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ABSTRACT: We determine the small Bjorken x asymptotics of the quark and gluon orbital
angular momentum (OAM) distributions in the proton in the double-logarithmic approxi-
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Starting with the operator definitions for the quark and gluon OAM, we simplify them at
small x, relating them, respectively, to the polarized dipole amplitudes for the quark and
gluon helicities defined in our earlier works. Using the small-z evolution equations derived
for these polarized dipole amplitudes earlier we arrive at the following small-x asymptotics
of the quark and gluon OAM distributions in the large- N, limit:
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1 Introduction

In recent years a lot of progress has been achieved in our theoretical understanding of quark
and gluon helicity distributions at small z [1-6]. While having precise control of helicity
distributions is important for our understanding of the proton spin, another important
component of the proton spin comes from the quark and gluon orbital angular momentum
(OAM). The helicity sum rules [7-9] (see [10] for a review) include the quark and gluon
contributions to the proton spin along with their OAM. Specifically, the Jaffe-Manohar
sum rule [7] reads

1
Sq+q T Lorq + 56 +Le = 5. (1.1)

Here
1 1

Sq+q(Q2)—;/da;A2(a:,Q2) and SG(QZ)—/dxAG(x,Q2), (1.2)

0 0



are the quark and gluon components of the proton spin expressed in terms of the quark and
gluon helicity distributions AY(z, Q%) = Zf [Aqf(m, Q%) + A/ (, QQ)] and AG(z,Q?).
Importantly, L,y and Lg in eq. (1.1) denote the quark and gluon OAM, respectively.
Our understanding of the proton spin would be incomplete without a good quantitative
understanding of L, and Lg.

The quark and gluon OAM can be written down as integrals of their distributions in
x [11-15]

1 1
Lyiq(Q /d:c Lyrg(2,Q%) and Le(Q /d:c Lo(x, Q%) (1.3)
0 0

It now becomes apparent that, just like the quark and gluon helicities, both the quark
OAM and the gluon OAM may receive contributions from the small-z region. Even if the
difficulty in experimentally measuring the gluon OAM is somehow surmounted, any given
experiment can measure Lqig(z,Q?) and Lg(z,Q?) only down to some minimal value
of £ = Zmin. No matter how small are the values of x,n to be accessed in the future
experiments, one always faces the question of constraining the x < zpi, region. It appears
that a solid theoretical understanding of L, 4(z, Q%) and Lg(z,Q?) at small x is necessary
to accomplish this goal. The aim of this paper is to theoretically determine the small-z
asymptotics of the quark and gluon OAM.

Important first steps in this direction were taken in [16], where the one-loop Q2 evolu-
tion equations for Ly 4(z, Q%) and Lg(z,Q?) [12, 17, 18] were solved both numerically and
analytically, with the aim of determining the small-z asymptotics of these quantities. How-
ever, Q evolution equations at the one-loop level resum powers of asIn Q*/Q3 with some
initial momentum scale QQg. At small x these equations correctly reproduce the powers of
asInQ?/Q3 In(1/x). That is, they give one the small-z asymptotics only at large values of
Q?. For spin-independent observables, the true small-z asymptotics is obtained by resum-
ming powers of agIn(1/z) (without any ordering of the transverse momenta): this is done
in the Balitsky-Fadin-Kuraev-Lipatov (BFKL) [19, 20], Balitsky-Kovchegov (BK) [21-24]
and Jalilian-Marian-Iancu-McLerran-Weigert-Leonidov-Kovner (JIMWLK) [25-28] evolu-
tion equations. For many spin-dependent observables, the leading small-z contribution
comes from resumming the powers of o, In?(1/z) [29-35] (such parameter does not exist in
the unpolarized evolution). This is the double-logarithmic approximation (DLA). In the
case of helicity, the resummation of agIn*(1/x) was addressed in [1-6, 36, 37]. Our aim
here is to resum powers of as In?(1/x) for Lyi4(z, Q?) and Lg(z, Q?), obtaining the leading
small-z asymptotics for these important quantities. To achieve this goal we will build upon
our prior experience with the gluon helicity at small x [1-6].

Below we will start by analyzing the quark OAM at small z in section 2. We will first
define the quark OAM operator using the quark Wigner distribution [38] in section 2.1
following [39-41]. We then employ the technique from [5, 6] to simplify the quark OAM
operator at small z in section 2.2. This leads to a relationship between L 4(z, @Q?) and the
fundamental polarized dipole amplitude [1], which is an expectation value of the polarized
fundamental dipole operator defined in [6]. While the quark helicity distribution was related



to the impact-parameter integrated fundamental polarized dipole amplitude [1], the quark
OAM is related to the first impact parameter moment of this amplitude, as defined in
egs. (2.32). Using the evolution equations constructed for the fundamental polarized dipole
amplitude in [1, 6], in section 2.3 we construct and solve the evolution equations for the first
impact parameter moment of the amplitude. The consequences of this solution for quark
OAM at small x are summarized in section 2.4, with the resulting small-x asymptotics of
quark OAM distribution given by eq. (2.50) (at large N, and in DLA).

The gluon OAM distribution is analyzed in section 3 following the same general strat-
egy. Using the gluon Wigner distribution the gluon OAM operator is constructed in sec-
tion 3.1. It is simplified at small = in section 3.2. The gluon OAM distribution, just like
the gluon helicity, is related to a different polarized gluon dipole operator defined in [5, 18].
Similar to the quark OAM case, the gluon OAM distribution is related to the first impact
parameter moment of the polarized gluon dipole amplitude (see eq. (3.28)). The evolution
equation for this moment is derived and solved in section 3.3. Evolution equations for gluon
helicity are a bit more involved than those for quark helicity [5]: the same applies to OAMs.
Finally, the solution is employed in section 3.4 to derive the small-z asymptotics (3.74) of
the gluon OAM distribution (in the DLA limit and at large N.).

The results of our analysis are concisely summarized in the equations (1) in the Ab-
stract above as well as in section 4.

2 Quark OAM

2.1 The quark OAM operator

We start with a generic (quark or gluon) OAM written in terms of the Wigner distribution
function W (p, b),

L_/&mww%mw
’ (2m)3

Our notation for the light-cone components of the 4-vectors is v+ = (v +£v?)/v/2, while the

(b x k). W(k,b). (2.1)

transverse vectors are defined as v = (v!,v?). We also denote b = (b—,b) and k = (k*, k).
To construct the quark OAM operator using eq. (2.1) we need the quark Wigner

function. We can extract the Wigner function from the unpolarized quark transverse-

momentum dependent (TMD) distribution (in a longitudinally polarized proton) [42]

1
(2m)?

with k™ = 2PT and U[0, 7] a Wilson line staple connecting points r and 0. At small-z and

. _ +
file ) = g [ Prdr T (PSLIEOUDN G 00)IPSD, s (22

in the A~ = 0 gauge we write this TMD (in the case of the semi-inclusive deep inelastic
scattering (SIDIS) future-pointing staple) as [6]

+ . —
i) = G 2 [ cdc dedem M6 <wa<5> Vel 00] |X) (;v)
X

Pt 1.1 1. 1. sms (5, 1,1
(271.)3 /d2 <§CL+§§L) d(ﬁg +§f ) wH <k7 §C+§£>

] <XV<[00,C_]W(C)>

(2.3)



Here the large angle brackets denote the averaging in the target (proton) wave function,
as is done in the saturation/color glass condensate (CGC) physics [43-49]. The averaging
is discussed in appendix A in more detail and is given by eq. (A.4) there. We also use the
following notation for the fundamental Wilson lines on the 2~ light cone,
b
Velb™,a"] = Pexp ig/dx_ ATzt =0,27,2)] . (2.4)

a

The second line in eq. (2.3) is the definition of the quark SIDIS Wigner distribution,
which we can use to obtain

o ] - 1 1 1
WSS (1 b) = 23 /d2rdr ek <¢a (b - 2r> VL, [b —37 oo} 1 X) <2v+>
X - B

(2.5)

Inserting this into eq. (2.1) yields

2

+ ) _
L@ = o Y [ o dvbcac ede M0 (<) <wa<§> Vele ool 1) (57°) B
X «

x (X[ Ve[oo, ¢7] z/JB(C)>-

(2.6)

(Note that the xz-integral from here on is assumed to run from 0 to 1.) We are particularly
interested in the quark OAM distribution, L,(z, Q%) = dL,(Q?)/dx, which can be easily
read from eq. (2.6),

+ . _
Lo @) = ooy 3 [ s dgas 0 (£ ) <wa<§> el 1%) (377) ﬁ
X o

x (X[ V[oo, (7] W(C)>-
(2.7)
2.2 Evaluation of the quark OAM operator at small =

We now need to simplify the expression (2.7) for the quark OAM distribution at small x.
Following the technique described in [6] (see eq. (10) there) we write

0 00
+ , +
Lq(x,QQ) — (22i)3 Z /koJ_ dQCdQ§ / dgf /df ezk-(cfé) <<2§ X k) <;F}/+> ,
q —00 0 “

% ($a(€) 1) (@l Veloo, —o0 ws(0)) +ec.. (2.8)




For (- < 0 and £~ > 0 one can write down the quark propagator through the shock wave
as [5, 6]

— _ K2 K3 .
. (¢) = / P Pl dky d’ky i =i R ik (O bk () g

SIERIE) 29
8 {|:2/{?1 ( H) 2]{3; Ba ky =ki ,k2=0,k2=0 ( ' )
such that
0 %)
Ly(z,Q%) = (22’;; /d% d?¢ d*¢ /dg* /dg* et (¢=8) (C;gxk>
—00 0

By dks B2k i iR e ik, (w0 tiky - (E-w) 1
d2 1 2k 2k = = U0(kETY) [ 24T
/ YT ozt 1 B 27),

X <Tvg'j[oo,—oo} {[;ﬂ [(Vi)jz} UZHW

As in [6], we are using the time-ordering sign T to delineate the amplitude from the complex

>+c.c. |
ky =ky ,k2=0,k2=0

(2.10)

conjugate amplitude, with the latter containing the anti-time ordering sign T. Integrating
over (~ and ¢~ and neglecting higher powers of x yields

Ly(z,Q%) = - (22i)+3 / A’k d*Cd*g e (D) <<2+5 8 k)

d?ky dky d?ky . 1
« / gty TRLARL Ry i )it g (ﬂ*)
af

(2m)%  (2m)?
x { TV 00, -] L} V)" L) +c.c..
¢ k2 w k2
1 *27 Ba |y =k k2=0,k2=0
(2.11)

Employing polarization sums we write

Lq(x,Q2) - _(221:;3 /kol d2¢ d%¢ o ik(¢—E) <C2+€ > k)

Py dky Phy g o o) . 1
X /d2w(2l7r)31(2ﬂ)22€k1 (O F ik €0 (k) Y~ By (ko) §’Y+%1(k¢1)

01,02

> +c.c..
ky =ki ,k?=0,k2=0

(2.12)

X <TVZj[oo,—oo] Vo, (K1) (VQT)JZ Vo, (K2)
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The polarized “Wilson line” is defined by [6]

[ «(p) (VT> Ve ( } =2v/p P oo (VT UVfOlT —i—) =2/p P b0 Vg(—a) + ...,
(2.13)

where ellipsis denote polarization-independent sub-eikonal terms, which are not important
for our calculation. Here we employ an abbreviated notation V, = V[oo, —oo]. We will
use the + > — interchanged Brodsky-Lepage (BL) spinors [50], which we will also refer to
as the anti-BL spinors [6, 51]:

1 1

ue(p) = —===[V2p +m"+7° 1-pl p(0), e (p) = ——==[V2p~—m~"+7* y-p| p(~0),
V2p- o V2P o
(2.14)
p2+m2
where pt = (7217* ,p‘,g) and
1 0
1 0 1 1
oy = | Dl =5 | (2.15)
0 1
Using these spinors with massless quarks we get
1 1 ks - k o1 (ky X k
Vs, (k2) (by k) Fi01(ky X by) (2.16)

+ _
57 Voy (kl) = 750201
2 2 \ K1 ks

Performing the sum over 0,09 in eq. (2.12) with the help of egs. (2.13) and (2.16) we
arrive at

Ly(e.Q?) = — s [ PrLdc gD (C‘;‘C xk)

(@)
2 - 2
X/ded kydky d7ky etk (w—C)Fiky (§—w) G(k: ) 1
Gnf (2n)? 2R

X <51 kyTtr [VQVQ —iky X ky Ttr [V£V£°1T]> Ffee.  (2.17)

Next we integrate over k; and k,. This yields

Ly(z, Q%) = — ar /dz/ﬁ_ ¢ d*€ dPw e (D) <C+€ )
¢—

2n)
C—w  {~w
{|< o e (T [V ) i

dky
2m

\s O\g

(&L <T tr [VQ VHPO”] > }+c.c. .

w? " JE—wf?
(2.18)
Adding the complex conjugate we obtain
oy 4P 2 26 26 dPup e~k (€ <+£)Oodk’1_
Lo(2, Q) = (555 /dk d2¢ d*€ dPw 77< ko/ -
Jw S <Ttr [V VT}+Ttr [V v, ]> fw  Sw <Ttr {V VPO”]@tr [VPOl VT]>
[C—wP e : 2 e/ P " JeuP e w el
(2.19)



In the second term of each angle brackets we replace k — —k and interchange ¢ < &:

Ly(x, Q%) = i /ko d?¢ d*¢ dPw e (E9) <<+5 k) dky

(2m)5 2 T ) 21
X { éjj”é—fp (T [Vevi]-Te v V] )- llf ;”Pxé 5‘2 (T [Ve vt ]+ T e [V£°1V£]>}.

(2.20)

Employing the reflection symmetry with respect to the final-state cut, or, equivalently
using egs. (22) from [6] we conclude that (cf. eq. (24) in [6])

(T [Vevih] = Tor [V V) = (o [vevid]| = o [Viva]) =0, (2.21)

where the last step employed the same reflection symmetry, which has been verified up to
NLO in the unpolarized small-z evolution [52]. We are thus left with

oy 4P%i 2L 2 20 2 ik (C— g)<<+§ )Oodkl_
Lyl @) = s /d ko d2C &2 dPwe = xn) [ (2.22)
0

[ (—w E—w
X — X —
I —w? [ —wf?

} (Tr [Vevge't] 4+ Tor (Ve v ).
For the flavor-singlet case we need to add the antiquark contribution. This yields

o0
+ _
Lq+z?(xaQ2) APt /ko d2§d2§d2 —ik({—§) (C 5 k:) dk;
0

(2m)° 2 - 27
g_w é_ﬂ ol]L ol 1,1 T ol vt T ol t
(2.23)
Using the definition of the polarized dipole amplitude [6]
kT Pt
Gug(z8) = Lo Re (Tor [V VP | + T [V v ) (2.24)

c

with zs = 2k] P" and inserting proper limits of the k] integration we rewrite the contri-
bution of eq. (2.23) as (see [6] for details)

Q?/(zs)~1

Loval Q%) = gy [ ks il e 469 (Cka) [ o)

A2/s
(2.25)

Here s ~ Q?/x is the center-of-mass energy squared for the polarized dipole-target system,
z is the minus momentum fraction of the dipole momentum carried by the soft quark or
anti-quark line, and A is the infrared (IR) cutoff.



The expression (2.25) can be integrated over &:

Lo Q) = s [ o Cwe o) / ® |omi oty (S5 - o k| Guglon)

A2/s

If we replace w — x; and ¢ — xz(, and use the integration variables x,, = z; — z and
Z, then eq. (2.26) can be rewritten as

1
8N, k
Lyq(z,Q%) = /dQlﬂ d?x19 d?xy e Tio *%OX? z ¥k / —Gm (28) Z [A¢ (x, Q) +AF (z,Q?))],
!

(2m) x7y k
A2/s
(2.27)
where we have summed over flavors and, for each flavor,
(0, Q%) + A 0,Q7) = [ o g (0, 1) (225)
with the flavor-singlet SIDIS quark helicity TMD at small x [6]
SN, [ dz ¢ K
S 2 ¢ 2 12 —ik-((—w) / 2 LWk
k d“¢d 4 — == Gy . 2.2
sl k) = e [ e S Cuglen). (229)
A2/s -
In arriving at (2.27) we have used the fact that, for fixed z,, the z;-integral
/del G1o(zs) = G(23y, 25) (2.30)
is a function of 23 only. (In our notation z;; = z; — z; and x;; = |z; — x| for any i,7.)

At this point it may be tempting to conclude that since the small-x/large-zs asymp-
totics of quark helicity distribution Ag/(x, Q?) and G(z%,, zs) were derived in [2, 4], then
the small-z asymptotics of the quark OAM distribution L, 4(x, Q?) follows straightfor-
wardly from eq. (2.27). This is almost correct, with one caveat: in [2, 4] we found the
asymptotics of G (27, zs), as defined in eq. (2.30), that is, of Gio(zs) integrated over all
impact parameters, since this is what AX(z, Q?) depends on. In eq. (2.27), in the first term
on its right-hand side, we need a different object: we need the “first moment” of G1o(zs)
in the impact parameter (z;) space,

/d2x1 a¥ Gio(zs). (2.31)

Here the index k = 1,2. Our next step is to determine the small-x /large-zs asymptotics of
the “moment” in eq. (2.31).



2.3 Evolution equations for quark OAM and their solution

Define

I*(210, 25) = /d2x1 2N Gio(zs), (2.32a)
JH (210, 75, 28) = /dzﬂ?l 2V T10.21(25). (2.32Db)

The evolution for these new objects in the large-N. DLA approximation can be found
from eqgs. (80) and (82) of [1] for the polarized dipole amplitude G1p(z) and an auxiliary
function, the polarized neighbor dipole amplitude I'ig21(2") [1, 6] (with the S-matrix for
the unpolarized dipole amplitude taken to be S =1 in those equations):

os N, [ dz [ d*x 1
Glo(ZS)ZGg(()J) (ZS)+ 3 — / 3 2 9(5(}10—1‘21) 0 x%l—f [F10’21(2/S>+3 Ggl(z's)] R
27 2 5 Z's

(2.33a)

’

s N, dz" [ d? , 1
F10,21(z’5)=G§%)(z’5)+a2T / i/ 23639 (mln{x%o,xglz’/z”}—xgg) [ (x%z—)

" "
z T35 2"s

min{Az,%}/s

10

x [[10,32(2"5)+3 G32(2"s)] . (2.33b)

Multiplying both sides by z¥ and integrating over z; while keeping z,, fixed we get
ymng 1 10

z

o N, dz [ dx 1
Ik@loazs)zl(o)k@mazs)"‘ B 26 7,/ 2219(9710_3721)9<$§1_,) Jk(ﬁloaxglaz/s)v
T z 51 Z's
0

x
1
s
(2.34a)
N " dz" d2
Q. z €32
Jk@loaxgpZ/S)ZI(O)k@maZ/S)_'— 29”20 / 7/ 35
min 1%/
{Az"”%O }/
. 1
x 0 (min {27, 23,2 /2" } —a3,) 0 (m§22”5> TH (219, 739,2"5). (2.34Db)

In arriving at eqs. (2.34) we have neglected terms like I¥(zy,, 2's), which are zero after the
angular integration over the directions of z;.

The inhomogeneous terms in egs. (2.34) are
I(O)k(glo, z8) = /d2x1 x’f Gg%)(zs), (2.35)

where, again, the integration is performed with fixed z,,. The Born-level initial conditions
for the polarized dipole amplitude are (see eq. (13a) in [3], which assumes the polarized



target to be a single quark at the origin 0 in the transverse plane)

a2Cp [C
Gg%)(zs) = 2NCF [é — 216%(zy) ln(zsxfo)} . (2.36)

Using eq. (2.36) in eq. (2.35) while assuming that the z;-integral is regulated in the IR by
an upper cutoff on the magnitude of z; yields

2
Tk )= [ d*z 2% 6 L zp ) & Cr Cr _ 216% (1) In(zsa?y) | = 0. (2.37)
L1g, 2S €1 Ty A 1 ON 72 L1 10
c 1

With the zero inhomogeneous terms, egs. (2.34) have a trivial solution:
I*(zy9,28) =0,  J*(z49, 23, 25) = 0. (2.38)

However, this conclusion changes for a slight variation of the IR regularization in eq. (2.37).
For instance, using 6 [+ — (21 + z)/2] gives a non-zero result,

1 z4+z\ 2Cr [Cp a2 C?
I(O)k(iﬂloazs):/d2$1$’f9<A— 12 0) ;Nc [351 —278%(zy) In(zsz,) | = S4NCF$If0~

(2.39)

Therefore, we will proceed assuming that the inhomogeneous term (0% (219, 2s) is not
zero. As we will shortly see, the leading small-z asymptotics of Lq4(z, Q?) is independent
of whether I(O*(z . zs) is zero or not.

Using the fact that neither the initial condition (2.35) nor the evolution equations (2.33)
contain a two-dimensional Levi-Civita symbol €7, we can write, without any loss of gener-
ality,

]k@lo, zs) = xlfo I(xly, 25), (2.40a)
Jk@ma 33317 zs) = x]fo J(fC%Oa 33%17 zs). (2.40b)

Substituting egs. (2.40) into egs. (2.34) yields

S]\7
I(x%), 25) = 70 )(azlo,zs a / d=! / d%l J(x3, 31, 2's), (2.41a)

N. d I min{z%,,73, (2 //Z”)}d
J(ady, 23y, 2's) = 1O (23, 2's) + as c x32 J(

531079532»»2 5)
3532

N
N
»

(2.41D)

Inspired by eq. (2.39) and by the prior experience [2, 4, 5], which demonstrated indepen-
dence of small-x asymptotics on the inhomogeneous term for helicity distributions, let us
assume that 10 (22, zs) = I(0)(22,). In this case, defining

I(ac%o, zs)

I(z1y, 25) I (@0, 231, 2's)
10 ()’

10@2,) (2.42)

j($%07zs) = j(x%Oamglvzls) =

,10,



we reduce egs. (2.41) to

z
- asN, dz' dx
I(x%()a zs) =1+ ;Wc / — x;ll J(mlo,xgl, 2's), (2.43a)
(1721 S Z
10
N 2! Js min{z3,,23; (2 //Z")}d
j(x%(b x%l? Z/S) =1+ % / % x32 J(xlo, LL‘32, z S) (243b)
& z 3
1 1

These equations are solved in appendix B (with I = G5 and J = I's there, and with
the § = +1 case of the solution in appendix B being of interest to us here). The resulting
leading high-energy contribution is (cf. eq. (B.15))

72 L (2 EAL ln(zsxfo))
1 = . 2.44
(10, 2) e | ) (2.44)
57 In(zsy))

We conclude that, for zsx%o > 1,

I (2 O‘g—fc ln(zsmfo)) =
I(ay,2) = I (afy, 2) ~ (zs22)V (2.45)

aslle n(zs22))

2.4 Quark OAM distribution at small x
Employing egs. (2.32a) and (2.40a) in eq. (2.27) we rewrite the quark OAM distribution as

1
2 8N, 2 2 by, (Z1oXk)? 2 _ 2
1q(7, Q%) = 2y d°ky d”x1g e"=H10 71110 2 ?I(mm»zs) Zf:[Aqf(ny )+AG (2, Q%))

A2/s

(2.46)

Equation (2.45) allows us to conclude that the first term on the right-hand side of eq. (2.46)
has the following small-x asymptotics:

asNe

N 2 1 2 2m
(2 ) / koJ_ d2 ZE'QIO M / dZZ I('r10728) <> . (247)
T

zio k? z
A2/s

At the same time, the small-z asymptotics of the quark helicity distribution was found
in [2, 4] to be

(z,Q?) = Z[Aqf(x,QQ) + A (2,07 ~ <1>ag _ (1)43 e N (1)231\/@

7 T X

(2.48)

— 11 —



in the same DLA limit. Since 4/v/3 > 2, we conclude that at small-z the second term on
the right-hand side of eq. (2.46) dominates. Dropping the first term we arrive at

Lyra(e,.Q) = =Y |Ad (2,Q%) + Ad! (2,Q%)] = ~A3(z, Q?). (2.49)
f

This result is in agreement with eq. (40) of [16], if we assume that ¢ = O(y/a;;) < 1 in it.
Note, however, that the results in section IV of [16] (including eq. (40) there) were derived
under the assumption that |[AG| > |AX]| at small x, which is the opposite of what was
found at DLA in [2, 4, 5].

The small-z asymptotics of the quark OAM easily follows from eqs. (2.49) and (2.48).
We conclude that

as Ne¢

Lyiq(z, Q%) = =A% (2, Q%) ~ (1> s (2.50)

T

at small = and in the large- N, limit (assuming gluon dominance in the latter). Note that
the net small-x quark contribution to the proton spin is

S AS(E, Q) + Lyrg(w, Q) = —3 ANz, Q) (2.51)

and is, therefore, non-zero.

3 Gluon OAM

3.1 The gluon OAM operator

Now we turn our attention to the gluon OAM distribution. First we need to construct the
corresponding operator, and simplify it at small . Again we begin with the definition of
the OAM in terms of the Wigner function given in eq. (2.1). We need to obtain the gluon
Wigner distribution.

Similar to the quark case, to construct the gluon Wigner function we first consider the
unpolarized dipole gluon TMD in a longitudinally polarized proton [49, 53],

i 2 A€~ d°€ opre_in i i -
e ) = o [ g e P Sy [P OU 0, G UE O] P, Su)er,
(3.1)

where the future- and past-pointing Wilson line staples are U[*[0, £] = V[0~ +o0] Ve[+00,£7]
and U[g,0] = Vel€™, —00] Vg[—00,07] in A™ = 0 gauge. To extract the gluon Wigner
distribution we employ the CGC averaging in eq. (A.2) to write

Giny g2y = 2L / 4™ € db™ P, Pt € (o [FH U, b P e b 1) )

BEICLE

Pt 1 1 . 1
= /d2 (bl+2§L> d(b +5¢ ) W& die (k:,b+2£>.

(3.2)

— 12 —



(The factor of P is to ensure that the gluon PDF is per dz, not dk*.) We read off the
unpolarized gluon dipole Wigner distribution

WG dip(k’ b) _ dé-— d2§l€irp+ & —ik-§

z Pt

i(p Lo\ |y te g L i(pleN -0 (pte L
><<tr [F+ <b 25)24* b 25,b+2$ Ft b+2£ U b+2£,b 25 .
(3.3)

Using it in (2.1) we arrive at the gluon dipole OAM definition

4
(2m)3
- 1 1 1 : 1 1 1
+i (g T [+ 5= - —+i - -] - -
X <tr [F (b 2§> u [b 2§,b+2£] F (b+2§> U [b—l—zf,b 25” >
In appendix C we show that this definition of gluon OAM is consistent with the standard
Jaffe-Manohar gluon OAM definition [7].

Just like for quark OAM, we are interested in the gluon OAM distribution Lg(x, Q%) =
dLc(Q?)/dx, which is given by

d , iy
La(Q%) = /d2b¢db &’k g de™ d*¢, (bxk) P& —ikE (3.4)

4
(2m)3 x

x <tr [F” (b—;§> Ul [b—;g,b+;§] P <b+;§> Ul {b%&b—iﬁ” > :

The presence of €/ in b x k of eq. (3.5) demands that there has to be another €7 in

La(z, Q%) = / d2b db~ dPk, de~ d?€, (bxk) P € kg (3.5)

the angle brackets (...), thus eliminating the contributions of the standard (unpolarized)
BFKL/BK/JIMWLK evolution. This is similar to the case of gluon helicity [5].
3.2 Evaluation of the gluon OAM operator at small x

Our next steps are to simplify the gluon OAM operator definition (3.4) along the lines
of [5, 18] and evolve it to small z. In A~ = 0 gauge eq. (3.5) becomes

4
(2m)3 x

+ . o
Lo, Q?) = [ e s ac i, s <<25 xk) P (€ )0

(3.6)

x (tr [Ve[=00, (TN FTH(Q) Ve[, +oo] Vel+00, €T FH(€) Vele ™, —o0] | )
where we have also changed variables from b F %5 — (€.

For the unpolarized gluon distribution, it is sufficient to replace the field-strength
tensors by their eikonal approximations, F* ~ —9{ AT: however, in eq. (3.6) this would
give zero since the eikonal approximation contains no €/ needed to obtain a non-zero result.
Hence we need to look for a sub-eikonal gluon field which (for mass-independent terms)
depends on the polarization of the target proton, which would bring another €¢¥/. Proton
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polarization dependence enters through the sub-eikonal gluon field A* with i = 1,2. The
situation is similar to the case of gluon helicity at small z [5]. We expand the product
of field-strength tensors to the first non-vanishing sub-eikonal order, that is, to the linear
order in A’, getting

FH(Q)- - FH(§) = (0 AL(Q-0" A% (Q)=ig [A*(Q), ALQ)])- (9" AL(©) -0 AT (&) ~ig[A* (&) , AL(€)])

o (29 ai (OV—iatat (). At (o). [ 9 o (940 () —ia At AT
~ (A0 47(0) . 41(0)) (a@”(@)*(ac{‘“(@ (seai©-isla©. 41@).
(3.7)

We next convert the sub-eikonal part of the field-strength tensor F'+%(¢) into a total deriv-

ative,

Veloe, ] o= AL(O-iglA(0) AL Vele 4ol = 50 (Vo0 ¢ TTALIOVELE sl
(3.8)

which, after integration by parts, acts on the Fourier factor and generates a net factor of
+iz P on the right of eq. (3.6). Analogously, the sub-eikonal part of the F7(¢) field-
strength tensor gives a net factor of —izP™ and the operator Ai(g). After taking these
derivatives, we set ¢F"(€7=¢7) ~ 1 in eq. (3.6) (thus neglecting higher powers of = < 1).
We arrive at

La(z, Q) :?25 ; [ e s ac e <C2+£Xk> ik (E0)

x{ <tr {VC[_OQC—}Ai(C)VC[g—,+oo]V5[+oo,£_} <5§1 A+(5)> Vel€, —OO}]>

<” [Vdo‘)’“ <a§i A+<<>) Vel¢, ool Velroo, €A ) Vel ™, oo]} > }

(3.9)
Further, writing

o VAT ) i 0

[ ¢ Vi) (GEATO) VIC ) = S Vil (a0)
yields

4P+ ¢+¢ ik

Le(z, Q%) ~gn)? /d2£J_ d*¢, d’k, (2 ><k‘> e~k (-0 (3.11)
Y { (er| [ a6 vido0, 61 40 Ve +oc] g Vebow, —odl| )
> > agi S

o (or | g Vel +oc] [ de Veltoo, €] 4°6) Ve =) }
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Integrating by parts we obtain

4Pt )
g (2m)? /dQEL d*Cy kg e B ETY)

x{z‘k:i <C42rka> <tr Udg—vg[—oo,C‘]Ai(C)Vc[C?+00]V£[+°°’_Oo]}>

LG(‘Tv QZ) -

it (55k) (o [eloo, ol [ e vros. A OUlE ~ocl] )

_%Eij 1 <tr [V [_oo’+oo]/d§_ v§[+oo,£‘]Ai(€)V?;[£‘,—OO]D }

(3.12)
Define the polarized Wilson line [5, 18]
+oo
V2= [ dem Valroo, 7] (ig P AL () Valo™, ]
7
=5 / da™ Vy[+oo,27] (ig A’ (2)) Valz™, —o0]. (3.13)

One may call it the polarized Wilson line of the second kind to stress its difference from
a similar, but distinct, object defined for quark helicity and OAM (see also [6]). With the
help of eq. (3.13) we write

4
g2 (2m)

oo (S (oo o) (S35 oo sl )

La(e, Q%) / 26, A2, Pk, dw e EED

5 o[ ooy 8 (s ciogi]) |
(3.14)

Swapping ¢ <+ § in the second and fourth terms in the curly brackets along with replacing
k — —k for those terms we get

4 ik (6—
LG(ﬂﬁaQQ) = _gz (2ﬂ)3 /d2§i. dQCJ_ dz/u dz e k- (€=¢)

{k (%E) (e [V Velrhoo, —oc]] )+ (Cgifk) (tr [Ve[~o0, 400l 21 ])

+% €9 kI <tr [(V;OIT)1V§[+OO7 fooﬂ >+% €9 kI <tr [Vg[foo, +oo](V£p°1)i]> }
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Defining another polarized dipole-like operator [5]

Lo(2s8) = 211\7(: <tr [VQ(Vfou)ﬂ + c.c.> (zs) (3.16)

and employing a more conventional (at small z) notation we rewrite eq. (3.15) as

La(z, Q%) = ~E@n? /d2x1 d?xo d*k e [k (ka>+267k7} 1 <zs = Q) :

2 x
(3.17)
Comparing this with the dipole gluon helicity TMD at small z [5]
Gdi —8i N, ik-x i ij Q2
g1 Pz, k) = Z2n)? /d2x1 dPxg et | 0 G <zs = a:) (3.18)
we recast eq. (3.17) as
8N ik i [ L1TE i Q*\ 1
La(x, Q%) = ~E /d%l d?xo d*ky eETo kg (120><k> " <zs = x>2AG(x,Q2),
(3.19)
where
AG(z, Q%) = / Py gCP (o, k2). (3.20)

Next, write k' = —i V%, , and integrate by parts. This yields

8N,
g% (2m)3

Lo(z,Q%) = — /d2m1 d*xo d?k) et {% ek G+ <$ XE) iV;lGio] D) AG(z,Q%),

(3.21)

where we suppress the argument of G, for brevity. Using eq. (3.18) again we arrive at

8N ik, (L1 i i
La(z, Q%) = — 7 @n) /d2331 d*zo d’k e oo (120 X k:) Vi, Gio — AG(2, Q).
(3.22)

Taking the Born-level G, from eq. (92) of [5] calculated for a single polarized quark
target at 0,

_agCF ij (z; — by |z, — b

i (0) _
o (=) = == o Myl

(3.23)

we get Vi G = 0. From eq. (3.22) we sce that at this Born level Lg(z, Q%) = —AG(z, Q?),
in agreement with eq. (50) of [18] (after the latter is corrected by a factor of 2, as clarified
in footnote 7 of [16]). This result appears to be similar to the parton model argument in
appendix B of [18]. As we will see below, the Born level Lg(z, Q%) = —AG(x, Q?) relation
does not appear to survive the DLA evolution.
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In the quark OAM case worked out above we learned that it is easier to work with
the polarized dipole amplitude weighed by the position of the polarized quark z; and then
integrated over all z;, as opposed to using other weight factors (e.g. zy or (z; +z,)/2 as in
eq. (3.22)). To obtain the gluon OAM in terms of z1-weighed polarized dipole amplitude,
start with eq. (3.19) and write %2% =z, — %gm along with replacing d’x; d?zo —
d?z, d?x19. Then further replacing z;, — —¢V; and integrating over k by parts one
arrives at

SNC ik i ; Q2
T2 2n)? /del w1 d’ky e®T0 k' (z) x k) G <ZS = m) . (3.24)

This appears to be the most compact expression for the gluon OAM at small x. It also

LG($a QQ) =

suggests that in the polarized dipole 01 the two transverse coordinates do not enter on
equal footing: this is indeed natural, since in eq. (3.16) line 1 is polarized, while line 0
is not.

Further, we replace k! — —z'VilO, and, integrating by parts obtain

2 8iNe 2, 12 2, ik i i Q°
Lg(z, Q%) = — @) d°zy d*xigdky €0 (2 x k) Vi Gip | 28 = - ) (3.25)
Consider a general decomposition
/d2x1 yc]l Vi Gio(zs) = at{o Gy, 28) + %aky G522, 25). (3.26)

Note that the x; integration should be understood as keeping z,, fixed, that is, z, =
2, — x1q. Since G, contains exactly one €% (see its evolution equations (3.33) below along
with the initial conditions (3.23) or (D.1)), we conclude that G4 = 0 in the DLA and,
therefore,

/d21:1 x{ Vﬁo G’io(zs) = ejkaz’fo G5(3:%0, z8) (3.27)
or, equivalently,
) ejkm'fo ) o
G5($10,Z$) = x2 /d T1 x{ vllo Gzlo(zs) (328)
10

The gluon OAM becomes

8iN,

ik-x Q2
La(z,Q%) = ~ ) /d2x10 d*ky e (k- z,0) G (1}%0,28 =—. (3.29)

x
For comparison, the dipole gluon helicity TMD is (see eq. (3.18))

8iN,

G dip 2
9 z, k1) =
1L ( T) 92 (27_[_)3

T

) 2
/d2a:10 e (k. z,,) Go <a:%0,zs = Q) , (3.30)
where

/ d*ry Gy = ]y Galady), (3.31)
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such that

2 Ejkxlfo 2 J
10

Similar to the quark helicity case, while the evolution equations for Gi,(zs) were con-
structed in [5], their solution was found only for the impact parameter-integrated quantity
G2. Hence no solution for G%,(zs) exists which would allow us to simply use eq. (3.28)
to find (G5. Instead we need a relation between (G5 and GG5. To obtain it we need to con-
struct a DLA evolution equation for Gy (2%, zs) first. Our next step is to use the evolution
equations for Gi,(zs) derived in [5] to obtain the evolution equations for G5(z%, zs) us-
ing eq. (3.28). Note that, as pointed out above, at Born level Lg = —AG, and, hence,
Géo) = Ggo), which can also be verified independently by an explicit calculation.

3.3 Evolution equations for gluon OAM and their solution

Start with eqs. (96) of [5],

i i OfSNC i le 1 6 x en
Gio(zs) = Gl(()o)(zs)+72 / — /d2x2 In A a2 2L 150" 51 (2'8)+Ga1 (2s)]
27 z T35, T35,

z .. .
asN. [ d7 1 €9l on on
- o /d2$2 In 20 [F§O721(z's)+f‘§l720(2'5)}

272 A x2, A2 2%,
asN. / dz [ d®z 1 ; ;
+ 2371_20 7/ x2 20 (31%0—17%1) 0 (x%l—%> |: llz(ZlS)—F'io’Ql(Z/S)} 5 (333&)
21
1
2

’
z

i i GfSNC dZ” 1 6 -CU en
F10,21(2/3) :Gléo)(2l8)+ o2 o /d2$3 In —— 33%11\ 1%131 [Fgo 31(2 3)+G31(3 5)]
A2

s

C\isN 6'7:1/' en en
— / z3 In 22 A2 2 - [Fgo,:ﬂ(z 8)+T51" 50(2 "s)]
31 30

s N, i dz" [ d*z . Z 1 i i
+ 2 / £313 (mln {ﬁov 31 ?] *"Egl) 0 (mglfﬁ) [ 13(2”3)—1"10731(2’”3)} ,
mlos
(3.33b)
with

F%Snm(z's) = 0(x20 — z21) F20721(2’/S) + 0(w21 — w20) Goo(2's). (3.34)
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Employing eq. (3.28) we write for the first equation

1 €9 mj
Vi /d2m2d2x1xlf In—5— 22 [
3 A2 a5,

1 km
dz € 9510

22 2
Az

s

Gs(x3, 28) = Gg)) (z3,, zs)+

D51 () + G ()]
10

z .
! km,.m 1j od
as N dz" e T10 —i 2 2 k 1 e N en ’ en
- — Vi [ d°zod®xy2f In —— 5o (2/8)+T5" 50 (2'5)
2 7 2 10 2 147 22 A2 .2 20,21 21,20
27 A x5 A% x5
A2

s

N, ; d ! _km,.m . d2 1 . .
el £ VLIO/ ;29 (‘T%O_J;%I) 0 <‘T%1_%) d%l wlf [GZ12(Z/5)_FL10 21(2/5)} .
T ,

2 / 2
2 z z1 51

72 o
7S

(3.35)

We stress that the z; integration should be understood as keeping x, fixed. In the last
term in eq. (3.35) we replace d’zo — d?z91. We also note that the operator Vi, should not
act on the first #-function, since this would lead to a non-DLA term. We thus arrive at

N o km ) 1 J
Gs (%), 25) = G (22, 25) as / llOV /dzm T p—— A2 < ;21 [P%an(zls)-l-GQl(le)}

asN, dz’ ekmgm 1 gl
- — po 10V /d2x2 d?zy 2f In ——— N 20 [Fggnm(z's)JrI‘gl 90(7 s)}
9 20

272 z
A2

o« N dz dax?
. / 21]-—\5 x107xglvz/5)’

1 1/(z's)

(3.36)

where

ka

Ds(x2y, 23, 2's) = wV /d2a:1 ¥ T8 5 (2's). (3.37)
) ’

To simplify the remaining terms on the right of eq. (3.36) we replace d?zsd?z; —
d?x91 d*x9. In section 2.3 we have shown that

asNe asNe

/ APy T (s) ~ (s)°V 5 / dPay o Goy(2's) ~ (2/s)°V 5, (3.38)

as follows from egs. (2.32a), (2.40a) and (2.45). For small-z asymptotics of quark OAM
considered above this behavior was found to be subleading. Below we will proceed assuming
that the expressions in eq. (3.38) are also subleading here, and neglect these expressions
when evaluating the terms on the right of eq. (3.36) containing F%Srjm, Go1 and I’%i%o.
This approach will be justified by the fact that the term that would be left in the end of
the calculation would scale with a higher power of energy than the terms in eq. (3.38).
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Neglecting the terms in eq. (3.38) we write

ek

mx% v /d2$2 d2$1 x]f In L e’ m%l |:Fgen (Z/S) + GQl(Z/S)]
%o a5 A% w3y 20,21
km ij .
i 1 Yz
= x 10v /d2x21 d2x2 (_‘,I;]ch) In m 721 |:F§Sr:21(zls) -+ GQl(Z/S)]
10 21 21

km m ij .J
_ xlﬂv a2 kY 1 eMay reen (2 a2 G(22. o
= w21 (—75;) 2 A2 g2 (230,21, 2'8) + G(251,25)
3, 3 21
ij
_ 2 Ly X Ty 1 e 5521 i en/ 2 2
= /d o1 2 In 3 A2 V Org (.1‘20,1‘21,28) (339)
10 Lo 1’21

In the last step we have noticed that the G-term does not depend on x1y and thus vanishes
after differentiation. Note that

Pgen(afgo’x%laz’s) = /d T2 on 21( s) (3.40)

where z9; and x5, are kept fixed during the integration.
The second (after the inhomogeneous) term on the right of eq. (3.36) is proportional to

ij
1 €Yy

km .m
€ xlOV d2 d2 kl Fgen ( / >+Fgen ( / )
T A"T1 Xq HTAQT 20,21 21,207 8
1’10 L31 T30

ekmgm 1 gl N 0
= 22 Olov /d2x21 d*z; (_37]51)1 % A2 x% 2 [F%g 21(2/5)+F§§ 20(2/3)}
1 1 0
km$% 2 1 e JUQO en(, 2 2 I en(. 2 2 _J
-— /d To1 (—xh)) N3 Vi {Fg (250, T3y, 2'8)+TEM (a5, 250, 2 5)} =0
10 21 230
(3.41)
since
e’ ‘Tgo 1o [Fgen($§0: w31, 2's) + T8 (a3, 23, 2,5)] ~ e 33%0 o = 0. (3.42)
We again discarded the terms in eq. (3.38) as subleading.
Substituting egs. (3.39) and (3.41) into eq. (3.36) we arrive at
N, [dZ 1 €l _.
GS(*T%OVZS) :Géo)(x%m a / - /d2 mlOXIﬂ In A ‘ me vzlorgen(xgo’m%bz/s)
3 21
N. [ d I%O da3
« z X
5 [ T ] st
21 1/(2's)
I’lOS
(3.43)

which is an equation containing two unknowns (G, I's) and a known function ['#** (23, x3;,
’s). This is also similar to the gluon helicity evolution case [5]. Again the I'8*" (23, 23,, 2’s)
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term contains an extra Ins in the initial conditions, which makes up for the leading-
logarithmic (and not DLA) structure of the kernel acting on it in eq. (3.43) by providing
one missing logarithm of energy.

Note that [2, 4]

4 a‘, NC
e (230, 031, 2's) ~ (2's) V3 V (3.44)

and is dominant at high energy compared to the terms in eq. (3.38), justifying us neglecting
the latter.
A set of steps similar to those needed to arrive at eq. (3.43) when applied to eq. (3.33b)

gives

z .

" %7 el

2 2 .y _ 0 2 asNe [ dz 2. ZL10XZ31 L €3 o rgeng2 2

U'5(210, 721, 2'5) = Gy (¥19, 28)+ o2 o d” 31 22 In 2 A2 42 Vio I8 (230, 231, 2"'s)
31

2 10 31
s
X ’
o min [z%o L3, Zz,,]
asN. dz' df”31 2 .2
- 271_ / Z// / F5($10,$31,Z S)'
= i
CL‘lOS

(3.45)

We thus have the following coupled system of equations:

ij d
2 _ ~(0) @sN dz 2 1’10><5521 I e 1321 i Tgen
G5(r1g, 25) = Gy (3710,28 d°x In ) Viol® (3720»9521,Z$)
x? 2. A2 22
10 21 21

asN

dz da?
2 2
F5 xlo,le, Z's),

1/(2's)

" ij .
2 2 gy 0 2 asNe [ dz 2 Z10XT3zy L eYas i rgeng 2 2
Is(x1g, 25, 2's) = Gy ' (x7g, 25)+ 92 — | d°z3 5 In — 22 Vio e (a5, 251, 2" s)
m z 10 31 231

’
min [Jcm ,x21 ,,]

asN dz" d:}:31 .
/ I‘5(x10,x31, 2"s).
$31

(3.46a)

Equations (3.46) have the same structure as the equations for Gy and I's, see egs. (98)
in [5],

2
z Tig
asN, 1 al 1 asN, dz' dax?
Go(z2,28) = — [ —=—Go | (2zs2%,)"" In == / —/ 2L o (22,, 22,2 s),
2( 10 ) ( q 0 ( 10) ‘/E%OAQ or J o 3351 2( 100 21> )

3Ty

Ts
zi0s z's

(3.47a)
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N, 1 al 1
Ty(z3y, 75,,2's) = — (as G0> (#'sa3)™" In 45— (3.47b)

3r of 22 A2

. 2 2 2!
min [mm » To1 277 }

Z/
as N, dz" dmgl
— To(2?,, 22,,2"s
21 / 2 $31 ( 10> 31> )
1 1
23ys s
where
gk .k .
2 2 1N _ € Typ 2 J /
Ia(27g, 251, 2's) = 2 d°w1 17 91 (2'8). (3.48)
10

In fact, the only difference between (3.46) and (3.47) is due to the inhomogeneous
terms. In order to compare the two sets of equations, we have to compare their inhomo-
geneous terms. To do this, we can employ the exact solution of the impact parameter-
integrated quark helicity equations (2.33) found in [4],

G(x}y, 28) = %Go (25 23) % (3.492)

0
NG

1 2
[ (o, 731, 25) = 5Go (zs23,)% 4(?) -3, (3.49D)
21

where, as in the above, the “quark helicity intercept” is given by

4 as N, ag N,
! = — /=~ 231 —. .
% V3 2 3 s (3.50)

Gy is the inhomogeneous term in the impact parameter-integrated version of egs. (2.33),

assumed for simplicity to be constant in [4], and

[(%y, 251, 2's) :/d2$2 Tig,21(2's). (3.51)

After a straightforward differentiation we arrive at the following expression for the
second inhomogeneous term in (3.46):

N, [ d 1
ozs / - / 21 10 xx21 In ($21)LV o T80 (22, 23, 2's) (3.52)
a3 A2 a3
N, ,Go [d
o QslVc 0 z 2 q 1
=2 aj, 3 /z’ (2'sz19) ™ K (33%0/\2> ; (3.53)
A2

where we have defined

q ”‘Z q
1 (210X 201 )? 1 w3\ (23, 130\ "
K (7) = /d2w21 1072210 1y 9(1‘207&321) =2 =20 +9(l‘217$20) —20
oipA? Tl w5 73y w5 A2 ) 73 )
(3.54)
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The integral in eq. (3.54) is IR-divergent. If we cut it off by 1/A in the IR, and put af =0
in it (thus neglecting higher powers of ag not enhanced by large logarithms of energy),

1 T 1
K ~ = In? 3.55
<x10A2> 4 ! <$10A2) ( )

A more careful evaluation of eq. (3.54), neglecting az only compared to order-one constants,

we get

yields
q
1 T 1 ™ 1 “h 1
K ~—(1-1In + —1—alln——— 3.56
<$10A2> 2 ( 3310A2> (O‘Z)Q <$10A2> g x%OAQ ( )
The evolution equations for G5 and I's become
asN. G 1 o ozsN dx?
GS(I%O»ZS) = Géo)(«T%OvZS)"' 2 ?OK (z10A2> (ZSQU%O) / 21F5 35107-’3217'3 s),
z21 - 1/(z s)
/ asN. G 1 ol
sty 3 #5) = G0 (a3, )+ 23 ?0 (xw 1) sty
- / o / deI F'i(ﬂfwvx%hz 5).
3
Llo& 1/(2"s)
(3.57a)
Note that, as follows from eq. (3.23) above,
2
0),..2 0), 2 o Cp 1
Gé )(ZL‘lo,ZS) = Gg )(xlo,zs) = — SNC m In ($10A) . (3.58)

Equations (3.57) have two inhomogeneous terms. The following calculation would be
simplified if we could neglect one compared to the other. To see which one to neglect, let
us first do some power counting. The initial condition for the quark helicity evolution is of

3/2

the order Go ~ a2 Ins ~ a5~ [5] if we assume that Ins ~ 1/,/as, as is appropriate for the

DLA limit. We thus have, for the two inhomogeneous terms in egs. (3.57),
GO~ a?> a,Go K ~ a2, (3.59)

It appears that we can neglect the second inhomogeneous term compared to the first one.
(Note that the situation here is slightly different from the equations for gluon helicity
obtained in [5], where the second inhomogeneous term is, parametrically, of the same order
as the first term, \/as Go ~ a? ~ Ggo)’ and the first term is neglected due to the lack of
power of zs enhancement at Born level.) However, since equations (3.57) are linear, their
solution is a sum of solutions of the same equations with one set of equations having only the
Géo) inhomogeneous terms, while another one containing only the ay Gy K inhomogeneous
terms.
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To find the solution of the former equations, keep only the Géo)

in egs. (3.57) and substitute eq. (3.58) into eqs. (3.57). We arrive at

I2
o2 C 1 as N, [ dz’ /’ dx?
Gs(23y,28) = — ‘iN L ( )— ;w / — / x221 Ts(23y,73,,2's),  (3.60a)
21

c xlOA

inhomogeneous terms

D

z7gs

. 2 2 2!
min [:L’m » o1 277 ]

a?Cp 1 asN. dz" dx?
Ds(x3y, 23,,2's) = — N, 7 In <x10A> / / x:)ll L5 (23, 23,,2"s).
L 1/(s)
(3.60b)
Defining
~ e (2 ~ e (g2 22 o
Gy, 5) = ——2W1028) - p g2 g gy o - D00 E8) g 6y
OCECFﬂ'ln( 1 ) LgCFT(’lH( 1 )
N z10 A Ne¢ z10 A
we reduce egs. (3.60) to
N. dz d
Gs(23g,28) =1 — as / - / x21 F5 (229,231, 2's), (3.62a)
5 1/(2's)
CCIOS
o min [m%o .3, ZZ,/,]
_ as N, dz" dz?
s(7g, 751, 2's) = 1 — ;Wc / o / x;;l Us(3g, 231, 2"s), (3.62b)
x21 - 1/(2"s)
10°
which are solved in appendix B (for 3 = —1 there) with the solution for G5 given by
eq. (B.16). Employing the latter we write
Gs(s19,m) = —— 7 In ) 3.63
o) = =S5 (1) (3.6

o In(zs 56%0)

This result also oscillates with a decreasing amplitude for increasing zs :1:%0. As we will
shortly see, it is negligible compared to the solution of egs. (3.57) with the as Gy K inho-
mogeneous terms.

Keeping only the oy Gg K inhomogeneous terms in egs. (3.57) we have

asN. Go 1 a agN, dz' dxz3
G5($%0725) = ;2 : ?K (W) (359510 )= / / 21115 (aF0, 231, 2's),

1 1/(2's)

- ’
o min {I%O ,x%l 22,,}
N. Gy 1 a agN, dz" dx?
Us(x3g, 23, 2's) = c K (2 s220) % ———C — —2 T5(21y, 231, 2"s).
100 4215 2 T2 A2 10 1 5 4105315
s 3 xlOA 27 z 31
+ 1/(2"s)

(3.64a)
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Comparing (3.64) to (3.47) we conclude that

q 1
ap K (12 )
Gs(x3y, 25) = M Ao/ Go(x3y, 25). (3.65)

Since, as was shown in [5],
13 JasNe
Go(x3y, 28) ~ (28)1vaV 2= (3.66)
we conclude that

13 asNe
G5 (23, 28) ~ (zs)ﬁV I (3.67)

)

and the solution of eqs. (3.64) dominates over eq. (3.63) at high energy. Hence, while
the Géo) inhomogeneous terms in eqs. (3.57) are parametrically larger than the as Gy K
inhomogeneous terms, we are justified to only keep the latter, since at high energies they
give the dominant contribution. Therefore, eq. (3.65) gives us the leading high-energy
solution of egs. (3.57) for Gs.

3.4 Gluon OAM distribution at small x
Using eq. (3.65) in eq. (3.29) we obtain

q 1
N, ' a, K (mg )
g° (2m) 7 In (%2)
EATLY
This has to be compared with the gluon helicity distribution (see (3.30))
8iN,
9% (2m)?

Assuming that, after all integrations are carried out, at the leading DLA level we can

Lo(z,Q%) = 5 (230,8) . (3.68)

AG(z,Q%) = /d2$10 k) €20 (k- x,0) Go (230, 5) - (3.69)

simply replace
1
- Q? (3.70)
10
with @2 being the upper cutoff on the kr integral in both (3.68) and (3.69), we arrive at

ol K Q—;
Lo, 2):’Z(A)AG(x, 2), (3.71)

Noticing that the first term on the right-hand side of eq. (3.56) can be thought of as
a constant under one of the logarithms in the a%—expansion of the second term, we keep
only this second term on the right-hand side of (3.56) to write

Q2 %h a9, @
p) —1—Oéhlnp

2af In (/T;)

La(z, Q%) = ( AG(z,Q%). (3.72)
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Unlike the quark OAM in eq. (2.50), this result appears to be different from the DGLAP-
based conclusion reached in [16]. However, the conclusion in [16] was based on the assump-
tion that |AG| > |Ag|, which is the opposite of what was found in the DLA approxima-
tion [2, 4, 5].

The prefactor in the relation (3.72) resums powers of o In2 %

A2
speaking are not DLA. (In the DLA approximation one only keeps powers of a, In*(1/x).)

which are strictly-

Therefore, it is possible that one has to expand eq. (3.72) to the lowest non-trivial order
in o, obtaining

q 2
% mf&) AG(z, Q?). (3.73)

LG(:U7 QQ) - (

The small-x asymptotics of the gluon OAM easily follows from either eq. (3.72) or

eq. (3.73) using the DLA asymptotics of the gluon helicity distribution found in [5]. We
conclude that

(3.74)

T AN o
Lot @) ~ac@@~ (1)~ (3) T ~(3) .

T T T

In appendix D we present a simple toy model describing a way of thinking about the DLA
evolution for gluon OAM changing its relation to the gluon helicity from Lg = —AG
to eq. (3.73).

4 Summary

The calculation performed in this paper heavily relied on the earlier works [1-6]. By
simplifying the quark and gluon OAM distributions definitions at small x to eqs. (2.27)
and (3.25) we managed to relate these quantities to the polarized dipole amplitudes G1p(zs)
and Giw(zs) respectively, which were employed previously for determination of the quark
and gluon helicity distributions. The small-z asymptotics of Lq4g(z, Q%) and Le(z, Q?)
should have resulted from the high-energy asymptotics of these quantities. Naively, the
latter could be easily found from the solutions of the DLA evolution equations for Gip(zs)
and G%,(zs) constructed in [2, 4, 5]. However, one had to be careful here, since in [2, 4, 5]
we found the expressions for Gg(zs) and Gi,(zs) integrated over all impact parameters.
At the same time, egs. (2.27) and (3.25) contain G1o(zs) and Gi,(zs) respectively, weighted
by the position of the polarized quark x,, and then integrated over all impact parameters.
So an analysis of the first z;-moments of G1g(2s) and G¥,(zs) was in order.

In the quark OAM case, the first z;-moment of G1g(zs) turned out to be subleading
at small z, such that eq. (2.27), after we discarded the first term on its right (which was
proportional to the first moment), led to (cf. [16])

as Ne¢

LQ+§(m7Q2) = _AZ(:BvQQ) ~ <1> v - . (41)

X

— 26 —



The gluon OAM distribution in eq. (3.25) is directly proportional to the first z;-
moment of G%(zs). Constructing the small-z asymptotics of this moment we arrived at

as Ne

Loz, Q) = (Of In fj) AG(z,Q?) ~ <i>“§ T (4.2)

Equations (4.1) and (4.2) summarize our main results in this paper.

One may be concerned about an apparent asymmetry: the first z;-moment of G1(zs)
is subleading at small z, while the first z;-moment of G%,(zs), labeled G5 above, appears
not to be subleading, and leads to eq. (4.2). Note, however, that in the strict DLA analysis
the prefactor on the right of eq. (4.2) is subleading, ~ of In(Q?/A?) ~ /a5 In(Q?/A?) <
1. Therefore, the first moment G5, and, consequently, Lg(x,Q?) at small z are also
subleading, by apparent analogy to the quark OAM case. This is probably the consequence
of keeping only the parametrically subleading but dominant at high energy inhomogeneous
term a5 Go K in egs. (3.57) to arrive at the solution (3.65) for G5. The difference in
the gluon OAM case as compared to the quark OAM is that, while subleading in DLA,
the G5 term gives us the only contribution to Lg(x,@?) and cannot be neglected. One
may even speculate that our conclusion (4.2) could be more conservatively formulated as
|Lg| < |AG| at small x.
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A The saturation/CGC averaging

Start with the an expectation value of some operator O(b,r) in the proton state |P). The
expectation value (P|O(b,r)|P) is independent of b = (b~,b). It should be proportional
to the CGC-averaged operator, integrated over all space:

(P|O(b,7) |P) ~ /d%db <c§(b, r)>. (A1)

To fix the normalization we put O(b, ) = 1 and note that (P| P) = 2PT (21)3 5(07) 62(0) =
2PtV with V= = [d?zdx~. We get

(P|O(b,7)|P) = 2P+ /d%db— <(§(b,r)>. (A.2)
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Now, since (P| O(b,r)|P) = (P| O(0,r) | P), the off-forward matrix element is a Fourier
transform of the CGC-averaged operator, with the normalization fixed by eq. (A.2),

<P+‘ (0,7)

where A = (A", A). (The sign in the Fourier exponent is due to (0 — b) - A = —ib- A.)

Inverting this Fourier transform we arrive at

() e [ 2557 (- 3fons

P—§>_JP+/d%m;WA<@w¢», (A.3)

P—§> (A4)

B Solution of a useful system of integral equations

In the main text, on two separate occasions, we needed to solve the following system of

integral questions

N, dz d
Gs(x3y,25) =1+ f as / & / le F5 (x2g, 231, 2's), (B.1a)
> 1/(2's)
51‘109
W min [x%o,xgl Zz,l,]
- asN, dz" dax?
Ds(z3, 23,,2's) =14 B ——¢ — / —3 Ts5(aty, 251, 2"s), (B.1b)
2 2 z3,
21 1/(2:"8)
3?103

with eqs. (2.43) corresponding to the f = +1 case and egs. (3.62) corresponding to the
£ = —1 case.
Introducing the scaled logarithmic variables [2]

asN. . zs as N, 1
= In — = B.2
n o n A27 510 o n——7 x10A27 ( a‘)
’ asN. ., 2's asN, 1
= In — = B.2b
n ot n A2 ) 521 o n——7 $21A2’ ( )
p asN,  2's asN, 1
= In — = | B.2
K o A2’ o8 or 22, A? 23,A%’ (B-2¢)
we get
U] n'
Gs(s10,m) =1+ 5/6577/ / dso1 T's5(s10, 821, 7'), (B.3a)
510 S10
,’7//
[5(s10,501,7) =1+ 3 / dn" / dss2 T'5(s10, 832, 1"). (B.3b)

S10 maX{Slo ,821 +7]”—T]’}
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By analogy to [4] we assume a scaling ansatz of the solution,

Gs(s10,m) = G5(n — s10), (B.4)
s(s10,521,7) = Ds(1)' — s10,7 — s21)- (B.5)
Equations (B.3) become
¢ ¢
Gs(Q)=1+8 [ d¢ | d€'Ts(¢.€), (B.6a)
[<]
¢ ¢ ¢ ¢
U5(C, () =1+p [ d¢ [ dE'T5(&,€)+ B [ de | dE'Ts(,¢€), (B.6b)
Jujanonsje]
Following [4] we write egs. (B.6) in a differential form,
¢
0Gs(¢) = 5 [ ' T5(¢.€), (B.7a)
0
</
O:T5(6, ) = B / de'T5(C,€), (B.7h)
0
with the initial conditions

These equations can be solved with the help of a Laplace transform, leading to

L5 = [ 5ot E ) (B.9%)
Go(¢) =T5(¢.0) = [ 52 DT (B.9b)

with the still unknown function I'5,,(0) satisfying the following relations:

dw sc 1 B dw  (w2)¢ _
% € w ; F5w(0) - 07 /27‘(‘1 € O.)Ff)w(o) =0. (BlO)
Searching for I'5,,(0) in the form

n=oo

T5,(0) = Y cpw” (B.11)
n=—o00
and satisfying the constraints (B.10) we arrive at

1B
P5u(0) = ¢ 1 L - wg} (B.12)
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Inserting eq. (B.12) into egs. (B.9) yields

G5(0) :/j;;e(“gﬂ [i, = f:a] , (B.13a)
— d !
F5(43C’)=/27°:Z W+ E}—f?,] (B.13D)

where we have fixed ¢_; = 1 by imposing the G5(0) = 1 condition.
Since we are interested in G'5(¢), we perform the w-integral in eq. (B.13a), arriving at

Gal) - 22D (B.14)

For = +1, eq. (B.14) yields

asNe 1n(zs2
L(2(n—s10)) _ h (2 5 In( %O)>

I(s10,m) = G5(s10,71) = o ~ (B.15)
1= 510 e In(zs z3)
For f = —1, eq. (B.14) gives
J1 ( 2osle I (zs x10)>
-~ Ji1(2(n—s
Gs(s10,m) = 1 (i . ) _ = : (B.16)
1= 510 @s=e In(zs z3)

C Comparison with the earlier works

Here we demonstrate that our definition (3.4) of the gluon OAM agrees with that in [7, 18].
Therefore, we are using the Jaffe-Manohar definition of the gluon OAM. Our strategy is
to show that the gluon OAM definitions in [7, 18] are equivalent to each other, and that
our definition is equivalent to [18], and, hence, to [7].

Begin with eq. (4) in [18], which we can write as follows:

i€l lim
25+ A0 OAT

Lg = (P S| F*(0) Do AB(0) | P, 5) (C.1)

pure

2 +a i h
S /dwdaz 2 (P, 8| Fr (@) Bi_ APs(2) P, S)
where V™~ = [d*zdz~ = (2m)%6%(0) 6(0) and A* = P'* — PH,
For simplicity, let us work in the AT = 0 gauge with the V- A(z~ = —oc0) = 0 sub-
gauge condition [54]. Then AR™%(z) = A,(z). Eq. (C.1) becomes (after integration by
parts)

Lg =

S+V /dzxdaz (P, S| F** () (z x V) Au(z) |P.S). (C.2)
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Assuming that color trace (2tr) is implied in eq. (4) of [18], and using ST = PT we write
eq. (C.2) as
1

—V_/d%dx— (P.S|2tr [F(2) (z x V) Ai(a)] |P,S).  (C3)

L =
¢~ T op+

Observing that F = —F% = —(F** + F~%)/\/2 and neglecting F~ in the infinite momen-
tum frame (which we can do even for the sub eikonal helicity-dependent gluon field, as it
appears that helicity-dependent part of F~* is sub-sub-eikonal) we get F*% = —/2 E. On
the other hand, Pt = /2 E, with E the energy of the proton. We get

Lg =

e /d% dz™ (P,S|2tx [E'(z) (z x V) Ai(z)] |P,S). (C.4)

This agrees with the first term in the second line of eq. (6.39) in [7]. Note that V' =
0/0z' = 0; = —0".

The OAM definitions above in eq. (2.1) (applied to gluons) and in eq. (29) of [18]
(labeled HNXYZ) are very similar, and in fact would be identical if

/ db- Pt —— e w) where(p by = WHNXYZ (5 b). (C.5)

Using the Wigner distributions from eq. (25) in [18] and eq. (3.3) above we see that eq. (C.5)
is satisfied if

[ (P sl ulr (e S ur (e-3)] [P-3.5)  (co)

cp far ([P (o1 3 urs (- 3))

where we have replaced { — —z in eq. (3.3). The gauge link or links are denoted by a
single U for brevity. Using eq. (A.4) we see that eq. (C.6) is indeed correct since

2 P+ /db— <tr [F“ (b+f) U F+i (b—%)b
_opt /db2113+ /dzé:)N i <P+A S| tr [F“ (g) U FHi (fg)} 'P§,5>
2 ; (z Sz
= [ G (e s [P () ur ()] 'P‘js>

- [ 5 (Bl (o) ur ) [-2).

Hence our gluon OAM definition is equivalent to that in [7, 18].

(C.7)

D Large nucleus limit

Imagine the CGC limit, that is, consider the proton to be a large nucleus in the McLerran-
Venugopalan (MV) model [55-57] with one of the quarks in one of the nucleons polarized.
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In this case, at Born level, we can write using eq. (3.58)

2
fo= — O i ), (D.1)

c 10/

where T'(b) is the nuclear profile function and, as usual, b = (zy+xz;)/2. (See section 4.2.1
of [49], in particular eq. (4.32).)
Inserting eq. (D.1) into eq. (3.19) and observing that

/d%bj T(b) =0 (D.2)

due to the rotational symmetry of T'(b) we see that the first term in the right of eq. (3.19)
vanishes and one arrives at

dLq B _1 9
=5 AGE, Q7). (D.3)

Below eq. (3.22) we made a comment that for the proton target modeled to be a single
quark the relation between the gluon helicity and OAM (at the same Born level) is

LG(vaZ) - _AG(J:7 Q2)7 (D4)

which is also in agreement with the parton model argument presented in appendix B of [18].
It appears that in the same Born (two-gluon exchange) approximation, the relation between
the gluon helicity and OAM is different for the large-nucleus and single-quark targets, given
by egs. (D.3) and (D.4) respectively.

Interestingly, if we assume that (note the argument of T')
ozz Cr

_ ij .
= — el 21, In
NC 10 l‘loA

T(z1), (D.5)

or, in general that G%, ~ T(x1), then, employing eq. (3.19) again (or eq. (3.24)) we get
LG(xa Qg) =0. (DG)

It seems that slightly different assumptions about the argument of 7', equivalent under the
large-nucleus approximation of the MV model, give significantly different results for Lg.
Indeed, we may vary the transverse position in the argument of the nuclear profile
function by writing
i ag Cr ij .J 1
e VL hlmT[fll‘F(l_g)%] (D.7)

C

with £ a real dimensionless number. Then repeating the above steps used in arriving at
eq. (3.24) and eq. (D.6) we get

LG(xv QQ) = (5 - 1) AG(£7 Q2> (DS)
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Our result (3.73) above corresponds to
aq Q2
_ h
g =1 + I 1n F,
that is, to £ slightly larger than 1. Note that £ ~ 1 gives T'(z;) in eq. (D.7), indicating
that the position of the polarized (anti)quark is “more important”. This is consistent with

(D.9)

other findings in this work.

In the framework of the simple toy model for the polarized amplitude in eq. (D.7),
our conclusion (3.73) in the main text appears to imply that the gluon OAM begins with
¢ = 0 in the initial conditions (at the Born level) corresponding to Lg = —AG, and then,
via the DLA evolution, this parameter £ evolves to £ 2 1, as given by eq. (D.9), with the
relation (3.73) between the gluon OAM and helicity. The physical reason between such a
“center-of-mass” shift is not clear at present.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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