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ABSTRACT
The progenitor stars of core-collapse supernovae (CCSNe) are asymmetrically fluctuating
due to turbulent convections in the late stages of their lives. The progenitor asymmetry at
the pre-supernova stage has recently caught the attention as a new ingredient to facilitate
shock revival in the delayed neutrino-heating mechanism. In this paper, we investigate the
importance of the progenitor asymmetries to shock revival with a semi-analytical approach.
Free parameters were chosen such that the time evolution of shock radii and mass accretion
rates are compatible with the results of detailed numerical simulations of CCSNe in spherical
symmetry. We first estimate the amplitude of asymmetries required for the shock revival by the
impulsive change of pre-shock flows in the context of neutrino-heating mechanism, and then
convert the amplitude to the corresponding amplitude in the pre-supernova phase by taking
into account the growth of asymmetries during infall. We apply our model to various types of
progenitors and find that the requisite amplitude of pre-supernova asymmetry is roughly three
times larger than the prediction by current stellar evolution models unless other additional
physical ingredients such as multidimensional fluid instabilities and turbulent convections in
post-shock flows aid shock revival. We thus conclude that progenitor asymmetries cannot
trigger the shock revival by the impulsive way but rather play a supplementary role in reality.
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1 IN T RO D U C T I O N

The explosion mechanism of core-collapse supernovae (CCSNe)
has been a long-standing problem despite decades of effort. The
central issue in the theory of CCSNe is how a stagnated shock wave
in a stellar core can overwhelm the ram pressure of accreting matter
and be relaunched. The most promising energy supplier is supposed
to be neutrinos that diffuse out from the central proto-neutron star
(PNS) and transfer energy into the post-shock region (Janka 2012;
Kotake et al. 2012). However, sophisticated numerical modelling
of CCSNe revealed that the neutrino-heating process cannot revive
the shock wave alone (Rampp & Janka 2000; Mezzacappa et al.
2001; Liebendörfer et al. 2005; Sumiyoshi et al. 2005; Suwa et al.
2016), which means that there is still some missing physics in the
explosion mechanism.

Based on the neutrino-heating mechanism, various additional
physical ingredients have been proposed to facilitate explosions. For
instance, multidimensional (multi-D) fluid instabilities such as the
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standing accretion shock instability (SASI; Blondin, Mezzacappa &
DeMarino 2003) and neutrino-driven convection kinetically push a
shock wave outwards and increase the efficiency of neutrino heat-
ing at the same time (Foglizzo et al. 2014; Mezzacappa et al. 2015;
Müller 2016, and references therein). Stellar rotation may be an
important factor to foster shock expansion (Iwakami, Nagakura &
Yamada 2014; Nakamura et al. 2014; Takiwaki, Kotake & Suwa
2016; Summa et al. 2018), while magnetic fields play more im-
portant roles for rapidly rotating progenitors (Kotake et al. 2004;
Burrows et al. 2007; Sawai & Yamada 2014; Mösta et al. 2015;
Sawai & Yamada 2016; Obergaulinger & Aloy 2017). These addi-
tional elements do not ensure a successful shock revival, however,
except for the extreme ones such as very rapid rotation. This is indi-
cated by the fact that state-of-the-art simulations by various groups
show qualitatively different results (Janka, Melson & Summa 2016,
and references therein). It is hence indispensable to tackle a prob-
lem what ingredient is essential for CCSNe by improving numerical
simulations while looking for other possible keys for shock revival
that may have been missed.

More recently, turbulent fluctuations at the pre-supernova stage
grab the spotlight as a new key for facilitating shock revival. Asym-
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metric fluctuations naturally inhere in the progenitors due to the de-
velopment of violent convection in the burning Si/O shells (Arnett
1994; Bazan & Arnett 1998; Asida & Arnett 2000; Meakin & Ar-
nett 2006, 2007; Arnett & Meakin 2011; Chatzopoulos, Graziani &
Couch 2014; Couch et al. 2015; Chatzopoulos et al. 2016; Müller
et al. 2016; Jones et al. 2017). Hence, generally speaking, they
should be taken into account for all the progenitors of CCSNe.
Indeed, it was recently found in numerical simulations that the up-
stream asymmetries manifestly increase the average shock radius
and even lead an explosion for some progenitors (Couch & Ott
2013; Couch & Ott 2015; Couch et al. 2015; Müller & Janka 2015;
Burrows et al. 2016; Müller et al. 2017).

Although it has become almost a consensus that progenitor asym-
metries ease shock revival in the delayed neutrino-heating mecha-
nism, there are several issues that should be addressed. One of them
is the uncertainty in the estimated amplitude of asymmetries. For the
moment, the amplitude can be predicted only by the theory of stellar
evolution due to the lack of observations. Even in the most advanced
calculations of stellar evolution, however, various approximations
and phenomenological treatments have been employed thus far.
For instance, the matter profile is usually assumed to be spheri-
cally symmetric and multi-D effects such as mixing of elements
are approximately handled by the mixing-length theory (Kippen-
hahn, Weigert & Weiss 2012), although it has been pointed out that
the standard mixing-length theory misses the physics of convec-
tive boundary mixing (Meakin & Arnett 2007; Cristini et al. 2017).
multi-D stellar evolution has been studied by hydrodynamical sim-
ulations for a short period of the final stage of evolution (Bazan &
Arnett 1998; Asida & Arnett 2000; Kuhlen, Woosley & Glatzmaier
2003; Meakin & Arnett 2006, 2007; Arnett & Meakin 2011; Chat-
zopoulos et al. 2014; Couch et al. 2015; Müller et al. 2016; Jones
et al. 2017; Müller et al. 2017). They found that thermodynamical
quantities in Si/O shells before the onset of collapse would fluctuate
asymmetrically roughly less than 10 per cent of their angle average.
For instance, Bazan & Arnett (1998) found �8 per cent of density
perturbation at the edge of convective zone in their 2D hydrodynam-
ical simulations. Asida & Arnett (2000) extended the simulation of
Bazan & Arnett (1998), and they confirmed that the density fluctua-
tion exists persistently in the convective boundary. Meakin & Arnett
(2006, 2007) carried out simulations of a late evolution of 23 M�
in 2D and 3D, and they found that 2D convective motions are exag-
gerated than 3D by a factor of ∼8. Such first-principles approaches
to multi-D stellar evolution will rapidly mature as computational
resources increase and give us the amplitude of asymmetries more
accurately.

Another issue to be addressed is the dynamical role of the pro-
genitor asymmetries in the post-bounce phase, which is not fully
understood yet. There are at least two different ways that can im-
pact the dynamics. The first one is the following direct way. Once
asymmetric fluctuations hit the stalled shock surface, they break the
force balance between the fluid upstream and downstream of the
shock wave. This makes the transition from a quasi-steady state to a
dynamical one. There exists a critical amplitude of fluctuations for
which the shock wave eventually revives (Nagakura, Yamamoto &
Yamada 2013, hereafter NYY13), i.e. the progenitor asymmetry
may be a key to directly triggering a shock revival if they have
sufficiently large amplitudes. The chance is increased further by
the fact that upstream asymmetries go through being amplified in
supersonic accretion (Lai & Goldreich 2000; Takahashi & Yamada
2014, hereafter TY14). If this is the case, the progenitor asym-
metry could be more crucial for CCSNe than ever thought. Since
the progenitor asymmetry and the amplification rate during infall

would depend on the progenitor, it is necessary to systematically
study many types of CCSN progenitors. However, CCSN simu-
lations are, in general, computationally expensive and, in addition,
uncertainties in stellar evolution models prevent us from developing
physically correct initial conditions for these simulations. For these
reasons, the possibility of this scenario has not been investigated in
detail so far.

The other contribution from the progenitor asymmetries to shock
revival is more complex and indirectly associated with the shock
dynamics. Once the upstream asymmetric fluctuations pass through
the shock wave, they couple with fluid instabilities and disturb post-
shock accretion flows. As a result, the upstream fluctuations further
intensify the neutrino heating and turbulent pressure and push the
shock wave outwards (Müller & Janka 2015; Takahashi et al. 2016),
while the inherent fluid instabilities in the post-shock region such as
SASI and neutrino-driven convections have already enhanced them.
Abdikamalov et al. (2016) showed that the total kinetic energy in
the post-shock flows is amplified by a factor of ∼2, which results in
decreasing several per cents of the critical neutrino luminosity. Since
the post-shock flow is highly turbulent, it is difficult to quantify the
effect of asymmetrical flow on shock revival (Mabanta & Murphy
2017) as induced by infalling perturbations using detailed numerical
simulations. Especially, numerical resolution may be a concern.
For instances, Radice et al. (2016) change the grid resolution on
their 3D simulations by a factor of 20 between the lowest and
highest resolutions (the lowest resolution is similar to those used in
other 3D simulations in Lentz et al. 2015; Melson, Janka & Marek
2015). Although integral quantities such as the turbulent kinetic
energy and average turbulent Mach number are not sensitive to
resolutions, they found that the convections in the low simulations
suffer from the so-called bottleneck effect that may facilitate the
shock revival. (see e.g. fig. 2 in Radice et al. 2016). In addition,
neutrino transport and the feedback to matter should be taken into
account simultaneously and accurately, which makes simulations
more computationally expensive and complicated. It is hence one
of grand challenges in computational astrophysics. It is necessary to
keep grappling with this problem by improving numerical schemes
of CCSN simulations.

In this paper, we examine the former scenario in which progen-
itor asymmetries directly and crucially aid shock revival based on
the neutrino-heating mechanism. Although we faced the practical
and theoretical obstacles mentioned above, we overcome them us-
ing a novel approach. The fundamental elements in our method
consist of three semi-analytical approaches in Burrows & Goshy
(1993), NYY13, and TY14. Our method is less expensive than nu-
merical simulations and, more importantly, free parameters in our
model are chosen so as to reproduce detailed numerical simula-
tions. After establishing reliability, we proceed to apply our mod-
els to various types of progenitors. To expedite the understand-
ing of progenitor dependence, we employ parametrically gener-
alized progenitor models in YY16 in addition to some represen-
tative CCSNe progenitors computed by realistic stellar evolution
calculations.

Another important point of our study is that we reverse the stan-
dard approach to the problem. We first estimate the amplitude of
progenitor asymmetry necessary for shock revival and then compare
it with a canonical amplitude in calculations of stellar evolution. Our
study does not need the information on the accurate amplitude in
advance but rather gives constraints on them. Note also that we
compute the necessary progenitor asymmetries as a function of
mass coordinate. It yields information about the locations where
asymmetries are more important for shock revival.
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210 H. Nagakura, K. Takahashi, and Y. Yamamoto

Figure 1. A schematic picture of the evolutionary path to shock revival considered in this paper. The left-hand panel displays the stellar structure right before
the onset of core collapse. The envelope around an iron core is fluctuating due to turbulent convections with nuclear burning, which is shown as a mottled area
in this picture. The middle panel shows the post-bounce phase. The PNS is enclosed with a stagnated shock wave, while the outer envelope falls on to the
shock wave. The fluctuation in the outer envelope is amplified during the accretion from the sonic point to the standing shock. The right-hand panel shows the
shock revival phase.

This paper is organized as follows. To facilitate the readers’ un-
derstanding, we start out with an overview of our study in Section 2.
We describe our method in Section 3 and progenitor models in Sec-
tion 4. The main results are shown in Section 5, while the limitations
of this study are examined in Section 6. Finally, Section 7 concludes
the paper with summary and discussion.

2 OVERV IEW OF THIS STUDY

In this section, we sketch the evolutionary path to shock revival con-
sidered in this paper. As described in the left-hand panel of Fig. 1, all
hydrodynamical quantities outside an iron core are asymmetrically
fluctuating due to turbulent convections before the onset of collapse.
These fluctuating envelopes fall by the rarefaction wave that is gen-
erated by collapse of the iron core. As a result of collapse, a PNS
forms at the centre and, at the same time, a shock wave is generated
and propagates through the accreting matter. Since the expansion
of shock wave is interrupted by the neutrino cooling and photodis-
sociation of heavy nuclei, the system settles in a quasi-steady state
at ∼100 ms after the bounce. In this phase, the position of shock
wave is mainly determined by the balance between the ram pres-
sure of the upstream flow and the thermal pressure of the post-shock
flow aided by neutrino heating (see e.g. Burrows & Goshy 1993;
Ohnishi, Kotake & Yamada 2006; Yamasaki & Yamada 2006).
Meanwhile, in the pre-shock flow, the asymmetric fluctuations of
the outer envelopes increase during infall and then eventually be
swallowed in the shock wave as depicted in the middle panel of
Fig. 1. If the fluctuations are significantly large, they potentially
trigger a shock revival as shown in the right-hand panel of the same
figure.

What we estimate in this study is how large pressure fluctuations
in Si/O shells at pre-supernova stage are required for shock revival.
We denote the minimally required amplitude by f

Si/O
crit (the precise

definition is given later). We compute f
Si/O
crit by multiple steps. At

first, we apply a semi-analytical model for the post-bounce phase
of CCSNe, which is built based on a quasi-steady approximation
with light-bulb neutrino transport (Burrows & Goshy 1993; Ohnishi
et al. 2006; Yamasaki & Yamada 2006). Given three characteristic
quantities; mass accretion rate (Ṁ), mass of the PNS (MPNS), and
neutrino luminosity (Lν), we apply the quasi-steady model to ob-

tain the time evolution of shock wave and mass of PNS, both of
which are the necessary quantities to measure the critical fluctua-
tion for shock revival (fcrit, see next). The characteristics of accre-
tion flows are encompassed in Ṁ , MPNS, and Lν , which are com-
puted from the density profile of progenitors at the pre-supernova
stage. Note also that some free parameters in our quasi-steady
model are calibrated with the result of more detailed numerical
simulations.

For a given quasi-steady evolution obtained in the previous step,
we then proceed to the next step to estimate the minimal fluctuation
required for shock revival (fcrit) at the shock point by applying the
result of NYY13. Importantly, fcrit is different from f

Si/O
crit since the

asymmetries are amplified during infall, i.e. fcrit is generally larger
than f

Si/O
crit . We employ the scaling law in TY14 to compute the

amplification rate and then convert fcrit to f
Si/O
crit . We finally assess

the feasibility of f
Si/O
crit by comparing the prediction from current

stellar models, and assess the importance of progenitor asymmetry
for shock revival.

3 ME T H O D

3.1 Step 1: Shock evolution in the supernova core

As to be cleared later, the critical amplitude of accretion asymme-
tries for shock revival is related to the shock radius and the mass of
PNS. Although the numerical simulation is a straightforward way
to obtain them, it usually takes a huge computational cost because
of the complexity of CCSN physics. We hence employ a semi-
analytical approach based on a quasi-steady model with a light-bulb
neutrino transport. Next, we describe the method in detail.

The quasi-steady model employed in this paper was originally
developed by Burrows & Goshy (1993) and then being extended by
Yamasaki & Yamada (2006). Mathematically speaking, this model
is built on a solution of spherically symmetric time-independent
fluid equations. There are three characteristic quantities to define the
structure of shocked accretion flows, which are the mass accretion
rate (Ṁ), the mass of the PNS (MPNS), and the neutrino luminosity
(Lν). The quasi-steady approximation is justified by the fact that
these characteristic quantities evolve sufficiently slowly than the
dynamical time-scale of post-shock flows. In spite of the simplicity,
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this approach is frequently used in the literature to study the property
of accretion flows qualitatively. In addition to this, the results are
also used to measure the closeness for shock revival in numerical
simulations (see e.g. Murphy & Burrows 2008; Hanke et al. 2012).

Assuming the accretion flow is steady and spherically symmetric,
the basic equations of fluid with neutrino interactions are written
as

Ṁ = 4πr2ρv = const., (1)

v
dv

dr
= − 1

ρ

dp

dr
− GMPNS

r2
, (2)

v
dε

dr
+ pv

d

dr

(
1

ρ

)
= q(Lν), (3)

ρv
dYe

dr
= λ(Lν), (4)

where r, ρ, v, p, G, ε, and Ye are the radius, baryon mass density,
radial velocity, pressure, gravitational constant, specific internal
energy, and electron fraction, respectively. For gravity, we take a
monopole approximation of PNS and also ignore the self-gravity
in accretion flows. We ignore the momentum exchange between
neutrinos and matter just for simplicity. q and λ are the neutrino
heating and deleptonization rates, respectively. They are function
of the neutrino luminosity Lν , which is introduced later. We employ
Shen equation of state (EoS; Shen et al. 1998), which is one of the
frequently used nuclear EoS.1 The rest of other variables, Ṁ , MPNS,
and Lν in the above equations define the characteristics of accretion
flows, and they are evaluated before solving equations (1)–(4). As
shown below, these parameters can be written as a function of mass
shell (Mr) of progenitors. We also relate the post-bounce time (tpb)
to Mr through tinfall (see equation 9). In other words, tpb can be
measured by what mass shell Mr falls on to the shock surface.

Given Ṁ , MPNS, and Lν , equations (1)–(4) are solved until the
solution satisfies boundary conditions. The outer boundary condi-
tion is given at the shock surface by Rankine–Hugoniot condition.
The pre-shock accretion flow is approximated as an adiabatic flow
with a free-fall velocity. The inner boundary condition is given at
the neutrino sphere (rν), which is defined at the position with ρ =
1011 g cm−3 in this study. On the other hand, rν is also related
with neutrino luminosity (see equation 13) which indicates that rν

should satisfy both conditions simultaneously. We iteratively solve
equations (1)–(4) in the region surrounded by the neutrino sphere
and the shock radius until rν satisfies both conditions.

Next, we describe how Ṁ , MPNS, and Lν can be determined from
the progenitor structure. The mass accretion rate Ṁ at the shock
surface can be approximately computed by the radial distribution
of density profile before the onset of collapse. Following Nagakura
(2013), Woosley & Heger (2015), and Suwa et al. (2016), we com-
pute it as

Ṁ = dMr

dr

(
dtinfall

dr

)−1

, (5)

1Note that Shen EoS does not satisfy the current observational constraint
of mass–radius relation of neutron star (see e.g. Steiner, Hempel & Fis-
cher 2013). However, this study focuses only on the subnuclear density
regime (�1011 g cm−3) in which all thermodynamical quantities and chem-
ical abundances are almost the same as other realistic supernova EoSs.

where the infall time-scale, tinfall, is given by

tinfall = α

√
r3

GMr

. (6)

Here, r = r(Mr) is the radial coordinate of the mass shell at the on-
set of collapse. α is a deviation factor from the free-fall time-scale,
which is calibrated from numerical simulations.2 By substituting
equation (6) and dMr/dr = 4πr2ρ into equation (5), the mass accre-
tion rate of the mass shell at Mr is given by

Ṁ = 1

α2

8πGM2
r tinfallρ

3Mr − 4πr3ρ
, (7)

where ρ(Mr) denotes the matter density at the corresponding mass
shell at the onset of collapse.

MPNS can be related with Mr by taking a following approximation.
Since the mass of PNS dominates the total mass inside the shock
wave, we ignore the mass between shock wave and PNS surface
just for simplicity. Thus we obtain the relation

MPNS = Mr. (8)

In other words, we treat MPNS by the mass shell that hits the shock
wave at that time.

Before describing how we determine Lν as a function of Mr, we
connect tpb with Mr through tinfall. The connection is made based
on the idea that tpb can be measured in terms of the time when the
corresponding mass shell passes through the shock wave. Since the
latter time relates with tinfall, we can write tpb as

tpb = tinfall(Mr ) − tinfall(M
ref
r ), (9)

where M ref
r denotes the reference mass shell to measure tpb. It is

set as M ref
r = 1.42 M�, which reproduces the result of numerical

simulations in our model.
The last characteristic quantity, Lν , can be determined as follows.

At first, we divide the neutrino luminosity into two components:
accretion and diffuse parts, i.e. we write Lν as

Lν = Lν,acc + Lν,diff . (10)

The former, in general, overwhelms the latter in early time of the
post-bounce phase, while it is reversed later (Summa et al. 2016;
Suwa et al. 2016). Since the time evolutions of these two com-
ponents obey different physics, they are separately treated in our
model. The accretion luminosity can be written as

Lν,acc = η
GMr

Racc
Ṁ. (11)

In the above equations, η denotes the conversion efficiency from
the accretion kinetic energy to the neutrino energy. The radius, Racc,
represents a typical location where some dissipative processes occur
and then convert the kinetic energy to thermal energy with neutrino
emissions. We set Racc = 50 km, which is assumed to be a typical
radius of the PNS. Note that η is one of free parameters in our model
and being calibrated by comparing to numerical simulations (see
Appendix A). In this sense, the uncertainty of Racc to compute Lν,acc

is also included in η. By substituting equation (7) into equation (11),
we obtain Lν,acc as a function of Mr.

For the diffuse component, on the other hand, it is difficult to
be modelled prior to solving equations (1)–(4) since it is not deter-
mined only by progenitor structure. Instead, the time evolution of

2We introduce the deviation factor α since the stellar pressure contributes
to suppress the infall velocity.
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the diffusion component depends weakly on progenitors (see e.g.
Summa et al. 2016). It is attributed to the fact that the PNS structure
is almost the same among all CCSN progenitors. Indeed, the neu-
trino luminosity decreases linearly in time in the late post-bounce
phase and is not sensitive to progenitors as shown in the detailed
numerical simulations by Summa et al. (2016; see fig. 3 in their
paper). For this reason, we approximately treat the time evolution
of the neutrino diffuse component (Lν,diff) as

Lν,diff (tpb) = L̇ tpb + Lref
ν,diff, (12)

where L̇(< 0) and Lref
ν,diff denote a decline rate and a constant with

respect to the time, both of which are model parameters to be cali-
brated from numerical simulations. Note that equation (12) appears
at first glance to be no progenitor dependence. It is not true since
the progenitor dependence is encompassed in tpb (for instance, the
post-bounce time of less-compact Si/O shells evolves slowly with
increasing Mr). By combining equations (10)–(12), we finally ob-
tain Lν as a function of Mr.

As mentioned above, several free parameters should be calibrated
in our model. We summarize the calibration in Appendix A. As a
reference, we utilize the results of one of the most-recent CCSNe
simulations in spherical symmetry (Nagakura et al., in preparation).
We confirm that our improved quasi-steady model gives us reason-
ably consistent results with numerical simulations. We also check
their parameter dependence in Appendix B.

Finally, we explain how to evaluate q and λ in equations (3)
and (4) that correspond to energy and lepton exchange between
neutrinos and matter. For the dynamics of neutrinos, we use the
light-bulb approximation instead of solving detailed neutrino trans-
port in CCSNe. The essence of this approximation is that thermal
neutrinos freely propagate outside the neutrino sphere. Owing to the
optically thin approximation, the distribution function of neutrinos
(f) can be written in terms of thermal spectrum and geometrical
factor for their angular distributions (see equation 18 in Ohnishi
et al. 20063). f is directly used to evaluate q and λ. In the canonical
light-bulb approximation, only two (+ their inverse) weak processes
are taken into account, which are the electron capture by free pro-
ton and the positron capture by free neutron (Bruenn 1985). Their
expressions are adopted from equations (16) and (17) in Ohnishi
et al. (2006).

Neutrino luminosities (Lν) and their temperatures (Tνe and Tν̄e )
can be arbitrarily given in the light-bulb approximation. We apply
equation (10) to determine Lν . On the other hand, we set temperature
of electron-type neutrinos (νe) and their antiparticles (ν̄e) as Tνe =
Tν̄e = 4.5 MeV just for simplicity. In the light-bulb approximation,
neutrino luminosity can be written in terms of the radius of neutrino
sphere (rν) and neutrino temperature (Tν) as

Lν(i) = 7

16
4πr2

ν(i)σT 4
ν(i), (13)

where σ and i denote the Stefan–Boltzmann constant and the index
of neutrino species (i = νe or ν̄e), respectively. We further assume
that both neutrino luminosities is the same between νe and ν̄e,
i.e. Lνe = Lν̄e = Lν , and we also do not distinguish their neutrino
spheres (rνe = rν̄e ).

Although these treatments of neutrino transport and feedback to
matter are quite simplified, we compensate the weakness by cali-
brating free parameters. Indeed, our quasi-steady model succeeds

3There is a typo in equation (18) of Ohnishi et al. (2006). 2π should be
replaced to 2.

to reproduce the realistic time evolution of shock radius and mass
of PNS as shown in Appendix A. Note that our treatment of neu-
trino transport is not accurate enough to predict realistic neutrino
signals from CCSNe, which is, however, out of the scope of this
paper.

Here is the summary of Step 1. Prior to solving basic equations
for shocked accretion flows (equations 1–4), we relate three charac-
teristic quantities (Ṁ , MPNS, and Lν) to Mr by connecting them with
the density profile of each progenitor. Given three characteristic
quantities, we iteratively solve equations (1)–(4) until rν satisfies
two conditions; ρ(rν) = 1011g cm−3 and equation (13). The solution
gives the shock radius (rsh). This means that we can obtain rsh as a
function of Mr (or tpb). This is the final outcome of Step 1, and we
use rsh(Mr) and also MPNS(Mr) for the next step.

Finally, we define the mass shells that we consider in this paper.
We focus on the mass shell in 1.5 � Mr/M� � 1.8 that are swalled
on to the shock wave at 0.1 s � tpb � 0.5 s in the case of s15
progenitor, for example. We exclude the phase in Mr/M� � 1.5,
i.e. very early phase of the post-bounce since the shocked accretion
flow does not settle to the quasi-steady state, which means that our
model is not applicable. We also find that our quasi-steady model
deviates from the result of numerical simulations when Ṁ is larger
than 1˜M�˜s−1. The main reason of this deviation is that the accre-
tion component of neutrino luminosity in our treatment becomes
much larger than the reality. This problem can be overcome by
recalibrating free parameters in the early post-bounce phase. How-
ever, we choose another way to avoid increasing further complexity
in our model. We take an ad hoc prescription in which we set the
upper limit of the accretion component of neutrino luminosity. The
upper limit is set as Ṁ = 1 M� s−1 in equation (11). We also ex-
clude the range Mr/M� � 1.8 since we again need to readjust the
free parameters in our model. Albeit these caveats in our model,
our model is still capable of covering the most important phase of
CCSNe. Indeed, we expect to have a shock revival tpb � 0.5s for
most of progenitors otherwise explosion energy would result in less
than 1051erg (Yamamoto et al. 2013).

3.2 Step 2: Required fluctuations for shock revival at the
shock surface

The second step is more related to progenitor asymmetries. Ac-
cording to NYY13, there is a critical amplitude of fluctuations to
revive a stalled shock wave (see fig. 4 in their paper), which can be
approximately given by

f
(d)
crit ≡ δp

p

∣∣∣∣
(d)

crit

∼ 0.8

(
MPNS

1.4 M�

) [
1 −

( rsh

108 cm

)]
, (14)

where δp denotes the pressure fluctuation behind the shock wave.
The superscript (d) is assigned to denote clearly the side of down-
stream of shock wave. Note that f

(d)
crit increases for larger MPNS

or smaller rsh because shock revival becomes more difficult under
stronger gravitational field. By combining equation (14) with the
result of the previous step, f

(d)
crit can be also labelled on each Mr.

Note that the critical amplitude given by equation (14) contains
errors that would be within 20 per cent as checked by a 2D simula-
tion in NYY13. Note that we will compare our criterion to others
in Section 6.4.

As shown in equation (14), the critical fluctuation (f (d)
crit ) is mea-

sured at the post-shock region. On the other hand, we currently
consider the fluctuations driven by progenitor asymmetry, i.e. the
asymmetric fluctuations are brought by the pre-shock accretion.
Thus, we need to consider the conversion factor from the pre-shock
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fluctuation to the post-shock. In the following, we make a con-
nection between pre-shock and post-shock fluctuations using the
linearized equation for the momentum conservation.

The linearized equation with respect to perturbed quantities for
the momentum conservation between pre- and post-shock wave can
be written as

δp

p

∣∣∣∣
(d)

= fVsh

δVsh

v(u)
+ frsh

δrsh

rsh
+ fρ

δρ

ρ

∣∣∣∣
(u)

+fv

δv

v

∣∣∣∣
(u)

+ fp

δp

p

∣∣∣∣
(u)

+ fYe

δYe

Ye

∣∣∣∣
(u)

, (15)

where

fρ = jv
(d)
1

|A|p(d)

{
1

2
(β − 1)2 −

[
ε

v2
+ (β−1)

p

jv
+ (2− β)

ρ

v2

∂ε

∂ρ

](d)

+β2

[
ε

v2
+ ρ

v2

∂ε

∂ρ

](u)
}

, (16)

fv = jv
(d)
1

|A|p(d)

{
1

2
(3β − 1)(β − 1) −

[
ε

v2
+ (2β − 1)

p

jv

−2(β − 1)
ρ

v2

∂ε

∂ρ

](d)

+ β2

[
ε

v2
+ p

jv

](u)
}

, (17)

fp = p(u)

|A|p(d)

[
β − 1 +

(
ρ

v2

∂ε

∂ρ
− p

jv

)(d)

+ βρ(u) ∂ε

∂p

∣∣∣∣
(u)

]
, (18)

fYe
= − jβY (u)

e

|A|p(d)v(u)
[[

∂ε

∂Ye

]], (19)

fVsh = −fv (20)

frsh = jv(d)

|A|p(d)

[
β(β − 1)

(
GM

rshv2(u)
− 2

β

) (
−1 + ρ

v2

∂ε

∂ρ
− p

jv

)(d)

+ β2

v2(u)
[[

2(E + p)

ρ
− rshq

v
]] − rshmB [[λ]]

jv(d)

∂ε

∂Ye

∣∣∣∣
(d)

]
. (21)

Here, (d) and (u) are superscripts to distinguish downstream and
upstream quantities. δVsh(= drsh/dt), j(= ρ(u)v(u) = ρ(d)v(d)), and
β(= ρ(d)/ρ(u)) denote the shock velocity, the unperturbed mass flux,
and the compression ratio of the unperturbed flow, respectively. The
symbol [[]] is defined as [[X]]˜ = ˜X(d)˜ − ˜X(u). |A| is related with the
determinant of the matrix for the coefficients of Rankine–Hugoniot
relations for the perturbed flow, which is given by unperturbed
quantities as

|A| =
(

ρ
∂ε

∂p
− p

jvr

+ ρ

v2
r

∂ε

∂ρ

)(d)

. (22)

Note that all coefficients denoted as f∗ in equations (16)–(21) are
determined by unperturbed quantities, and we find |fρ |, |fv| �
|fp|, |fYe

|. This fact indicates that the asymmetric ram pressure
predominantly affects fluctuations in the post-shock flows. In the
following analysis, we assume δVsh = δrsh = 0 just for simplicity.4

4Strictly speaking, we should not set them as a priori but rather calculate
them by solving Riemann problems as demonstrated in NYY13. It should

Since the upstream perturbations are in the same order for pres-
sure, density, and radial velocity (TY14), we introduce x as the
representative amplitude of perturbation:5

|x| ≡
∣∣∣∣ δpp

∣∣∣∣
(u)

∼
∣∣∣∣ δρρ

∣∣∣∣
(u)

∼
∣∣∣∣ δvv

∣∣∣∣
(u)

. (23)

Then, equation (15) can be rewritten as

|x| ∼

∣∣∣∣ δpp
∣∣∣∣

(d)

|fρsgn
(
δρ(u)

) − fvsgn
(
δv(u)

) | , (24)

where we ignore the terms of the upstream fluctuations of p and Ye

because of the relation, |fρ |, |fv| � |fp|, |fYe
|. Note that the signa-

ture in equation (24) represents the phase dependence on perturbed
flows. Since the flow fluctuates stochastically, we take average of
the phase dependence in this study. As a result, we obtain the fol-
lowing relation for the amplitude of perturbations between pre- and
post-shock wave:

|xave| ≡
〈∑

σ1,σ2

∣∣∣ δp

p

∣∣∣(d)

|fρσ1 − fvσ2|

〉

= 1

2

∣∣∣∣ δpp
∣∣∣∣

(d) ( 1

|fρ − fv| + 1

|fρ + fv|
)

, (25)

where σ i (i = 1, 2) is either of 1 or −1 and the brackets < > mean the
arithmetic mean. Finally, we insert f

(d)
crit into |δp/p|(d), then we get a

simple relation for the critical amplitude of fluctuation at pre-shock
(f (u)

crit ) and f
(d)
crit :

f
(u)
crit = 1

2

(
1

|fρ − fv| + 1

|fρ + fv|
)

f
(d)
crit . (26)

Note that we find that the dimensionless pre-factor in the right-hand
side of equation (26) is less than unity, which means that f

(u)
crit is

smaller than f
(d)
crit .

Here is a summary of Step 2. We use rsh(Mr) and MPNS(Mr)
to evaluate the critical fluctuations at post-shock region (f (d)

crit ) by
equation (14). Using the momentum flux balance between pre- and
post- shock wave in Rankine–Hugoniot relation (equation 26), we
obtain the critical fluctuations at the pre-shock wave (f (u)

crit ). In the
next step, we estimate f

Si/O
crit from f

(u)
crit by taking into account the

amplification of perturbations during infall.

3.3 Step 3: Amplification in supersonic accretion flows

Asymmetric fluctuations in accretion flows are, in general, growing
in the supersonic regime. TY14 investigated the growth of non-
spherical perturbations during the infall on to the shock wave.
They linearize the time-dependent hydrodynamic equations and
then solve them using a Laplace transform. They also analytically
derived a scaling law of growth rate of perturbations as a function of

be noted, however, that full perturbed quantities at the pre-shock (which are
required to solve Riemann problem) cannot be treated appropriately in this
study since we employ the scaling law in TY14 for the growth of perturbation
during infall. The scaling law provides us only the representative magnitude
of fluctuations. See the body of this paper for more details.
5We exclude the term of Ye perturbation in equation (23). TY14 does not
estimate the order of Ye perturbation since they did not take into account
weak interactions during infall. It should be noted, however, that δYe would
be smaller than perturbations of other quantities since the unperturbed Si/O
shells go through less deleptonization during infall.
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214 H. Nagakura, K. Takahashi, and Y. Yamamoto

radius, which is used to estimate f
Si/O
crit from f

(u)
crit in this paper. Next,

we briefly review the derivation of the scaling law for the growth of
fluctuations.

TY14 studied the time and spatial evolution of linear perturba-
tions under steady spherical supersonic accretion flows.6 Using the
fact that Mach number of a unperturbed radial flow (M) changes
slowly, they derived the following relation for the growth of non-
radial (� ≥ 1) density perturbation:

δρ

ρ
(r) = δρ

ρ

∣∣∣∣
r=r∗

cos

[
� ln(r/r∗)√
M2 − 1

]

+ �M2√
M2 − 1

δv⊥
vr

∣∣∣∣
r=r∗

sin

[
� ln(r/r∗)√
M2 − 1

]
, (27)

where r∗ denotes an arbital radius. The sinusoidal functions give the
oscillating pattern in space. Since M > 1 in supersonic flows and
� ≥ 1, the second term dominates the first one for δρ/ρ and δv⊥/vr

being the same order at r = r∗.
We note that the Mach number gradually increases in accretion

flows: e.g. M ∝ r−(5−3γ )/4, where γ is the ratio of specific heats,
while δv⊥/vr does not grow with radius (TY14). In this case, the
growth of the maximal magnitude, or in other words, the growth of
the envelope of the sinusoidal oscillation in space is roughly given
by

δρ

ρ
(r) ∼ �

(
r

rc

)−(5−3γ )/4
δv⊥
vr

∣∣∣∣
r=rc

, (28)

where we choose r∗ = rc (the radius of the trans-sonic point) in this
expression. Similarly, the growth of pressure perturbation can be
also written as

δp

p
(r) ∼ γ �

(
r

rc

)−(5−3γ )/4
δv⊥
vr

∣∣∣∣
r=rc

, (29)

which holds well for � � 4 in a Bondi accretion flow (TY14). Using
equation (29), we can obtain the following relation between f

Si/O
crit

and f
(u)
crit :

f
Si/O
crit ≡ δp

p

∣∣∣∣
r=rc

∼ f
(u)
crit

(
rsh

rc

)(5−3γ )/4

. (30)

Hereafter, we set γ = 4/3 for all the shells, although γ could be
varied among shells and even changed during infall by the delep-
tonization and nuclear burning (see also Section 6.3). Since the
radius of the trans-sonic point rc is not varied among progenitors,
we approximately set rc = 108 cm in this study. We interpret the
pressure perturbation at r = rc as the initial fluctuation in shells be-
fore the collapse f

Si/O
crit , assuming that the fluctuations do not grow

nor decrease in the subsonic regions.
Equation (30) shows an important fact that f Si/O

crit becomes smaller
with decreasing rsh for a fixed f

(u)
crit . This is a consequence of the

amplification of progenitor asymmetry during infall. On the con-
trary, smaller rsh leads to larger f

(u)
crit (see equation 14), which means

that the two effects compete against each other with respect to the
change of rsh. We find that 100 � rsh � 200km is the threshold re-
gion. In the region rsh � 200km, the latter effect becomes dominant

6Note that TY14 took into account the mixing modes between vorticity and
pressure perturbations appropriately. In Lai & Goldreich (2000), however,
they imposed the irrotational condition in their analysis, which artificially
suppresses a part of the mode coupling. This is one of the main reasons for
the difference between two results.

Table 1. Core mass of progenitors. From left to right, the name of the
model, the mass of the iron core, MFe, the mass of the Ni layer and Si/S
shells, MNi + Si + S, and the reference are listed, respectively.

Name MFe MNi + Si + S Ref.
[M�] [M�]

s15 1.3 0.41 WHW02
s27 1.5 0.17 WHW02
SS 1.3 0.09 YY16
SL 1.3 0.18 YY16
MS 1.4 0.09 YY16
ML 1.4 0.18 YY16
LS 1.5 0.09 YY16
LL 1.5 0.18 YY16

to determine f
Si/O
crit , while the former becomes dominant in rsh �

100km (see Section 6.2 in more detail).

4 PRO G E N I TO R S

In this paper, we employ 15 and 27 M� progenitor models from
realistic stellar evolution in Woosley, Heger & Weaver (2002) (s15
and s27), and six parametrically generalized progenitors developed
by YY16 (SS, SL, MS, ML, LS, and LL). We first apply our model
to s15 and s27 in order to calibrate the free parameters of our model
(see Section 3.1 for more details). Those calibrated parameters are
employed for the rest of other progenitors. For the parametrized
progenitors, YY16 categorized various progenitors in the literature
into some groups, which is useful to cover many types of progenitors
than employing models from stellar evolution calculations. We show
the mass of the iron core, MFe, and the mass of the Ni layer and
Si/S shells, MNi + Si + S, in Table 1.7 The radial profile of density
distribution at the onset of collapse is displayed in Fig. 2.

Note that we do not consider electron-capture or low-mass-iron
CCSN progenitors in this study. In principle, our model can be
applied to them. However, they would achieve the shock revival
without any aid from progenitor asymmetries (Kitaura, Janka &
Hillebrandt 2006; Radice et al. 2017), and see also a recent review
in Müller 2016).

5 R ESULTS

5.1 Quasi-steady models

Fig. 3 shows the result of Ṁ and rsh obtained by our quasi-steady
model. We display them as a function of Mr (tpb) on the left-hand
(right-hand) panels. For the mass shell of 1.5 � Mr/M� � 1.8, we
find steady solutions, which indicates that the neutrino luminosity
in our model are smaller than the critical neutrino luminosity. This
is qualitatively consistent with the fact that stagnant shock waves do
not revive only with the neutrino-heating process in 1D (Rampp &
Janka 2000; Mezzacappa et al. 2001; Liebendörfer et al. 2005;
Sumiyoshi et al. 2005; Suwa et al. 2016).

Progenitors with a larger iron core tend to have larger Ṁ , which
is caused by the compact envelope shown in the left-hand panel

7In the table, MFe and MNi + Si + S are defined as follows: For the s15 and
s27 progenitors, they are the masses of the regions dominated by irons
and by nickel, silicon, and sulphur, respectively. On the other hand, for
YY16 progenitors, they correspond to the masses of the nuclear statistical
equilibrium and quasi-statistical equilibrium regions, respectively.
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Importance of progenitor asymmetry 215

Figure 2. The left-hand and right-hand panels show the density distribution before the onset of collapse with respect to the mass coordinate and radius for
various progenitors, respectively. The thick and dashed lines are for the progenitors of WHW02 and YY16, respectively.

Figure 3. The quasi-steady evolutions of Ṁ and rsh. The left-hand panels show them as a function of Mr, while the right-hand panels display the same
quantities but as functions of tpb. The thick lines present the results for the s15 and s27 progenitors of WHW02, while the dashed ones are for the progenitors
of YY16. The line types are the same as in Fig. 2.

in Fig. 2. On the other hand, the time evolution of rsh is not a
monotonic function of the zero-age main-sequence (ZAMS) mass
of progenitor. The increase of Ṁ tends to kinematically push the
shock wave back. On the other hand, larger Ṁ produces higher
accretion components of neutrino luminosity, which, in contrary,
works to push the shock wave outwards as a result of increase of
neutrino heatings. Two effects compete against each other and then

smear out the monotonic correlation between rsh and the ZAMS
mass of progenitor.

The progenitor dependence of Ṁ results in different time evo-
lutions of the growth of MPNS as shown in Fig. 4. The PNS mass
increases faster for the progenitors with higher mass accretion rates.
Indeed, the mass shell of Mr = 1.8 M� can fall on to the shock wave
by tpb = 0.5s for compact progenitors (s15, LS, and LL) but not for
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216 H. Nagakura, K. Takahashi, and Y. Yamamoto

Figure 4. The time evolution of MPNS as a function of tpb in our fiducial
model. The line types are the same as in Fig. 2.

other light progenitors. MPNS is the primary term to determine the
gravitational binding energy on CCSNe core, which affects both a
solution of quasi-steady model and the critical fluctuation of shock
revival. Note that since Ṁ is well calibrated in our model, the time
evolution of MPNS is also quantitatively consistent with numerical
simulations.

5.2 Required progenitor asymmetries for the shock revival

We now turn our attention to progenitor asymmetries. The left-hand
panel in Fig. 5 shows f

(d)
crit as a function of Mr. One of the remarkable

features of f
(d)
crit is that it almost monotonically increases with Mr.

This is caused by the decrease of the shock radius and the increase
of the PNS mass with Mr, both of which make the shock wave sink
into deeper gravitational potential.

Another notable feature is that the profiles of f
(d)
crit are quite similar

for the employed progenitors. This is simply because the difference
of the shock radii (∼106–7 cm) is so small to be reflected to f

(d)
crit . In

fact, the susceptibility of f
(d)
crit to a shift of the shock radius, δrsh, is

estimated using equation (14) as

δf
(d)
crit

f
(d)
crit,0

= δrsh

108 cm − rsh,0
∼ 106−7 cm

108 cm − 107 cm
∼ 10−2−10−1, (31)

where the letters with a subscript 0 denote some baseline values.
Thus, f (d)

crit changes by only 1 per cent when the shock radius changes
by ∼10 per cent.

On the other hand, we find that f
(u)
crit is roughly ∼30 per cent

smaller than f
(d)
crit , which is shown in the right-hand panel in Fig. 5.

We also find that f
(u)
crit varies with Mr more than f

(d)
crit does. This

is mainly attributed to the fact that the connection of perturbed
quantities between pre- and post-shock wave depends sensitively on
jump condition at the shock surface. Roughly speaking, however,
that f (u)

crit grows with Mr by dragging the property of f
(d)
crit in particular

for the outer mass shell (Mr � 1.65 M�).
The result of f

Si/O
crit is shown in Fig. 6, which is the most important

outcome in this paper. The amplification of progenitor asymmetries
during infall reduces a factor ∼2 of the critical amplitude from
f

(u)
crit and results in 0.3 � f

Si/O
crit � 0.4 for the displayed mass

range. We also find that f
Si/O
crit roughly increases with Mr for Mr <

1.7 M� and then being flat for the larger mass shell. The trend
is along roughly with fcrit, but the flat profile for the larger mass

shell is attributed by the decrease of shock radius, which results
in prolonging the supersonic accretion regime and promoting the
growth of fluctuations during infall.

5.3 Importance of progenitor asymmetry to shock revival

As shown above, we obtain the progenitor asymmetry required at
the pre-supernova stage for shock revival as 0.3 � f

Si/O
crit � 0.4 for

the employed progenitors. Next, we apply our results to diagnose
the importance of progenitor asymmetry to shock revival.

The current stellar evolution models predict that the fluctuations
in the Si/O shells at the pre-supernova stage would be roughly less
than 10 per cent, which means that f

Si/O
crit is roughly three times

larger than our prediction. Thus, we reach a conclusion that the pro-
genitor asymmetry in realistic stellar models does not have enough
power to launch a shock revival.

Another important finding in this paper is that f
Si/O
crit is smaller

in the inner mass shells since f
Si/O
crit increases with Mr albeit the

minor dependence. This means that progenitor asymmetries in the
vicinity of an iron core would give an impact of shock dynamics
even if they are not enough to drive shock revival at this time. They
would play a supplementary but important role for shock revival
through enhancing the turbulence and convection in the shocked
region, which is another possible way to give an impact to the
shock dynamics, though. Thus, we may need to care not only the
amplitude of progenitor asymmetries but also their locations for the
comprehensive understanding of the role of progenitor asymmetry
to shock revival.

6 L I M I TAT I O N S O F T H I S S T U DY

In this section, we give several important limitations in our model.
We also discuss how they affect our conclusion.

6.1 Uncertainties of f Si/O
crit as pre-collapse perturbations

We use f
Si/O
crit to diagnose the importance of progenitor asymmetry

to shock revival by comparing it with a canonical amplitude of pro-
genitor asymmetry in stellar evolution. Strictly speaking, however,
the two asymmetric quantities are not identical since the perturba-
tion may grow or decay during the subsonic infall phase. At the
moment, unfortunately, there are no analytic or semi-analytic meth-
ods to quantify the change of perturbation in the subsonic phase.
The solutions would be given by the systematic numerical sim-
ulations for the collapsing phase of CCSNe including progenitor
asymmetries (see e.g. 2D simulations in Müller & Janka 2015).
The systematic study would reveal some statistical properties of
the growth/decay of perturbations, which would be useful for our
semi-analytical model. We will address the issue in the forthcoming
paper.

6.2 Uncertainties of shock radius

Our quasi-steady model is well calibrated by the result of numerical
simulations. However, any computational method even for detailed
numerical simulations is an approximation of reality, which indi-
cates that our obtained shock evolution is different from the reality
as well. Hence, it is worth estimating how the uncertainty of the
shock radius affects our results.

The expansion of a shock wave can bring two opposite effects
to f

Si/O
crit . As can be seen in equation (30), fcrit is reduced with in-

creasing rsh due to being less bound by gravity, while the larger
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Figure 5. The results of f
(d)
crit and f

(u)
crit for our fiducial model. The line types are the same as in Fig. 2.

Figure 6. The results of f
Si/O
crit for our fiducial model. The line types are

the same as in Fig. 2.

rsh shortened supersonic accretion and then suppresses the ampli-
fication of fluctuations during infall. The change rate of f

Si/O
crit for

a small displacement of the shock, δrsh, is given by equations (14)
and (30) as follows:

δf
Si/O
crit

f
Si/O
crit,0

∼
(

− rsh,0

108 cm − rsh,0
+ 5 − 3γ

4

)
δrsh

rsh,0
≡ ζ

δrsh

rsh,0
, (32)

where a subscript 0 denotes the quantities without shock displace-
ment. Note that we ignore the conversion between f

(u)
crit and f

(d)
crit

in the above estimation since it cannot be described explicitly as
a function of δrsh (see equation 26). Although the conversion fac-
tor quantitatively affects the following discussion, equation (32) is
enough to catch the essence of the argument. In equation (32), two
opposite effects can be seen as two competing terms in the paren-
theses: f

Si/O
crit is increased (ζ > 0) or decreased (ζ < 0) for a given

shock expansion δrsh > 0. Next, we discuss the property of ζ in
detail.

Fig. 7 shows ζ as a function of Mr for the employed progenitors.
As seen in the figure, ζ is between 0.05 and 0.15 except for the
very early phase of MS model. Hence, for most of the regime, f Si/O

crit

increases by ∼1 per cent when the shock radius becomes larger by
∼10 per cent than in our fiducial model. This is due to the fact that,
for small shock radii, the suppression of amplification by shortened

Figure 7. The profile of ζ as a function of Mr. The line types are the same
as in Fig. 2.

supersonic accretion dominates the rate of change, i.e. the second
term in the middle equation in equation (32) overwhelms the first
one. We note, however, that the first term becomes dominant, i.e. ζ

transits to be negative, as rsh approaches 108 cm. The turning point
can be estimated by solving ζ = 0 with γ = 4/3, and we obtain
rsh = 200 km. This non-monotonic behaviour of f

Si/O
crit is illustrated

in Fig. 8, where f
Si/O
crit of the s15 progenitor is plotted for several

constant shock radii (50 < rsh < 500 km). Note that the actual
transition occurs between 100 � rsh � 200 km. The quantitative
deviation is due to the conversion factor from f

(d)
crit to f

(u)
crit .

The modification of f
Si/O
crit due to the uncertainty of rsh is at most

∼20 per cent. Even for rsh = 500km, f
Si/O
crit is larger than ∼0.24,

which means that we still need a larger progenitor asymmetry than
results by stellar evolutions. Therefore, we can conclude that the
uncertainties of shock wave do not affect our conclusions.

6.3 Non-linear effects in the growth of asymmetry during
infall

We use a scaling law (equation 30) to estimate the growth of asym-
metry during infall, which was derived based on the linear analysis
of TY14. In reality, however, non-linear effects cannot be neglected
once the asymmetric fluctuation grows sufficiently and reaches the
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Figure 8. The profile of f
Si/O
crit of the s15 progenitor but the shock radius is

artificially fixed to some radius throughout the mass range. For comparison,
the result for our fiducial model is also plotted by the thick purple line.

order of unperturbed flows. Indeed, we find that f
(u)
crit is larger than

∼0.5 and even reaches ∼0.7 in particular for the outer envelope (see
the right-hand panel in Fig. 5). The magnitude is large enough to
require considerations for how non-linear effects affect our conclu-
sion.

Although the non-linear effects of growing asymmetries during
infall has not been well studied (but see Couch et al. 2015; Müller
et al. 2017 for numerical simulations), one of the major effects
would be the non-linear saturation due to the mode coupling. If
the saturation really occurs, the growth of fluctuations would be
suppressed. This means that f

Si/O
crit in our study is underestimated,

i.e. our result is conservative.
Another deficit in our model is that we do not take into account the

effect of nuclear burning that takes place, in general, during infall
(see e.g. Yamamoto et al. 2013). γ is also changed as a result of
nuclear burning, which also caused errors in our estimation. More
importantly, the nuclear burning couples with matter fluctuations
non-linearly and may cause the enhancement of the fluctuation.
Although it may affect our conclusion (since f

Si/O
crit presented in this

paper would be overestimated by the ignorance of effect of nuclear
burning), it is difficult to include the effect in our semi-analytical
model since the detailed nuclear network calculations would be
required. This is one of the major uncertainties in this study that
should be addressed in the future work.

6.4 Comparison with other criteria for shock revival

We apply a criterion (equation 14) to judge the condition of shock
revival. The simple criterion was derived based on the result of the
semi-dynamical approach developed by NYY13, and the applica-
bility was confirmed by comparing the result of an axisymmetric
simulation with light-bulb neutrino transport. However, various ap-
proximations are implied even in the numerical simulation and the
uncertainties may potentially change our conclusion as well. Thus,
it is worth to see other criteria. The comparison would brush up
our model, although these improvements will be made in our future
work.

The critical Mach number < M2
a > is one of the interesting cri-

teria to measure the impact of progenitor asymmetry, which was
originally proposed by Müller & Janka (2015) and has been used
to analyse numerical simulations (see e.g. Summa et al. 2016). The

criterion was made based on the idea that the violent aspherical
motions in the post-shock flows can reduce the critical luminos-
ity. Müller & Janka (2015) and Summa et al. (2016) found that
< M2

a >∼ 0.3 is a threshold value for the runaway shock evolu-
tion, which results in reducing the critical luminosity ∼25 per cent
compared to spherically symmetric case.

If we adopt the critical Mach number to determine the condition
for shock revival, the required pressure fluctuation in the post-shock
flows can be roughly estimated by δp/p ∼< M2

a >= 0.3. It is
smaller than our f

(d)
crit in particular for smaller rsh, which may indi-

cate that our conclusion needs to be reconsidered. It should be noted,
however, that the basic pictures of two criteria are qualitatively dif-
ferent. As we have explained in Section 1, what we consider in
this paper is an impulsive effect of progenitor asymmetry to shock
revival. Indeed, the semidynamical approach on NYY13 measures
how large impulsive change of post-shock pressure is required to
trigger shock expansion. On the other hand, the critical Mach num-
ber measures the role of progenitor asymmetry with quasi-steady
contribution. This means that the picture of critical Mach number
is relevant to the other role of progenitor asymmetry in which pro-
genitor fluctuations couple with fluid instabilities in the post-shock
region and then enhance the turbulent pressure (see also Section 1).
The longer contribution of progenitor asymmetry results in reduc-
ing the required amplitude of fluctuations, which would be the main
reason why the critical Mach number predicts the smaller pressure
fluctuation than the critical fluctuation.

This study is a first step to measure the importance of pro-
genitor asymmetry using a semi-analytic approach. We have in
mind to extend our method to include quasi-steady contributions
with multi-D effects. The idea of critical Mach number < M2

a >

and also other diagnostics as the ante sonic conditions (Pejcha &
Thompson 2012) and the integral condition (Mabanta & Murphy
2017) will be important guidelines for the improvement. This work
is currently underway and will be presented in the forthcoming
paper.

7 SUMMARY AND DI SCUSSI ON

In this paper, we assess the importance of progenitor asymmetries
to shock revival, in particular, focus on the impulsive role of pro-
genitor asymmetry to trigger the shock revival. We test the scenario
by employing a newly developed semi-analytical method. We first
improve the classical quasi-steady model for the post-bounce phase
of CCSNe by including progenitor dependence into the charac-
teristic quantities as neutrino luminosity, mass accretion rate, and
PNS mass. We also calibrate free parameters in our model by com-
paring our model to the results of numerical simulations. These
efforts allow us to make the time evolution of shock radius (rsh)
and mass of PNS (MPNS) to be reasonably consistent with those
in numerical simulations. The two outputs, rsh and MPNS, from
the quasi-steady model are used to compute the critical fluctua-
tion (f (d)

crit ), which is the required amplitude of pressure fluctuations
at the post-shock location for shock revival. After coverting f

(d)
crit

to the corresponding fluctuation at the upstream (f (u)
crit ), we con-

nect f
(u)
crit to the progenitor asymmetry before the onset of collapse

(f Si/O
crit ) by taking into account the growth of fluctuation during

infall.
We apply the semi-analytical model to two representative CCSNe

progenitors models for 15 and 27 M� from realistic stellar evolu-
tion in Woosley et al. (2002) and six parametrically generalized
progenitors in YY16. We find that the required progenitor asym-
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metry at the pre-supernova stage is 0.3 � f
Si/O
crit � 0.4 for all the

progenitors, which is roughly three times larger than the prediction
by current stellar evolution models. We thus conclude that progen-
itor asymmetries cannot trigger the shock revival by the impulsive
way in the context of neutrino-heating mechanism. It should be
noted that there is an important caution in our conclusion that if
the nuclear burning accelerates the growth of asymmetries during
infall, the progenitor asymmetry could be a primary factor for the
shock revival. This issue should be addressed in the forthcoming
paper.

Even though the progenitor fluctuations do not play a primary
role to trigger a shock revival, their contribution to the shock re-
vival is not doubtful. As witnessed in recent detailed numerical
simulations, the progenitor fluctuations promote fluid instabilities
and turbulences in the post-shock flows. Although current semi-
analytical models including ours are still unmatured, further im-
provements of the quasi-steady model and developments of bet-
ter criterion for shock revival would allow us to assess the im-
pact of progenitor asymmetries for various type of progenitors
systematically. Efforts to develop better phenomenological model
are as important as improving first-principle approach of CCSNe.
Both developments are complementing each other and lead us
to comprehensive understanding of the explosion mechanism of
CCSNe.
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APP ENDIX A : C ALIBRATION O F FREE
PARA M ETERS IN THE QUASI-STEADY
M O D E L

The quasi-steady model with light-bulb approximation is very useful
to analyse the dynamics of post-bounce phase of CCSNe qualita-
tively. Indeed, it gave us an idea of critical neutrino luminosity that
is frequently used to diagnose the closeness of explosions in the
results of numerical simulations. Quantitatively speaking, however,
the classical quasi-steady model is not accurate enough to repro-
duce the time evolution of CCSNe due to many simplifications. On
the other hand, we need one as accurate as possible for the purpose
of our study. This motivates us to improve the model. As shown
next, the quasi-steady model is well improved by introducing sev-
eral free parameters with being calibrated by the result of numerical
simulations.

Before describing the procedure of calibration in detail, we
briefly explain the numerical set-up and input physics of the
reference simulations. The simulations were performed by the most
up-to-date version of CCSN code in a Japanese group, while one of
the authors in this paper is a main developer for this scheme (Na-
gakura, Sumiyoshi & Yamada 2014; Nagakura et al. 2017, 2018a).
Although the code is capable of solving multi-D neutrino radiation
hydrodynamic equations with full Boltzmann neutrino transport, we
only use the result of spherically symmetric simulations to calibrate
our semi-analytic model for the purpose of this paper. Note that the
input physics in this code have been recently improved substantially,
for instance, nuclear weak interactions as electron captures of heavy
and light nuclei are consistently treated by multinuclear EoS. The
EoS also combines with the variational method with the AV 18 (for
two-body) and UIX (for three-body) nuclear potentials (Togashi
et al. 2014, 2017; Furusawa et al. 2017) for uniform matter. We
use the results of simulations for s15 and s27 progenitors. We refer

Nagakura et al. (in preparation) for more detail of the numerical
simulations.

The free parameters that we need to calibrate are α in equation (6),
η in equation (11), Lref

ν,diff , and L̇ in equation (12). The procedure
of the calibration is as follows. We first search for a set of best-
fitting parameters for s15 and s27 progenitor models independently.
Note that the best-fitting parameters turn out to be almost identical,
so we define the fiducial parameter by taking an average of each
parameter.

We at first search for α so as to reproduce the time evolution of
Ṁ in numerical simulations. The α relates with Ṁ through equa-
tion (7) in our model. The left-hand panel of Fig. A1 compares
the result of our fiducial parameter (α = 1.5) with those from nu-
merical simulations. As shown in this panel, our model reasonably
reproduces the time evolution of Ṁ in numerical simulations. Note
that the time evolution of MPNS in our model is also consistent with
numerical simulations since Ṁ dictates the increase of MPNS with
time.

Given α = 1.5, we then calibrate Lref
ν,diff and L̇, which are rele-

vant to the diffusion component of neutrino luminosity. The de-
cline rate of neutrino luminosity (L̇) can be directly obtained
from the time evolution of Lν in numerical simulations and then
Lref

ν,diff is evaluated by extrapolating the decline rate to tpb = 0.
Although the actual diffusion component would be different in par-
ticular at the early post-bounce phase, the error does not affect
our model since the diffusion component is subdominant at that
time.

Finally, we search for η so as to reproduce the time evolution of
shock radius. Note that we do not attempt to reproduce the time
evolution of neutrino luminosity in numerical simulations. We find
that if we adopt the best-fitting η to reproduce Lν in numerical
simulations, the obtained time evolution of shock radii is differ-
ent from those of numerical simulation. This is simply because
the light-bulb approximation of neutrino transport is too simpli-
fied. Indeed, it assumes the thermal spectrum with zero chemi-
cal potential of neutrinos (which are not true in reality) and also
ignores some dominant weak interactions as nucleon scatterings.
Since it is not easy to improve the light-bulb approximation and
addressing this issue is beyond the scope of this paper, we decide
to match rsh from numerical simulations instead of Lν . Note that
the time evolution of rsh is the most important quantity, and the
deviation of Lν from realistic simulations is not a problem in this
study.

Figure A1. The left-hand and right-hand panels show the time evolutions of mass accretion rate and shock radius, respectively. The solid lines show the results
of 1D numerical simulations, while the dashed ones show the result of our semi-analytical model with the fiducial set of parameters.
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Figure B1. Summary of the study of parameter dependence. Top left and right are for α and η, respectively. Bottom left and right are for Lref
ν,diff and L̇,

respectively. We display f
Si/O
crit as a function of Mr.

The right-hand panel of Fig. A1 shows the result of time evo-
lution of shock radius with best-fitting parameters, which are η =
0.69, Lref

ν,diff = 1.7 × 1052 erg s−1, and L̇ = −3 × 1052 erg s−2. The
panel also shows the results of numerical simulations for com-
parisons. We see some deviations between two results at 0.2s
� tpb � 0.3s for s27 progenitor. This corresponds to the phase
when the Si/O layers hit the shock wave. At this phase, the
quasi-steady approximation would be invalid since the background
changes more quickly than the time-scale at which the system set-
tles down the quasi-steady state, i.e. more dynamical treatments
are required to capture the trend quantitatively. Although this is
an interesting issue, the improvement is beyond the scope of this
paper. Importantly, our semi-analytical model underestimates rsh

than those in numerical simulations, which means that the caveat
does not change our conclusion (see Section 6.2 for more details).
Although there remain some issues as described above, the re-
sults displayed in Fig. A1 lead confidence to our semi-analytical
model.

APP ENDIX B: PARAMETER DEPENDENCE

We examine the parameter dependences in our model. We study
each parameter dependence by fixing others to fiducial values. We
summarize the result in Fig. B1 that shows f

Si/O
crit as a function of

Mr.
We first consider α dependence of f

Si/O
crit (the top left-hand panel

in Fig. B1). The α is a primary parameter that determines the overall
magnitude of tpb as well as Ṁ . Larger α leads to a slower evolution

of the system (since tpb tends to be larger) with the smaller mass ac-
cretion rate. Roughly speaking, larger α leads smaller f

Si/O
crit , which

is clearly seen in the mass shell of Mr > 1.7 M�. This trend can
be understood as follows. As mentioned already, larger α prolongs
the time-scale of post-bounce phase, in other words, the same mass
shell hits the shock wave later. As a result, the diffusion compo-
nent of neutrino luminosity becomes smaller (see also equation 12).
The reduction of Lν results in decreasing rsh. Since the smaller rsh

prolongs the supersonic accretion phase for infalling matter, the
progenitor fluctuation is more amplified during infall. As a result,
f

Si/O
crit becomes smaller.8 Hence, the calibration of α turns out to be

very important to consider the impact of progenitor asymmetry in
particular for the late phase (for the larger mass shell). The impact
to f

Si/O
crit can be estimated as ∼20 per cent in 1 < α < 2.

The η dependence is displayed in the top right-hand panel in
Fig. B1. It determines the conversion efficiency from accretion en-
ergy to neutrino emission (see equation 11). Although rsh becomes
monotonically larger with larger η, f

Si/O
crit depends on η in a more

complex way. This is mainly due to the fact that, as discussed in
Section 6.2, there is a competition between two effects: the ampli-
fication during infall and the critical fluctuation. In the early phase,
the larger rsh reduces f

Si/O
crit since the decrease of critical fluctuation

dominates the suppression of amplification factor during infall. On

8Note that the amplification during infall dominates the critical fluctuation
for rsh � 100km. See Section 6.2 in more detail.
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the contrary, the dominance is reversed in the late phase. For this
reason, the larger rsh in larger η models increases f

Si/O
crit .

Note that, for Lref
ν,diff dependence (see the bottom and left-hand

panel in Fig. B1), the dependence is almost the same as η depen-
dence since rsh increases monotonically with increase of Lref

ν,diff . On
the other hand, for L̇ dependence, the systematic trend can be seen
for Mr > 1.65 M�. The smaller L̇ leads higher Lν and then larger

rsh. The difference is more prominant in the late phase. Again, the
increase of rsh reduces f

Si/O
crit at the late phase due to the same reason

as mentioned in other parameter dependences.
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