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ABSTRACT

A procedure for computing the electrostatic equilibria of non-neutral plasmas in a Penning trap with a nonuniform magnetic field by solving
Poisson’s equation using an iterative method is described. Plasma equilibria in a model Penning trap with high and low field regions are
computed. The plasma is assumed to follow the Boltzmann density distribution along magnetic field lines. Correspondence with previous
investigations examining similar configurations analytically and using particle-in-cell simulations is found. The relationship between the
plasma density in low and high field regions is examined for various plasma temperatures, densities, magnetic mirror ratios, and plasma and
electrode radii. An analytical description of the radial density profile in the high field region is developed and compared with the computed
equilibria. A concept is described for cooling a positron plasma with laser-cooled ions trapped axially within a high magnetic field region,
while antiprotons are trapped axially separated from the laser-cooled ions within a low field region, and the positron plasma extends to
both regions.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5092136

I. INTRODUCTION

Equilibria of non-neutral plasmas are evaluated in a model
Penning trap with an axially varying magnetic field, in the work pre-
sented here. Simulated equilibria are considered to follow the
Boltzmann density distribution along magnetic field lines. Equilibria
are calculated by solving Poisson’s equation self-consistently using a
finite-difference computational approach,1 with the approach adapted
for the axially varying magnetic field. Electrostatic potential profiles of
non-neutral plasmas containing oppositely charged species have been
previously computed using similar methods in multiple trap geome-
tries with uniform magnetic fields2,3 and no magnetic field.4 The
effects of incorporating magnetic mirrors on non-neutral plasma con-
finement in Penning traps have been studied analytically,5 using parti-
cle-in-cell (PIC) simulations,6,7 and experimentally.5,7 The results
from the current study show correspondence with the previous analyt-
ical and PIC results.

The work presented here is an extension and generalization of
previous work, which predicted that electrostatic, space charge based
antiproton confinement is possible specifically within an existing
Penning trap based antihydrogen experiment.8 In the present work,

the relationship between the plasma density in low and high field
regions is examined for various plasma temperatures, densities, mag-
netic mirror ratios, and plasma and electrode radii. An analytical
description of the axial density variation is developed following a pro-
cedure similar to previous analytical studies.5 The analytical descrip-
tion is compared with self-consistently computed equilibria.

The possibility of using laser-cooled ions to sympathetically cool
antimatter plasmas for antihydrogen production has been investi-
gated.9 Here, a possible configuration is described for a three-species
plasma confined in a Penning trap with axially varying magnetic fields.
In the configuration, the space charge of a positron plasma generates a
potential difference along the central axis. The potential difference is
used to keep laser-cooled ions axially separated from antiprotons,
while both species interact with the positron plasma.

In Ref. 4, a theoretical understanding was developed of the condi-
tions for unmagnetized plasma ions (or positrons) to be confined by
the space charge of an electron plasma. The electron plasma would
have a nearly full Maxwellian velocity distribution at the plasma edge.
Only electrons in the tail of the distribution have enough energy to
travel from the plasma edge to the geometric center of the
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unmagnetized bulk plasma, which consists of both ions and electrons.
It may seem to be counterintuitive, but it was found that, in a self-
consistently relaxed equilibrium, the magnitude of the difference in
electric potential energy of an electron or singly charged ions between
the geometric center of the bulk plasma and the plasma edge can be
large compared to the electron and ion temperatures in energy units,
provided that the electron density at the edge is much larger than that
at the center.4 Consequently, near-perfect electrostatic confinement of
plasma ions using the space charge of a nondrifting electron plasma,
while each species is sufficiently relaxed to follow a Boltzmann density
distribution, is predicted to be possible. In Ref. 4, the exact structure of
the reflecting boundary used to confine an electron plasma along
its edge was not considered. The possibility of using a sequence of
magnetic cusps with the addition of electrostatic plugging is described
in Ref. 10, where a classical trajectory Monte Carlo study of single
particle trajectories was reported. The present work contributes to an
improved theoretical understanding of how a non-neutral electron
plasma responds self-consistently to a spatially changing magnetic
field, such as within a magnetic cusp or Penning trap with an axially
varying magnetic field.

The details of the model trap with an axially varying magnetic
field are given in Sec. II. The computational methods are described in
Sec. III. Equilibria are presented in Sec. IV, and an analytical descrip-
tion of the equilibria is developed using normalized co-ordinates in
Sec. V. A possible application is described in Sec. VI, and a discussion
is provided in Sec. VII.

II. MODEL

Equilibria of a non-neutral plasma in a model Penning trap with
an axially varying magnetic field are computed. The model and its
magnetic field are cylindrically symmetric and are illustrated in Fig. 1.
The model has a continuous magnetic field that transitions between
high and low field strength regions. The high and low field regions
have magnetic field strengths BH and BL, respectively.

The model magnetic field is generated by two solenoids that
are coaxial with the z axis. One solenoid is considered to be long
enough to produce a uniform field, BL ¼ BL ẑ, throughout the
region of interest. A smaller, finite-length solenoid extends from
z¼�LS to z¼ 0 with radius rS. The combined magnetic field at a
reference point inside the finite-length solenoid (0, �z0), is
BH ¼ BH ẑ. Dimensions are chosen such that LS� z0� rS. The
magnetic field of a finite-length solenoid is given in the Appendix.
The magnitude BH can be expressed as a multiple of BL, BH¼RBL,
where R is the mirror ratio.

The model is radially bound by a grounded, cylindrical electrode
that is coaxial with the solenoids. The cylindrical electrode has inner
radius rW, where rW< rS. The cylindrical electrode introduces a
Dirichlet boundary condition to the potential at r¼ rW, and cylindrical
symmetry gives a Neumann boundary condition at r¼ 0. The trap is
assumed to be much longer than the computational region, and
Neumann boundary conditions are applied at 6z0 to simulate a sys-
tem that continues axially to jzj � z0. Symbolically, the boundary
conditions on the electrostatic potential / are

/ðrW ; zÞ ¼ 0; (1a)

@

@r
/ðr; zÞ

���
r¼0
¼ 0; (1b)

@

@z
/ðr; zÞ

���
z¼6z0

¼ 0: (1c)

As indicated above, the system considered here is cylindrically sym-
metric. The co-ordinates (r, z) represent a point in three-dimensional
space specified by cylindrical co-ordinates, with the azimuthal angle
co-ordinate omitted for brevity.

III. COMPUTATIONS

Equilibria are computed by solving Poisson’s equation, r2/ðrÞ
¼ �e nðrÞ=�0, through a self-consistent finite-difference computa-
tional approach,1 with the approach adapted for the axially varying
magnetic field. The model non-neutral plasma is composed of posi-
trons with density n(r), each positron has charge e, and the vacuum
permittivity is �0.

The positron radial density profile is specified at z¼ z0. The
radial positron distribution in the z¼ z0 plane is uniform out to a
radius r¼ rP, where it possesses a sharp edge. Symbolically, the density
is n(r, z0)¼ n0H(rP� r), where n0 is the positron density at z¼ z0, and

FIG. 1. The model consists of two solenoids coaxial with a grounded cylindrical
electrode and is sketched in (a). The solenoids generate a magnetic field that
varies axially from a high field BH at z¼�z0 to a low field BL at z¼ z0. The mag-
netic field along the z axis is plotted in (b) and magnetic field lines that progress
from left to right are shown in (c).
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H is the Heaviside step function defined as H(x < 0)¼ 0,
H(x� 0)¼ 1. If the positron plasma follows the Boltzmann density
relation along curved magnetic field lines, the density at any point is

nðr; zÞ ¼ n0HðrP � r0Þ exp �
e

kBT
/ðr; zÞ � /ðr0; z0Þ½ �

� �
: (2)

Here, T is the positron plasma temperature, kB is Boltzmann’s con-
stant, and r0 is the radial position where a magnetic field line passing
through (r, z) intersects the z¼ z0 plane. Magnetic field lines are solu-
tions to dr=Brðr; zÞ ¼ dz=Bzðr; zÞ, which is solved in parametric form

dr
ds
¼ BrðrðsÞ; zðsÞÞ
jBðrðsÞ; zðsÞÞj ; (3a)

dz
ds
¼ BzðrðsÞ; zðsÞÞ
jBðrðsÞ; zðsÞÞj : (3b)

The electrostatic potential is computed in the region 0� r � rW
and �z0 � z � z0. A uniform computational grid with axial spacing
Dz and radial spacingDr is used. Grid spacing is chosen to be less than
kD/(2R), where kD ¼ ½�0kBT=ðe2n0Þ�1=2 is the Debye length.
Generally, mesh spacing of less than kD/2 is needed to ensure conver-
gence.1 Here, a factor of the mirror ratio R is included to accommodate
increased density in the high field region.

Radial grid points take values nDr, where n is an integer. The
position r0 is calculated for each grid point through Eq. (3) using a
fourth-order Runge-Kutta solver. Values of r0 fall between grid points
such that nDr< r0< (nþ 1)Dr. The potential /(r0, z0) used in Eq. (2)
is given by the weighted average

/ðr0; z0Þ ¼ 1� r0 � nDr
Dr

� �
/ðnDr; z0Þ

þ r0 � nDr
Dr

/ððnþ 1ÞDr; z0Þ: (4)

A finite-difference method is used with central-differencing to
find self-consistent solutions to Poisson’s equation.1 Solutions are
found by relaxation from an arbitrary initial solution /(0)(r, z).
Subsequent iterations are obtained by finding the solution at each grid
point through

/ðlþ1Þðr;zÞ¼�ðx�1Þ/ðlÞðr;zÞþx
2

1
Dr2
þ 1

Dz2

� ��1

� /ðlÞðrþDr;zÞ�/ðlÞðr�Dr;zÞ
2rDr

�

þ/ðlÞðrþDr;zÞþ/ðlÞðr�Dr;zÞ
Dr2

þ/ðlÞðr;zþDzÞþ/ðlÞðr;z�DzÞ
Dr2

þ e
�0
nðlÞðr;zÞ

#
; (5)

where x is a mixing constant, and iterations are continued until the
solution converges to within a selected tolerance.

IV. EQUILIBRIA

A “base case” is chosen where the model dimensions and plasma
parameters approximately correspond to a particle-in-cell study of
Penning traps with magnetic mirrors.6 The positron plasma has

parameters n0¼ 1.0� 1013m�3, T¼ 1000K, and rP¼ 5mm. The elec-
trode inner radius is rW¼ 20mm, and the finite-length solenoid has
an inner radius of rS¼ 30mm with a length of LS¼ 3.0 m. The current
IS and number of windings per unit length NS are chosen to produce a
magnetic field of 1.0T at (r¼ 0, z¼�z0¼�15 cm) for a total field of
BH¼ 2.0T or R¼ 2.0 when superimposed with the uniform field
BL¼ 1.0T.

An electrostatic potential difference along the z axis is found to
form self-consistently. The maximum potential, the axial potential dif-
ference, the ratio of the density at (0, �z0) to n0, and the full width at
half maximum density (FWHM) of the positron plasma are computed
for each equilibrium. The maximum potential is /max ¼ /ð0; z0Þ, and
the axial potential difference is given by D/ ¼ /max � /ð0;�z0Þ. The
ratio of the density at (0, �z0) to the density n0 is referred to as the
density ratio, and the FWHM for the positron plasma is given at
z¼�z0. The density n0 is the density at (r� rp, z¼ z0).

The electrostatic potential of the base case is shown in Fig. 2, and
the positron density is shown in Fig. 3. In the base case, the maximum
potential is /max¼ 4.2V, and the axial potential difference is
D/¼ 57mV. The density ratio is 1.94, and the FWHM of the positron
plasma at z¼�z0¼�15 cm is 6.9mm. In comparison, the width of
the positron plasma at z¼ z0¼ 15 cm is 2 rP¼ 10mm. The field line
that crosses the z¼ z0 plane at r¼ rP¼ 5mm crosses the z¼�z0
plane at r¼ 3.65mm.

The relationships between the density, temperature, plasma
radius, magnetic mirror ratio, and electrode radius are investigated by
equilibria computations under individual changes of these parameters.
The maximum potential, the axial potential difference, the density
ratio, the FWHM at z¼�z0, and the normalized parameter
Dw¼ eD//(kBT) are reported for each equilibrium in Table I. The
base case values are listed at the top of Table I. The parameter that is
varied from the base case is listed in the first column, and its value is
listed in the second.

For the parameter space considered, the maximum potential
does not vary by more than 2% under changes in temperature of up to
two orders of magnitude (from T¼ 500K to T¼ 5� 104K) or
changes to the magnetic mirror ratio of up to a factor of 7.3 (from
R¼ 1.5 to R¼ 11). In the same range of temperature variations, the
axial potential difference changes by up to a factor of 37 (from

FIG. 2. The computed electrostatic potential of the base case is shown as a
contour plot.
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28.8mV to 1070mV). The range of changes to the magnetic mirror
ratio produces changes in the axial potential difference of up to a factor
of 5.9 (from 33.4mV to 198mV). The density variations induce
changes to the axial potential difference by a maximum of 25% of the
base case value.

V. ANALYTICAL DESCRIPTION

In Ref. 5, an expression for the potential difference along a mag-
netic field line in finite-temperature flat-top plasmas with high and

low magnetic field regions is derived for magnetic mirror ratios with
R¼ 1 þ b and b� 1. The axial potential difference D/ is estimated
for the equilibria in Table I using the expression from Ref. 5. For the
base case equilibrium with R¼ 2.0, the analytical expression from Ref.
5 overestimates D/ by approximately a factor of 1.5, while for the
equilibrium with R¼ 1.5, the analytical expression is within 30% of
the computed value. The expression overestimates the computed value
for equilibria with R> 2.0 by a larger factor of up to approximately 4
when R¼ 11 and other parameter values are those of the base case.

An expression for the radial density profile in the high field
region, n(r, �z0), is derived here, using a similar approach to Ref. 5.
The derivation assumes that the density distribution in the low field
region, n(r, z0), is known. A normalized expression for n(r, �z0) is
derived that gives the density variation’s dependence on the magnetic
mirror ratio, by considering a flat-top density profile at z¼ z0.

A normalized co-ordinate system is applied to reduce the number
of parameters involved in the description of the system. The normal-
ized co-ordinate system allows the Poisson-Boltzmann governing
equation applied here to be expressed in terms of the normalized
potential w¼ e(kBT)

�1 / as

r2wðq; fÞ ¼ �HðqP � q0Þ exp wðq0; f0Þ � wðq; fÞ½ �: (6)

The normalized co-ordinates are q¼ r/kD and f¼ z/kD, which dictate
the form of normalized dimensions, qW¼ rW/kD, qP¼ rP/kD, q0¼ r0/
kD, and f0¼ z0/kD. Here, rW is the electrode inner radius, rP is the
plasma radius at z¼ z0, and r0 is defined as the radial co-ordinate at
z¼ z0 such that the same magnetic field line passes through the two
points (r0, z0) and (r, z). The reduced set of parameters consists of the
normalized dimensions qP, qW, and f0. In addition, the functional
dependence, q0(q, f), accounts for themagnetic field being nonuniform.
With the boundary conditions specified by Eq. (1), only the boundary
value w(qW, f) needs to be specified. The electric potential is defined to
within an arbitrary additive constant, andw(qW, f)¼ 0 is used.

To develop an analytical description of the plasma at z¼�z0, the
value of z0 is considered to be sufficiently large for the magnetic field
to be approximately uniform at both z0 and �z0. In such a limit, the
analytical description does not depend on the value of f0.
Nevertheless, the theory is developed referring to the axial locations
z¼ z0 and z¼�z0 for convenience.

The system is treated using the infinite-cylindrical-column
approximation both in the vicinity of z0, which is the low field region,
and in the vicinity of �z0, which is the high field region. The same
magnetic field line is considered to pass through the two points (r0, z0)
and (r, �z0). If the azimuthal angle co-ordinate (which is not written
for brevity) is given a continuous distribution of values between 0 and
2p, (r0, z0) and (r, �z0) represent two circles. The same magnetic flux
must pass through each circle (neglecting the plasma diamagnetic
effect). Consequently, BLpr20 ¼ BHpr2, or, equivalently, q0 ¼

ffiffiffi
R
p

q,
where R is the mirror ratio.

The radial electric potential profile at z¼ z0 is approximated as
that of a long cylindrical plasma with uniform density. The electric
field inside the plasma is found from Gauss’s law and is used to write
an expression for the scalar potential

/ðr0;z0Þ¼
e
�0

ln
rW
rP

� �ðrP
0
dr r nðr;z0Þþ

ðrP
r0

dr0

r0

ðr0
0
dr00 r00nðr00;z0Þ

" #
;

(7)

FIG. 3. The equilibrium positron density for the base case is shown with darker
hues representing regions of higher density. Magnetic field lines are shown as black
lines.

TABLE I. Equilibria are found for parameter sets with one parameter varied from the
base case, for which n0¼ 1.0� 1013 m�3, T¼ 1000 K, rP¼ 5 mm, R¼ 2.0, and
rW¼ 20mm. The parameter varied is given in the first column, and the parameter
value is given in the second. The maximum potential /max, axial potential difference
D/, ratio of the density at (0, �z0) to n0, the full width at half maximum density
(FWHM) of the positron plasma at z¼�z0, and the normalized parameter Dw
¼ eD/=ðkBTÞ are given. The base case equilibrium values are reported at the top
of the table.

Parameter
/max D/ n(0, �z0)/n0 FWHM Dw

Symbol Value (V) (mV) (Unitless) (mm) (Unitless)

Base 4.22 57.2 1.94 6.9 0.664
n0 1.0� 1012m–3 0.422 42.9 1.65 7.3 0.498
n0 5.0� 1012m–3 2.11 55.6 1.91 7.3 0.645
rP 2.5mm 1.43 53.2 1.85 3.7 0.617
rP 10mm 10.67 57.7 1.95 12.0 0.670
T 500K 4.22 28.8 1.95 6.7 0.668
T 5000K 4.22 249 1.78 7.3 0.578
T 104 K 4.23 429 1.65 7.3 0.498
T 5� 104 K 4.23 1070 1.28 7.3 0.248
R 1.5 4.22 33.4 1.47 8.4 0.388
R 4.0 4.20 115 3.79 4.4 1.33
R 5.0 4.19 134 4.69 3.8 1.56
R 11 4.14 198 9.85 2.4 2.30
rW 10mm 2.67 56.8 1.93 6.3 0.659
rW 40mm 5.47 57.1 1.94 9.1 0.663
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where r0 is the radial cylindrical co-ordinate at the axial location z¼ z0.
Equation (7) applies when r0 � rP and when the electric potential at
the wall is defined to be zero, /(rW, z0)¼ 0. A flat-top density profile,
n(r0, z0)¼ n0H(rP� r0), is used and allows an analytical solution to be
found. Carrying out the integration and normalizing yields

wðq0; f0Þ ¼
q2
P

2
ln

qW

qP

� �
þ 1
2

" #
� q2

0

4
: (8)

The radial electric potential profile at z¼�z0 is also approxi-
mated as that of a long cylindrical plasma, but with a density that is
axially uniform and not radially uniform. Equation (7) applies at
z¼�z0, provided that the replacements z0 ! –z0, r0 ! r, and rP
! rPH are used, where the same magnetic field line passes through the
two points (r0, z0) and (r,�z0) and the same magnetic field line passes
through the two points (rP, z0) and (rPH, �z0). The resulting expres-
sion is

/ðr;�z0Þ ¼
e
�0

ln
rW
rPH

� �ðrPH
0

dr r nðr;�z0Þ
"

þ
ðrPH
r

dr0

r0

ðr0
0
dr00 r00 nðr00;�z0Þ

#
; (9)

where r is the radial cylindrical co-ordinate at the axial location
z¼�z0. Let f denote a normalized function to be found that gives the
radial dependence of the density at z¼�z0. Defining f such that
n(r,�z0)¼ f(r/kD)n0 H (rPH� r), the normalized radial potential pro-
file at z¼�z0 in the high field region is given by

wðq;�f0Þ ¼ ln
qW

qPH

� �ðqPH

0
dq q f ðqÞ þ

ðqPH

q

dq0

q0

ðq0

0
dq00q00 f ðq00Þ:

(10)

Here, the point indicated by the normalized co-ordinates (qPH,�f0) is
linked by a magnetic field line to the point (qP, f0).

For r< rPH and r0 < rP; nðr;�z0Þ=nðr0; z0Þ ¼ f ðr=kDÞ, and the
Boltzmann density relation gives f ðqÞ ¼ exp ½wðq0; f0Þ � wðq;�f0Þ�.
Expanding the exponential and keeping only the lowest order term
yield

f ðqÞ � 1 ¼ wðq0; f0Þ � wðq;�f0Þ: (11)

Equations (8), (10), and (11) are combined to write the integral
equation

f ðqÞ � 1 ¼ q2
P

2
ln

qW

qP

� �
þ 1
2

" #
� q2

0

4
� ln

qW

qPH

� �

�
ðqPH

0
dq q f ðqÞ �

ðqPH

q

dq0

q0

ðq0

0
dq00q00 f ðq00Þ: (12)

The functional dependence, q0(q, �f0), was found to be q0 ¼
ffiffiffi
R
p

q.
Similarly, qP ¼

ffiffiffi
R
p

qPH , and substitution gives

f ðqÞ� 1¼ q2
P

2
ln

qW

qP

� �
þ 1
2

" #
�Rq2

4
� ln

ffiffiffi
R
p

qW

qP

 !

�
ðqP=

ffiffi
R
p

0
dqq f ðqÞ�

ðqP=
ffiffi
R
p

q

dq0

q0

ðq0

0
dq00q00 f ðq00Þ: (13)

A differential equation for f(q) is found by differentiating Eq. (13),
multiplying through by q, and differentiating a second time

q
d2

dq2
f ðqÞ þ d

dq
f ðqÞ � q f ðqÞ þ Rq ¼ 0: (14)

Requiring the solution to have a finite value at q¼ 0 (along the z axis),
the solution is

f ðqÞ ¼ Rþ CI0ðqÞ: (15)

Here, C is a constant and I is a modified Bessel function of the first
kind. The value of C is determined by evaluating Eq. (13) at q¼ 0

Rþ CI0ð0Þ � 1 ¼ q2
P

2
ln

qW

qP

� �
þ 1
2

" #
� ln

ffiffiffi
R
p

qW

qP

 !

�
ðqP=

ffiffi
R
p

0
dq q Rþ CI0ðqÞ½ �

�
ðqP=

ffiffi
R
p

0

dq0

q0

ðq0

0
dq00q00 Rþ CI0ðq00Þ

� �
: (16)

Carrying out the integrals and algebraic manipulation gives

C þ R� 1 ¼ �q2
P

2
ln

ffiffiffi
R
p	 


þ C � CI0
qPffiffiffi
R
p
� �

�C qPffiffiffi
R
p ln

ffiffiffi
R
p

qW

qP

 !
I1

qPffiffiffi
R
p
� �

;

which is linear with respect to C and is solved to find

C ¼
1� R� q2

P

2
ln

ffiffiffi
R
p	 


qPffiffiffi
R
p ln

ffiffiffi
R
p

qW

qP

 !
I1

qPffiffiffi
R
p
� �

þ I0
qPffiffiffi
R
p
� � : (17)

The expression obtained is a function f(q), which gives the den-
sity at position (r,�z0) in the high field region when multiplied by the
density at the position (r0, z0) in the low field region, i.e., nðr;�z0Þ
¼ f ðr=kDÞ nðr0; z0Þ. A comparison of the analytical radial density pro-
file in the high field region and the computed radial density profile for
the base case is shown in Fig. 4. Furthermore, the Boltzmann density

FIG. 4. A comparison of the radial density profile in the high field region calculated
analytically and the profile obtained through relaxation methods, for the base case.
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distribution yields that in normalized co-ordinates ln f ð0Þ
¼ e½/ð0; z0Þ � /ð0;�z0Þ�=ðkBTÞ ¼ eD/=ðkBTÞ ¼ Dw. The normal-
ized axial potential difference is

Dw ¼ ln Rþ
1� R� q2

P

2
ln

ffiffiffi
R
p	 


qPffiffiffi
R
p ln

ffiffiffi
R
p

qW

qP

 !
I1

qPffiffiffi
R
p
� �

þ I0
qPffiffiffi
R
p
� �

2
66664

3
77775; (18)

where I0(0)¼ 1 has been used. The values for the axial potential differ-
ence calculated using Eq. (18) are within 5% of the axial potential dif-
ferences in Table I for the computed equilibria, except for the
equilibrium with R¼ 11 where it is within 15%. The density ratio
along the axis is

nð0;�z0Þ
n0

¼ eDw: (19)

In Fig. 5, the predicted and computed density variations along
the z axis are compared for equilibria with various Debye lengths.

VI. TWO AND THREE-SPECIES PLASMAS

The electric potential difference associated with a change in
magnetic field strength may be capable of axially confining additional
charged species. The additional species may be confined to either a
high or low potential region depending on the sign of charge. The
potential difference may be used to effectively separate two of the com-
ponents of a three-species plasma.

The possible formation of a three-species equilibrium where two
oppositely charged species are kept in isolation from each other may
have applications in antihydrogen research. The ALPHA and ATRAP
experiments confine antihydrogen with a magnetic minimum field.
The magnetic minimum is formed from the superposition of a trans-
verse multipole field and axial mirror fields on a Malmberg-Penning
trap’s uniform field. Charged particles are confined as in a Malmberg-
Penning trap, while antihydrogen atoms are confined through the
interaction of their intrinsic magnetic moment with the magnetic
minimum field. Only sufficiently cold antihydrogen in the low field
seeking state is confined.11 Comparisons between antihydrogen and
hydrogen can provide fundamental tests of CPT (charge conjugation,

parity, and time reversal) and/or gravitational symmetries.12 Such tests
are the goal of multiple collaborations including ALPHA,13 ATRAP,14

ASACUSA,15,16 AEGIS,17,18 and GBAR.19 The ALPHA and ATRAP
collaborations conduct experiments on trapped antihydrogen and
have demonstrated production of antihydrogen and confinement for
time scales of about 1000 s.14,20

A previous study predicted that space charge based antiproton
confinement is possible within the ALPHA experimental apparatus.8

A positron plasma would extend axially beyond two coaxial magnetic
mirrors, one of which is considered hereafter to be centered at cylin-
drical co-ordinates (r, z)¼ (0, �z0). The antiprotons would be con-
fined within a three-dimensional electrostatic well, which will be
considered hereafter to be centered at (r, z)¼ (0, z0). The configuration
is considered to be symmetric about the z¼ z0 plane, and only the
region �z0 � z � z0 is referred to hereafter. In Ref. 8, it is found that
the values for plasma parameters at (r, z)¼ (0, z0) may be associated
with an antihydrogen-producing three-body recombination rate that
occurs faster than other relevant rates in the two-species system.
The positron density and temperature would be n(0, z0)¼ n0¼ 2
� 1013 m�3 and T¼ 5K, respectively. The antiproton density and
temperature would be n�(0, z0)¼ n0�¼ 2� 1011 m�3 and T�
¼ 0.5K, respectively. Also, the positron plasma density was considered
to be radially uniform at z¼ z0 out to a plasma radius of rP¼ 0.9mm.
The inner wall radius of the trap was rW¼ 22.3mm, the mirror ratio
was R¼ 2.0, and an axial potential well depth for confining antipro-
tons was found to be (in temperature units) eD//k¼ 3.6K.

The possibility of confining a third species, consisting of laser-
cooled beryllium ions, is now considered. The ions are singly charged
and positive. Two one-dimensional axial electrostatic wells are pro-
duced by the positron space charge, with each well centered under a
magnetic mirror. Here, beryllium ions are considered to be axially con-
fined within the axial well centered at z¼�z0. In the present work,
the beryllium-ion density and temperature are considered to be
nþ(0, �z0)¼ n0þ¼ 2� 1011 m�3 and Tþ¼ 0.5K, respectively. The
numerical values for the two parameters are the same as those for the
antiprotons. For the parameter values chosen, the antiprotons have a
negligible effect on the positron equilibrium, and it is assumed that the
same is true for the beryllium ions. However, the radial electric field
produced by the positron plasma tends to cause centrifugal separation
to occur between the beryllium ions and the positrons. Such an effect
is considered in Ref. 9 and is not treated here. The change in potential
along the z axis between �z0 and z0 provides an electric field that
tends to keep the beryllium ions axially separated from the antipro-
tons. Figure 6 provides an illustration of the concept by showing a plot
of the normalized density of each species along the z axis according to
the Boltzmann density relation

n6ð0; zÞ
n06

¼ exp 7
e

kBT
/ð0; zÞ � /ð0;7z0Þ½ �

� �
: (20)

The laser-cooled beryllium ions would serve to sympathetically cool
the positron plasma within the high magnetic field region, while anti-
protons are trapped axially separated from the laser-cooled ions within
a low field region. For simplicity, a constant electric field is used that
produces a change in potential of eD//k¼ 3.6K, and Fig. 6 does not
present a self-consistently computed equilibrium. A future study using
the methods in Refs. 6, 8, and 9 may be able to assess the feasibility of
the proposed three-species equilibrium.

FIG. 5. The density variation along the z axis from the computed equilibria are com-
pared to the density variation predicted analytically (solid line) for equilibria with dif-
ferent Debye lengths. Equilibria in Table I with a parameter varied other than
plasma density n0 or plasma temperature T are excluded.
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VII. DISCUSSION

The theoretical approach used in this investigation does not sim-
ulate time-dependent plasma processes. The time-dependent approach
to an equilibrium is not included in the computations, and the effects
associated with plasma rotation are neglected. For each equilibrium,
iterations are continued until the maximum change in potential
between iterations at any grid point is less than 10�8 V. The value of
z0 is chosen such that the magnitude of the finite-length solenoid’s
magnetic field is less than 0.05 BL at (0, z0). Increasing z0 beyond this
value was not found to impact the equilibrium potentials obtained by
more than 1%.

The techniques developed in this study allow the calculation of
the equilibrium of the positron plasma. The plasma is seen to self-
consistently produce a potential difference along the z axis. This
potential difference may be useful for antiproton confinement and
mixing antiprotons and positrons.

The current work shows correspondence with an analytical study
of flat-top, finite-temperature plasmas5 and with a particle-in-cell
study.6 The analysis in Ref. 5 provided four “surprising conclusions.”
Of the conclusions, three that apply to current plasma equilibria are as
follows: the density ratio will scale approximately with the mirror ratio,
the electric potential varies along magnetic field lines, and the plasma
is “thinner” in the high field region than that would be expected by fol-
lowing field lines. These attributes are seen in the computed equilibria
presented here and are in agreement with the analytical description
developed in the present work.

In the derivation of the expression for density variation, the
plasma in the low field region is assumed to have a uniform charge
density out to a plasma radius where it has a sharp edge. The derived
expression depends on the accuracy of the assumed density in the low
field region. If the density falls off over a distance of the order of the
Debye length, the accuracy of the derived expression and the com-
puted equilibria may depend on the Debye length being small com-
pared to the plasma radius. The Debye length is on the order of the
plasma radius for some of the equilibria computed.

The methods outlined in Secs. III and V may be generalized to
study a variety of configurations with nonuniform magnetic fields.
Computations of equilibria with plasmas that do not extend beyond
the computational region or that possess nonuniform radial density

profiles specified at locations away from the edge of the computational
boundary may be feasible.
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APPENDIX: MAGNETIC FIELD OF A FINITE-LENGTH
SOLENOID

For a cylindrical finite-length solenoid that is centered at the ori-
gin of a cylindrical co-ordinate system, with co-ordinates (r, h, z), and
that has an axis of symmetry aligned with the z axis, the magnetic field
components are (see, for example, Ref. 21)

Brðr; h; zÞ ¼
l0In
p

ffiffiffiffiffiffiffiffiffi
a

rmþ

r
E mþð Þ � 1�mþ

2

� �
K mþð Þ

� �

�l0In
p

ffiffiffiffiffiffiffiffiffi
a

rm�

r
E m�ð Þ � 1�m�

2

� �
K m�ð Þ

� �
; (A1)

Bh r; h; zð Þ ¼ 0; (A2)

Bzðr;h;zÞ ¼
l0Infþ
4p

ffiffiffiffiffiffiffi
mþ
ar

r
K mþð Þþ

a� r
aþ r

� �
P u;mþð Þ

� �

�l0Inf�
4p

ffiffiffiffiffiffiffi
m�
ar

r
K m�ð Þþ

a� r
aþ r

� �
P u;m�ð Þ

� �
: (A3)

Here, I is the current carried by an infinitesimally thin wire, I is pos-
itive or negative in accordance with the right-hand rule, n is the
number of wire turns per unit length of the solenoid, a is the radius
of the solenoid, l0 is the permeability of free space (SI units are
used), u ¼ 4ar=ðaþ rÞ2; mþ ¼ 4ar=ððaþ rÞ2 þ f2þÞ; m� ¼ 4ar=
ððaþ rÞ2 þ f2�Þ, fþ ¼ z þ ðL=2Þ; f� ¼ z � ðL=2Þ, L is the length
of the solenoid, and the complete elliptic integrals of the first, sec-
ond, and third kinds are

K mð Þ ¼
ðp=2

0
1�m sin2hð Þ�1=2dh; (A4)

E mð Þ ¼
ðp=2

0
1�m sin2hð Þ1=2dh; (A5)

and

P u;mð Þ ¼
ðp=2

0
ð1� u sin2hÞ�1 1�m sin2hð Þ�1=2dh: (A6)
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