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Abstract

In the present work, a new method for simulation of rarefied gas flows is
proposed, a velocity-space hybrid of both a DSMC representation of parti-
cles and a discrete velocity quasi-particle representation of the distribution
function. The hybridization scheme is discussed in detail, and is numerically
verified for two test-cases: the BKW relaxation problem and a stationary
Maxwellian distribution. It is demonstrated that such a velocity-space hy-
bridization can provide computational benefits when compared to a pure
discrete velocity method or pure DSMC approach, while retaining some of
the more attractive properties of discrete velocity methods. Further possible
improvements to the velocity-space hybrid approach are discussed.

Keywords: Rarefied gas dynamics, Direct Simulation Monte Carlo,
Boltzmann equation, discrete velocity method

1 1. Introduction

2 Perhaps the most widely adopted approach to simulation of rarefied gas
3 flows is the Direct Simulation Monte Carlo (DSMC) method developed by
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G.A. Bird [1, 2]; however, it suffers from statistical noise and requires sig-
nificant computational and memory resources to accurately simulate trace
populations, such as those of the tails of a distribution function, of high-lying
internal energy states, or of trace species present in the mixture. As such,
DSMC can have problems when the trace species are either the main species
of interest (for example, heavy molecules in a light carrier gas in substrate
deposition processes [3]); when low populations can have a large influence on
the flow, for example, high-velocity tails in dissociation or ionization reac-
tions; in a beam skimmer set-up [4]; or in the case of a high-velocity beam
colliding with a cold gas [5].

Several modifications to DSMC have been proposed to improve the res-
olution of trace species [3, 6] and reduce the statistical variance of the
method [7, 8, 9]. However, the developed weighting approaches improve
the accuracy of modeling of trace species only, and do not improve the reso-
lution of the stochastic representation of the non-trace species’ distribution
function.

The discrete velocity family of methods has been developed as an alter-
native to DSMC [10, 11, 12], and various interpolation schemes are used
in order to conserve mass, momentum and energy during the collision pro-
cess [12, 13, 14, 15, 16]. An overview of discrete velocity methods can be
found in [17] and [5]. Discrete velocity methods are capable of accurate rep-
resentation of weakly-populated tails of the distribution function, and have
been successfully applied to high-fidelity modeling of populations of high-
lying internal energy states [18, 19].

Lattice Boltzmann Equation methods [20, 21, 22], while also restricting
the set of possible velocities, differ from the above discrete velocity methods
in their use of the BGK linear collision operator [23], whereas discrete velocity
methods referenced in the previous paragraph can model the full non-linear
collision operator rather than a simplified BGK operator.

Discrete velocity methods can also benefit greatly from variance reduc-
tion techniques [24, 25], which not only decrease the noise in the distribution
function, but also provide a significant speed-up of the simulations. These
techniques were originally developed in the context of removing stiffness in
explicit time integration of discrete velocity models in the limit of a low
Knudsen number [26] and later adapted to DSMC simulations [7]. Outside
of DSMC and discrete velocity methods, variance reduction has been ap-
plied to Particle-in-Cell methods [27, 28], as well as to Fokker-Planck-type
equations [29, 30, 31]. Variance reduction may also be applied to flows of
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gases with internal degrees of freedom [5]. Other notable features of the dis-
crete velocity method include the ability to adapt resolution in velocity space
(and have independent velocity grids for different species) [18], adapt the
noise level (without incurring additional memory cost) [15], accurately model
chemical reactions even when reaction probabilities are extremely low [32],
and determine the complete distribution function (including internal states)
even over many orders of magnitude of variability.

However, the discrete velocity method has its own set of drawbacks:
it requires a numerical scheme for the convection step (compared to the
straightforward convection step in DSMC); treatment of boundary condi-
tions may require ghost cells and calculation of number density fluxes; and
velocity space discretization can be a source of “ripples” in the values of
computed macroscopic quantities in case of discontinuous boundary condi-
tions [33, 34, 35, 36, 37]. Also, discrete velocity methods have not yet incor-
porated the vast range of physical models and capabilities available to DSMC
(such as state-specific inelastic cross-sections, including those of chemical re-
actions [38, 39], ionization [40] and radiation processes [41, 42]; coupling with
Particle-in-Cell (PIC) codes [43, 44]; the possibility of coupling with quasi-
classical trajectory simulations [45]), and in general have seen less application
to large-scale simulations.

Research in the area of hybrid methods involving the Boltzmann equa-
tion has been mostly focused on the hybridization of DSMC and CFD solvers,
using continuum methods in flow regions with a low Knudsen number and
utilizing DSMC to accurately model the rarefied parts of the flow; examples
of such approaches can be found in [46, 47, 48, 49]. While this hybrid ap-
proach allows one to save computational effort (compared to a pure DSMC
computation of the same flow), the interface between the DSMC and CFD
regions, and the noise associated with DSMC (which is a source of noise in
the macroscopic boundary conditions for the continuum region) remains an
outstanding issue. It is worth mentioning that the lower noise of the dis-
crete velocity method might make it more amenable to such a physical space
hybridization with continuum solver [50], especially when the trace species
and /or tails of the velocity distribution function are important to the flow
dynamics as can be the case in atmospheric pressure gas discharges [51].

However, to the authors’ knowledge, few works have attempted a hy-
bridization in velocity space. In [52], an approach based on solving Euler
equations in a region of velocity space (assuming a Maxwellian distribution)
and a BGK model equation outside of that “equilibrium” region was devel-
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oped. In [53] several approaches based on discrete velocity models applied to
the BGK model equation were considered, including a velocity-space hybrid
approach, in which the tails of the distribution function were represented by
particles with arbitrary velocities, while the bulk of the distribution func-
tion was represented by particles on a discrete velocity grid. However, such
a hybridization loses some of the more attractive properties of the discrete
velocity methods — namely, the ability to accurately simulate the tails of
the distribution function. In [54], the DSMC method was used to represent
the bulk of the distribution function, and a discrete Galerkin approach was
used to model the the tails of the distribution; however, no extensive studies
of the errors and computational efficiency of such a scheme were undertaken.
In [55], a similar approach was investigated, but the tails of the distribution
function were modeled using the BGK collision operator, rather than the full
Boltzmann equation.

Therefore, it is of interest to develop and study a computational scheme
that is hybrid in its velocity-space representation and does not rely on the
assumptions of a near-equilibrium distribution function and the BGK col-
lision operator: the majority of the mass in a cell in physical space being
represented by a few large DSMC-type particles (whose velocities are not
restricted to a discrete grid), while the tails of the distribution function are
simulated using the discrete velocity method. The expected benefits of such
an approach are an improvement in computational efficiency compared to a
pure discrete velocity method, while retaining the flexibility of DSMC, and
ability to accurately resolve the tails of the distribution functions, as well as
the populations of trace species.

The paper is structured as follows: In Sect. 2, a brief overview of our
present discrete velocity method is given for a single-component gas with no
internal degrees of freedom. Then, in Sect. 3, the approach to hybridization
in velocity space is described in detail. After that, the hybrid method is
applied to two spatially homogeneous problems, results of numerical simula-
tions are presented, and various approaches to modeling of rarefied gas flows
are compared.

2. The Boltzmann equation and the discrete velocity method

Let ¢(r,m,t) be the density of the mathematical expectation of the num-
ber of particles in an element of phase space (r,r + dr), (n,n + dn) at time
t.
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The definitions of macroscopic quantities such as the bulk velocity u,
number density n and temperature 1" through the function ¢ are well-known
and not given here, the reader is referred to works such as [56, 57, 2]).

Defining a reference temperature 7)., mass m,., number density n, and a
cross-section o, and a characteristic length L, one can define the reference
velocity as

n = Zk:TT7 (1)

my

where k is Boltzmann’s constant. One can also introduce a reference mean
free path \,.:

1
Ap = , 2
py (2)
and define a Knudsen number as Kn = ’\—LT

Now we can introduce dimensionless quantities:
. - . y T =
n=mn/m; t="tn/L; 6 = o/ort = 73 = ¢/n, (3)

where o; is the total collision cross-section, integrated over all scattering
angles.
One can then write the Boltzmann equation in a scaled form [24]:

9o . - 1 S S S
ot Vi = g [0 —a@n0)] sedt. @)

where é’ is the scaled velocity of the colliding particle, § = ’& — ﬁ‘ is the

magnitude of the relative collisional velocity, and primed variables denote
the post-collisional quantities.

Equation (4) can be discretized by defining the velocity distribution func-
tion ¢ on a finite set of points in velocity space. For a uniform discrete
velocity grid, it takes on the following form [24]:

% 25 [a6)8(e) ~ 6m)a(@)] o (5)

C£n

+1 - Vip =

Here § = An/pn is the scaled step size in velocity space. We can define
¢ = B3¢, with ¢({) being the density of the mathematical expectation of the
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number of particles in a volume of size 33 centered around the velocity C.
Equation (5) then takes on the following form:

b R " 1 NP 57 a5 5758 am
i vr¢=K—n§[¢m>¢<c>—¢<n>¢<c> 2 ©)
n

While the collision operator can be evaluated in a deterministic fashion,
this requires O(N?) operations, where N, is the number of points on the
discrete velocity grid, and thus is very expensive from a computational view.
However, the collision operator can be computed using a stochastic Monte-
Carlo scheme [24, 5], which is the method used in the present work. The
number of collisions to be performed is computed as

AT/ A — 2Meg ) -
Ncoll = nint n An ! ) (7)
KnC2,,smi’® 33 7l

where nint denotes rounding to the nearest integer, m,. is the scaled collision-
reduced mass, fi,e, is the amount of negative mass in the numerical repre-
sentation of the velocity distribution function at that particular location in
physical space (explained below), and Cryss is a parameter that is propor-
tional to the user-defined level of acceptable noise in the distribution function
at equilibrium [5]. Decreasing the value of Cras leads to lower noise in the
distribution function, at the cost of having to compute more collisions.

A collision is computed by selecting a pair of locations on the discrete
velocity grid for depletion. The probability of a location being selected is
proportional to the absolute magnitude of the distribution function at that
point:

1)
P(n)=——+—. (8)
> e |o(Q)]
Once two velocity locations are chosen for a collision, the density at those
locations is depleted by the quantity

o (= 20eg)? % pacs B AN o
Ag = Atmmgn (¢(77>¢(C)> goy. (9)

The removed mass is then immediately replenished — its velocity is com-
puted using standard collision mechanics [2]; however, since the post-collision
velocity does not necessarily lie on the discrete velocity grid, a remapping
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scheme is used [13, 15], which conserves mass, momentum and energy. The
remapping scheme utilizes a 7-point stencil; and the scheme delivers negative
mass to 3 of the stencil points in order to yield a net conservation of energy.
This can result in small amounts of net negative mass at a few velocity space
locations, typically near the tails of the distribution function (see [5]). The
presence of negative mass is accounted for in Eqns. (7) and (9).

3. Description of the velocity-space hybrid method

Let D C R? denote the set of discrete velocities used for the computation.
Let us also define a region F C R? of velocity space in which particles can
have any velocity (i.e. a particle whose velocity lies in F is not restricted to
the discrete velocity grid), as well as define a region @ = D\ F in which the
distribution function is defined only on the discrete velocity grid.

Fig. 1 shows a schematic of such a hybrid representation of the velocity
distribution function (for some fixed value of v,).

The basic velocity-space hybrid algorithm for simulation of rarefied gas
flows consists of the following steps (performed during a single simulation
timestep):

1. Collide particles in region F using DSMC collision mechanics, that is,
a No-Time-Counter (NTC) [2] scheme or some other DSMC collision
scheme, such as the Majorant Frequency method [58];

2. Collide mass in region Q with mass in Q and particles in F using
discrete velocity collision mechanics;

3. Remap any particles that lie outside region F to the discrete velocity
grid in Q;

4. Perform merging of particles in region F (the necessity of this procedure
will be discussed in the next subsections);

5. Perform convection, using a finite difference or finite volume scheme
for the distribution function defined on the discrete velocity points in
Q and using Lagrangian convection for the particles in F.

During step 1, a post-collision velocity of a particle may lie in Q, in
which case it is remapped onto the discrete velocity grid (this is done after
all the collision steps have been performed, so as to allow a DSMC particle
to undergo multiple collisions during a single timestep). Conversely, during
step 2, a post-collision velocity of the replenishment quantity may lie inside
F, in which case the mass is not remapped onto the discrete velocity grid,

7
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Figure 1: Schematic showing the velocity-space hybrid representation of the velocity dis-
tribution function (for a fixed value of the z-velocity v, ). Blue bars denote the distribution
function defined at the discrete grid points in Q (with their height corresponding to the
value of the distribution function at that point), the red circles denote the DSMC parti-
cles (with their size corresponding to their computational weight, see below for details) in
region F (shown here as the dark grey rectangle).

but rather immediately created as a new particle in F. Finally, during the
remapping procedure, one or more points of the remapping stencil may lie
inside F, in which case the mass replenished at these points is also created
as new particles which are not restricted to the discrete velocity grid. It is
important to note that all particles in F have a different weight associated
with them, unlike standard DSMC, where particles usually have identical
weights. Even if one started the simulation with equal-weight particles in F,
due to the remapping scheme, particles with different computational weights
will be created in F.

While variable weight DSMC algorithms have been developed that com-
bine the splitting and merging steps [3, 59], they are generally not conserva-
tive, and utilize various workarounds in order to ensure energy conservation;
in order to avoid this issue, in the present work the collisions of variable
weight particles and the merging step are performed separately in order to
construct a conservative scheme.



211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

3.1. Collision algorithm

As described previously, three types of collisions are possible:

1. Collisions between particles in region F;
2. Collisions between particles in region F and mass in region Q;
3. Collisions between mass in region Q.

Since one of the aims of discrete velocity methods is to have a low amount
of noise in the tails of the distribution function, collisions of types 2 and 3 are
treated using the Monte Carlo collision scheme as detailed in [5]. Collisions
between particles in region F are treated using DSMC collision mechanics,
and are performed first — since collisions of types 2 and 3 might create a large
number of DSMC particles. In the present work, the No-Time-Counter col-
lision method will be utilized [2] (although the Majorant Frequency method
also works well). However, a modified version of the method has to be used
to account for the fact that, in general, particles in F have different weights.

The required number of collisions (for a single-species gas) is computed
as follows [60]:

N _ 1 NP(NP - 1)<Fnumag>mazAt
coll,F — 5 v ’

(10)

where N, is the number of particles in F, V' is the volume of the cell in
physical space in which the collisions are considered, F,,,, is the number of
real gas particles represented by a single model DSMC particle in F, and At
is the timestep of the simulation. (F,um09)mae: denotes the maximum value
of the product F,,, - 0 - g (taken over the whole region F).

Re-writing (10) in terms of the scaled quantities, we obtain

1 .
Nen7 = ——N,(N, — 1)(N6§)maz AT, 11
LF = 5kn p(NVp )(76g) (11)
where (16 §)maz 18 the maximum value of 7 - & - g taken over the region F.
When a particle pair is tentatively chosen for a collision, it is accepted
with a probability of
n10g

pP= (12)

A A A

(ngg)max '

Here n; denotes the weight (dimensionless number density) of the heavier of
the two colliding particles.
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When a pair is accepted for a collision, the heavier particle (whose weight
is denoted ) is split into two particles: one with weight 7o (the weight of
the lighter collision partner) and one with weight 71 — 5. The particles with
weights no collide and their post-collision velocities are computed based on
the cross-section model used in the simulation, while the particle with weight
n1 — No does not have its velocity affected.

Due to the fact that the remapping scheme causes negative mass to be cre-
ated at the “exterior” stencil points, negative mass particles may be present
in region F. When colliding a negative mass particle from F with another
particle from F, if one uses the particle splitting scheme as described above,
an additional negative mass particle is created as a result of the splitting.
Another option is to treat such collisions using the discrete velocity method
Monte Carlo collision scheme [24] (which, due to the small depletion quan-
tity involved, might not create as much negative mass in the system), and
use the the DSMC collision scheme only for collisions between positive mass
particles from F. This is the approach used in the present work.

It should be noted that the developed algorithm places no constraints on
the size of F or where it lies in velocity space (e.g., in Fig. 1 it is offset from
the center); moreover, for a multi-species flow, different-sized regions F may
be defined for each species. As a limiting case, one can also do species-wise
velocity hybridization, treating some chemical species in a flow using the
discrete velocity method, and modeling others with DSMC.

In the present work, we consider the case where F contains the bulk of
the distribution function. As such, the values of the lower-order moments
(number density, velocity, temperature) are governed by the particles in F,
and therefore, it is expected that the performance of the hybrid scheme in
terms of dependence on Knudsen and Mach numbers will be similar to that
of standard DSMC. Possible improvements at low Knudsen numbers might
be obtained by using a Fokker-Planck-based DSMC scheme [61, 62].

3.2. Merging algorithm

It can be seen that the number of particles in F will constantly grow, both
due to particle splitting and due to creation of new particles as a result of
both the remapping scheme and some post-collision replenishment quantities
appearing in F. Additionally, the total amount of negative mass will also
keep increasing, which leads to an increase in the computational cost of the
collision loop (due to a larger number of collisions as defined by (7)), as well
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as to an increase in the level of noise in the representation of the distribution
function. Therefore, a strategy for merging particles in F is also needed.

While merging algorithms for performing a 2 : 1 merge have been exten-
sively developed [63, 64, 65, 66|, they are non-conservative by their nature,
and employ various techniques to reduce errors and enforce conservation. In
order to preserve mass, momentum and energy, a N : 2 merge needs to be
performed (with NV > 3) [67, 68, 69]. Moreover, in order to avoid excessive
thermalization of the distribution function, particles should be merged to-
gether based on their proximity in velocity space [69]. It should be noted
that performing a N : 3 or N : 4 merge, while providing the possibility of
conserving of all second-order moments (and some third-order moments in
the case of the N : 4 merge), is complicated by having to solve a system
of non-linear equations numerically [70], and thus, such approaches are not
investigated in the present paper.

XM % % X0 % RRiX R M X X X KIKR R KX X K MR HKHK K HXHR KKK R RNRE K XKHR X KK
SR FESRECEFFEETR AR R R R B XX R KXKK KKK R KKK X MHERX N XN K XXX
TR X RRK K KKK KK KK K KRN KRR KK KX T X KK XN KIH N K KXR K K ORI K KKK X KKK
XM X M RIRK K RRHR K KK KKK KKK X XX XXM NRX KKK N RNOKKHKXX X KKK XN
X3 BE 56 KX X MR KX B XX 3 X X X X LR LS R AR LT RIEE TR LS E R I L
KR K 5 HERK K ROKDEOH 3 RERR K RERERIR K RIRK K K K KK XOEKIR K KRR K KRR KO XORIK % KEXOR KRR
3% 3¢ 56 KX X K0XH X X RIRAX X X HERIX K XXX K X KX 23 % X XK K XXHR K KKK XK XXX X KX K K KKEX
XXXXXXXXXXXXXXXXXXXXXXXXXXX XX XXXXXXXXXXXXXXXXXXXXXXXXXX XXX
KR K R KRR HKEXIHK KRR K KKK KKK X KKK X R K RERIR R R KX R RERISCR KKK B KRR K KRR
X X X X X X X X X|[ugtl o LIS TREN G X X X X XX XXX XXX XXXXXX Y X X X X X X XXX
T 1% XX %XXXXX XNrET % 3 XX X X XK T{xxXxxxxxxx f1°® o XX xxxxxxx
IR R RREHK KK X % XX KK RK %R K NRX R X%l Py o X X X X X x x x x
XX X X X XX X X[ % X XXX X X XX XM X XXX X KX de § @ IX XXX x % xix:x
N XK R X KXK K X R XiX® % XXX N XX K XXX K MK R XXM R X XK
IS OfXXXXXXXXX XXX XXX XXX | ¢S\ 04 % X X X XXX xx|-& - - X HER-K K KRR
XX X XKR X K X 1 X X RoXIK X X %X XXXXXXXXX| ® ° O [0 xxxxxxXxxX
XX X X XXX XXM Yid e X X X X X X X X X XX XXXXXXX LY o i X XXX XXXXX
XXX X KKK XX r = XXX XK X XXX XXX KX XX L4 L4 X% X X X XK X
=74 xxxxxxxxxf %] dupedls 3 38 ROXIX B R KiX =] XXX xXxXxXXX qe ° b XXX XXX XXX
KX % % XXM K X A % 56 MIRIX X X X X% % XX R % XX o7 o % XN X X KKK
RIR XX KK X ERK K R KKK K X RXK X XK % 36 XX XX X KK XX RHK X KK K XK KX K XXX K KKK K
XX B M RIRK KRR K KIRR K RKOK DO RIRIR KR XK X % X KRN R RRK K B KRR B R R K RIKN X R K
=R R % XK K K KKK K K KRN R KRR K KR % R KX IR K XK KK XK KRN K KRN K KKK KX XK
XX MR KRR N RXH X KRR K WX X KKK SRR PR F LSRR EEERFEEFEE R R
R X X RIRK K KHR K KRR K KKK KRR KK XK XK KR R KRR KRR R XK KRR K KRR
SCIK 6 96 XTI B0 JEKNDE 30 KOO X KNSR B XK K o0 B X 16 X MO0 30 XIHIIOK K KO0 A6 WK K HOCKN MK X XIRIN
=X X XXX XX XXX XXX XXXXXX XX XX XXX XXX —=FXXXXX XXX XXX XXX XXX XXXXXXXXX XXX
iR KK KRK K HRE K K RRR KK RHK R KKK K K KX ¥ KX RN K KKK K K KRR K KRR KRN KK KK
KK X KRR % NN K K ROCK R RXRN X KKK K XRX KX N RIMUK K MR K RIXIX R XK K KRN X K RIXK

-3 =2 ~1 1 2 3 =3 =2 -1 1 2 3

<>o
x
<>o
e

Figure 2: Example of a merging grid for a fixed value of V.; blue symbols denote the
points on the discrete velocity grid, grey dots denote the DSMC particles, black lines
denote the boundaries of F, and the red lines show the merging grid cells — M = 16 in
this V., plane, M = 64 in total. The left subplot shows the pre-merge particle, the right
— the post-merge particles (a merge in a velocity-space cell does not necessarily produce
particles that lie in the same merging cell, therefore, the number of post-merge particles
in a velocity-space merging cell is not necessarily equal to 2).

In the present work a uniform grid (unrelated to the discrete velocity grid)
is overlaid over F, and all particles within a single grid cell are merged into
two particles (/N : 2 merge). An example of such a grid is shown in Fig. 2.
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Due to the possibility of a particle having negative mass, the merge within a
single such cell might fail, if either one of the following conditions is found to
be true: 1) the total mass in the cell is negative or 2) the total energy in the
cell is negative. However, the frequency of such events is relatively low, and
if a total negative mass and/or energy is accumulated in a merging cell at
a time-point, in most cases, during the next timestep, enough positive mass
and/or energy will be input into the cell for the merge to be performed.

The merging algorithm is linear with respect to the number of particles
N,, and requires O(M) additional memory, where M is the number of cells
in the velocity-space merging grid. We note, however, that such extra mem-
ory is used for only one spatial cell at a time and so is trivial for realistic
multidimensional problems. Therefore, the memory required by the hybrid
scheme scales linearly with the number of physical dimensions and spatial
grid cells, as in standard DVM and DSMC methods. The amount of mem-
ory required by the merging procedure is constant and independent of the
number of physical grid cells, since collisions and merging are done on a
cell-by-cell basis.

The algorithm iterates over the particles three times, first computing and
storing the number density in each merging grid cell, as well as computing
and storing the bulk velocity of the particles in each cell. On the second pass,
the kinetic energy (relative to the bulk velocity) in each cell is computed and
stored, and after that, the mass and velocity components of the two-post
merge particles in each cell are computed.

While it would be reasonable to assume that this merging procedure limits
the number of particles in F to 2M, the number M of cells in the merging
grid does not set a strict limit on the number of particles being simulated
— as discussed above, due to the presence of negative mass, it is possible
that no merging will be performed at all in some merging cells. However, on
average, the number of particles is indeed limited to approximately 2M (see
results of numerical simulations below). Use of adaptive merging algorithms
in order to better conserve higher-order moments and avoid issues related to
the presence of negative mass will be explored in future work.

Fig. 3 presents the developed hybrid approach in a flow chart form for
convenience.
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Figure 3: Flow chart of the hybrid velocity-space algorithm, ¢y is the start time of the
simulation and t.,q is the end time.

4. Numerical results and discussion

In order to verify the velocity-space hybrid method, two spatially homo-
geneous test cases were considered: the BKW relaxation problem [71, 72]
and the case of an initial Maxwellian distribution. For both test cases, the
reference temperature was set to 273 K, the reference number density was
equal to 10% m~3.

The extent of the discrete velocity grid was £3.5 for both test cases (that
is, the velocity grid extends to £3.5 times the mean thermal speed 7, in
each Cartesian direction), and two grids were considered: a “fine” grid with
29 x 29 x 29 = 24, 389 points (with a grid spacing of 5 = 0.25) and a “coarse”
grid with 15 x 15 x 15 = 3,375 points (with a grid spacing of 5 = 0.5). The
region JF was considered to be a cube centered around the origin in velocity
space. Two different extents of the region F were considered: 4+1.375 and
+1.875 (that is, £1.375 and +1.875 times the mean thermal speed 7, in each
Cartesian direction). The two different-sized regions F will be denoted as
Fomau and Figrge, correspondingly. On a fine grid, when the gas is initialized
with a Maxwellian distribution, approximately 86% of the mass is contained
in Fymau, and 98% — in Farge; these regions occupy 1331 and 3375 points of
the discrete velocity grid, respectively. On a coarse grid, the corresponding
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values are similar at 80% and 96%; Famneu occupies 125 points of the discrete
velocity grid and Fj4r4e Occupies 343 points.

Three different merging grids were used in the hybrid simulations, all
with an equal number of merging cells in each velocity direction: with M =
4 x4 x4 = 64 cells (corresponding to ~128 post-merge particles), M =
6 X 6 x 6 = 216 cells (corresponding to ~432 post-merge particles), and M =
8 x 8 x 8 = 512 cells (corresponding to ~1024 post-merge particles).

Initialization was performed in the following manner: the initial distribu-
tion function (either the BKW distribution or the Maxwellian distribution)
was evaluated at each grid point in D, and the value of the distribution
function at each discrete velocity was then normalized by the same factor
so that the total number density was equal to 1. In case of a hybrid code,
all the mass in F was treated as DSMC-type mass, and a merge was per-
formed at ¢ = 0 (otherwise the number of DSMC particles at t = 0 will
be equal to the number of velocity grid points inside F, and can be much
higher than the number of DSMC particles during the following timesteps in
case a fine grid is used). It should be noted that the initialization scheme
used in the simulations only preserves the number density (compared to the
true initial distribution), and leads to some small error in the higher-order
moments; this can be mitigated by using a finer discrete velocity grid. Using
a coarser grid leads to underestimation of the moments, as discussed in [5].
Another approach for the Maxwellian test-case would be to compute the
exact equilibrium discrete distribution, as described in [73, 52], and use it
for initialization, however, for the purposes of this work this is not required.
The problem of how to best represent a smooth analytic probability density
function on a cubic grid for the purpose of simply establishing the initial
conditions for a simulation will not be further examined here.

The simulations were run with the following values of Crasg: 7.5 x 1072,
1.5x1073,2.5x1073, 5x 1073, 7.5x 1073, 1 x 10~2. At higher values of Crus,
the discrete velocity method can become unstable to due large amounts of
negative mass in the tails of the distribution function caused by the large
depletion quantity being used during the crudely represented collisions.

The test gas considered was argon, and the Variable Hard Sphere (VHS)
cross-section was used for the Maxwellian test case, with a collision diameter
deoy = 4.17 A and w = 0.81 (for the BKW relaxation test case, a pseudo-
Maxwell model was used for the collision cross-section). For all the test

cases, a scaled time step equal to 0.1 of the scaled collision time was used:
At =0.1¢.
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4.1. BKW relaxation

The BKW relaxation is an analytic time-dependent solution of the Boltz-
mann equation for the case of a pseudo-Maxwell collision cross-section [71,
72]. The analytic expression for the distribution function is given by

f(v,t) = W% <5C’ -3+ w> exp(—v®/C),  (13)

where C' =1 — 2/5exp(—t/6) is defined for all ¢ > 0.

1.000
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0.925 Analytic solution

S QUIPS, fine grid

0-809 QUIPS, coarse grid

B aE Hybrid, Farge, fine grid, M=64
Hybrid, Fsmay, fine grid, M=512

0.850 Hybrid, Fsmay, coarse grid, M=64
Hybrid, Fjarge, coarse grid, M=512

0.825

0 2 4 ) 6 8 10
t

Figure 4: 4 dimensionless moment (averaged over 200 ensembles) as a function of the
dimensionless time for different combinations of grids, sizes of hybrid regions and number
of merging cells. “QUIPS” denotes the non-hybrid discrete velocity simulations. For all
the simulations, Crars = 5 x 10~ was used. The 6" and 8" moments show a similar
trend and are not presented.

Analytic expressions for the moments of the distribution can also be ob-
tained, and take on the following form (moments are scaled so that their
limit as ¢t — oo is equal to 1):

I5(t) = C' (- (1= 1)C), (14)

where Mg" is the analytic moment of order 21,
Figure 4 shows the temporal evolution of the 4" dimensionless moment
as a function of the dimensionless time. The black line denotes the analytic
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solution as defined by expression (14). We see that in general, increasing the
size of region F, as well as decreasing the number of merging cells M leads
to an increased amount of noise in the simulation (even with the ensemble
averaging used). It can be seen that moments computed using the hybrid
code relax towards the equilibrium value at approximately the expected rate
for some of the simulation parameters. Using a low number of merging cells
leads to a systematic underestimation of the moments due to 1) a low number
of DSMC particles used, which leads to a negative bias [74, 75| and 2) a bias
introduced by the merging procedure (discussed in detail in Appendix A).
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t

Figure 5: The 4" dimensionless moment computed on a fine grid with F,qp for different
numbers of merging cells M; a value of Crprs = 0.005 was used. The moments are plotted
with the semi-transparent regions showing a range of plus/minus one standard deviation.
200 ensembles were used to compute the means and the standard deviations. The 6" and
8" moments show a similar trend and are not presented.

Figure 5 shows convergence of the 4" moment in the number of DSMC
particles used in the simulation (as governed by the number of merging re-
gions M). Using a larger number of DSMC particles leads to a satisfactory
convergence to the expected result. Because of the initialization scheme used
(via a discrete velocity grid), further increase in the number of merging cells
will provide diminishing returns due to the error in the initial distribution.

We now pose the question: how can we quantify the relative benefit of
using a hybrid DSMC/discrete velocity approach targeted at improving the
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Figure 6: Average time spent on collisions during a single timestep as a function of the
RMSE in the 4" and 8" dimensionless moments (when compared to the analytic solution).
Different points on the same curve correspond to different values of the Cgprg parameter
(the pure discrete velocity curves have the lowest and highest values of Cryrs annotated).

representation of the tails of the distribution function in a non-equilibrium
flow? Let us consider the following metric: computational efficiency vs de-
viation of the moments when compared to the analytic solution. The Root
Mean Square Error (RMSE) of the N moment, My, compared to the ana-
lytic solution is defined as follows:

2
10 ) “ran
o (MN — Mg )

RMSE(My) = o0 :

(15)

that is, it is computed over the first 100 timesteps (10 collision times). In
equation (15) we consider instantaneous values of the moments, and not
ensemble-averaged quantities. Ensemble averages of the RMSE themselves
yield satisfactorily smooth results. The amount of computational time spent
on calculating the collisions during a single timestep was used as a metric for
the computational efficiency of the considered algorithms.

Figure 6 shows the time spent on calculating the collisions plotted against
the error in the moments (compared to the analytic solution). Different
points on each curve correspond to different values of Crprs — lowering the
value of Cryrs leads to increased computational cost and lower error in the
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moments. It is evident that the Cryr¢ parameter does not have a significant
impact on the error in the lower-order moment (the various curves are nearly
vertical and the amount of statistical scatter does not change with varying
Crus values) for the hybrid code. This is due to the lower influence of
the tails of the distribution function on the lower-order moments. For the
higher-order moment (8" moment), the tails of the distribution function have
a more significant influence, and thus, the error in the moments in the hybrid
simulations is more strongly influenced by the value of Cgrjss, which mostly
affects the Q region.
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Figure 7: Ratio of average time spent on collisions during a single timestep multiplied
RMSE of the 8" moment for the discrete velocity code divided by the same quantity for
a hybrid code as a function of Cgprs. A ratio of larger than 1 means that the hybrid code
is outperforming a pure discrete velocity code in terms of either computational speed,
RMSE, or both.

To better compare the speed-vs-error performance between the different
codes, we also consider the following ratio:

(tm” ' RMSE(MB))QUIPS (16)
, 16

teout - RMSE(Mg)
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that is, the ratio of the computational time per collision step multiplied by
the RMSE of the 8" moment for the discrete velocity code divided by the
computational time per collision step multiplied by the RMSE of the 8"
moment for a hybrid code (on the same velocity grid). This allows us to
simultaneously compare both the noise level and computational efficiency of
the various approaches. Fig. 7 shows these ratios as functions of Crps. In
general it can be seen that the hybrid approach can provide an improvement
over the purely discrete velocity method, either speed- or error-wise, and this
improvement is especially large on a coarse velocity grid. If one only considers
computational time, the hybrid code can provide up to a 5-fold speed-up and
improved RMSE compared to a pure discrete velocity simulation (see grey
and pink curves on Fig. 6). The benefit of the approach of hybridization in
velocity-space is especially true for higher-order moments; however, with the
considered simulation parameters, the hybrid method cannot achieve as low
an error as the discrete velocity method on a fine grid; lowering the error
further would require more DSMC particles (more merging cells M).

4.2. Maxwellian distribution

The second test case considered was the behavior of a gas initialized with
a Maxwellian distribution. Due to the stochastic nature of the collision algo-
rithm, a certain amount of noise will be present in the numerical simulation;
the objective of this test case was to study the influence of various parame-
ters on the noise in the tails of the distribution function and to confirm that
the hybrid scheme does not force the equilibrium distribution away from
Maxwellian. The tails of the distribution function are defined as all the dis-
crete velocity points lying outside a cube with extent +1.375, that is, all the
points in Qg = D\ Famau- Since for the larger hybrid region F4,4e the value
of gfg is 0 at some of the grid points in Q,;, in order to perform a consis-
tent comparison, during the output step, the particles in F,,4e are remapped
to the discrete velocity grid and the resultant distribution function summed
with gg (this is strictly a visualization procedure and the remapping does not
affect the actual particles and values of ¢ used further in the simulation).

At each timestep, given the values of gz@mil (the set of values of (;Aﬁ in the

tails region of velocity space), two metrics are computed, the Root Mean
Square Error (RMSE) and Mean Absolute Error (MAE), defined as

q % 2
2 € Qi <¢tail (1) = Dlai ("’7))
Mtail ’

RMSE(¢uair) =

(17)
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where M,,;; is the number of points on the velocity grid in region Quu,
and qgfgil is the equilibrium distribution function of the tails. These metrics
are computed over 200 timesteps and their means calculated, to be used as
measures of noise in the tails of the distribution function.

Due to the initialization procedure which does not produce an exact equi-
librium distribution at the initial time ¢ = 0 on the truncated discrete grid,
one has to let the simulation code run for a few collision times before be-
ginning to accumulate the errors in the tails, so that the initial coarse rep-
resentation of the Maxwellian distribution can relax to its true equilibrium.
The equilibrium distribution of the tails ¢m , can be computed as a long
time-average of the tails distribution QSWZ

tazl Z ¢t‘“l ) (19)

tt1

MAE(brai) =

(18)

where t; and ¢, are the starting and ending times of the averaging process,
and NV, is the number of timesteps over which the averaging is performed.

In the present work, the computation of the equilibrium distribution func-
tion was begun after 20 collision times (corresponding to 200 timesteps) had
elapsed, and the averaging was performed over 300 timesteps (this number
of timesteps was found to be sufficient).

Figure 8 shows the number of particles in region F as a function of the
dimensionless time for different numbers of merging cells M. We see that the
number of particles does not grow in an unrestricted fashion, but occasional
increases occur due to the presence of negative mass and/or energy in the
merging grid cells.

As for the BKW test case, we also want to compare the pure discrete
velocity method with the hybridized approach both in terms of noise and
computational efficiency, and thus also consider the time spent on performing
collisions during a single timestep.

To expand the scope of the present work, we also compare to a pure
variable-weight DSMC code based on the hybrid code, as well as the open-
source SPARTA DSMC code [76]. The hybrid code can be run as a pure
DSMC code (with variable-weight particles) if one assumes that F = R?;
the initialization step is still based on evaluation of the distribution function
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Figure 8: Number of particles in region F as a function of time for different numbers of
merging cells M; a value of Crprg = 0.005 was used.

on a discrete velocity grid (which is only required at this initial step). The
total number of DSMC particles is governed by the number of merging cells
M, as before (although without any issues related to negative mass). The
SPARTA code uses particles with equal computational weight, and thus does
not require any merging procedures.

Figure 9 shows the time spent on performing collisions during a single
timestep plotted against the RMSE and MAE tail noise metrics. Different
points on the curves correspond to different values of Cgysg, which directly
affects the computational cost — the upper-left corner of the plot correspond-
ing to low Crys (high computational cost, low error) and the lower-right
corner corresponding to high Crpys (low computational cost, high error). In-
creasing the size of the region F leads to increased noise in the distribution
function, however, the computational effort is reduced only slightly (see or-
ange and red curves). Increasing the number of merging regions M reduces
error without a significant increase in computational cost (since the NTC
collision procedure is much faster than the Monte Carlo evaluation of the
collision integral for the collisions involving mass in Q). It can be seen that
at high C'gyrs values, the hybrid approach is marginally more effective than
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Figure 9: Time spent on performing collisions during a single timestep plotted against
RMSE (left) and MAE (right) in the tails. For the hybrid and QUIPS codes, different
points on the same curve correspond to different values of the Crprs parameter (the pure
discrete velocity curve on a coarse grid has the lowest and highest values of Crjrg anno-
tated); for the variable weight DSMC calculation, different points on the curve correspond
to different numbers of merging cells M); for the SPARTA computation, different points
correspond to different numbers of model particles N,.

the pure discrete velocity method, if one looks at the Mean Absolute Error
(MAE) metric. The fact that the MAE metric, which is not as sensitive to
large errors as is RMSE;, is seen to decrease with decreasing values of Cryrg
for the hybrid method, supports the hypothesis that the noise introduced by
the merging procedure and hybridization with a low number of DSMC-type
particles is more significant than the noise introduced by the Monte-Carlo
scheme for evaluation of collisions involving particles from region @ (which
is influenced by the choice of Crprs). It should be noted that our present
hybrid code has not been specifically optimized and thus the metrics pre-
sented only serve as a coarse comparison between the non-hybrid and hybrid
approaches. Moreover, the computational cost of maintaining accuracy of an

22



530

531

532

533

534

535

536

537

538

539

540

541

542

543

—— QUIPS, fine grid
----- QUIPS, coarse grid

Hybrid, Fsman, fine grid, M = 64
—— Hybrid, Farge, fine grid, M = 64
—— Hybrid, Fsmay, fine grid, M =512
————— Hybrid, Fsman, coarse grid, M = 64
«=¢- Var. weight DSMC

<+ SPARTA
10t 10t s Ny=1e7
10° 100
%3]
a
210! 1071
%] Np=1e5-4.
C
8102 -2 M=64000
o 10 10 N T e Np=les s
2 M=32768 %, " o TS3.0DE-02
—— e
F 103 1073 .,
M=4096 30 e Np=183 ) Notib———t, _T“’hfl"’:"sxll%?aisz;
1074 M=216— &, dg 1074 M=2164“_¢M=8
107¢ 1073 1072 107! 1072 107t 10°
RMSE (M,) RMSE (Mg)

Figure 10: Time spent on performing collisions during a single timestep plotted against
RMSE in the 4" and 8" dimensionless moments. Different points on the same curve
correspond to different values of the Cryrs parameter (the pure discrete velocity curve
on a coarse grid has the lowest and highest values of Crars annotated); for the variable
weight DSMC calculation, different points on the curve correspond to different numbers of
merging cells M); for the SPARTA computation, different points correspond to different
numbers of model particles Np.

already equilibrium distribution is likely different than maintaining accuracy
in an evolving flow in which the tails and/or trace species play an important
role in the dynamics.

For achieving very low-noise results, the pure discrete velocity method
can be seen to be computationally more efficient than DSMC or hybrid com-
putations.

Figure 10 shows the computational time spent on a collision step plotted
against the root-mean-square error in the 4" and and 8" moments. While
the discrete velocity method can achieve significantly lower noise in the 4"
moment than the hybrid or DSMC methods, it does so at a noticeable in-
crease in computational cost. For the higher order (8") moment, the hybrid
approach requires less computational time for a given noise level than the
pure discrete velocity method. Both the SPARTA and pure DSMC compu-
tations are more cost-efficient than the hybrid and discrete velocity methods
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Figure 11: Memory usage in Mb plotted against RMSE in the tails. Left subplot shows
pre-merge memory usage, right subplot shows post-merge memory usage. Different points
on the same curve correspond to different values of the Crass parameter (the pure discrete
velocity curve on a coarse grid has the lowest and highest values of Crpsg annotated; for
the pure DSMC calculation, different points on the curve correspond to different numbers
of merging cells M); for the SPARTA computation, different points correspond to different
numbers of model particles N,.

Another important aspect of computational efficiency is memory usage
— modern supercomputers are often limited in their computational speed by
memory bottlenecks, rather than processing power [77]; this is especially true
for hybrid (GPGPU/CPU) architectures, since passing data between General
Purpose Graphics Processing Units and CPUs is slow, and therefore, a code
with a lower memory usage might be more amenable to large-scale computa-
tions. GPGPU units have been successfully used both for DSMC [78, 79, 80|
and discrete velocity method [81] computations, and therefore, a compari-
son of memory usage of various computational methods might be indicative
of potential scaling issues. It is important to note that for a given velocity
grid, achieving lower noise with a discrete velocity method does not require
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Figure 12: Memory usage in Mb plotted against RMSE of the 8" moment. Left subplot
shows pre-merge memory usage, right subplot shows post-merge memory usage. Different
points on the same curve correspond to different values of the Crprs parameter (the pure
discrete velocity curve on a coarse grid has the lowest and highest values of Crprg anno-
tated; for the variable weight DSMC calculation, different points on the curve correspond
to different numbers of merging cells M); for the SPARTA computation, different points
correspond to different numbers of model particles IV,,.

additional memory (only more sampling operations are performed to better
approximate the collision integral), whereas as with DSMC, the noise is in-
versely correlated with the number of simulation particles N,. That is, to
achieve less noise in DSMC, one has to incur not only an increased compu-
tational cost, but also an increased memory cost. Moreover, for practical
multidimensional problems low noise DSMC requires high memory usage for
all cells (or at least many cells) in physical space. Even if a collision scheme
that requires a relatively low number of particles per cell to be accurate is
used (such as the simplified Bernoulli trials collision procedure [82]), and time
or ensemble averaging is employed, it still is problematic to use fixed-weight
DSMC to correctly model flows with large number density ratios between
different species. For example, if modelling an Ar/e™ mixture with a ratio of
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the number densities of electrons and argon atoms equal to 0.001, approxi-
mately 1000 argon simulator particles are required for each electron model
particle; moreover, if the trace species (in this case electrons) are initialized
with a non-equilibrium distribution, a larger number of particles is required
to avoid initialization bias [75].

Figure 11 shows the pre- and post-merge memory usage plotted against
the RMSE metric for the distribution function. The amount of memory used
by the discrete velocity code is dependent only the number of points on the
velocity grid, and is not affected by the choice of Crpsg; for the hybrid code,
the memory usage immediately before the merging procedure (after all the
collisions at a given timestep have been performed and the number of particles
in F is high) was used to produce the left subplot. It can be seen that for
a given velocity grid and size of F, the memory usage of the hybrid method
is virtually independent of the number of merging regions M. This is due to
the fact that the plot shows peak memory usage (number of particles before
merging), and the number of particles in F before merging is mostly governed
by the choice of Crprs. While the pre-merge memory usage of the hybrid code
can be rather high compared to a pure discrete velocity code, it should be
emphasized that this is only needed to store the large amount of particles that
are created in F due to the depletion-replenishment collision scheme; and this
amount of additional memory would not increase even if one increases the
number of cells in physical space, since the collision and merging steps are
performed on a cell-by-cell basis. This is in contrast with the SPARTA code,
in which memory usage does not change (due to an absence of a merging
step), which can make it unfeasible to run complex simulations with large
numbers of model particles. The pure (variable-weight) DSMC version of the
developed hybrid code is marginally more effective with regards to memory
usage than SPARTA, which might be due to its ability to better resolve the
tails via particles with small computational weights.

For the hybrid code, the post-merge memory usage still has a dependence
on Crys due to failed merges — if a merge in a merging grid sub-cell fails, a
lower C'rprs means that more particles remain in that sub-cell, and memory
usage is higher. This problem could be alleviated with a more sophisticated
merging procedure.

Finally, Fig. 12 shows the pre- and post-merge memory usage plotted
against the RMSE of the 8" moment of the distribution function. When
one considers the post-merge memory usage, it can be seen that the hybrid
method and variable-weight DSMC approaches, as well as the discrete veloc-
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ity method, are noticeably more memory efficient than a fixed-weight DSMC
code.

It can be concluded that with additional optimization of the computa-
tional procedures, the developed hybrid scheme in velocity space might be
an attractive strategy for a given acceptable error in the tails, especially if
variance reduction is implemented (as that can provide benefits both in terms
of computational efficiency and noise level).

5. Conclusion

A new approach to modeling rarefied gas flows based on a hybridization in
velocity space has been developed and verified for a single-species monatomic
gas.

The hybrid approach has been tested on the BKW relaxation problem,
and has been shown to provide improvement in the computational effort-
to-noise ratio in moments of the distribution function compared to a purely
discrete velocity simulation.

The influence of various simulation parameters on the noise in the tails of
the distribution function as well as noise in the moments of the distribution
function has been studied for a Maxwellian distribution.

It is shown that that the main source of noise in the tails of the dis-
tribution function when using the hybrid approach is the low number of
DSMC-type particles, rather than the value of Crys (the noise parameter
in the discrete velocity method).

With the basic principle of hybridization having now been successfully
demonstrated, further modifications of the hybrid method may include its
generalization to flows containing particles with internal energies, multiple-
species flows, flows with chemical reactions, and flows in which one imple-
ments a variance reduction algorithm [25]; these features have already been
proven in DSMC and discrete velocity methods separately, as discussed ear-
lier. The use of a more complex adaptive merging scheme to minimize the
amount of noise in the distribution function introduced by the merging pro-
cess and resolve issues with impossibility of merging due to presence of neg-
ative mass will be investigated in future work. The development of other
metrics (perhaps more problem-specific) to better understand the trade-offs
between various numerical methods and their parameters introduce also re-
mains to be investigated.
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pendix A. Bias introduced by the merging procedure

To estimate the influence of the particle merging procedure on the higher-

order moments, and to better understand the amount of noise and bias in-
troduced by the merging, the BKW relaxation test case was run with a
29 x 29 x 29 velocity grid with Fi,..u and different values of the number of
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Figure A.13: Time evolution of the 4" moment for the BKW relaxation. The black curve
is the analytic solution. The red lines connect the pre- and post-merge moments at a fixed
timestep, while the blue lines connect a post-merge moment at timestep ¢ with a pre-merge
moment at timestep i + 1, that is, they show the temporal evolution of the moment. A
Crus value of 0.005 was used, and the number of merging grid cells M was equal to 8.

merging cells M. The simulation was run with a scaled timestep of 0.1 for 100
timesteps (10 collision times); and at each time step, the difference between
the post- and pre-merge value of the considered moments was computed:

AM;(t) = MP () — MP™(t). (A1)

Here MP™(t), MP°*(t) are the values of the scaled moment of order [ at time ¢
before and after the merging procedure, correspondingly. The time-averages
of these time-series were taken:

10 AN (f)

AM, =
: 100 ’

(A.2)
and ensemble-averaged over 200 ensembles.

Figure A.13 shows the temporal evolution of the 4 moment for a single
run with M = 8 and explicitly shows the changes in the values of the moment
due to the merging procedure (red lines). We see that for such a low number
of merging cells (8), the merging adds considerable noise.
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Figure A.14: Average difference in the 4 moment introduced by the merging procedure
for different numbers of merging cells M. Note that all cases lead to a negative change in
My, but that with a moderate number of merging cells M the magnitude of the error can
be quite small. The error bars show a range of plus/minus one standard deviation.

Figure A.14 shows the average bias introduced in the 4 moment by the
merging procedure as a function of number of merging cells M. It can be
seen that merging causes a consistent underestimation of the moments, and
that increasing the number of merging cells leads to a reduction in the bias.
The bias introduced in the 4* moment was also approximated as a function
of M:

logio(—AMy) ~ 0.44 — 0.917M*/5, (A.3)

and the analytic fit is also shown on Fig. A.14.
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