poisson’s ratio of 0.48, a density of 1070 kg/m?, and a
25% damping. The aluminum was chosen to have a modulus of elasticity of 6.9x10'° Pa, a
Poisson’s ratio of 0.32, a density of 2700 kg/m?, and a 0.5% damping. The damping values were
chosen based on wave propagation measurements not discussed in this paper. The “measured”
length of the simulated array was 1.82 meters, the total number of sensors (simulated points) was
288, and the excitation frequency was 1 kHz. The periodicity, a, was 0.05715 m. Any scattered
Bragg wavenumber can be used in the scattered beamforming and DI calculations, however only
the first positive scattered Bragg wave (n=1) was considered in this analysis. Higher order Bragg
waves (n=2,3...) could be used, and would produce similar results if appropriately measured.
Spatial aliasing becomes a concern with higher order, smaller wavelength portions of the signal,
so for simplicity only the first Bragg wave is discussed. In addition, periodically placed transducers
in the array could generate additional scattering. However, the effect of transducers on Bragg

scattering in a periodically ribbed array was outside the scope of this paper.
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0.00635m

0.0508 m a=0.05715m Displacement
Direction

I

0.01905m

Y
T—) X Aluminum
E Measured Length s
Urethane 1.82m
Fig. 3. Schematic of the Matlab model used to simulate Bragg scattering in a periodic array due

to a plane wave excitation at [130° with the measured length and periodicity, a. The

measurement sensors are not pictured.

The simulated Bragg array response was beamformed using Equation 2 and the traditional steering
wavenumber (k(6s) = w/cl1sin(0s)) was used to obtain the traditional beamform plot. Equation 3
and the first replicate Bragg scattered wavenumber (ky(6s) = w/c[Isin(0s) + 2n/a) was used to obtain
the scattered wave beamform plot. The comparison between both beamforming methods is shown
in Figure 4. Although some differences in the sidelobes occur, the main lobes of both beamform
plots are identical in width, indicating that Bragg scattering with fixed periodicity does not improve

array directivity.

-60
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Fig. 4. Beamform plots of a 1 kHz plane wave excitation in air at [130° for a traditional array

(solid line) and a periodic scattering array using the first Bragg replicate (dashed line).

Beamform plots are a good tool for the visualization of an array’s directivity, but the directivity
index is required to understand if an array’s directivity is improved. The theoretical directivity of
these Bragg scattered waves was calculated to identify why directivity was not enhanced. The
angular response of the DI equation for scattered waves, given in Equation 5, was rewritten for
Bragg scattering on an array with fixed periodicity, as shown in Equation 8. The additional Bragg

scattered wave terms are shown in bold.

N . 2 . 2
AQ) Z el((gSIH(H)%)_(%sm(as)%))xn &
n=1

The additional wavenumber term for Bragg scattering is a constant dependent only on the
periodicity of the array. When the DI is calculated for Bragg scattered waves, the additional Bragg
term in the excitation scattered wavenumber cancels with the additional Bragg term in the steering
scattered wavenumber, producing an array response term, and thus a DI, identical to the traditional
DI. A plot of the identical DIs calculated using incident wave responses and scattered wave
responses is shown in Figure 5. The increase in DI towards endfire (£90°) is expected based on

the frequency and spacing used”.
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Fig. 5. DI values of a traditional array (solid line) and a periodic scattering array using the first
Bragg replicate (dashed line) for a 1 kHz plane wave excitation incident at angles from [190° to

90°. The DI values are perfectly overlaid.

IV.  Proposed scattering for directivity enhancement

Directivity enhancement was not achieved for Bragg scattering with fixed periodicity because the
additional Bragg wavenumber term, 2n/a, was constant for all incident angles and subsequently
cancelled in the DI calculation. Therefore, scattering will only improve the directivity of an array
if the scattering term is also a function of the incident angle of the excitation, preventing the
additional scattering terms from cancelling and providing more information about the acoustic

signal’s location. Simply generating smaller wavelengths is not sufficient to improve directivity.

An analytical study was performed to confirm that Bragg scattering, as a function of excitation
angle, increases an array’s directivity. The Matlab model previously used to analyze Bragg

scattering from a fixed periodic array was modified so that the periodicity of the array became a
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function of the incident angle, with the relationship between angle and spacing chosen to have the
form of Equation 9. This form was chosen to avoid any singularities from a zero in the
denominator, while keeping the maximum and minimum scattering terms close in value to reduce
any aliasing effects in the beamforming process caused by wavenumber content above the Nyquist

wavenumber.

The scattering term is then included in the wavenumber response as in Equation 10. The variable
ao is a reference periodic spacing chosen to have a value of 0.05715 m for this analysis. Therefore,
the scattered waves at 0° for angle-dependent scattering will have the same wavenumber values as
the Bragg scattered wavenumbers at 0°, while negative excitation angles will excite smaller
wavenumbers than conventional Bragg scattering and positive excitation angles will excite larger

wavenumbers than conventional Bragg scattering.

_ 2ag
Ae) = 2 + sin(8) ©)
w 21
kn(g) = ?sm(e) + mn (10)

A waterfall plot of wavenumber response as a function of excitation angle is shown for Bragg
scattering in Figure 6a and the angle-dependent Bragg scattering (the proposed scattering) in
Figure 6b. The Bragg scattering wavenumber-angle plots show that the spacing between
wavenumber peaks is always constant, while the proposed scattering wavenumber spacing changes

with incident angle.



262

263

264

265

266

267

268

269

270

Joffre JASA

(a) Bragg Scattering
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(b) Angle-Dependent Scattering
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Fig. 6. Wavenumber-angle plots of a 1 kHz plane wave excitation at incident angles from [190°

to 90° for (a) Bragg scattering and (b) the proposed angle-dependent scattering.

The simulated proposed scattering response was beamformed using Equations 1, 2, and 4, in which
the wavenumber term in Equation 4 was written as Equation 10. The beamform plot generated
from the proposed scattering response for the first scattered wave (n=1) is compared to the
beamform plot from a traditional array of the same size in Figure 7. The scattered wave beamform
plot produced a main lobe that is significantly narrower, without raising sidelobe levels, implying

that directivity is enhanced.
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272 Fig. 7. Beamform plots of a 1 kHz plane wave excitation in air at [130° for a traditional array
273 (solid line) and an array with the proposed scattering when n=1 (dashed line).

274  The directivity improvement through the use of scattered waves was quantified by calculating the
275 DI for the proposed scattering. The angular response term for the first scattered wave (n=1) is
276  shown in Equation 11, with the additional scattering terms shown in bold. The additional scattering
277  terms, which do not cancel, can be rearranged into an additional exponent term, shown in bold in
278  Equation 12. The angular response term, and therefore the DI, clearly increases through the use of

279  the proposed scattered waves.

z(( 51n(9)+a(6)) ( sm(95)+a(6 )))

280 AO) =XN_Le (1)

[ 21 21[)

281 A(8) = TV ol(¥sn@ ~ L@} 1 1 ~ 2 o

(12)

282 A comparison plot between the scattered wave DI and the DI of a traditional array of the same size
283  is shown in Figure 8, and illustrates that DI was improved by 6 dB through the use of the proposed

284  scattered waves.
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Fig. 8. DI values of a traditional array (solid line) and an array with the proposed scattering when

n=1 (dashed line) for a 1 kHz plane wave excitation incident at angles from [190° to 90°.

The proposed scattering relationship has been shown to improve DI in an array without increasing
the array size. If an array could be fabricated to generate the proposed scattering, then hull-
mounted arrays could be significantly improved. However, the proposed scattering was achieved
in this analysis by mathematically tying the rib spacing to the incident angle during the simulation,
and no physical design was considered. To apply this relationship to an operational array, a new
material will need to be designed and fabricated and it may be possible to do so by using additive
manufacturing. One potential approach to create a material with the proposed scattering could be

the fabrication of ribs that only appear for a narrow range of incident angles.

Overall, the findings in this paper have shown that nonhomogeneous arrays have the potential to
achieve higher directivity with an equivalent aperture. In order to physically realize an array with
the proposed scattering characteristics, further investigation into the material and design of

nonhomogeneous arrays is required and serves as an attractive avenue of future research.

V. Conclusions
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Array directivity improvements are primarily limited by size constraints. Wave scattering is a
recently conceived method of directivity improvement that could avoid many of the drawbacks
of previous directivity improvement methods, such as maneuverability limitations from the
synthetic expansion method. However, previous proposed designs that implemented Bragg

scattering on arrays with fixed periodicity were unsuccessful in directivity enhancement.

This paper proposes a scattering method applicable to plane wave signals incident on an array
that exhibits angle-dependent scattering behavior. Traditional beamforming and DI equations
were modified to consider scattered waves, and then used to study both conventional Bragg
scattering and the proposed angle dependent Bragg scattering relationship. As expected, Bragg
scattering with fixed periodicity did not achieve directivity improvements. However, the angle
dependent scattering relationship proposed was shown to significantly narrow the main lobe of a
beamform plot and increase DI by 6 dB for all excitation angles. The physical design of an array
capable of producing such scattering is yet to be realized. The ability to design a material with
the proposed scattering characteristics is expected to be plausible based on recent advances in

additive manufacturing and considering the advancements recently observed in metamaterials.
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