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ABSTRACT: This work examines non-perturbative dynamics of a 2-dimensional QFT by
using discrete 't Hooft anomaly, semi-classics with circle compactification and bosonization.
We focus on charge-g N-flavor Schwinger model, and also Wess-Zumino-Witten model. We
first apply the recent developments of discrete 't Hooft anomaly matching to theories on
R? and its compactification to R x S}. We then compare the 't Hooft anomaly with
dynamics of the models by explicitly constructing eigenstates and calculating physical
quantities on the cylinder spacetime with periodic and flavor-twisted boundary conditions.
We find different boundary conditions realize different anomalies. Especially under the
twisted boundary conditions, there are Nq vacua associated with discrete chiral symmetry
breaking. Chiral condensates for this case have fractional 6 dependence ¢/Ve, which
provides the Ng-branch structure with soft fermion mass. We show that these behaviors at
a small circumference cannot be explained by usual instantons but should be understood
by “quantum” instantons, which saturate the BPS bound between classical action and
quantum-induced effective potential. The effects of the quantum-instantons match the
exact results obtained via bosonization within the region of applicability of semi-classics.
We also argue that large- N limit of the Schwinger model with twisted boundary conditions
satisfy volume independence.
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1 Introduction and summary

Low-energy behaviors of quantum gauge theories are still one of the biggest and the most
interesting problems in contemporary theoretical physics. Despite the fact that we are
getting descriptions of confinement, chiral symmetry breaking, dynamical mass generation
in compactified gauge theories on R? x Si within semi-classics [1], it is still a very hard task
to make those ideas into useful tools on R* and obtain reliable computations of physical
quantities. Two-dimensional quantum field theories host a number of exactly solvable cases,
and may provide useful perspective to deepen such ideas. In that regards, it provides a
useful play-ground to understand the non-perturbative dynamics and behavior of the theory
upon compactification. With these goals in mind, we examine certain two-dimensional
QFTs by using discrete 't Hooft anomaly, semi-classics (including Hamiltonian formalism)
and bosonization.

Schwinger model is one of such an example [2]. It is a 2-dimensional QED with one
massless Dirac fermion, and the photon excitation becomes massive despite the gauge
invariance [2, 3]. Similarities with 4-dimensional QCD are not limited to this phenomenon,
and this 2d QED model also shows charge screening/confinement, presence of instantons
and 6 vacua, and so on [4-6]. Furthermore, massless Schwinger model is exactly solvable
on various spacetime, such as cylinder [7, 8], two-sphere [9], and two-torus [10]. Because of
this exact solvability, variants of Schwinger models have been used as a benchmark to test
methods against the fermion sign problem in numerical Monte Carlo simulations [11-16].

We would like to note that charge-1 1-flavor Schwinger model is analogous to 4d QCD
with a 1-flavor fermion. Chiral symmetry does not appear even if we turn off the fermion



mass because of Adler-Bell-Jackiw (ABJ) anomaly [17, 18], and the non-vanishing chiral
condensate does not break global symmetry. The situation becomes completely different if
we consider N > 2 flavors of fermions [19, 20|, essentially because the theory has SU(N )y, x
SU(N )R chiral symmetry. Because of Coleman-Mermin-Wagner theorem [21, 22|, the chiral
condensate must vanish, (¥1)) = 0, but still the system shows the algebraic-long-range
order, or conformal behavior, as in Kosterlitz-Thouless phase [23]. Fermion mass breaks
this chiral symmetry explicitly, and thus it becomes an interesting question to ask how the
fermion mass changes the vacuum structure.

In this paper, we take one step further and consider charge-¢ N-flavor Schwinger
models. This extension recently gets some attention since ¢ = 2 case is found to appear on
the high-temperature domain wall of N' = 1 SU(2) super Yang-Mills theory in refs. [24, 25].
Also, in ref. [26], the authors propose the string construction of the model with ¢ = 2 and
N = 8 to find the potential between D-brane and orientifold plane in a non-supersymmetric
setup. In both papers, the recent development of 't Hooft anomaly matching plays an
important role in their analysis, but full structure of anomaly is not yet studied.

In this work, we will first figure out the full structure of 't Hooft anomaly by gauging
the whole internal symmetry. Then, we shall discuss its physical consequences with the
help of semiclassics after circle compactifications, where we explicitly construct eigenstates
under periodic and flavor-twisted boundary conditions. This leads to explicit calculations
of chiral condensate and Polyakov loop. For the twisted boundary condition, we find
Ngq vacua associated with discrete chiral symmetry breaking and chiral condensate with
fractional @ dependence ¢'?/N4 leading to the Ng¢-branch structure with soft fermion mass.
We will emphasize that the (fractional) quantum instantons, which saturate the BPS bound
between classical action and quantum-induced effective potential, have a direct consequence
on the physical quantities. In addition to these outcomes, we will derive the expression of
chiral condensate valid for all the range of the circumference, gain new insights into the
volume independence, and investigate the twist-compactified WZW models as dual theories
of the Schwinger models.

In the following, let us summarize the main results of each section.

In section 2, we discuss symmetry and anomaly of charge-g N-flavor massless Schwinger
model. Symmetry group of this theory consists of 1-form symmetry G = Z([Il] and 0-form
chiral symmetry GO,

SU(N)L X SU(N)R X (ZqN)R
(Zn)v x (Zn)r '

G =Gl x G =zl x (1.1)
Unlike the case of charge-1 Schwinger model, ABJ anomaly does not spoil U(1)gr chiral
symmetry completely, and there is a discrete remnant (Zy4)r, whose Zy subgroup is the
same with the center of SU(N)gr. We will find the 't Hooft anomaly of G by identifying the
3d topological action that cancels the anomaly by anomaly-inflow mechanism. Through

this computation, we find that there is an interesting subgroup,

) SUNV)v

Gsub = Zq 7(ZN)V

X (Zgn)r C G, (1.2)



which has Zy, discrete 't Hooft anomaly including Zy, two-form gauge fields, and this
anomaly is important to discuss the IR realization of chiral symmetry. This Zy, 't Hooft
anomaly is the refinement of Z, anomaly discussed in previous studies [24-26].

Using the help of non-Abelian bosonization, we identify how these anomalies are
matched in two-dimensions. The result can be summarized in the following table:

(¢, N) | Mass gap Symmetry breaking

(1,1) | e*/x? No symmetry

(g,1) | ¢%e*/m? (Zg)r — 1 with condensate (Y1)

(I, N) | SU(N); WZW CFT | Symmetry is unbroken

(¢, N) | SUN); WZW CFT | (Zng)r — (Zn)r with condensate (det(@fwf/»

If we consider the charge-q model, the discrete chiral symmetry is broken so that we have
q disconnected components of vacua. When there are multi-flavor fermions, low-energy
properties on each vacuum is given by the level-1 SU(NN) Wess-Zumino-Witten conformal
field theory.

In this paper, we put charge-¢ N-flavor Schwinger model on the cylinder R x S*, with
the circumference L. For N > 2, the 't Hooft anomaly on the cylinder depends on the
fermion boundary condition, and the result can be summarized as follows:

Fermion b.c. Anomaly | Prediction on chiral SSB | Remnant of 2d CFT
Thermal Zyg (Zng)r — (Zn)r None
Flavor-twisted | Zyyq (Zng)r — 1 Extra (Zy)r SSB

When we take the thermal, or periodic, boundary condition on fermionic fields, only the
anomaly involving Zl[zl] one-form symmetry survives under S'-compactification [27]. Al-
though this is already interesting since we can predict the spontaneous symmetry breaking
of discrete chiral symmetry as (Zyg)r — (Zn)R, we are loosing complete information about
continuous chiral symmetry SU(N)y, x SU(N)g. In other words, we find no remnant of 2-
dimensional conformal behavior with thermal compactification. Taking the flavor-twisted
boundary condition, the story becomes more interesting as we can keep the Zy, anomaly
of Ggup [28]. Anomaly predicts the discrete chiral symmetry breaking, (Zyg)r — 1, and
this extra Zy symmetry breaking is expected to be a remnant of algebraic long-range or-
der on R?. This connection to conformal behavior will be explicitly shown by studying
SU(N) Wess-Zumino-Witten model with twisted boundary condition, but it is postponed
to section 8 after detailed studies on Schwinger models on R x S!.

After some preparation in section 3 by computing holonomy effective potentials, we
construct the ground states of charge-¢ N-flavor Schwinger model on R x S! with both
boundary conditions in section 4. Interestingly, the number of classical minima of the
classical holonomy potential, which is Ng in the charge ¢ > 1, N > 1 is equal to the
number of ground states in the compactified quantum theory. This phenomena is similar
to extended N/ = 2 supersymmetric quantum mechanics [29], where the number of classical
and quantum vacua are the same. In our case, this fact arises due to subtle new effects



involving the zero mode structure of quantum instantons. Then, we construct the 6 vacua
|0, k) with discrete label k. To contrast the difference between thermal and flavor-twisted
compactifications, let us here quote the results only for N > 2.

In the thermal boundary condition, the fermion bilinear does not condense, <E{w£> =

0, for any flavors f = 0,1,...,N — 1, and the leading condensate is the determinant
condensate:
—f g
(0, k|detyp, 4} 10, k) jot2rk N Nt
= — k=0,1,...,q—1 1.
0,6, %) © IV TIm, ) (k=0,1,...,q-1), (13)

with the photon mass m% = Ng?e?/m. As anomaly predicted, the discrete chiral symmetry
is broken as (Zng)r — (ZnN)Rr, and we have ¢ vacua |0, k) with £ =0,1,...,¢ — 1 with the
fractional 8 dependence e'?/4.

Taking the flavor-twisted boundary condition, instead, the fermion bilinear condensa-
tion appears,

(O.k[GLohl6.k) 1 jesem ( w (k
0,k10,k)  NL P\"NLm, )’

=0,1,...,Nqg—1). (1.4)

Discrete chiral symmetry is spontaneously broken as (Zyg)r — 1, and the fractional 6
dependence becomes e?/Ne.

Even though the theta vacua |6, k) satisfy the cluster decomposition properties about
2d local correlators, such as those of chiral condensates v 1r, this is not true for correlators
of Polyakov loop P = exp(i [ a). Indeed, in both boundary conditions, we find that

. (0,k|P(r)TP(0)]0, k) Tm~ L
Jm 0, k[0, k) — P\ TN )

(1.5)

while (0, k|P|0, k) = 0. Correspondingly, Z[ql] one-form symmetry is spontaneously broken
in 2d decompactification limit. We further clarify that the impossibility to achieve the
cluster decomposition for both 1) g and P is exactly the way anomaly matching is satisfied
in this theory on R x S*.

In section 5, we revisit the computation of chiral symmetry breaking on R x S with
semiclassical approximation of path integral, and we rediscover importance of fractional
“quantum” instanton, or fracton by Smilga [30] and by Shifman and Smilga [31]. The
exponents of chiral condensates in (1.3) and (1.4) depend on the gauge coupling e as

= 1.6
r=1 (16)

with a numerical constant # that depends on ¢, N and boundary conditions, and this is
unusual as field-theoretic instanton action, which is typically ~ 1/e?. We show that this
has to occur as a BPS bound of Maxwell kinetic term, ~ 1/e?, and quantum-induced 1-
loop potential, ~ 1. It is notable that this semiclassical object has a direct consequence on
physical observables.

So far, we have limited ourselves to the massless Schwinger models. In section 6, we
discuss the effect of flavor-degenerate soft fermion mass m,,. We first show that the charge



conjugation C at § = 7 has a mixed anomaly with other symmetries if ¢N > 2 is even,
and that global inconsistency exists with C and other symmetries between § = 0 and 7 if
gN > 3 is odd. This explains the spontaneous breakdown of C at § = 7. Indeed, taking
the flavor-twisted boundary condition, we have N¢ branch structure with the (meta-stable)
ground-state energies,

™ 0+ 2rk
Ei(0) = —2my exp <_Nm7L> cos <Nq> . (1.7)

For —m < 0 < m, the ground state is uniquely determined as |0,0), but |#,0) and |0, —1)
are degenerate at = w. We obtain this result both by mass perturbation and by dilute
gas approximation of fractional quantum instantons.

This multi-branch ground state energies can be observed, since E,,(6)— Ey(6) is nothing
but the string tension of charge-n test particle. Especially, string tension for n = +1
vanishes for § = m, while others do not vanish, and this is consistent with anomaly or
global inconsistency.

In section 7, we discuss the large-N volume independence of multi-flavor Schwinger
model. We argue that the large-N volume independence fails for the thermal boundary
condition, while it is intact with the flavor-twisted boundary condition.

This paper is organized as follows. In section 2, we discuss symmetry and anomaly
of charge-g N-flavor massless Schwinger model. In section 3, we compute the holonomy
effective potential on R x S! with thermal and flavor-twisted boundary conditions. In sec-
tion 4, we perform the quantum-mechanical treatment of this setup, and discuss properties
of the ground states, especially about chiral condensate and Polyakov loop. In section 5,
we provide their semiclassical interpretation as quantum instanton. In section 6, we discuss
the effect of soft fermion mass. In section 7, we discuss the large-N volume independence
of charge-g N-flavor Schwinger model. In section 8, we study the SU(/N) Wess-Zumino-
Witten model in twisted boundary condition, and see the connection between conformal
behavior in 2d and ground-state degeneracy on R x S'. We conclude in section 9. We fix
the convention of 2d Dirac spinor in appendix A. In appendix B, we derive the holonomy
effective potential in the language of Abelian bosonization.

2 Anomaly of charge-q multi-flavor Schwinger model

The Schwinger model is a (1 4+ 1) dimensional quantum electrodynamics (QED) of one
massless Dirac fermion with minimal electric charge [2]. This model has acquired a lot of
attention because it can be exactly solved, while the theory contains many nonperturbative
phenomena similar to those of QCD: mass gap of photons, nonvanishing chiral condensate,
and so on. Furthermore, various correlation functions can be computed not only on R2,
but also on other two-dimensional manifolds, like cylinder R x S [7, 8] and torus T2 [10].
Despite its interesting features, the low-energy properties of the usual Schwinger model are
rather trivial. This is mainly because the Schwinger model does not have global symmetries
except for Poincare symmetry, and thus interesting phenomena like spontaneous symmetry
breaking do not occur at all.



We therefore consider generalization of Schwinger model to have an interesting low-
energy physics while keeping its solvability. In this section, we discuss general properties
of charge-q N-flavor massless Schwinger model, especially by paying attention to symme-
try and its 't Hooft anomaly. This generalization of Schwinger model has been recently
discussed in refs. [24-26].

2.1 Symmetry of charge-qg IN-flavor Schwinger model

The Euclidean action S of charge-¢ N-flavor massless Schwinger model is given by

5_2162/ |da|? + ;ﬂ/ da—i—Z/ A2z (0, + qia, ). (2.1)

Here, a is the U(1) gauge field, which is canonically normalized as [ da € 27Z for any closed
two-manifolds, e is the gauge coupling with the mass dimension 1, and ¥/ and Ef are two-
dimensional Dirac fermions with the flavor label f = 1,..., N. When the flavor structure is
evident, the flavor indices are suppressed below. For convention of two-dimensional spinors,
see appendix A. These fermions have charge ¢ € Z under the U(1) gauge group. The first
term is the Maxwell kinetic term of the photon fields, and the second one is the topological
theta term with 6 ~ 6 4+ 27. U(1) gauge transformation of this theory is given by

a— a+d\ P e MY, h s et (2.2)

where the gauge parameter A\ is 2m-periodic compact scalar fields.

Let us identify the internal global symmetry of this theory, including higher-form

symmetry. We will show that the theory has the O-form symmetry
SU(N)L X SU(N)R X (ZqN)R
(ZNn)v % (Zn)r 7

and the 1-form symmetry Gl = Zg4. Let us denote these symmetries at the same time as

SU(N)L X SU(N)R X (ZqN)R
(Zn)v % (ZN)w '

First, we discuss the 0-form symmetry. Since the Dirac fermions 1) are massless, the

Gl = (2.3)

G =GN x Gl =zl x (2.4)

Lagrangian is invariant under independent unitary transformations on the right-handed

fermions g and the left-handed fermions v)1,. Therefore, the Lagrangian is invariant under

SU(N)L x U(1)L, y SU(N)r x U(1)r
(Zn)L (Zn)r

Since the vector-like U(1) symmetry is gauged, the global symmetry of the classical action
1

is given as
0 _ SU(N)L x SU(N)r x U(1)r
classical (ZNn)v % (ZNn)R

G (2.6)

Here, we rewrite the Abelian symmetry as U(1)r x U(1)r = U(1)v x U(1)r using the vector-like
symmetry U(1)y, but we do not introduce the axial symmetry U(1)a, ¢ — ¢®74). This is because the
rotations of U(1)yv and U(1)a both give the Zs fermion parity, and thus the group structure becomes slightly
complicated as U(1)r, x U(1)r = [U(1)v X U(1)a]/Z2. Similarly, we use (Zn)L X (Zn)r = (Zn)v X (ZN)r
to find (2.6). Similar identification of symmetry turns out to be useful also for 4-dimensional QCD [32].



This is, however, not the symmetry of quantum theory, since the path-integral measure
DDy is not invariant [33, 34] due to ABJ anomaly [17, 18]. In this case, U(1)g transfor-
mation YR > el*Yr, 1 — e %y changes the path-integral measure as

DYD1) +— DYDrp exp (iaNq /da) . (2.7)
27

Because [ da € 27Z, this transformation is the symmetry only if « is quantized to integer
multiples of 27/(¢gN). Therefore, Ggﬂxssical is explicitly broken down to (2.3). The ABJ
anomaly indicates that the theta angle can be shifted as 6 — 6 4+ ¢/N«a by performing chiral
transformation once we fix the UV regularization, and thus we can set § = 0 without loss
of generality if massless fermions exist.

Next, we discuss the 1-form symmetry [35]. Before discussing its mathematical con-

struction, let us explain the physical meaning of Z, one-form symmetry. We consider the

Wi(C) = exp (ik /C a> , (2.8)

and we are interested in its behavior as C gets larger. Taking C' as rectangle with area

Wilson loop of charge k,

T x R, its expectation value measures the potential between test particles with charge k
and —k at separated points;

— 2 In(Wi(C)) = Vi(R). (29)

Since there are dynamical particles with charge ¢ that repeat pair creation/annihilation
from vacuum, the electric charge of test particles makes sense only as k mod ¢ after quan-
tization. It is therefore natural to expect that we have a symmetry operation to measure
the test charge modulo ¢q. The one-form symmetry Z,[Jl] justifies this physical intuition.

In order to construct the Zl[zl] one-form transformation, we introduce sufficiently fine
local patches {U;}; of our two-dimensional spacetime M. Gauge field a is a set of R-valued

one-form fields a; on U; with the connection formula,
aj = a; — ig;;' dgij, (2.10)

where g;; is the U(1)-valued transition function on the double overlap U;; = U; N U;.
The Dirac fields ¢ are also spinor-valued fields (¢¢); on each local path U; with the
connection formula,

(V)i = (9ij) 1Py )i- (2.11)

Since we take sufficiently fine cover of My, the double overlaps U4;; can be regarded as the
codimension-1 submanifolds (i.e. walls) of M», and we assign the U(1) transformation g;;
on each wall. We require the cocycle condition on the triple overlap U, = U; NU; NUY, as

9ij9ikGki = 1, (2.12)

which gives the canonical normalization condition, [da € 2xZ. This condition says that
the U(1) transformations on the walls must satisfy the group multiplication law at the



junction U, of three walls, U;;, Uji, and Uy;. We can readily find that we can construct
the codimension-2 defect by driving a hole at the junction and inserting Aharonov-Bohm
flux quantized to 27 /q. That is, we perform the transformation,

9ij = g5 = gige” ™", (2.13)
so that
gz/'jg;'kg;ci =1 (2.14)
outside the defect but
gz/'jg;'kg;ei = e/, (2.15)

at the defect. Since the connection formulas of gauge fields and dynamical fermions are
unaffected by this transformation, insertion of this defect is a topological operation, i.e. a
symmetry transformation. Since the test particle can feel the Aharonov-Bohm flux around
this defect, the above transformation acts on the Wilson loop as

Wi,(C) — Wi(C)e2™k/a, (2.16)

when C' links to the defect. This operation, Zgl], thus measures the charge of test particle
modulo ¢, as we have expected from physical arguments. We therefore identify the internal
symmetry group as (2.4).

2.2 ’t Hooft anomaly of symmetry

Let us briefly review 't Hooft anomaly matching [36, 37] in a modern terminology [38-
40]. We introduce the background gauge field A for symmetry G, and denote its partition
function as Zpz,[A]. In general, this partition function cannot become gauge-invariant
under the gauge-transformation of background fields, A — A + dg.A, and it contains the
phase ambiguity,

Za, A+ 89 Al = Zyp, [A] exp (i f(@,A)) . (2.17)

Mo
As indicated in the above expression, if the phase ambiguity depends only on the back-
ground fields and their gauge-transformation parameter, we call it an 't Hooft anomaly (of
Dijkgraaf-Witten type). An important observation is that the anomaly can be canceled by
the boundary contribution of 3-dimensional topological G-gauge theory Ss[A],

oS3l Al = [ f(0,A), (2.18)
Mo
so that Zy, [A] exp(—iS3[A]) is gauge invariant. This shows the 't Hooft anomaly matching
condition by anomaly-inflow mechanism [41]. See, for example, refs. [24-28, 32, 42-58] for
recent applications in various contexts.
In refs. [24-26], ’t Hooft anomaly of charge-¢ N-flavor Schwinger model has been partly
discussed, but the description there is not complete. In this subsection, we are going to
give the complete description regarding the 't Hooft anomaly of internal symmetry G.



2.2.1 Background gauge fields of internal symmetry G

To find the ’t Hooft anomaly of charge-¢ N-flavor Schwinger model, we first have to con-
struct the background gauge fields A of G. It consists of

e ARr: SU(N)gR one-form gauge field,
o Ap: SU(N)p, one-form gauge field,
o A = (A;l), A&O)): (Zgn)r one-form gauge field,
e By = (Bg), B\(/l)): (Zgn) two-form gauge field,
e Br = (Bg), Bg)): (ZN)Rr two-form gauge field.

Here, we regard that the Z,, p-form gauge field C' as a pair of U(1) p-form and (p — 1)-form
gauge fields (C®), C(P—1)) that satisfy the constraint, nC®) = dC®=1) [59]. Following [60],
we embed SU(NV)g/1, gauge fields into U(NV)g 1, gauge fields, which locally looks as

~ 1 1 1 1 ~ 1 1
Ap = An+ By + By, A= A+ By, (2.19)

With these background fields, the fermion kinetic term is replaced as
YO +ilgan + Arp + AL YR + 91" (9 + ilgan + AL )L (2.20)

We now postulate the invariance under one-form gauge transformations to find the
correct topological structure [60]. On two-form gauge fields, they are defined as

B? - B +dxy, BY s BY 4Ny,
BY - B +dxg, B BY + Nag, (2.21)

where the gauge parameters Ay g are U(1) one-form gauge fields. To make consistency
with the local expression (2.19) of U(NN) gauge fields, we find that

ER — AVR + q)\v + )\R, AVL — AVL =+ q)\v. (222)

In order to make the gauged fermion kinetic term (2.20) be invariant under 1-form trans-
formations, we have to require that
ara—Ay, A AY - Ag. (2.23)
Since the transformation (2.23) is not consistent with ¢N A;l) = dA;O), we should replace
this constraint equation as q(NA;l) + Bg)) = dAgCU).
Now, the field strength da is no longer gauge invariant, and it should be replaced as
da + B\(,2 ) 0 that the Maxwell term becomes

1

i
— | |da+BPP+ 1/ (da+ BP). (2.24)
2e Mo Mo

2T



Combined with the fermion kinetic term (2.20), we obtain the gauged action Sgauged- Fixing
a UV regularization scheme, we can compute the partition function as

Zu,lA) = [ DaDTDY exp (S (2.25)

Since the background gauge fields A are chiral, the fermion path integral potentially suffers
from non-Abelian chiral anomaly.
2.2.2 Computation of anomaly by Stora-Zumino procedure

To find the chiral anomaly, the easiest way is to use the descent equation of Stora-Zumino
chain [61, 62]. It starts from computing 4-dimensional Abelian anomaly density,

1 ~ 1 ~
Oy = 4—tr[(qda + Fr + F))? — —tr[(gda + F1,)?]
T 47
1~ 1 ~ _
= o tl(Fr+ )~ B2+ 5-ada A (nlF + By - )
1 ~ ~
= —ul(Fa+ B)’ - R+ %da AABY + NAD). (2.26)

Here, ﬁR/L = dZR/L + i;l%/L, and F, = dA&l). Since q(NA&l) + Bg)) = dA&O), the second
term of the last line vanishes identically. Therefore, we obtain

1 ~ ~
Q= Etr[(FR + F)* - F2. (2.27)

Let us apply the descent procedure to €4. We should find 3, which satisfies ng = Q4.
Qg is not uniquely determined, and different ones correspond to different regularization
scheme of symmetry generators, so we just have to pick up a favorite one. It is easy to
check that either of the following ones satisfies the equation;

1 [+ ~ 2i & i (i 87
0l = ot [(AR +AM)d <d(AR +AW) + ;AQR) —Ap <dAL + ;Aiﬂ , (2.28)
or
Q3 = Etr Agr | dAR + gAR — Ap dAL + AL
+2iA§g> A(@NBY + NBY)) + iVA( I ndAl. (2.29)
T

In the first expression (2.28), we take the L-R scheme for the whole expression. In the
second one (2.29), we take the L-R scheme for the non-Abelian part, and take the V-A
(1)

scheme for the linear term in terms of A,’. The difference between them is expressed by
the total derivative.
The final step of the descent procedure shows that the three-dimensional topologi-

cal action,

S3[A] = /M 09, (2.30)
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satisfies the anomaly-inflow mechanism so that
Zagy [ A] exp(—iSs[A)) (2.31)

is gauge invariant for M3 = Ms, when we take the consistent regularizations. There-
fore, eq. (2.28), or (2.29), characterizes the 't Hooft anomaly of the charge-¢ N-flavor
Schwinger model.

2.2.3 Discrete t Hooft anomaly and four-fermion interaction

In this part, let us pay attention to a subgroup Gg,p of the symmetry G:

Gsub — Z[l] % SU(N)V

T Ty (Zgn)r C G. (2.32)

That is, continuous chiral symmetry SU(N ), x SU(V)R is restricted to its diagonal sub-
group SU(N)y, while we keep the discrete axial symmetry (Z,n)r. Any fermion bilinear
operators g1, ¥y YR break the discrete chiral symmetry completely, but we can consider
four-fermion operators which are invariant under Ggyy:

N2-1

Prvn)@Lgr), Y PRT“YL) (LT *r), (2.33)

a=1

where T are generators of SU(N). By adding this four-fermion interaction to the La-
grangian, we can explicitly break G down to Ggy,. In the context of 4-dimensional QCD
with fundamental fermions, this operator was important to discuss the exotic scenario of
chiral symmetry breaking, called Stern phase [32, 63—66]. Also, this restriction of symme-
try is important to discuss the application of 2-flavor Schwinger model (~ SU(2) level-1
Wess-Zumino-Witten (WZW) model) to (1 + 1)-dimensional anti-ferromagnetic quantum
spin chain in the context of Haldane conjecture [67-70]. Its generalization to N-flavor
case is important when we consider the generalization of Haldane conjecture to SU(N)
anti-ferromagnetic spin chain [54, 71-74].

We can readily find the anomaly of Gg,,. We have to set Ag = A;, = Ay for SU(N)
gauge fields, and Bgr = 0. This sets AR = A, = Ay with the constraint tr[ﬁv] = B\(,l),
and qN Agcl) = dA&O), and we substitute it into (2.29). As a consequence, the anomaly is
characterized by

S Asup] = / %A&” ABY. (2.34)
M3

This action is quantized to Z,n phase, and thus we find the discrete anomaly of Ggyp,.
Let us make a remark on a related anomaly, which is found in previous studies [24—
26]. In those papers, authors only perform gauging of Z([;] and not of SU(N)y/Zy. As
a consequence, anomalous breaking of discrete chiral symmetry occurs as Zy, — Zy in
refs. [24-26]. In our case, we find a stronger discrete anomaly, since (2.34) says that the
discrete chiral symmetry Zy, is completely anomalously broken by background gauge fields.
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2.3 Bosonization and anomaly matching

In two spacetime dimension, the statistics does not make much sense, and we can inter-
change descriptions of one field theory with bosonic fundamental field and with fermionic
fundamental field. This is called Bose-Fermi duality in two dimension.

In this section, we provide the bosonic description of charge-g N-flavor Schwinger
model, and check its anomaly matching explicitly. First, we discuss N =1 case and ¢ = 1
case separately, and go into the general case armed with that knowledge.

2.3.1 N = 1: charge-q Schwinger model

One-flavor Dirac fermion 1@y can be mapped to the free boson 8%]d¢]2 with 27-periodic
compact scalar field by Abelian bosonization [75]. The correspondence of operators are the
following: the U(1)y/a conserved currents become

_ 1 — 1
VY o 50, M & 0. (2.35)
The scalar fermion bilinear operator is related as
PrYL ¢ c(p)e'” (236)

with some renormalization constant ¢(u) o u, where p is the renormalization scale, up to
some normal ordering.

Applying this Abelian bosonization to the Schwinger model (2.1) with N = 1 flavor,
we obtain the bosonized action

1 1 i
S = —|da]* + —|do|* + — 0) Ada ). 2.37
[ (htal + 55100 + 5-(ao-+) n da) (2.37)
The discrete axial symmetry (Zg)r becomes the shift symmetry on the scalar field ¢:
2
b b+ 5. (2.38)

Indeed, the change of the action is AS =1 [ da € 27iZ, as we expect it from ABJ anomaly,
and thus it does not affect path integral weight. We can also explicitly check the discrete
anomaly (2.34) in the following way: let us rewrite the bosonized action as

1 1 i0 iq
= —|da|? + —|dé|* + —d / dp A d 2.
S= [ (ghtel + goiaof + graa) + 5L [ g (2.39)

where M3 is an arbitrary 3-manifold with dMs = M,. We gauge Zgl] and (Zy)r by the
minimal coupling procedure, da — (da+ Bg )) and d¢ — (do+ Agcl)), and then the gauged
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action becomes
1 @2, 1 12, 10 2)
= d B d A d B
Sganged /Mg <2€2| a+t By +87r‘ o+ Ay | +27T( a+By’)
iq

- (1) (2)
+27r M3(d¢+AX ) A (da + By’)

1 1 0
_ /M (262|da+B$)\2+&T\d¢+A§j)\2+ da+B\(,2)))
2

i
7

+=— [ (gd¢ Ada+dA© Ada+dpAdBP)

2T Ms
il [ A0 ABY 2.40
+127T K v (2.40)

Except for the last term, which is nothing but S3[Agub] given in (2.34), Sgauged does not
depend on the extension of fields to M3 modulo 27i. This means that the gauge invariance
is satisfied by the anomaly inflow from the three-dimensional topological action S3[Agup],
and this implies the 't Hooft anomaly matching.

Let us concretely check how the vacuum structure matches the 't Hooft anomaly. By
completing the square in terms of d¢ in (2.37), we can easily find that the photon da gets

the mass?

m2 = L (2.41)

To find how the anomaly is matched, we can pay attention only to the IR limit of the
theory, and thus we can take the limit e — oo, i.e. the mass gap is infinite.

We put our theory on a compact spacetime My, such as torus T?2. Since any one-point
function with nontrivial charge under a symmetry does not develop the expectation value,
we get

<@R¢L(x)>M2 ~ <ei¢(z)>M2 =0 (242)
for ¢ > 1. This is the important difference when we compare it with ¢ = 1 case: when
q = 1, the one-instanton sector on M, gives the non-zero expectation value [10],

(@Y =0 >0, (¢g=1). (2.43)

Next, we discuss the two-point correlation function, (el?(®e=19®)); = Equation of motion
of a says that d¢ = 0, i.e. ¢ is constant, so that we find that

(e?@e=1W)y = 42 > 0, (2.44)

whether ¢ > 1 or ¢ = 1.
We now take the decompactification limit Ms — R2, and also separate two points
|z — y| — oo. The above discussion shows that

‘ i i6(@) —iow)y ity 2) = U0 (@> 1),
‘z_ggooMl;;nRQ(@ W) ar, — () s, ?) {O =1 (2.45)

2The photon mass m% in the general (¢, N) model arises from the fermion loop diagram at one-loop

order. Compared to the Schwinger model, the mass is enhanced by two factors. Charge at the vertices is

2.2
replaced with e — ge, and there are N fermions that can run in the loop, hence, m% = N‘JTE.
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Therefore, the cluster decomposition holds for ¢ = 1 as shown explicitly in [10], but this is
not true for ¢ > 1. This is because, for ¢ > 1, Z, chiral symmetry is spontaneously broken
and the vacuum obtained by My — R? becomes the mixed state of those ¢ vacua. Each
pure-state vacuum is labeled by £k =0,1,...,q — 1, with

(ei¢(v’0)>k = vexp (27rkq— gi) , (2.46)
and 1
MiiLnR2<O($1, T My = qzk:«')(% )k (2.47)

for any local correlators. The existence of ¢ vacua does match the Zgl] X (Zg)r 't Hooft
anomaly. One of the main purpose of this paper is to obtain this fractionalized 6 depen-
dence with spontaneous chiral symmetry breaking using semiclassical approach with circle
compactifications, following refs. [30, 31].

The interesting consequence of anomaly (2.34) is that the partition function of these
q vacua are related as

(Zo)w : Ze| B = 241 [BP) = 2, [BP) exp (i / BQ?)) . (2.48)

The first relation is the very definition of the label k of discrete chiral symmetry breaking,
and the second relation represents the mixed 't Hooft anomaly. This relation says that the ¢

([11] , and

vacua are different as symmetry-protected topological (SPT) phases protected by Z
the domain wall between k-th and k’-th vacua supports the charge (k' —k) mod ¢ excitation

under the U(1) gauge symmetry (see, also, refs. [46, 76-78] for nontrivial domain walls).

2.3.2 q = 1: N-flavor Schwinger model and WZW model

Next, let us consider the ordinary multi-flavor massless Schwinger model. This part is
known in literatures, so we just briefly summarize it and include it in the analysis of
general cases.

In this case, the symmetry contains only the O-form symmetry, and it is the con-
tinuous chiral symmetry, G = [SU(N)y, x SU(N)r|/(Zn)v. Essentially, the 't Hooft
anomaly (2.29) is just the perturbative non-Abelian chiral anomaly, determined by the
3-dimensional Chern-Simons action:

1 2, 2,
Sg[AR, AL] = — tr |Ag [ dAgr + fAR — Ap, | dAL + fAL . (249)
At o, 3 3
It is important to notice that the spontaneous symmetry breaking is prohibited by Coleman-
Mermin-Wagner theorem since the symmetry group G is continuous [21, 22]. This anomaly
can be matched by SU(N); WZW model [79-81],
1 i
Swaw = — |t [dU/\ dUT} / tr[(Utdu)?), 2.50
WZW = o /M2 r * T 1or s r( )] (2.50)
where U is the SU(N)-valued field on My, which is extended to Mz for the Wess-Zumino
term. This can be explicitly obtained by non-Abelian bosonization to the multi-flavor
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Schwinger model, and taking the limit e — oo, to make the photon mass m% = Neé?/r
infinite. Therefore, the vacuum is unique, and the conformal field theory matches the
't Hooft anomaly.

The four-fermion interaction (2.33) corresponds to the double-trace terms |tr(U)|?,
tr(T°U)|?. Requiring tr(U*) = 0 on My for k = 1,...,N — 1 as a consequence of such
deformations, the SU(N); WZW theory can be continuously connected to the flag-manifold
sigma model with the target space SU(N)/U(1)V~! with the specific theta angles [54]. The
symmetry group is reduced to Ggy, = SU(N)v/(Zn)v X (Zn )R, and the theta terms of the

flag sigma model reproduces the discrete anomaly S3[Agyp] [54].

2.3.3 General case: g >1and N > 1

The non-Abelian bosonization maps N-flavor Dirac fermion to U(NN); WZW model [81-83].
The correspondence of the fermion bilinear operator is

YLy ~ U, (2.51)
where U is the U(N)-valued scalar field. This tells that the element of the 0-form symmetry,

SU(N)L X SU(N)R X (ZNq)R

Vi, VR, €°R)] € , 2.52
[( L, VR )] (ZN)V < (ZN)R ( )
acts on U as
U — VL UVle lox, (2.53)
The bosonized action of the theory is given by
1 1
S =_— da* 4+ — [ tr(|dUJ?
ez ol o [ e (av)
i q
— [ tr((UTAU)? / da Atr (UTAU) . 2.54
T1on Mgr(< °)+ o e r (Uav) (2:54)

The first two terms are kinetic terms, and the third term is the level-1 Wess-Zumino term.
The last term can be expressed as

/ a A d(In det()7), (2.55)
My 2

™

and, in the limit e — oo, the U(1) gauge field a plays a role of the Lagrange multiplier
field, so that det(U) € Z, and it reproduces the ABJ anomaly U(1)r — (Zng)R-

Let us check that the bosonized action has the same anomaly S3[A], given in (2.28),
including the discrete factors of G. The gauge-invariance of the kinetic terms is evident,
and thus let us concentrate on the last two topological terms. The covariant derivative D
on U and UT with background gauge fields A are given as

DU = dU +iALU —iU(Ag + ADY), DU = dUT +i(Ag + AP)UT —iUTAL,.  (2.56)
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The naive replacement UTdU — UTDU, etc., is insufficient for the Wess-Zumino term, and
we must find an appropriate local counterterm. With some trial-and-error, we can find
that the following works well:

1
= — ((Wwtpv)3?) —iL (2) t
I'wz = 127Ttr (( DU) ) 127r(da—i—BV ) Atr (U DU)

1 - 2 - 2
ot [(UDUT) N(F, — ¢BY) — (UTDU) Ai(Fg + dAY) - qB(V))} . (2.57)
The gauge invariance both under the ordinary and 1-form transformations is manifest in
this expression. A straightforward computation shows that

1 i
- = i3] - T _ (1) (1)
I'wz 2 tr[(UTU)?) 5 da A (tr[U dU] q(NAX + B ))

i ~ - e~
+d<4wn[UVHKAR—#ASU——UdUt%;+1Uﬂ%JHAR—FASU]>

1 [~ ~ %\ ~ (.~ 2~
—MHRQ+%%%M@+4%+;ﬁyﬁh@&+;£ﬂ(%&

The last line is equal to the topological action, S3[A], given in (2.28). Other terms on
the right-hand-side is defined on Ms modulo 27. This shows that the gauge invariance is
established by anomaly inflow from the three-dimensional bulk action, S3[.A], and thus it
has the same 't Hooft anomaly with the massless Schwinger model.

2.4 Anomaly under S! compactifications

In the later sections, we will establish the semiclassical understandings of nonperturbative
phenomena in charge-g N-flavor Schwinger model. In order to validate the semiclassical
treatment, we need to put the theory on the cylinder with small compactification ra-
dius [30, 31]. We have seen that the two-dimensional model has the 't Hooft anomaly
and it constrains the vacuum structures and the massless excitations. We would like to
retain those 't Hooft anomalies as much as possible, and we shall see that the appropriate
flavor-twisted boundary condition plays an important role [28, 50, 84].

2.4.1 Thermal compactification

Let us put our theory on My = My x S' 3 (2!, 22?) =: (7,2), and assume that the size of
S1 is much smaller than that of M. We then obtain the effective field theory on M, and
would like to understand its properties. We first consider the ordinary boundary condition?
along the compactified direction x ~ x + L:

Wi(r,2+ L) = =/ (1,2 + L), (2.59)
a(t,x+ L) = a(r,x) + d\(7), (2.60)

where A is a 27-periodic scalar on 7 € Mj.

3Here, we take the anti-periodic boundary condition for the fundamental fermion fields. We, however,
would like to point out that the overall U(1) phase of the boundary condition does not affect the physics
since the U(1) symmetry is gauged, and thus periodic and anti-periodic boundary conditions play the same
role. In other words, since the local gauge-invariant operators are all bosonic, the above difference of
boundary conditions does not change physics. This point will be discussed more in detail in section 3.
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To discuss the 't Hooft anomaly of the 1-dimensional effective theory on M, we first
need to identify the symmetries. This boundary condition does not affect the 0-form
symmetry GI%. What is important for gauge theories is that Polyakov-loop operators
become local gauge-invariant operators under S'-compactification;

P(r) = exp (i /O ’ ag(T,x)da:) . (2.61)

[1]

The 1-form symmetry, Zq , in two-dimensions provides the additional 0 -form symmetry,
Zgo], in one-dimensions, and it is given by

P(1) = 2™/ p(7), (2.62)
so that the symmetry G in two-dimensions induces

[0] % SU(N)L X SU(N)R X (ZqN)R
! (ZN)v % (ZN)R

In this thermally compactified theory, the SU(N)i g chiral anomalies in two-

GWGld:Z

(2.63)

dimensions disappear in one-dimensions and do not imply the anomaly matching condition.
To see this, let us remind that, for instance, the SU(NN)g two-dimensional anomalies take
the form

1w (AR (dAR + ?A%{)) : (2.64)

47 Ms

When we gauge SU(N)r symmetry as a symmetry of one-dimensional theory, Ar depends
only on 7 and should not show any z dependence. As a consequence, the gauge fields
on M3 do not have x dependence, and we identically obtain AgdAgr + %A% = 0 since it
becomes the 3-form of 2-dimensional functions.

The anomaly of higher-form symmetries is exceptional in this viewpoint [27]. Let us

(0]
q

gauge Zg ", and we denote its gauge field as

Aglg) = Ac(g)1 (T)dT. (2.65)

Although this is the one-form gauge field on M, it acts on Polyakov loops and thus its

two-dimensional origin is B\(? );

dx

(2 _
By’ = Agg) N T (2.66)
Substituting this expression into (2.29), we find that the discrete anomaly survives:
q dx
03 = 7(NA§<1)) N Ac(q) A fa (2.67)

2

and then the anomaly inflow is controlled by the two-dimensional Z; x Z, Dijkgraaf-Witten

action,
q
/Qg = o (NAgcl)) A Ac(q)' (2.68)
This describes the mixed anomaly of
Z
0 Ng
Z([]] X (Z]V>R C Gld. (269)
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We therefore conclude that the discrete anomaly survives under thermal compactifi-
cation when ¢ > 1. However, we completely lose the information about continuous chiral
anomaly under this compactification. Especially, when ¢ = 1, we do not have the discrete
anomaly, and the vacuum structure becomes completely trivial.

2.4.2 Flavor-twisted compactification

If possible, we would like to keep the nontrivial structure of two-dimensional field theories
as much as possible under S compactification. If we take the thermal boundary condition
for fermion fields, however, the information about continuous chiral symmetry is completely
lost. Many recent studies of asymptotically free theories [1, 85-115] suggest that we can
keep the nontrivial vacuum structure of the original theory by taking the appropriate
symmetry-twisted boundary condition. This is, indeed, noticed much earlier than these
recent works in the context of multi-flavor Schwinger model by Shifman and Smilga [31],
but its full generality is appreciated by aforementioned works, and it is referred to as
adiabatic continuity [1]. We here provide its interpretation in view of 't Hooft anomaly
following ref. [28].
We put the flavor-twisted boundary condition on the fundamental fermion fields,

W (1@ + L) = 2Ny (7, 1), (2.70)

and we simply denote this as ¢/(r,x + L) = Qp¢/(7, x) introducing the diagonal matrix
Qp = diag(1, e2m/N ,e27ri(N—1)/N). This is related to the fermion field with the periodic

boundary condition as
W (7, 2) = TIINEYS (7, ), (2.71)

and the fermion kinetic term is given as

L N
—f 1 2. 2nf f
dT/ dz ) ¢ ( "9, +vigar + 1<qa +>>w . 2.72
/M1 0 ]g; LG L *TNL ( )

In this way, we can interpret the flavor-twisted boundary condition as the background
SU(N )y holonomy. We will use both descriptions in the following of the paper.
In this boundary condition, the symmetry acting on the Polyakov loop P(7) is not just

|

Zgo], but it is further extended to ZE?, o With the following transformation:

2
N 2.7
@2 @2 NgqL’ (2.73)

and it is intertwined with the shift transformation,
ol s Pt (f=1,.. N =1), N e 2me/lyl (2.74)

The ordinary flavor symmetry G is explicitly broken to its maximal Abelian subgroup
because of this boundary condition,
UL x UL)R ! % (Zny)
(Zn)v % (ZN)r

el (2.75)
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Then, the full symmetry group is

Uy ' x U~ x (Zng)r
(Zn)v x (Zn)r

zZy, x (2.76)

It is important for later applications that this symmetry group contains ZE(\),}q X (ZNg)R as
a subgroup.

As we have discussed in gauging Zg)], the ZE[\),]q background gauge field, Acng), is
embedded into the two-form gauge field as

2 dx
Bg,) = AC(Nq) AN f

Substituting this into the anomaly-inflow action (2.29) in two-dimensions, we find that

(2.77)

the effective theory on M; with the twisted boundary condition has the anomaly, which is
determined by Zy, X Zpng4 Dijkgraaf-Witten action,

Ngq

Unlike the thermal boundary condition, this anomaly persists even for ¢ = 1 multi-flavor
Schwinger model.

3 Holonomy effective potentials of massless Schwinger models

As a preparation of quantum mechanical treatment in section 4, we compute the effective
potential of the Polyakov loop, exp(iLa), by integrating out fermions. Below, we describe
two physically different compactification of the charge-g N flavor Schwinger model: thermal
and flavor-twisted boundary conditions denoted with SU(NV)y flavor matrix, Q.

3.1 Thermal boundary condition

Let us first discuss that the overall U(1) phase of fermion boundary conditions is unphysical
in Schwinger models. More generally, this is true for Spin® gauge theories. In text-books,
it is sometimes asserted that the thermal boundary conditions are necessarily anti-periodic
for fermionic fields. Here, let us take a more general boundary condition on R x S*,

Y(r,x+ L) = eiaw(T, x), (3.1)

and a = 7 corresponds to the usual thermal boundary condition. We perform the “im-
proper” gauge transformation,

% .

aHa’:a+7, P = eTiow/ Ly, (3.2)

q
and then the form of the Lagrangian is not changed, but the fields satisfy the periodic
boundary condition. Local gauge-invariant operators, xda = 9,a(7), ¥, etc., do not
change under this transformation, and the only change on gauge-invariant operators ap-
pears as the phase of Polyakov loop,

ella 1y glo/agila (3.3)
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Therefore, the computation with periodic boundary condition gives sufficient information
to obtain the result with general a, and the overall phase « is unphysical in this sense.
In Hilbert space interpretation, these boundary conditions correspond to the computation
of tr(e~LHeil(@+mMF) "where F is fermion number. However, there are no gauge invariant
fermionic states in the Hilbert space of the model, and hence,

tr(e” M IOFMEFY — tp(e=FH) (3.4)

because F' = 0 on physical Hilbert space.

We now compute the holonomy effective potential, using periodic boundary condition
for fermionic fields, & = 0. Since this is 2d U(1) gauge theory, the holonomy potential is
induced solely by fermions:

V(a) = —InDet(y*D,) = —N In Det(y'9, + 7*(9, + ia)). (3.5)
In the statistical-mechanics language, the potential takes the form:
V(a) = —% ;i—i <10g(1 + e~ HlplFilgatimy 4 c.c.)
= % :01 % cos(Lgan)
= min % <i (an +m(2k + 1))2 - 7{;) (3.6)

In the first line, the over-all minus sign is related to Pauli-exclusion principle. The el™
arises from the periodic boundary conditions on fermions. In appendix B, we derive the
same result in the bosonized theory.

The minimal value of the potential, (3.6), is the thermal free energy density:

2N «
L? 12’

and this is the Stefan-Boltzmann law for black-body radiation for N species of

thhermal = (37)

Dirac fermions.
We make two comments on (3.6).

e In the usual Schwinger model, (¢, N) = (1,1) and its multiflavor thermal version
(1, N > 1), the holonomy potential has a unique minimum in its fundamental domain
located at La = .

e In the (¢ > 1, N > 1) with p.b.c. for all flavors, the holonomy potential has ¢ minima
2

in the fundamental domain given by La = f(p + %), with p =0,1,...,¢ — 1. These
minima are separated by LAa = %’r.

Unlike a purely bosonic system in which the ¢-fold perturbative degeneracy would
generically be lifted due to non-perturbative instanton effects, in the present case the
degeneracy will survive. This is guaranteed by the persistent mixed anomaly and is realized
through fermionic zero-mode structure of fractional instantons. This is the subject matter

of section 4.1.
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3.2 Flavor-twisted boundary condition

A boundary condition twisted by the genuine global symmetry has crucial physical conse-
quences. Now, consider the fermions with flavor-twisted boundary conditions:

Y(r,x 4+ L) = Qpi(r, ) (3.8)

In the operator formalism, this will correspond to a grading and quantum distillation over
the Hilbert space [84]. The holonomy potential is given by

Vo (a 7rL2 Z qu’mtr (QF) +cc.), (3.9)

and we now substitute Qp = diag(1,e>/N, ... e2T(N=D/N) " A]l terms in (3.9), but n =
Nn/, are zero due to Qp-twist matrix. As a result, the potential takes the form:

Vap(a) = —5 Z cos (N Lgan’)
L N 4= n”
2 1 2 7
- NL 2 1) - 1
=y 7rL2N< (q atmZk+1) 12) (3.10)

We make various comments for the minima of the holonomy potential:

e In the (¢ = 1, N > 1) with Qp twist, the holonomy potential has N minima in the
fundamental domain La € [0,27), given by La = 2W”(p + %), p=01,...,N — 1.

« e _ 2
These minima are separated by LAa = 5.

e For the most general (¢ > 1, N > 1) with Qp twist, the holonomy potential has ¢V
minima in the fundamental domain, and those minima are given by La = qQTT\f[(p 4 %)7
p=20,1,...,gN — 1, which are separated by LAa = 5—]7{[,

Unlike a purely bosonic theory in which the ¢/N-fold perturbative degeneracy would
generically be lifted due to instanton effects, in the present case the ¢/N-fold degeneracy
is not lifted due to fermion zero mode structure of the instantons, and also as dictated
by anomalies. The mechanism that will be described is similar to A/ = 2 supersymmetric
quantum mechanics, in which, the degeneracy of the classical vacua persists despite the
instanton effects [29]. This is also explained by using Picard-Lefschetz theory applied to
multi-instantons [116]. This will be crucial in realizing the mixed anomalies in reduced
quantum mechanics.

The free energy density with Qg twist is given by

271 1

fQF = _Nﬁﬁ = NQJ:thermal (311)

4 Chiral condensate and Polyakov loop in Schwinger model on R x S*

Chiral symmetry breaking and chiral condensates in Schwinger model on R x S were
investigated in [10, 30, 31]. In particular, Shifman and Smilga [31] investigated the 2-flavor
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cases with the flavor-twisted boundary condition, with emphasis on the contributions from
fractional instantons. It is of great importance to review their results and extend them to
the charge-g N-flavor cases.

Firstly, let us review the chiral condensate in the simplest case, or the massless N =
1 Schwinger model with ¢ = 1 on R%.  The chiral condensate for this case is exactly
calculated as

() = —52e7, (4.1)

where m, = e/y/m and v ~ 0.5771 is the Euler-Mascheroni constant. There are sev-
eral techniques to derive the chiral condensate [7, 9, 10, 117-120], including bosonization,
functional integral around instanton backgrounds, and the cluster decomposition of the
four-point correlators.

We here obtain the chiral condensates for charge-g N-flavor Schwinger models with
thermal b.c. (or, periodic b.c., p.b.c.) and Zy t.b.c. on Rx S! by use of quantum mechanical
techniques. We first note that we can choose a; = 0 by use of gauge degrees of freedom
(i.e. temporal gauge). Moreover, we here focus on the case

el < 1, (4.2)

and can drop the higher Kaluza-Klein (KK) modes of as. So, we will work on position-
independent as denoted just as as = a below.
The associated Dirac equation for general cases with charge-¢ and N-flavor is

[igt + 03 (iaax - qa)} W =0. (4.3)

Here we denote the energy of k-th state as E(*) with assuming ) ~ e‘iE(k)t@Dk (z). We here

2

call the compactified direction as z = x, and introduce a Minkowski time ¢ to study the

system quantum-mechanically. The equation is then rewritten as

E®) iy (z) = —03 <1;ng — qa) Y(x). (4.4)

The solution of eigenfunctions 1 (x) depends on boundary conditions, charges and flavors,
thus we below discuss distinct cases separately.
An important consequence in sections 4.1 and 4.2 is that the chiral condensate on

R x S! with (4.2) behaves as
oy Fen(-2). s

where #’s are numerical constants that depend on ¢, N, and boundary conditions. In this
section, we will find their explicit forms by quantum mechanical computations, since this is
important to understand the degeneracy of ground states. In section 5, we shall reinterpret
this behavior using the path-integral approach with semiclassical approximations. It is
notable that the exponent of chiral condensates behaves as ~ 1/e, instead of the usual field-
theoretic instanton action ~ 1/e2. We shall interpret this as a manifestation of “quantum”
instanton in section 5.
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Figure 1. One-particle energy levels as a function of a for ¢ = 1, N = 1 with periodic boundary
condition. The black solid line stands for El(;{k) while the black broken line is E]Ek).

In section 4.1, we construct theta vacua for cluster-decomposition properties about
correlators of chiral condensates for thermal boundary conditions. In section 4.2, we do
the same analysis for flavor-twisted boundary condition, and we will see that the vacuum
structures are different as a consequence of different anomalies. In section 4.4, however,
the Polyakov-loop correlators are studied, and we show that they do not satisfy the cluster
decomposition with theta vacua if the discrete chiral symmetry is spontaneously broken.
We shall see in section 4.5 that this matches the 't Hooft anomaly discussed in section 2.4.

4.1 Chiral condensate in thermal boundary condition
4.1.1 q=1, N =1 with thermal b.c.

We review the results for this case by following the argument in the reference [31]. The
eigenfunction satisfying the periodic boundary condition for this case is

Vn(z) &exp <122’“:¢> , (4.6)

and the one-particle energy of k-th level for the left-handed and right handed fermions is

k 2rk k 2k
E§>:T+a, Eﬁ):—T—a. (4.7)

When one of the k-th states for the left-handed fermion is filled, we denote the state as
|11, k). These energies are depicted in figure 1 as a function of a. The black solid line
stands for El(f ) while the black broken line is EI(Jk). It is notable that the periodicity of a is

27
27 4.8
L ) ( )
which reflects the invariance under large gauge transformation,
2 i
a—a+ % , P(x) — e_%xw(x) . (4.9)
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The spectrum also indicates that the minimum of the induced potential Vg (a) is
m(2n +1)
a= 7 ,

with n € Z. Since the effective potential Vog(a) in the vicinity of the n-th minimum is

(4.10)

derived from the regularized zero-point energy (Casimir energy) Fy, we take a sum over
all the negative energy levels with the appropriate regularization with a small number € as

00 —n—1
Bol, zenin = Y B exp(—el B + Y7 B exp(—elE)
k=—n k=—00
L m(2n+1)\?
o (a - L> + O(€) + const. , (4.11)

which corresponds to Ey = LV (a) in (3.6). Then one finds that the induced effective theory

around the n-th potential minima is a simple harmonic oscillator,

™2 (d\* L m(2n +1)\?
gy fd Lf,_mentl) 4.12
Y (da> +2w(a L ) ’ (412)
with m% = ¢?/n. Therefore the eigenstate (wavefunction) of the n-th ground state is
given by
{a|n) = <7r2m«,> exp [— 2L <La —m(2n + 1))
+o0o —n—1
< 11 1.k I 1eok) (4.13)
k=—n k=—oc0

By shifting a — a + 27 /L (large gauge transformation), one left-handed particle and one
right-handed hole emerge as seen from figure 1, where we find out AQ = 0 and AQs = 2.
It is nothing but manifestation of the U(1)a axial (or ABJ) anomaly. The vacuum state
invariant under the large gauge transformation is obtained as a linear combination of |n)

with the vacuum angle 0 as

16) =D e"|n) (4.14)

The bilinear chiral condensate in this vacuum states is calculated as

%w = e(n — 1[¢yr|n) = eig% exp <— L;7> - (4.15)

This is clearly seen from AQs = 2 under a — a + 27/L. It is also notable that the
bilinear chiral condensate vanishes if AQ5 > 2 under this shift. We will see such cases for

multi-flavor Schwinger models below.
It is instructive to calculate the four-point fermion correlator as

lim (01 pre ™ PrypLl6)

1 27
= — — 4.1
2 &P < Lmv) ' (4.16)
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Figure 2. One-particle energy levels as a function of a for ¢ = 1, N = 3 with periodic boundary
condition. Black, red and blue solid lines stands for Ej(ck% with f =0, 1,2 while black, red and blue

broken lines are E)(ckg with f =0,1,2.

which clearly shows the cluster-decomposition property of the theta vacua [10],
Tim (B[ vn(r) Tt (0)]6) = | (6T 0nl6) . (4.17)
4.1.2 q=1, N > 1 with thermal b.c.

The eigenfunction satisfying p.b.c. is

1 2rk
Ypg < VI exp (121‘) , (4.18)

where subscript f is used to specify the flavor as f = 0,1,..., N — 1. The one-particle
energy of k-th state for the left-handed and right handed fermions for each flavor is
(k) 27k k 27k
EiR = T+a, By =——F —a. (4.19)
When one of the k-th states for the left-handed f-flavor is filled, we denote the state
as ]1{,]{:). These energies for N = 3 are shown in figure 2. Black, red and blue solid
lines stands for E}’% with f = 0,1,2 while black, red and blue broken lines are E}kﬁ

with f = 0,1,2. It is obvious that the energy levels for three flavors are degenerate for
2

L
transformation, a — a + 2%, ¢(2) — e~ = “¢(z). The minimum of the induced potential
Vet(a) is a = w with n € Z. Then the induced effective Hamiltonian around the n-th

potential minima is

this case. The periodicity of a is again reflecting invariance under the large gauge

™2 (d\? NL m(2n +1)\?
Hpg=-——2 () 422 (12010 4.2
T TONL (da) o (a L ) : (420)
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with m,zy = Ne?/m. The eigenfunction of the n-th ground state is expressed as

(aln) = ( NL )1/4exp [— N (La—w(2n+1)>2

2m 2mm L
N-1 +o0o —n—1

<] (H e T |1f,k>> . (4.21)
f=0 \k=—n k=—00

By shifting @ — a + 27 /L, N left-handed particle and N right-handed hole emerge, where
we have AQ = 0 and AQs = 2N. The vacuum states invariant under the large gauge
transformation is obtained as a linear combination of |n) with the vacuum angle 0 as
0) = 3", e™®|n). For this case one finds that the bilinear chiral condensate vanishes as

011 0410) =0, (4.22)

since AQs = 2N under a — a + 27 /L. It means that the axial subgroup of SU(N)i, and
SU(N)gr flavor symmetry is not broken, which is consistent with Coleman’s theorem.

4.1.3 q> 1, N =1 with thermal b.c.

The eigenfunction satisfying the boundary condition is exp (12%]“:1;) and the one-particle

energy of k-th state for the left-handed and right-handed fermions is

(k) _ 2mk (k) _
ER = T‘i‘qa, EL ——T—qa (423)
These energies for ¢ = 2 are shown in figure 3. A black solid line stands for Egc ) while a
black broken line is EI(Jk). The periodicity of a is
27
— 4.24
=4 (4:24)
which reflects the Z; one-form symmetry [24-26]
2 i
a—a+ — , P(x) — e*%xw(m) , (4.25)

qL
which results in Z; 0-form symmetry under compactification. The spectrum indicates that
the minimum of the induced potential Vog(a) is

2 1
Lo 2n+l) (4.26)
qL
and the induced effective hamiltonian around the n-th potential minimum is
2 2 2 2
™ms5 d q°L m(2n +1)
How — — 2 _ I S 4.27
=52 da® T or (a qL ’ (4.27)

with m2 = ¢?e? /. The eigenfunction of the n-th ground state is expressed as

¥
2 1/4 2 2
(aln) = < (12L ) exp [_ g (La_ 7T(2”+1)> ]
TNy 2mm L q

—n—1

“+oo
< IT 1wk T] 1wk (4.28)

k=—n k=—0c0
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Figure 3. One-particle energy levels as a function of a for ¢ = 2, N = 1 with periodic boundary
condition. A black solid line stands for El()f) while a black broken line is E]Ek).

By shifting a — a + 27/(qL), one left-handed particle and one right-handed hole emerge,
where we have AQ = 0 and AQ5 = 2 as seen from figure 3.

The physical vacuum states are constructed as linear combinations of |n) with the
vacuum angle 6 so that they are invariant under the large-gauge transformation, a +—
a+ 27w /L. We obtain ¢ different physical vacua as

10.6) =3 ™|+ qm), (4.29)
MmEeZ

for £ =0,1,...,q—1, and they are related under Z([]” transformation as £ — £+ 1. We take
the linear combinations of these ¢ vacua so that they become eigenstates of Z,[Jl] symmetry:

i
L

L0427k ) —~—
0,k) =S e “e,0)
=0
TP
S (o)
=0 meZ
0427k
N ) (4.30)
nez
with £ =0,¢,...,q—1. It is notable that their dependence on vacuum angle 6 is fractional,

0 = 0/q, and then |0+2m, k) = |0, k+1). The bilinear chiral condensate is thus calculated as

<9; k’wLme, k> _ ei(0+27rk)/q<n _ 1|EL¢R‘7’L> _ %ei(9+27rk)/q exp <_

0. k16, k) > . (4.31)

Lm,,
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Figure 4. One-particle energy levels as a function of a for ¢ = 2, N = 3 with periodic boundary
condition. Black, red and blue solid lines stands for EJ(J% with f =0, 1,2 while black, red and blue

broken lines are E}kﬁ with f =0,1,2.

This is clearly seen from AQs = 2 under a — a+ 27/(qL). This condensate spontaneously
breaks the discrete chiral symmetry (Zg)r [24, 25]. The emergence of fractionalized ac-
tion 7/(Lm.,) and fractionalized vacuum angle § = 0/q originates in the contribution of
the fractional instantons to chiral condensate. The four-point fermion correlator is also
calculated as

. (0, kjhp bre T ahgrabp |0, k) 1 ( 2 ) ’ (4.32)

o0 (0,6, %) 2P\ TIm,

and thus the cluster decomposition is satisfied for these vacua. More generally,

12 (0,601, . 20)|0, F)

li e, T, = — 4.33
M2i%1xsl<0(xla ) Tn)) My quO (0, k|0, k) 3

for any two-dimensional local n-point functions O, and the cluster decomposition holds for
each sector |0, k).

4.1.4 q> 1, N > 1 with thermal b.c.

The eigenfunction exp (1%30) satisfying the p.b.c. leads to the energy of k-th state for the
right-handed and left-handed fermions for each flavor, E}kl){ = % +qa, E}kﬁ = —% —qa.
These one-particle energies for ¢ = 2, N = 3 are depicted in figure 4. Black, red and blue
solid lines stands for Ej(c]}){ with f = 0,1,2 and black, red and blue broken lines are E}kﬁ
with f =0, 1,2, where the energy levels for three flavors are degenerate for this case. The
periodicity 2—2 is a remnant of the Z, one-form symmetry a — a + 2—2 y(x) ef%xdj(m).
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w(2n+1)
qL
and the induced effective hamiltonian around the n-th potential minimum is given by

The spectrum indicates that the minimum of the induced potential Vog(a) is a =

mm? d2  @ANL (2n+1)\?
Hoo = — ™ _mientl) 4.34
off 2¢2N L da? 27 <a qL > ’ (4:34)
where
mg = Ng*e?/r. (4.35)

The eigenfunction of the n-th ground state is expressed as

(a|ln) = ¢NL 1/4exp — CN La—7W(2n+1) 2
m2my, 2mm., L q

N—-1 +o00 —n—1
<] (H e I |1f,k>> . (4.36)

f=0 \k=—n k=—00

By shifting a — a 4+ 27/(¢L), N left-handed particle and N right-handed hole emerge,
where we have AQ = 0 and AQ5 = 2N as seen from figure 4. The physical vacuum states
are obtained as a linear combination of |n) with the vacuum angle 6 as

0.8) = > ), (437)

with £ = 0,1,...,¢9 — 1. The bilinear chiral condensate for this case vanishes due to
AQs = 2N under a — a + 27/(qL) as

(0, k|G w10 k) = 0. (4.38)

The axial subgroup of SU(N)i, and SU(N)g flavor symmetry is not broken, which is con-
sistent with Coleman’s theorem. As shown in [24, 25|, however, there emerges the deter-
minant condensate det@{@bgR, which breaks the discrete chiral symmetry (Z,)gr. This is
exactly analogous to QCD with adjoint fermions on small R? x S! [86]. The reason of ex-
istence of the determinant condensate composed of 2N fermion operators again originates
in AQs = 2N under a — a + 27/(gL) in figure 4. We can compute its explicit form as

(0, k|det] 210, k) jorom
= q
(0,K[0, k)

Ni(n — 1| T] ¢LuIn)
f

s0+2nk V! N
— ¢ TN eXP ( Lnj ) . (4.39)
Y

This condensate are saturated by configuration with one fractional instanton.

4.2 Chiral condensate in flavor-twisted boundary condition
4.2.1 q=1, N > 1 with Zx twisted b.c.

The eigenfunction satisfying Zy t.b.c. is

1 2n(Nk —
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Figure 5. One-particle energy levels as a function of a for ¢ = 1, N = 3 with Zy twisted boundary
condition. Black, red and blue solid lines stands for Ej(ckI){ with f =0, 1,2 while black, red and blue

broken lines are Ej(ckg with f =0,1,2.

with f = 0,1,..., N — 1. The one-particle energy of k-th state for the right-handed and
left-handed fermions for each flavor is

E}%zzﬂ(Nk_f)—i—a, E(k):_QTr(Nk—f)_

NL FL NL
When one of the k-th states for the left-handed f-flavor is filled, we denote the state as
]1f ,k). These energies for N = 3 are depicted in figure 5. Black, red and blue solid
lines stands for Ej(ckl)% with f = 0,1,2 while black, red and blue broken lines are EW with

f’L
f =0,1,2. We note that the degeneracy of the energy levels for flavors is lifted in this

a. (4.41)

case. The periodicity of a is

2m
— 4.42
NI (4.42)
reflecting the Zx one-form symmetry, given in (2.73) and (2.74),
2m _2mig
a—a+ —, Yr(x) = e NLTpyq(T), (4.43)

NL

which results in Zy zero-form symmetry in the compactified theory. The minimum of the
induced potential Vog(a) is

T(2n+1)
= — 4.44
a= "D (4.44)
with n € Z. Then the induced effective Hamiltonian around the n-th potential minimum is
™2 (d\? NL m(2n +1)\?
Hog = — T = — - 4.45
T TONL (da) o (a NL ) : (4.45)
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with m,zy = Ne?/n. Let us consider the eigenfunction of the n-th ground state. We here
denote n as n = N{+ j with £ € Z and j = 0,1,...,N — 1, since the properties of the
vacua depend on n mod N. The eigenfunction is expressed as

(aln) = (alNE + )

( NL >1/4 N ( 7r(2(N€—|—j)+1)>2
= 5 exp | — La —
Ty 2mm~ L N

—0—1 N-1 +o0 ) —L ,
xH(H e I |1f,k>> 11 <H e 11 \1g,k>>. (4.46)

k=—¢ k=—o0 '=j+1 \k=1-¢ k=—o0

By shifting a — a + 27 /(N L), one left-handed particle and one right-handed hole emerge,
where we have AQ = 0 and AQ5 = 2.

The physical vacuum states are invariant under the large-gauge transformation, a +—
a+2m/L, and they are obtained as a linear combination of |n) with the vacuum angle 6 as,

5.0) = 3" |Ne+ ). (4.47)
LeZ
The eigenstates under ZE(\],} shift-center symmetry are given by
N1 9+2 k 0+2nk k
10,k) = 3 7V 0) = "N |n), (4.48)
7=0 nez

with £k =0,1,..., N — 1, and their dependence on # becomes fractional as 6 = 0/N. The
bilinear chiral condensate is thus calculated as

(O, KPLUH10.K) _ joszes (NC+ ] — LBLUHINE+ )

0, k16, %) S (NE+ fINC+ ])
1 jotonk s
= ﬁe N exXp <— NLm,y> . (449)

This is due to AQs = 2 under a — a + 2w/(NL). This result was first derived in [31].
This condensate breaks the discrete chiral symmetry (Zy)g. The emergence of fractional
vacuum angle 6 = 6 /N originates in the contribution of the 1/N fractional instantons to
chiral condensate. We note that ¢ > 1, N = 1 with p.b.c. and ¢ = 1, N > 1 with Zy
t.b.c. share the properties including symmetries, chiral condensates and symmetry breaking
patterns. The four-point fermion correlator is

i & Kotwhe M okoflo. ) 1 27
m exp | —
o0 (0,k[0, k) - N2L2 NLm,

(4.50)

which shows the cluster decomposition property.*

4In the case of (0 + 1)d quantum mechanics, the breakdown of cluster decomposition means degenerate
ground states as in the case of spontaneous symmetry breaking in higher dimensions, however, it does not
lead the superselection rule unlike higher-dimensional case. This notice becomes important in discussion on
Polyakov-loop correlators in section 4.4. Because of this special nature in (0+1)d, the degeneracy related to

N-1

(Zn)r discrete chiral symmetry does not mean the breakdown of U(1) axial symmetry in the symmetry

group (2.76). This point will be discussed in more detail in section 8.
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Figure 6. One-particle energy levels as a function of a for ¢ = 2, N = 3 with Zy twisted boundary
condition. Black, red and blue solid lines stands for Ej(ckI){ with f =0, 1,2 while black, red and blue

broken lines are Ej(ckg with f =0,1,2.

4.2.2 q>1, N > 1 with Zn twisted b.c.

The eigenfunction satisfying Zy t.b.c. is exp (1%\%%) and the one-particle energy of k-th
state for the right-handed and left-handed fermions for each flavor is

k) _ 2n(Nk — f) k) _ _2n(Nk—f)

Bpn="Jp ‘e Fu=—"xr
These energies for ¢ = 2, N = 3 are depicted in figure 6. Black, red and blue solid lines
stands for B} with f = 0,1,2 while black, red and blue broken lines are EY) with
f=0,1,2. We note that the degeneracy of the energy levels for flavors is again lifted in

qa. (4.51)

this case. The periodicity of a is

27
4.52
—y (452)
reflecting the Z,n one-form symmetry
2 _ 27
a—a+t——  Yr(x) > e ¥Tpp(2), (4.53)

qNL

which results in Z,y zero-form symmetry in the compactified theory. The minimum of the
induced potential Vog(a) is

m(2n+1)
— 4.54
a= T (454)
with n € Z. Then the induced effective Hamiltonian around the n-th potential minimum is
™2 [ d\? ¢NL m(2n41)\?
Hor — — 0 —_ — 4.55
T ToRNL (da) T (“ gNL ) ’ (4:55)
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with m,zy = Ng%e?/n. Let us consider the eigenfunction of the n-th ground state. We again
denote n as n = N{+ j with £ € Z and j = 0,1,2. Then the eigenfunction is expressed as

{aln) = (a|NLl+ j)
(AN N o, menty 2
-\ 72m, P 2mm., L “ qN

7 00 —0—1 N-1 +o00 ) 4 )
H(H e T |1{;k>> 11 (H e I \1£,k>). (4.56)
0

X
=0 \k=—¢ k=—o00 I=j+1 \k=1—¢ k=—o0

By shifting a — a+27/(¢N L), one left-handed particle and one right-handed hole emerge,
where we have AQ = 0 and AQs5 = 2. The physical vacuum state is obtained as a linear
combination of |n) with the vacuum angle 6 as

0.5) = > "5 ), (457)

with £ = 0,1,..., Nqg — 1. This vacuum angle 0 satisfies 6 = 0/(gN). The bilinear chiral
condensate is calculated as

(0 HIELURI0 k) _ joseme (NC+ f = U[BLUEINE+ )

0Kk > (NE+ FINC+ 1)
1 jot2nk T
= — N —
N eXp( NLm7>‘ (4.58)

This is due to AQs = 2 under a — a+27/(NL). This condensate breaks the discrete chiral
symmetry (Zqn)r. The emergence of fractionalized action /(N Lm.) and fractionalized
vacuum angle 6 = 6/(gN) originates in the contribution of the 1/(¢N) fractional instantons
to chiral condensate. The four-point fermion correlator is

(0, k|1 whe=HT Gkl |6, k) ]-w% 2ﬂ>

I - -
ety (0, K6, k) N2L2 NLm,

(4.59)

which shows the cluster-decomposition property.

4.3 Chiral condensate for generic L

The chiral condensate in Schwinger models on R x S! with arbitrary eL was discussed in
refs. [7, 10, 31] via the bosonization, the four-point fermion correlators and the fracton
path integral. We below show the results extended to ¢ > 1 and N > 1 with thermal and
flavor-twisted boundary conditions and compare them to what we have obtained in the
previous subsections.

Following the arguments in [10, 31], we find that the chiral condensate for generic L
for ¢ > 1 and N =1 is expressed as

— 1 T T Lm,
(Fum] = 7 exp (g ) exp |1+ 7+ log S — (L)
m~e”
= 1 epl 1 (L), (4.60)
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(a) (¢, N) = (1,1) (b) (¢, N) = (1,3) with Qp-twist

Figure 7. Behaviors of chiral condensate |(¢1,¥r)|/m, as a function of m,L for (¢, N) = (1,1) in
the left figure (a) and for (¢, N) = (1,3) with the flavor-twisted boundary condition in the right
figure (b). Blue solid curves are the exact results. The orange solid curves are the semiclassical
result with m., L < 2 and the yellow dashed curves are its extrapolation to m~L > 2.

with
JIZ 1 2 —i—ﬂ—l—logx ( 0)
0 v+ - — €T ~
I(x)z/ dt (coth Fre —1) = x Am
0

. (461
‘/t2 +.T2 2 ( )

0 (z — o0)

with mg = ¢%¢?/m.% This smoothly connects the chiral condensate e T /L for small L in
the previous subsections to m~e”/(4r7) in L — oo on R2.

For ¢ > 1, N > 1 with thermal boundary condition, we find that the chiral condensate
vanishes even for el € 1,

[(¥Lvr)| =0, (4.62)

which is consistent with the vanishing chiral condensate for small L in the previous
subsections.

For ¢ > 1, N > 1 with the flavor-twisted boundary condition, we find the chiral
condensate for generic L,

— 1 T 1 T Lm
. _ — ] " _ (L
(Wrvm)l = 5 exp < NLmA,) XP [N <7 T Tm, T ( mV))]

1 < Lm7e7> LN . [_ I(Lm,) } | (4.63)

“NL\ 4r N

with m? = Ng?e?/m. This smoothly connects the chiral condensate e ¥ Ly /(NL) for
DN 0

in L — oo. This is because the flavor-twisted boundary condition becomes irrelevant in

small eL in the previous subsections to the scaling behavior (¢¢r) ~ L~0V=

a L — oo limit, where the chiral condensate vanishes for N > 1 in Schwinger models.
We note that the scaling exponent (N — 1)/N is nothing but the scaling dimension of the
primary operator of SU(N); WZW model.

®In [10], the same function I(z) is expressed as a distinct form I(z) = I emcos%_lalt.
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In figure 7, we compare the exact result for the chiral condensate (blue solid curves)
with the result with fractional quantum-instanton for (¢, N) = (1,1) and (¢, N) = (1,3)
with flavor-twisted boundary condition (orange solid and yellow dashed curves). We can
see that when m,L < 1, those results behave in the exactly same way. Moreover, it is
notable that, under the flavor-twisted boundary condition, the approximate expression of
the chiral condensate e ¥Lm /(NL) which is in principle valid for small eL behaves in a
manner similar to the exact result even for large eL as seen in figure 7(b).

4.4 Polyakov loop

In this section, we discuss the behavior of Polyakov loops on R x S!. Since we neglect the
higher KK modes for the gauge fields az(7, x) = a(7), the Polyakov loop can be expressed as

P(1) =exp (i /OL ag(T,:c)dx> = exp(iLa(T)). (4.64)
[0]

This is an order parameter of Zq ' or Zgg]q (shift-)center symmetry depending on whether

we take thermal or twisted boundary condition.

4.4.1 q=1,N > 1 with thermal b.c.

We first consider the case ¢ = 1 and N > 1 with periodic boundary condition. In this
case, there is no nontrivial symmetry that acts on Polyakov loop, and thus its non-zero
expectation value is naturally expected. This is still a good exercise to look at how we can
compute the Polyakov loop, and its computation can be extended for other nontrivial cases.

The n-th ground-state wave function is given in (4.13) for N = 1 and in (4.21) for
N > 1 with the periodic boundary condition. It is then easy to find that

NL
(n|Pln) = /dae | A i (La—m(2n+1))?
e m,y

— da elLa+7r1(2n+1 e ﬂ.m,YL (La)?
71'2m7

L
= —exp <—7TZL]\77 ) . (4.65)

and other matrix elements vanish, (m|P|n) = 0 with m # n, because of the mismatch of
fermionic wave functions. Taking the 6 vacuum, we obtain

(0|P|0) L _mm,L
00 (n|P|n) = —exp N ) (4.66)
We can also check that the cluster decomposition holds as
. {9|P(7)TP(0)]6) ! ‘<9|P9> ?
lim = (n|P'n)(n|P|n) = , 4.67
Jim ST (0[P P} = | 55 (467)

which again suggests the uniqueness of the ground state. This reproduces the result of [10]°
when N = 1.

In this section, we take the periodic boundary condition for Dirac fields instead of the anti-periodic

boundary condition, and thus the Polyakov loop gets the negative sign while it is positive in ref. [10]. We
again emphasize that this difference is not physical, since these boundary conditions are related by the shift
of a as ga — qa + 7.
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4.4.2 q>1,N > 1 with thermal b.c.

We next consider the case ¢ > 1 and N > 1 with periodic boundary condition. In this
case, there exists ZEIO} symmetry that acts on Polyakov loop.

The n-th ground-state wave function is given by (4.28) for N = 1 and by (4.36) for
N > 1 with periodic boundary condition. Therefore,

2
2
_ _g°“N _ 7(2n+1)
q2NL 7rm,YL <La q >
e

(n|P|n) = /daeiLa i

™ n . 2 2
_ da eiLa—‘r%l q NL e wZniVL (La)?
2ms

: L
= e(Znt1)mi/q exp <_7:LZZ,§V ) , (4.68)

and (m|Pn) = 0 for m # n. Unlike the chiral condensate, the Polyakov loop is not
diagonalized by the theta vacua |0, k) given in (4.30). Indeed,

<97 l{:,|_P|07 k> 1 7i9+27l'k/ i@+27rk
= P
D TR ;e i e ¢ (n|P|n)
-5 IJG kl>e7ri/qe—7rmA,L/(4q2N) Ze%(uk—k/)n
— O 10/ T~ L/ N (4.69)

and thus the diagonal elements vanish, (6, k| P|0, k) = 0. We emphasize that the Polyakov
loop correlators converge to the non-zero constant as

_{0,k|P(1)TP(0)]0, k) e L
1 —exp (- .
o 0, k|6, k) FP TN

(4.70)

Therefore, each theta vacuum |0, k) satisfies the cluster decomposition for two-dimensional
local correlators, such as chiral condensates, but does not for Polyakov-loop correlators.
We shall revisit this point in section 4.5.

The non-vanishing two-point correlator of Polyakov loops suggests that the string
tension of test particles with charge-1 vanish, and the Wilson loop operator obeys perimeter
law. This fact is not limited to the theory on R x S! with eL < 1. Indeed, using Abelian
bosonizations, we can show that Z, one-form symmetry is spontaneously broken even if
the decompactification limit on R? is taken. We emphasize that this phenomenon should
not be understood by string breaking because all dynamical particles have charge q. The
impossibility of string breaking by pair production is exactly why the theory has Z, one-
form symmetry: when it is possible, such loop operators are not order parameter for higher-
form symmetries. Instead, this screening phenomenon should be understood by vacuum
polarization. Although it was known for a long time that fractional charged particles show
screening with massless dynamical fermions while confinement occurs without them [2, 4, 6],
its correct interpretation as vacuum polarization was first clearly given in [121], to our best
knowledge. In ref. [122], this is interpreted as spontaneous Z, symmetry breaking.
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[d—1]

This seems to be a rare example that realizes spontaneous breakdown of Zj sym-
metry in d spacetime dimensions, so let us explain this point in detail. Indeed, there is a
folklore that the discrete (d — 1) form symmetry cannot be spontaneously broken [35], and
our result disagrees with it. The origin of this folklore would come from another folklore
that symmetry cannot be broken in quantum mechanics since the ground state is unique.
However, uniqueness of the ground state can be shown only in limited situations, and there
exist counterexamples: double-well quantum mechanics with infinite barrier, free parti-
cle on a circle with 8 = m, etc. One of the standard proof of the uniqueness is to apply
Perron-Frobenius theorem to the imaginary-time Feymnan kernel in certain basis, and the
sufficient condition for this to be true is that the classical potential is non-singular and
that the path integral has no sign problem. In our situation, dynamical massless fermions
disconnect topologically distinct sectors of the gauge fields, which breaks strong ergodicity,
and this is indeed the origin of 't Hooft anomaly to have multiple ground states in massless
Schwinger model with discrete anomaly.

We, still, would like to emphasize that, unlike the case d > 2 + 1, the spontaneous
breakdown of one-form symmetry does not lead topological order in two dimensions. This
is because it has a mixed anomaly with the 0-form discrete chiral symmetry, which is also
spontaneously broken, and the anomaly is saturated by having multiple vacua connected
by discrete chiral transformation. For more details, see section 4.5.

4.4.3 q>1,N > 1 with Zn twisted b.c.

We next consider the case ¢ > 1 and N > 1 with flavor twisted boundary condition. In
this case, there exists Z[O] symmetry that acts on Polyakov loop.
The n-th ground- state wave function is given by (4.56). Therefore,

2NL _ 2N 7(2n+1) 2
(n|P|n) = /da A )
7T m,y
2 2N
iLat T 2n+1 NL _4a (La)?
da el T~ L
/ Ty

. L
e(2n+1)7r1/(qN) exp (_ZZ;';V > , (471)

and (m|P|n) = 0 for m # n. Unlike the chiral condensate, the Polyakov loop is not
diagonalized by the theta vacua \9, k) given in (4.57). Indeed,

(0,K'|P|0, k) _j0t2nk 642k
G KoK 0, kye 5 Ze e (nl Pln)

_ mi/(gN) g=mmyL/(44°N) 28 (1+k—k')n
<0,k|9, B 2 el

n

= S k+1e7ri/(qN)ef7rme/(4q2N)7 (4.72)

and thus the diagonal elements vanish, (6, k| P|0, k) = 0. We emphasize that the Polyakov
loop correlators converge to the non-zero constant as

_{0,k|P(1)TP(0)]0, k) wm. L
1 —exp (- . 473
ety 0, k|6, k) P TN (473)
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Again, each theta vacuum |6, k) satisfies the cluster decomposition for two-dimensional
local correlators, such as chiral condensates, but does not for Polyakov-loop correlators.

4.5 Discrete anomaly matching

Let us discuss how the discrete anomaly (2.68) or (2.78) is matched in the explicit con-

struction of ground states.

Let us denote S and C' as the generators of ZE(\),}(I and of (Zyq)R, respectively, and then

the anomaly (2.78) indicates that Zyg x Zy, symmetry is projectively realized: SNa —
CNe =1 and

SC = e /Naog, (4.74)

By definition, the 6 vacuum |0, k) is the eigenstate of Z[O]q, which satisfies
S10,k) = e~2mk/Na|g k). (4.75)
Since k labels the phase of the chiral condensate, the discrete chiral transformation acts as
ClO,k)y =10,k +1). (4.76)
Therefore, comparison between
SC|10,k) = 8|0,k 4 1) = ¢ 2mE+D/Na|g |4 1), (4.77)

and

CS|0,k) = e 2™k/NaC|9, k) = e 2™ F/NG|g [ + 1), (4.78)

shows that (4.74) holds.

The existence of projective phase forbids the simultaneous eigenstate under the center
and discrete chiral symmetries. Since |6, k) is constructed as an eigenstate of the center
symmetry, the Polyakov loop does not have the diagonal expectation value. Indeed,

(0,k|P|0, k) = (0, k|STPS|0, k) = e2™/NU(0 k| P|6, k), (4.79)

and this gives

(0, k|P|0, k) = 0. (4.80)

We can extend this discussion to see that the only possible nonzero amplitude is given by
(0,k+1|P|0, k). In this sense, the Polyakov loop P behaves in the same manner as C' up to
an overall normalization. We can do the same argument about the chiral condensate 1| ¢,
and find that the only possible nonzero amplitude is given by (6, k[t ¢r|0, k) ~ e>7k/Na,
Again, up to an overall normalization, the chiral condensate behaves in the similar manner

as S, and these relations are nothing but the consequence of mixed 't Hooft anomaly.
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5 Quantum instanton on R X S! and chiral condensate

We usually call instantons as bosonic classical solutions with nontrivial topological charge.
For well-definedness, we put the theory on the two-torus, My = T2 = 5’/13 X Si, and let us
discuss instantons of Schwinger model. For a given topological charge,

1
Q= /da €z, (5.1)
o
the U(1) gauge field a can be decomposed as [10]
2
a= I;TI?wa + ?hldT + 7h2d$ + xdo + dA, (5.2)

where hy 2 € [0,1) denote constant holonomies, ¢ is the R-valued scalar field without zero-
mode, and A is the gauge parameter. Using this expression, the Maxwell action is bounded

S = 2162/T2 dQ:E((Ad))Q + (Zf) > > 62/3LQ2 (5.3)

Since e? has mass dimension two, SL in the denominator of (5.3) is necessary to make the

from below as

action dimensionless. In the R? limit, the instanton action actually vanishes.

In this section, we give a path-integral interpretation of the results in section 4. There,
we will see that “quantum” instanton plays an essential role to describe the spontaneous
discrete chiral symmetry breaking in a semiclassical manner [30, 31].

5.1 Fractional quantum instanton for thermal boundary condition

Let us take the periodic boundary condition for fermions. In (4.39), we obtain that
det(@{zﬂ{{) condenses as the following matrix element is nonzero,

(n — 1| det (@{¢§’> In) # 0. (5.4)

It breaks Z, discrete chiral symmetry if ¢ > 1. Integrating out fermion fields, the holonomy
potential is induced as (3.6), and we denote the effective potential for quantum mechanics
of ag(7,z) = a(r) as

2
N om(k + %
V:%ff(a) = L(V(a) - fthermal) = 37_‘_7 mkln <La + ((]2) . (55)

The boundary condition for gauge fields a(7) becomes

_ 7m(2n—1)
a(+o00) = L (5.6)

m(2n+1)

a(—o0) = T2

[0]

by (5.4), and this is also because the chiral condensate behaves as the generator of Zq ' center
symmetry at low energies due to mixed 't Hooft anomaly as we have seen in section 4.5.
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We can evaluate the lower bound of the Euclidean action by completion of the square (or,
BPS trick) as follows:

- [ (3 o)

2
=/df{“;/2§ﬁ¢\/v;ﬁ<a>} i“ji/dT Vera) o

2L
L f a0 ]| o
e
The lower bound for the given boundary condition is saturated as
71_3/2]\[1/2 TN Nl/Qqe
FE Tl A where m, = —in (5.8)
The topological charge of this configurations is = —1/¢q. Unlike usual instanton, we

balance the classical kinetic term and the quantum-induced potential to find this config-
uration with fractional topological charge, so let us call it fractional quantum instanton,
or fracton” following ref. [31]. From the index theorem, we can deduce that each fracton
supports 2N fermionic zero modes and this is consistent as we find it in the computation
of the determinant condensate.

In figures 8(a) and 8(b), we can see the quantum induced potentials and corresponding
quantum instantons for (¢, N) = (1,1) and (¢, N) = (2, 1), respectively. When (¢, N) =
(1,1), we reproduce the result, (¥pir) = L~} exp(—mLWL +i6), in [10], and this condensate
is the consequence of ABJ anomaly. For charge-2 case in figure 8(b), fracton contributes to
the fermion bilinear condensate, (¢ ¢r) = L™ exp(—mL7L+iH /2), so that the 6 dependence
is fractionalized and Zqy discrete chiral symmetry is spontaneously broken.

Since we balance the kinetic term of O(1/e?) and the quantum induced potential of
O(1), the fracton action Sr is of order 1/e. This has the big difference with usual field-
theoretic extended confugrations, which are typically of order 1/e2. It is notable that the
fracton action Sr exactly gives the exponent of (4.39) and the fractional topological charge
explains the 6 dependence /2. Therefore, we can directly observe the fracton contribution
by measuring this condensate on R x S*.

5.2 Fractional quantum instanton in flavor-twisted boundary condition
With the insertion of a 2 twist, we now have the quark-bilinear condensate (4.58) sourced
by the matrix element

(NC+ f — 1[Gl INC+ £) £ 0. (5.9)
Let us first integrate our fermions again when evaluating this amplitude on R x S, then the
holonomy potential takes the form (3.10). We denote the effective potential for quantum
mechanics of ag(7,x) = a(1) as

2
’N . 2m(k + %
Veti,op(a) = L (Vo (a) — Fap) = ;TiLmkm (La + (qNZ) , (5.10)

"Note that this naming has no relation with fracton phases in condensed matter literatures.
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Figure 8. Quantum instantons in various setups: (a) Quantum instanton for (¢, N) = (1, 1), which
contributes to () Yr) = L™ 'el?e 57 as a consequence of ABJ anomaly. No symmetry breaking
occurs. (b) Fractional quantum instantons (= fractons) for (¢, N) = (2,1), which contributes
to (Ypr) = L1ei?/4¢=57 The fractional 6 dependence reflects the spontaneous Z4 discrete
chiral symmetry breaking. (c)(d) Fractons for (¢, N) = (1,3) and (¢, N) = (2,3) with the flavor-
twisted boundary condition Qr, which contribute to <E£¢£> = (NL)1el?/Nag=S7 The fractional
0 dependence reflects the spontaneous Zy, discrete chiral symmetry breaking.

and the boundary condition is

) T(2(NL+ f)+1)

72N+ ) — 1)
a(—s0) = TR DTS,

a(+o00) = Ng . (5.11)

We now evaluate the lower bound of the Euclidean effective action with Veg o, with the
given boundary condition. The BPS trick gives

S = /_Z dr (;@2 <gj>2 + Veﬁv,nF(a)>

(5.12)
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Evaluating this lower bound for the given boundary condition, we obtain the fracton action,

7T3/2 s

~ N3/2gelL.  Nm,L’

Sr (5.13)

and this is nothing but the exponent of the chiral condensate (4.58). The topological charge
of this configurations is @ = —1/Ngq, and this gives the fractional 6 dependence, /N,
From the index theorem, we can deduce that each fracton supports 2 fermionic zero modes
and this is consistent as we find it in the computation of the fermion-bilinear condensate.

The behavior of fractons can be seen in figures 8(c) and 8(d) for (¢, N) = (1,3) and
(g, N) = (2,3) with symmetry twisted boundary condition, respectively. When we take
the twisted boundary condition, we can clearly see in the figure that the height of effective
potential becomes shallow of O(1/N), while the local fluctuation of a feels the harmonic po-

tential of O(NN). Let us compare the thermal and twisted boundary conditions in the table:

Barrier height | Width Aa | Fracton action

Thermal O(N) 2m/q SF = n:iVL
Qp twisted | O(N~1) 2m/qN SF = ~¥m T

Differences of the potential barrier by 1/N? and of the potential width by 1/N give the
factor \/1/N2 x 1/N = 1/N? in the fracton action in the twisted boundary condition
compared with that of the thermal one.

This N dependence of Sr affects the region of validity of our approximation for chiral
condensate. Note that the region of validity of the one-loop holonomy potential and the one
of the semi-classical instanton analysis are parametrically different. The one-loop analysis
is reliable provided Lm., < 1. However, the semi-classical quantum-instanton analysis is
reliable provided the quantum-instanton amplitude is small, e =57 < 1. In the N-flavor Qp

twisted case, the smallness of this amplitude is valid provided (NLm, < 1), and then the
1

m~y N

independence in the N flavor twisted Schwinger model. In the thermal model, semi-classical

region of validity L < — 0 in the N — oo limit. This is an imprint of large-IN volume

approximation is always valid within the domain of validity of one-loop analysis.

6 Effect of fermion mass and spontaneous C breaking at 8 = 7«

In this section, we introduce the flavor-degenerate soft mass m, to Dirac fermions and
discuss its physical effects by using symmetry, anomaly and global inconsistency, mass
perturbation on R x S!, and dilute fractional-quantum-instanton gas approximation also
on R x S'. Unlike massless case, the ground-state energy is affected by the 6 angle, and
the ground state is unique for generic 6 angles. At 0 = m, we shall see that the charge-
conjugation symmetry C is spontaneously broken when ¢N > 3 or ¢ > 2. For ¢ = 1 and
N = 2, we shall see that C is spontaneous broken on R x S, but it is believed to go back
to SU(2); WZW model on R? at § = 7, which is related to the Haldane conjecture.
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6.1 Anomaly and global inconsistency for massive Schwinger model

Before the concrete analysis of massive Schwinger model, let us discuss the kinematical
constraint by symmetry. We add the fermion mass term,

my Y / (@ ol + T, 6.1)
f

to the Lagrangian (2.1), and we assume my > 0 so that the # angle has the definite
meaning. This fermion mass term explicitly breaks the chiral symmetry G% in (2.3) to its
vector-like subgroup completely, and we get
SU(N)v
Zn

Since this symmetry is vector like, this subgroup has no anomaly, and we do not have any

zM x cG. (6.2)

interesting constraint on the vacuum structure so far.
Let us now consider the charge conjugation symmetry C. This Zs internal symmetry
is generated by
) I T:.2
C:v =iy |, v —Y'iv®, a— —a. (6.3)

In the chiral notation, C acts as

YR YR, YL = =,
Yr = YR, Yp = UL (6.4)
Examples of C-odd observables are da, gL, — ¥1,%r. Especially, the 6 term flip its sign

under C, and thus this is symmetry only when 6 = 0 or 6 = 7.
The group structure including C [74] is given by the semidirect product,

SU(N
(ZL” x ()V) % (Za)c, (6.5)
AN
if ¢ > 3 or N > 3, and otherwise it is given by the direct product,
SU(N
<zgl x ()V> x (Zs)c. (6.6)
AN

Especially when ¢ = 1 and N = 2, the group structure SO(3) x Zz = O(3) is the same with
that of discrete chiral transformation.

Let us discuss the mixed anomaly, and to find it we gauge Zgﬂ x PSU(N)y first, and
we perform C after that [45]. The background gauge field consists of

o Ay: SU(N) one-form gauge field, and
o By: Zpng two-form gauge field.

In the description of section 2.2.1, we have to set A;, = Ar = Ay, and set other gauge
fields to be zero other than By. All the terms in the gauged Lagrangian is manifestly
gauge-invariant and C-invariant, except for the 6 term,

% / (da + B?). (6.7)
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This shows that the gauged partition functions at 6 = 0 and 6 = 7w behave under C as
Z My 0—0lAv, Bv] = Zp,0—0]Av, Bv), (6.8)
Ity 9=rAv, Bv] = Zaty 0—x[Av, By] exp <i / B(V2)> . (6.9)
Thus, the partition function at 6 = 7 gets the Zy, phase under C. We have to judge

whether this is genuine anomaly or not by studying possible local counter terms.
The only possible local counterterm is ik f By with k =0,1,...,Ng—1. We then find

@) _
Zny 0= |Av, Byle i[5 (ZMQG [Av, Bylet/ Bv )eXP <1(1 - Qk)/B$)> , (6.10)

and thus C-invariance is established if and only if 2k — 1 = 0 mod Ngq for some k. If Nq is
even, no such counter term exists, and thus 8 = 7 has a mixed 't Hooft anomaly.
When Ngq is odd, we can solve 2k = 1 mod Ngq as

Ng+1

k= :
2

(6.11)

and thus there is no anomaly at § = w. However, since the coefficient of the local countert-
erm is quantized, we cannot take the simultaneous UV regularization so that the gauged
partition functions at § = 0 and € = w are both C invariant. This is called global inconsis-
tency condition [27, 44, 123]. The matching condition for global inconsistency [123] is

e The vacua at # = 0 and § = 7 are different as symmetry-protected topological states,
or

e either of # = 0 or § = 7 has nontrivial vacuum as in the case of 't Hooft anomaly.

It is easy to see that the anomaly and global inconsistency is matched by SSB of C at
6 = 7 in the massive Schwinger model with ¢N > 2 on R x S'. Here, let us restrict our

[0 ]
symmetry. We have constructed the 6 vacua, |0, k) with £ = 0,1,..., N¢—1, in the massless

attention to the case with the {)p-twisted boundary condition, so that the theory has Zj;

limit in section 4.2.2, and the chiral condensates are given in (4.58). For sufficiently small
mass, then, we find the ground-state energy Ei () of |0, k) by mass perturbation as

0, k|( k.6
Ey(0) = ~Lm wZ Ww/éRkTewgwmr )

T 0+ 27k
= -2 - — . 6.12
My €XP ( N, L) cos ( N > (6.12)

We thus find that the ground state is unique for generic ¢, but § = « is doubly degenerate
if Ng > 2.
Although our explicit computation of the ground-state energy is limited to the semi-

classical regime el < 1, the constraint via anomaly and global inconsistency is valid even
when the decompactification limit L — oo is taken. The ground-state energy on R? with
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small fermion mass m,, takes the complicated form as shown in refs. [19, 124, 125], but
those results are indeed consistent with anomaly and global inconsistency.

For —m < 6 < m, the ground state is uniquely determined to k = 0, |#,0). As we have
studied in section 4.4, the Polyakov loop vanishes for this vacuum,

(6,0[P]8,0) = 0. (6.13)
0]

Unlike massless case, this is the unique vacuum, and thus Z Ng Symmetry is unbroken.
This is consistent with the fact that the string tension does not vanish without massless
fermions. If we study the two-point function of n-th Polyakov loop P", it roughly behaves

in7— 00 as

(6,0[P~"(7)P"(0)]0,0) ~ exp [—7(En(0) — Eo(6))]
ool o (1522) en ()]

and it goes to zero unless n = 0 mod Ng. The exponent, E,(0) — Ey(), corresponds to
the string tension of the charge-n test particle. It would be worth to mention that § = 7
is again exceptional in this regard, since the exponent vanishes at § = 7 with n = —1 mod
Ngq. The corresponding statement is true for Wilson loops in the 2d decompactification
limit [26].

6.2 Dilute fractional-quantum-instanton gas and multi-branched vacua

Let us reproduce the above result as a semiclassical approximation of the path integral.
We first discuss the holonomy potential. Introducing mass term modifies e~/ in (3.6)

— 2 2
and (3.9) into e VP As a result, the thermal holonomy potential takes the form,

Vihermal (@, M) 7TL2 Z (my Ln) K1 (myLn) cos(qan), (6.15)

and similarly, in the 2p background, the potential takes the form:

Z ! —5 (my LNn') Ky (my LNn') cos (Ngan'). (6.16)
w=1"

2 1

VQF (CL’m"Z)) 7TL2 N

Here, we denote La simply by a, and K (z) is the modified Bessel function of the first kind,
whose asymptotic behaviors are

}—l-iz(an(z)—i—?y—1—21n(2))+0(22), z—0
z

oo/, 2 .

For concreteness, we consider the massive Schwinger model with Qr background in

Ki(z) ~ (6.17)

the following. The presence of mass smoothens the cusp that is present in the potential
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with massless fermions, but otherwise, the vacuum structures are extremely similar at this
level: we have N¢ minima of the potential, which we denote as a; with j =0,1,..., Ng—1.
Writing j = Nm+ f withm =0,...,g—1and f =0,..., N — 1, the perturbative ground
state around a; corresponds to

laj) = > €[N (gt +m) + f), (6.18)
(EZ

in the notation of section 4.2.2.

The crucial difference between massless and massive cases is that, in the latter, the
vacuum degeneracy will be lifted by quantum tunneling. In the massless case, this is prohib-
ited since |a;) with different j have different charged under Zy, discrete chiral symmetry.
In other words, the would-be tunneling process is fractional quantum instanton, which has
AQs = 2, and it does not contribute to the partition function. Adding fermion mass, this
symmetry is explicitly broken so that quantum tunneling process occurs.

The theory on small circle, el < 1, reduces to a simple quantum mechanical problem
for the a field. This is the quantum mechanics of a particle moving on a circle S in
the presence of a potential with N¢ minima given in (6.16) in its fundamental domain
a € [0,27). There is no harm in simplifying the potential into

V(a) ~ cos(Nga). (6.19)

and there exists an Aharonov-Bohm flux passing through the center of the circle, which
captures the topological 6 angle.

The partition function, Z(f3) = trlexp(—BH)], in the 8 — oo limit is dominated by
the lowest-IN¢ states. To all orders in perturbation theory, the harmonic states at the
minima of the potential (6.19) are exactly degenerate. To simplify the discussion, we
can forget about higher states in the spectrum within Born-Oppenheimer approximations,
because instanton induced splittings ~ we™5F is much smaller than perturbative gap in
the spectrum (~ w). The path-integral representation of the partition function is

2(8) = / Daexp(—S[a)), (6.20)
a()=a(0)

and this is a sum over paths obeying the periodic boundary condition, a() = a(0). The
maps 5[13 — S' are classified by the winding numbers, 71(S') = Z, which is nothing but
the topological charge @) = % J da € Z in 2d language.

The essence of the matter is following: the partition function is a sum over integer
topological charge configurations @ € Z, yet, in the problem, there are classical solutions
with fractional topological charges quantized in 1/Ng, which we call fractional quantum
instanton with the action Sr. A single fractional instanton does not contribute to the
partition function because of the mismatch of boundary condition, and this introduces a
constraint when considering the dilute gas approximation as a semiclassical approximation
of Z(B). In the dilute fractional-instanton gas approximation of Z (), we must sum over
all configurations with n fracton, n anti-fracton satisfying the constraint n—n—WNqg = 0,
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where W € Z is the winding number. This guarantees that the gauge field is a connection
of U(1) bundle.
In the dilute gas approximation, the partition function can therefore be written as

— Ng Z Z Z 1 (5]( SeriG/Nq)n (BKe’Sf’ie/Nq>ﬁ5n_ﬁ_WNq, (6.21)

7l
Wezn=on=o ™

where K denotes the 1-loop determinant multiplied by the volume of internal moduli, and
it is given as K = my, for soft fermion mass. The constraint n —n — WqN = 0 guarantees
that the 6 angle dependence over any configuration contributing to path integral is of the
form (el?/Na)yn=7 = W0 W ¢ 7 as it must be. The overall factor Ngq is due to Nq distinct
classical minima in the fundamental domain.

We can convert the constrained sum (6.21) into a sum on the space of representation
of Zng, by using Hom(Zng, U(1)) = Znyg, and hence,

Ng—1

D I (622
WeZ

We can now express the partition function as

Ng—1 o oo

Z Zzn' - (5K —S}'+19+2 k) (BK —SF— 19+21rk)

k=0 n=0n=0
Nq ! S 0+2 k
f s
_ Z eZ,BKe cos (623)
k=0

This is the contribution of the N¢q lowest lying states to the partition function, which
were degenerate to all orders in perturbation theory. This reproduces the multi-branch
structure (6.12) of the ground state energies:

Egs.(0) = min <—2mwe_sf cos (6.24)

0+ 27k
k=0,1,..,.Nqg—1 '

Ngq
We can summarize the main result of this section as follows.

e The existence of fractional topological charge instantons along with the fact that we
need to perform a sum over U(1) gauge configurations with integer topological charges
leads to multi-branched observables both in quantum mechanics and corresponding
QFT.

e If we refer to the action of winding number one configuration as Sy —1, the first
non-perturbative saddle that contributes to the semi-classical expansion (6.21) has

25w=1
Ngq

action 25r = . In other words, in the W = 0 zero sector, minimal action is zero

(perturbative vacuum), but non-perturbative saddles have action 231“\’,7;1”, n=12,...

Note that, if we take m,, — 0 limit, the vacuum family composed of Ng¢-branches become
degenerate.
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7 Volume independence in N — oo limit and quantum distillations

A sub-class of QFTs with large degrees of freedom have properties which are independent
of compactification radius of spacetime R4~ x S1. This property is called large-N volume
independence [89]. The extreme version of volume independence, where space-time (lattice)
is reduced to a single point, is called Eguchi-Kawai reduction or large-N reduction [126—
128]. There are two necessary and sufficient conditions for the validity of the volume
independence. In a lattice formulation, these can be phrased as:

e Translation symmetry of lattice L¢ is not spontaneously broken.
e Center symmetry is not spontaneously broken.

Provided these conditions are satisfied, expectation values and connected correlators of
certain interesting observables are independent of compactification radius. In the charge-q
Schwinger model, this includes flavor and center singlet observables.

A working realization of volume independence is a non-trivial phenomenon. It demands
absence of any phase transitions when the theory is compactified. For example, in 4d gauge
theory, it demands the absence of deconfinement transition when the theory is compactified
on R? x S'. Deconfinement is a generic behavior with the thermal partition function.
However, if one considers a graded partition function such as tr[(—1)e~F] there is a
special class of gauge theory in 4d that satisfies volume independences. These theories are
gauge theories with adjoint fermions. In these theories, there must exist profound spectral
cancellations [84, 99, 111, 129] to avoid phase transitions. This is a version of quantum
distillation, where only a subset of states contribute to the graded partition function.

Below, we comment on the realization of volume independence in the charge-q N-flavor

Schwinger model in the large-N limit. In particular, we will provide evidence that:

e Thermal compactification of charge-¢q > 1 models does not obey volume
independence.

e Op twisted compactification respects volume independence.

First, we provide a perturbative argument. In the thermal compactification, the KK
modes are quantized in the usual manner in units of 2% as shown in figure 2. In the twisted
compactification, the usual KK-modes intertwine with the flavor-holonomy, and refined
KK-modes are now quantized in units of g—}{[, as shown in figure 5. At fixed L, in the
N — oo limit, the modes become arbitrarily dense and form a continuum. This is just like
perturbative spectrum of the theory on R? with one-flavor, and this is sometimes called
flavor-momentum transmutation.

Next, let us now discuss the center-symmetry realization of the thermal boundary
condition. For simplicity, we discuss the case when we turn on a soft mass term for the
fermion m,. In this case, the minima of the holonomy potential remains unaltered, despite
the fact that the potential is weakened. Furthermore, the fermionic zero modes of the
fractons are lifted so that the transition amplitude between two consecutive minima is
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non-zero.

_ N
(n+1le PH|p) ~ e=57 mfl\f =e ™l mf)f (7.1)

In charge-¢ model with N massive flavor, the one-loop potential (6.15) implies that
the Z4 center-symmetry is broken to all orders in perturbation theory. However, non-
perturbatively, it is restored due to tunnelings between the ¢ perturbative minima.

In the limit N — oo, however, we observe that the barrier in the potential (6.15)
becomes arbitrarily large while the location of the minima is unaltered. In this case,

__mN_
lim [(n+1le PHn) ~ e ™57 = ™I | =0 (7.2)
N—o0

and the tunneling amplitude is zero. Therefore, in the N — oo limit of charge-q theory,
the Z, center-symmetry is spontaneously broken. This implies that in the thermal case,
large-N volume independence fails. Indeed, just inspecting the free energy density, we
observe the temperature dependence, Fihermal = —INV TQ% at leading order in N.

Lastly, we show that, by using the twisted boundary condition with Qr, we can keep
center-symmetry intact in the N — oo thermodynamic limit, and volume independence
is established.

As described in section 4.2.2, with the twist, there are Nq type fractons, each of which
has exactly two-fermionic zero modes. Again, turning on a soft mass term for the fermion
M., the chiral symmetry is explicitly broken. The zero modes of fracton can be soaked up

by the soft mass term and the fracton amplitudes take the form F; ~ e My
As described around (2.76), the zero-form part Z,[JO] of the 1-form center symmetry Z,[Jl]

is enhanced to Zg}]\, in the compactified theory due to Qg background. Below, we would like

to discuss the realization of this symmetry. Again, at finite- IV, to all orders in perturbation
theory, the ZL% center-symmetry is broken, and non-perturbatively it is restored due to
tunneling. The question is whether this restoration remains intact in the N — oo limit. In
this case,

(n+1le PHn) ~ e N My, (7.3)

which remains finite even for large-N, implying unbroken center at large-N. Despite the
fact that this conclusion is correct, the reasoning is not. In fact, we cannot even take
N — oo limit with the fracton action at fixed L, because semi-classical dilute instanton
Nz~ L

In the large-N limit, we can reliably state that Vg, (a) — 0 and holonomy field a

gas approximation breaks down when Sr =

direction becomes flat. The ground state wave function becomes the one of particle on a
circle with no barriers in between. Since the tunneling becomes irrelevant in this regime,
the Zyn center-symmetry is perturbatively unbroken. This guarantees that in the large- N
limit of the QEDy with Qp twist, volume-independence holds.

As a test, note the free energy in the Qp twisted background. In this case, free energy
becomes Fq, = —%T2% at leading order in large-N expansion. Indeed, both O(N?') and
O(1) parts of the free energy is temperature independent. This can be clearly seen in
figure 9.
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Figure 9. The holonomy potential and free energy for thermal and twisted theory ¢ = 2, N = 3.
With the inclusion of the twist Qp, potential is suppressed by a factor # The image of this
process in Hilbert space is cancellation among states in the graded state sum, a process that we
refer to as quantum distillation.

7.1 Interpretation as quantum distillation of Hilbert space

So far, we have discussed the O(N~2) suppression of the twisted free energy compared
with the thermal free energy in microscopic viewpoint. In this section, we provide its
reinterpretation in view of physical Hilbert space.

In operator formalism, the thermal and graded partition functions correspond to

Z(B) = tr {efﬁH}
Zo () = e (-1)F [L=420], (7.4
f=1

where @y is the fermion number operator for species f, and H is the Hamiltonian of
QFT on R! or its compactification to Sl}. Note that we consider QFT on T? = Sé X S}
and assume boundary condition is twisted in the g circle. Sl} provides a regularization
for R. The Hilbert space data that enters to these partition functions are identical, and
concerns the spectrum of the Hamiltonian H = Hgi. However, in the graded sum, there
are significant cancellations among states.

As an explicit example, consider a state in the adjoint representation of the SU(N)y,
created by

M =gl £ f=1,...,N (7.5)

In thermal case, these state would contribute to free energy as e=#F=di(N2 — 1). However,
' 2m(f—1) ) . .
in the graded sum, Hjcvzl e!=~ 9 assigns different phases to different states. For the

adjoint representation, this assignment is

M — e U= p] (7.6)
modifying the terms in the state sum into
N
(N2 _ 1)6—5Eadj N Z e 2mi(f=f")/N _ 1 | ¢=BPadi — (_1)6—/3Ead,j (7.7)
=1
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reducing the effect of (N? — 1) degree of freedom to (—1). This type of cancellation will
occur in the graded partition function for all states, except for the singlets, including the
ground states.

In order to understand the effect of these type of cancellation in thermodynamics, we
recall the relation between partition functions and density of states following [129]. The
inverse Laplace transform of the partition function is density of states. In the thermal case,
the theory will exhibit a density of state expected from the Cardy formula for 2d massless
Dirac fermions,

=

e p(E)~eV INEC (7.8)
—

Laplace transform

Z(B) ~e

where the central charge is N. In the graded case, we perform a graded sum over the
Hilbert space of the theory. There are many cancellation and what is left out of these
cancellations is the thermodynamic worth of the graded partition function. We find that

1

Zop(B) ~e¥8 = prisea(B) ~ eV (7.9)
Laplace transform

The density of states (7.8) is the largest growth expected from a 2d-local QFT with
N degrees of freedom, corresponding to Stefan-Boltzmann growth. In the twisted case,
the density of states will correspond to counting of states after cancellations triggered by
the grading over Hilbert space. This growth is clearly extremely small compared to the
thermal case. In particular, in the N — oo limit, it is as if all states are eliminated after
twisting and grading.

Normally, the competition between the growth in the density of states against the
Boltzmann suppression is responsible for the changes in the saddles of the partition function
and phase transition. At large-5, only grounds states and low lying states contribute. But
at low-£, many states may contribute on the same footing resulting possibly in phase
transitions. In the graded case, the growth of density of states is effectively diminished
and only a hand full of states contribute to state sum both at large- and small-5. This can
and does prevent the possibility of phase transitions. These type of spectral cancellations,
reminiscent of supersymmetric QFTs, is at the very origin of the working realizations of
large-N volume independence, both in QED4 or 4d gauge theories such as QCD(adj).

8 Twisted-compactification of SU(IN); Wess-Zumino-Witten model

As we have explained in section 2.3, the low-energy behavior of charge-1 multi-flavor
Schwinger model is described by the level-1 Wess-Zumino-Witten (WZW) model. More
generally, the SU(N ), WZW model is defined as

1
= — | tr[dUT AxdU] + ikDwz[U], (8.1)
29 J
where the Wess-Zumino term is defined as
1
Twz = — [ t[(UTAU)3). 2
wi= o | wlwlavy) (5.2

The RG flow has the conformal fixed point at g = 47 /k.
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In this section, we show that this conformal behavior is responsible for the extra Zy
degeneracy of the ground states under the flavor-twisted boundary condition. We therefore
consider the twisted boundary condition (2.70),

wij(z, 7+ L) = wi_juij(x, T), (8.3)

with U = [u;;]. The case k = 0 with twisted boundary condition is studied in [100]. The
theory with this boundary condition has the Zy symmetry, u;; — u;11,+1, and also the
maximal Abelian subgroup of G.

8.1 Wess-Zumino term and topological 0 terms

Let us evaluate the Wess-Zumino term under the flavor-twisted boundary condition at
small compactification radius.

8.1.1 SU(2) case

We first compute the SU(2) case. In order to look at the classical vacua under the twisted
boundary condition, it is convenient to take the Hopf coordinate,

U — eifsin 7 eif co.s ny (8.4)
—e"€cosn e Psing

Here, ¢ and & are 27 periodic variables, and n € [0,7/2]. The twisted boundary condi-
tion says
¢(z, 7+ L) = ¢(z,7), n(z,7+ L) =n(z,7), (8.5)

and
&, 7+ L) =&(x,7) + . (8.6)

Thus, only & should have nontrivial 7 dependence in the small compactification limit, i.e.
it does not have KK zero mode.
The kinetic term is given as

tr[0,U19,U] = 2[sin® n(0,6)? + cos? n(9,£)? + (9,m)?]. (8.7)

Because of the twisted boundary condition, the classical configuration of £ satisfies

(026)” = (%)2 (8.8)

and thus n = 7/2 is energetically favored so that cosn = 0. We therefore approximate the
kinetic term as

tr[0,U79,U] = 2(9,0)?, (8.9)

by neglecting quantum fluctuations around { = 77/L and n = 7/2, i.e.

el 0
_ ) 1
U‘M2 < ) oi6 (8.10)
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Strictly speaking, this naive manipulation is subtle quantum mechanically [107], and this
is carefully considered in ref. [130] in the context of principal chiral model. It, however,
turns out to be useful to understand the role of the WZ term under the twisted boundary
condition. Especially, the structure of symmetry and ’t Hooft anomaly is maintained.

Next, let us evaluate the WZ term setting ¢ = ¢(z), & = n7/L, and n = 7/2 on
My = My x S'. Using the Hopf coordinate, the WZ term becomes

1
I'wz = —— sin(2n) de A d€ A dn. (8.11)
2 Ms
We take M3 = My x [0, 1] and regard My x {1} as a point so that M3 = Ma x {0} ~ Mj.
For this purpose, we need to set U ’ Max{1} = 1, while satisfying the boundary condition,

and we pick up the following extension along x3 € [0, 1],

x5 0 — : — 1,
eid)(xl) 0 n:5—0 0 eiWTT n:0—=% (8'12)
U: | — inr — 1.
0 e tol@) —eZ 0
Using this parametrization, we get
m
Twyz = — /dd), (8.13)
27
and the theory becomes the particle on a circle with the theta angle 8 = wk:
L ik
S = /ydw n ”T/d¢. (8.14)
g 27

When £ is even, i.e. £ = 0,2,..., the compactified WZW model has the unique ground
state, and the energy gap is explained perturbatively with the formula ~ ¢g/2L. When
k = 0, the model is nothing but the SU(2) principal chiral model, and its perturbative
nature of the energy gap is emphasized in ref. [130].

8.1.2 SU(N) case

We extend the previous discussion to the case of general N. As in the SU(2) case, we can
argue that the classical moduli locates at the maximal torus U(1)N¥=1 c SU(N) because of
the flavor-twisted boundary condition, and we denote such a matrix as

el®t 0 0 e 0 0\ /1 0O 0
U= 0 & 0 =| 0 e 0| |0eltrto2) 0 . (8.15)
0 0 e id1+e2) 0 0 1 0 0 e—i(¢1+¢2)

That is, we regard the classical vacua U as the successive multiplication of 2 x 2 Cartan
factors. Here, we explicitly work on SU(3) case, but the generalization is straightforward.

We consider the extension of U to extra dimension successively. That is, we take
M3 = My x ([0,1] U [1,2]). On My x [0, 1], we parametrize U as

el?1 sinn 5T cos n0 1 0 0
U=|—ei5 cosn e %1 sing 0 0 el(@1+92) 0 , (8.16)
0 0 1 0 0 e—i(d1+62)
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and the first 2 x 2 factor is set identity at 2° = 1 as we did in the SU(2) case. On My x [1, 2],
we parametrize
100 1 0 0
U=]010|[0c@+siny 3T cosy , (8.17)
001/ \0 —e 57 cosy e i(@1702) gin gy

and perform the same trick for the second 2 x 2 factor to set it identity at 2 = 2. Since
this is the inductive procedure, this computation also generalizes to SU(NN) cases in a
straightforward manner.

As a consequence, we find that

Twz = %;/[(dm) + (dé1 +de2) + -+ (dp1 + - - + don_1)
1 o
= _%/; %ndgbn (mod2m), (8.18)

and thus the problem becomes the (N — 1) particles on a circle with the theta angles
0n, = 2mkn/N. When the level of WZW model is £ = 0 modulo N, we again find that the
ground state is unique and the energy gap at the leading order is explained perturbatively,
AFE ~ g/2L, which generalizes the result of ref. [130].

8.2 Symmetry, anomaly, and energy spectrum

The ZE(\),] symmetry acts as

20 gy dpr (n=1,... N =2), ¢y_1>—(14-+bn_1), (8.19)

which changes the 6 angles as
Op = Oy — On_1 =0, — 21k (n=2,...,N—1), (8.20)
01 — —On_1 = 61 — 27k. (8.21)

The difference of the action is

AS = ik/(dqﬁl + - 4doy_1) = 0 mod 2ri, (8.22)

and thus this transformation is the symmetry. The theory also has the symmetry
U(1)N=1 € SU(N)g, which acts on ¢, as

On = On + Q. (823)

Let us gauge the U(1)V~! symmetry by introducing U(1) gauge fields A,,, and then
the gauged action is

N-1 2

L
Sgauged = 29/ Z |d¢n +An’2 +

N-1

> (dgn + Ap)

n=1

n=1

., N—1

ey / (dn + An). (8.24)
n=1
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We define the ZE(\),] transformation on gauge fields as A, — Ap4q forn =1,...,N — 2,

and Ay_1 — —(A1 + -+ 4+ Any—_1). The partition function Z[A,] changes under the ZE(\),]

transformation as
Z[Ay] — Z[Ay] exp <—ik:/(A1 4+ 4 AN1)> , (8.25)

and this is the mixed 't Hooft anomaly between ZE(\J,} and U(1)V-1.
We can find the energy Ey,, ; of U(1)N=1 charges {m,} € ZN~! by [54, 123]

exp(—BEpy,}) = /DAnZ[An] exp <—iZmn/An> , (8.26)

where f is the imaginary time, where Fy,, 1 are given by

N—1 ) N-1 n 2
o = | 2 (- #5) - % (S (i) ) | 2

n=1

Performing the ZE?,] transformation, the U(1)V~! charges are changed as
my— —mpy_1+k, mp—mpu_1—my_1+k(n=2,...,N—2). (8.28)

This explains the N-fold degeneracy for k # 0 mod N; for example, when k = 1, the
ground states are N-fold degenerate with

(my,...,my—-1)=(0,...,0), (0,...,0,1), (0,...,0,1,1),...,(1,...,1). (8.29)
The coordinate expression of the state |my,...,my_1) is given as
(P1,.. dN_1|m1,...,my_1) = emMorTHmy_1on_1 (8.30)
and thus
(mh, .y €9 [, 1) = oty St Oty e (831)

Let us compute the vacuum expectation value of the fermion-bilinear scalar operator,
ERT/)L ~elfl i1 g omi(d1 N ) (8.32)
By taking the following superposition of the N ground states,
In) =10,...,0) +w™0,...,0,1) + - + VD1, ... 1), (8.33)
with w = e2™/N | we find that
(nfgibpin) ~ 2T/, (8.34)

We can compare this result with that of section 4, especially section 4.2.1. Especially, we
have clearly shown that the extra Zy degeneracy of the ground states under the flavor-
twisted boundary condition comes out of the 2d conformal behavior.
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9 Conclusion and outlook

What we have newly shown or obtained in the present work on the charge-q N-flavor
Schwinger model (2d QED) are summarized as follows;

e full 't Hooft anomaly consistent with the results obtained analytically,

e 1/N2-suppressed holonomy potential for flavor-twisted cases under compactification,
e Nq vacua and chiral condensate with fractional 8 dependence for flavor-twisted cases,
e the expression of chiral condensate valid for all the range of the circumference

e the direct consequence of (fractional) quantum instantons on the physical quantities,
e the Ng-branch structure and the pattern of symmetry breaking for massive cases,

e new insights into the volume independence in the model,

e understanding on the WZW model as a dual theory of the Schwinger model.

These results themselves are of great significance for understanding 2d quantum field theory.
We below discuss their implications on other theories including 4d QCD and string theory.

4d QCD: it is worth while to investigate the vacuum structure of 4d N-flavor QCD with
Zn-twisted boundary condition on R? x St (Zx-QCD) [50, 106, 131-136] in comparison
to our results for the 2d N-flavor Schwinger model with the flavor twist on R x S*. In
particular the # vacuum structures in the two theories could share common properties.
Since the Zn-QCD results in the usual N-flavor QCD in a decompactification limit, this
avenue also has potential impact on the study of non-supersymmetric gauge theory on R*.

Brane configurations: O17-D1 brane configurations corresponding to the charge-2 8-
flavor Schwinger model are investigated in [26], where 8-flavor fermions and scalars are
associated with eight dimensions transverse to D1 brane. We can raise a question whether
one can construct the brane configuration corresponding to the flavor-twisted Schwinger
model, which has been the main topic in this work. One here needs to consider how to
introduce Zg holonomy of the U(1) gauge field in the brane configuration. On the other
hand, the brane configurations for the twisted CPY~! and Grassmann models on R x S?
were discussed in [103], where multiple D4 branes are introduced to realize the T-dualized
configurations. It is still an open problem whether we can apply a similar technique to the
present problem.

Resurgent structure: one of striking properties in the charge-g N-flavor Schwinger
model is that fractional quantum instantons have direct consequence on physical quanti-
ties. The recent progress in the resurgent structure of quantum mechanics and field the-
ories indicates the significance of fractional instantons and their composite objects called
bions [85, 94-96], whose contributions cancel out the imaginary ambiguities arising from
perturbation series of physical quantities. It is quite intriguing to derive the bion con-
tributions and compare them to the perturbative calculation in order to investigate the
resurgent structure in the charge-¢ N-flavor Schwinger model.
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A Two-dimensional Dirac spinor

Throughout this paper, we take the following convention for the 2-dimensional Dirac spinor
in Euclidean metric.

Let v* be 2 x 2 matrices, satisfying

{2} =28, ()T =", (A1)

for u,v = 1,2. These relations can be satisfied by using Pauli matrices as

1 (01 o [0
’Y—U1—<1O AR Al I (A.2)

We define the chirality matrix v by

v = —iy'y?, (A.3)

and this satisfies {y*,7} =0, 47 = ~, and (7)? = 1. Using the Pauli matrix, it is given by

== (3 ") )

The right /left-handed projectors Py 1, are given by

14+~ 10 1—x 00
Pp=_—""= Pp="—"'= A.
R 2 (00)’ L 2 (01)’ (A.5)

respectively.
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The Dirac Lagrangian is given by

L= +m)p, (A.6)

where 9 is the two-component spinor field and ¢ is its conjugate field, § = v#9,,, and m is
the fermion mass. We define the right-handed fermion and its conjugate as

Yr = Pri, g = Y1, (A7)

and the left-handed ones as
YL = PLy, ¢, = Y PR. (A.8)

The Dirac Lagrangian is then written in the following form:

L = YrPyr + Y dL + m(YriL + LUR)
= R (01 +i02)¢hr + 91, (01 — 102) YL, + m(YrYL + YrYR). (A.9)

Here, we slightly abuse the notation: in the first line, 1 denotes the two-component
spinor but it only has the upper component, while ¥ in the second line denotes its upper
component. The similar notice holds for others.

The motivation of the above definition for conjugate fields comes from the fact that,
under the temporal reflection © : (2!, 22) s (—z!, 22), the reflection positivity (0(0)0) >
0 is satisfied with the anti-linear operation © generated by

0 : P(a) = (P(O - 2)y!)T, Y(z) = (v'9(0 - 2))". (A.10)

With the above definition, we find that © : g ~ (Yry")? and ¢, — (Ppy!)T since v
anti-commutes with v*. We note, in this notation, that yir = ¥r but ry = —g.

B Holonomy potential via bosonization

Below, we show that the holonomy potential (3.6) can also be obtained by using Abelian
bosonization. In the original description, holonomy potential arises from integrating out
fermions in the background U(1) gauge field as(7,z) = a(7), and is a one-loop effect. In
the bosonized description, it is a tree level effect.

First, let us summarize the setup. For simplicity, we consider N = 1-flavor charge-
g Schwinger model, and we set § = 0. The bosonized action is given in (2.37), and
integration-by-part gives;

1 1 ig
S = —|da|* + —|d¢|* — ——doAa). B.1
[ (ahtal + ghao = Lo na) (B.1)

Completing the square in terms of d¢, we can find that the gauge field gets the mass
my = qe/\/.

We take My = T? > (7, z), with the identification 7+8 ~ 7, 2+ L ~ z, and L < 3. We
will take 8 — oo in the end, so we work on the temporal gauge a; = 0 (Precisely speaking,
we cannot take temporal gauge naively at finite 3, but this does not affect our discussion on

— H8 —



the effective potential). Assuming el < 1, we would like to derive the effective potential
for the holonomy exp(iLag). For that purpose, we put ag to be a constant, as = h, so that

a = hdzx. (B.2)
We denote the compact scalar field ¢ as
2mn ~
¢(T7 l’) = 77_ + ¢(T)7 (B3)

where ¢ is the R-valued scalar, and we neglect its non-zero KK modes. We shall see that
it is important to keep the winding number n along the temporal direction even how
is large.

Substituting our approximation on the fields into the bosonized action, we obtain

1 /20 2\? ig [2n =

1+2 Lr
= /dT(Z) +B§n —iLngh, (B.4)

and we drop the total-derivative terms to obtain the second line. The effective potential
V(h) is obtained as

exp(—BLV (h Z/ngexp Zexp [—gﬁn —l—quh]

nez
> (., 2rk
= Zexp —Lﬁq— T
k 27 qL

up to an overall normalization constant, or constant shift of V. To find the last expression,

(B.5)

we use Poisson summation formula. As a consequence, by taking 5 — 0o, we obtain the
effective action,

k 27 qL

This coincides with (3.6) for N = 1 by shifting a — a + 7/¢qL, and this shift corresponds
to adding the imaginary chemical potential to make the fermion boundary condition to

V(a) = min L <a - 27”“>2 . (B.6)

be periodic.
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