Abstract

Computationally efficient, accurate and robust methods for producing data-
informed physics-based predictions from multiscale/multiphysics models
are critical to the mission of the DOE/ASCR. We build upon utilize a recently
developed approach for solving stochastic inverse problems |1,2| based on a
combination of measure theory and Bayes’ rule. We utilize scalable approaches
based on connections with deterministic optimization [3| and multi-fidelity
approaches |4| to reduce the computational cost in solving the inverse problem.

Motivation
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An Inverse Problem

Given a probability density on observations, find a probability density on model
inputs such that the push-forward matches the given density on the observed data.

Approach and Preliminary Results
Theorem (Butler, Jakeman, Wildey, SISC, 2018)

Given an initial probability measure, P, on (A, Bp) and an observed probability
measure, P2, on (D, Bp), the probability measure P,\” on (A, Bp) defined by
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solves the stochastic inverse problem.

m ("t js the given initial probability density
m (%S is the given distribution of the data

Q(init)
D

m Computing [ requires a forward propagation of the initial.

Scalable methods based on optimization

m Consider a linear map: A: A — D with 7" ~ N(X, Cp) and 7% ~ N(q, Cp)
m MAP minimizes the following functional with C4 = ACL\AT
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The Hessian is given by:

H=ATC;l'A+ Cit— AT (AGAT) ' A

m We utilize a randomized low-rank approximation method for scalability
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Developing Scalable and Multi-fidelity Approaches
for Push-forward Based Inference
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Figure: Illustration of Tikonov vs. modified regularization.

N Classical Bayes Push-forward Based

Iters | CG | Misfit | Time || Iters | CG | Misfit | Time
100 | 9.1 | 482 | 12.2 | 0.012 || 9.2 | 48.5 | 2.84e-13 | 0.012
500 | 9.2 | 55.1 | 60.7 | 0.026 || 9.2 | 55.6 | 3.96e-13 | 0.027
1000 | 10.6 | 61.7 | 121.9 | 0.109 || 10.7 | 61.9 | 3.06e-13 | 0.110
2000 | 11.0 | 62.9 | 242.8 | 0.549 || 11.0 | 63.9 | 2.76e-13 | 0.553
4000 | 11.2 | 65.3 | 484.1 | 2.88 || 11.3 | 66.8 | 3.75e-13 | 2.90
8000 | 12.4 | 71.4 | 965.6 | 19.7 | 12.6 | 73.0 | 8.59e-13 | 20.0

Table: Convergence of standard and modified functionals for a linear map with
a trust region Newton-CG algorithm as dimension of parameter space increases.

Nonlinear hyperelastic example:

m Compressible Mooney-Rivlin solid

m Piecewise constant material property

®m Dimension of parameter space: 36905

m Dimension of state space: 14487

m Dimension of data space: 2778
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Figure: Decay of eigenvalues (left), true material coefficient (middle), MAP
solution (right).

Multi-fidelity methods

m Goal: leverage correlations with low-fidelity models to reduce number of
high-fidelity model evaluations

m Only desire ability to generate samples from updated density
W Let Qy and @ denote the high- and low-fidelity models respectively

marint) () = /D T(Qu|Qu) T (q)dg

@ gL( (q) can be approximated using Monte Carlo sampling and KDE

m The key is constructing m( Qx| QL)

2 We use Gaussian process regression with heteroscedastic noise model
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Figure: Samples from joint distribution and marginals (left) and convergence of
the updated density (right) for the linear elliptic PDE.
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Figure: Low-fidelity LE model with 16,600 elements (left), high-fidelity CE
model with 17,040,000 elements and 224,000 grains (middle), training data for
regression model (right).
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Figure: Push-forward of initial and updated densities with observed density
(left) and samples from the updated density (right).

Potential Impact

m Enabling this form of stochastic inference on large-scale multiscale and
multiphysics applications

Synergy

m Applications desiring data-informed physics-based predictions

m Robust/efficient/scalable solutions to stochastic inverse problems

m Optimal experimental design (for prediction)

m Extracting information from “big’ data
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