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Abstract: While current phenomenological burn models are useful for describing the average or bulk reactive flow behaviour of heterogeneous
explosives, one fundamental weakness inherent to these models is the loss of detailed microstructural information at the scale of the calculation.
In order to include the effects of the microstructure, and in particular the underlying material heterogeneities that influence the build-up to
detonation, a new paradigm is put forth for modelling sub-grid, reaction-induced fluctuations (i.e. “hot spots”) at the continuum level. This
modelling approach assumes that the reaction rate is stochastic, rather than deterministic, and it uses Langevin-type equations with a
mathematical framework built upon 1t6 calculus and Lambourn’s CIM model for shocked heterogeneous explosives. This approach follows
directly from our previous letter, Ref. [1], and is inspired by the probability density function (pdf) methods used in turbulent reactive flows. Here,
the stochastic burn model is derived, implemented, and exercised far beyond what has been shown in previous work. New hydrocode simulation
results demonstrate the role of stochastic fluctuations during shock initiation; these fluctuations are approximated by collections of discrete
particles, that evolve with drift (i.e. deterministic) and diffusion (i.e. stochastic) coefficients. Additionally, the particle values are propagated and
averaged to calculate the heat release, yield strength, and material impedance in each computational cell. Hydrocode simulation results further
show how the fluctuating hot spot energy may or may not be transmitted to the wave front, and result in a detonation wave-like structure. The
fundamental stochastic nature of this model permits simulations to have varying outcomes with the same initial conditions; this allows for go/no-
go estimation (e.g., marginal or failed detonations), which might possibly be calibrated using the statistical distributions from real materials.
Mesoscale calculations of shocked heterogeneous explosives also show that these fluctuations are physically justified (i.e., Ref. [2]), and it is
hypothesized that the pdf functions provide a link between the meso(grain) and continuum scales for practical engineering calculations. Thus,
our approach is a paradigm shift for building efficient, reduced order continuum burn models, that represent the sub-grid stochastic behaviour of

shocked heterogeneous solid explosives.
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1 Introduction

At present, much attention is being focused on the
particle/pore scale microstructures of energetic
materials (EMs) that appear in a variety of diverse
engineering applications (e.g. propulsion, munitions,
and device actuation). These applications introduce a
broad material variability, where many EMs are
heterogeneous mixtures of organic polycrystalline
materials, metals and/or polymeric binder with voids
and defects [3]. When viewed at the mesoscale (i.e. the
scale of the heterogeneities, typically between 0.1 pm
and 1 mm), these condensed phase materials exhibit
statistically random, i.e. stochastic, microstructures in
two- and three-dimensions. One particularly active area
of research is in understanding how structural and
compositional fluctuations at small length scales modify
material properties and behaviour at larger length
scales. This, in kind, is related to efforts aimed at novel
multiscale modelling frameworks and computational
homogenization schemes for stochastic materials, as
discussed in recent review papers by Hull et al. [4] and
Matous et al. [5]. Unfortunately, these approaches are
not yet well equipped to handle the strong shock
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regime, or the ensuing chemical reactions that may
occur in EMs. During high explosive (HE) initiation from
a mechanical insult, solid mechanics quickly gives way
to compressible gas dynamics and nonlinear shock
waves at the onset of reaction. Thus, the modelling and
simulation of HE initiation brings together several
academic disciplines in a unique multiphysics scenario.

A current research effort in EMs is to understand
how the observed macroscale responses of detonation
and sub-detonative phenomena may or may not be
governed by the characteristics of the unreacted
microstructures. This objective is motivated by the
desire to understand the physical processes occurring
at the mesoscale [2], and the promise of leveraging this
understanding towards quantifying the safety and
performance margins of explosives. For example, it is
well known that small defects such as cracks and voids
can lead to the formation of reaction sites known as “hot
spots” [6,7], which ultimately sensitize these materials.
Experimental results also suggest possible links
between the stochastic microstructures and shock
sensitivity through powder characteristics; some
notable trends include the observed changes due to
particle size [8], specific surface area (SSA) [9,10], and
density [11].

Considering the different numerical modelling
and simulation efforts for heterogeneous explosives,
many of these can be divided into one of two
approaches. One approach is aimed at studying
explosives initiation (mesoscale) [12-18], while the other
is aimed at studying propagation (continuum) [19-21]. A
third approach, atomistic simulations, is acknowledged
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here as it pertains to the mesoscale, but it is not
discussed in detail. These efforts are summarized in a
recent review paper by Handley et al. [22], which
provides for additional context and identifies some of
the knowledge gaps within the field. From this body of
literature, it is clear that a large gap exists between the
data being generated at the mesoscale and the
calibration of continuum burn model parameters;
indeed, the current work is focused on finding a link
between the meso and continuum scales in some
meaningful way. Without a robust scale-bridging link,
whatever unique insights that may be gained at the
mesoscale will not propagate into the continuum
reactive burn models that are currently used in
hydrocodes for reactive flow simulations.

Current research [12-22] is progressing to close
this knowledge gap from both sides. Finite element
analysis (FEA) and Eulerian/Lagrangian hydrocodes,
together with modern computing resources allow for an
image to computation approach for mesoscale
modelling [12]; in this approach, microstructure images
are obtained both experimentally and synthetically [13-
17]. Pushing mesoscale simulations further, Jackson et
al. [13] have augmented the energy equation with a
power deposition term to include the effects of discrete
hot spots. This addition has been shown to increase
model fidelity of the shock to detonation transition in a
plastic bonded explosive (PBX). On the continuum side,
Perry et al. [19] show a literal translation of the SURF
burn model parameters to more physical quantities.
Other recent continuum approaches seek to train an
Ignition and Growth-type reactive burn model with
surrogate models and/or machine learning techniques
[18,20]; however, the training functions are still mostly
based on single pore collapse.

While all of these computational techniques have
been used in the current efforts, the majority of studies
still use the same (i.e. deterministic) hydrocodes with
adjusted physics models [22]. It has long been argued
by Baer [2,3] that mesoscale simulations should be
mined for their rich statistical datasets, and then passed
to the continuum level through a probability density
function (pdf) of the thermodynamic states. It is
anticipated that the pdfs will be measured from
mesoscale simulations of a representative volume
element (RVE). Unfortunately, this approach requires
substantial modifications to the governing continuum-
level equations. Baer et al. [3] derived the joint pdf
transport relationship for randomized deformable media
(see Eq. (112) of Ref. [3]), but concede that a direct
numerical approach is computationally expensive; also,
a set of closure laws are required not unlike the models
used in pdf-based turbulence modelling approaches.
What is missing from the literature is a mathematically
rigorous, yet computationally feasible methodology for
homogenizing the meso(grain) scale at the continuum
level; specifically, one that addresses the stochastic
nature of reactive shock waves and hot spot formation.

Following the pdf methods used in turbulent
reactive flows [23,24], a new stochastic burn model will
require a particle discretization in order to solve the
governing equations. Specifically, the particles are used
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to represent a pdf distribution that includes extreme
states and outliers in the tail, which in turn corresponds
to the shocked heterogeneous microstructure through
the distribution of the thermodynamic states. However,
much work is needed for current particle methods to
treat strong pressure gradients with solid, rather than
liquid or ideal gas equations of state. Tantalizingly close
numerical methods can be found within the granular
flow [25] and droplet laden flow [26,27] communities,
but it will take time to repurpose these methods for
heterogeneous solid explosives. Progress is also being
made in stochastic computational modelling that may be
relevant to the current work [28]. Finally, dissipative
particle dynamics (DPD) and other DPD variants [29,30]
have been used to run large three-dimensional particle
simulations in order to bridge the gap between
fluctuations at the molecular level and the continuum.
For example, the stochastic shock to detonation
transition (SDT) was recently submitted for publication
on a liquid explosive, Nitromethane [31]; however, it is
important to note that this is a computationally-intensive
framework for homogenizing the atomic and molecular
fluctuations. The application of DPD to heterogeneous
microstructures is currently an active area of research;
see Mattox et al. [30].

The objective of this work is to derive a stochastic
continuum burn model that is motivated from the top
down, i.e. starting from the reactive Euler equations.
This model was briefly introduced in a previous letter [1],
but it is expanded here to include two additional
fluctuating quantities (i.e. yield strength and material
impedance) as well as details of its implementation in a
one-dimensional hydrocode. Moreover, another
objective of this work is to draw possible connections
between the meso(grain) and continuum scales through
full-field data mining and pdf evolution; however, the
execution of such work will be a community endeavour.
Overall, the stochastic burn model described herein is
exercised to show new model capabilities that are not
present in a traditional hydrocode approach. The results
of this work demonstrate that a new paradigm is being
put forth to capture the effects of reaction-induced
fluctuations (i.e. “hot spots”) in shocked heterogeneous
solid explosives via stochastic process modelling.

2 Mathematical Model

The approach to stochastic process modelling used
here may be summarized as follows: (1) random
fluctuations are introduced into a deterministic model
via Langevin-type equations with drift and diffusion
coefficients, (2) fluctuations are propagated according
to the rules of It6 calculus [32], and (3) particle averages
are used to solve for the mean flow state. While simple
in theory, this approach can introduce significant
mathematical complexity; however, such complexity
can be managed by choice of a tractable model system.
Thus, the application of stochastic process modelling to
current burn models (e.g. CREST, SURF, AWSD, SHS,
etc. [22]) is beyond the scope of this work. Instead, it is
thought that the stochastic nature of the SDT problem
will have its greatest influence near the impact surface
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and at early times, and a simplified description of the
early stages of shock initiation is considered here in a
one-dimensional scenario.

James [33] and Lambourn [34,35] performed
detailed analyses of the embedded particle-velocity
gauge data for sustained shock initiation in a variety of
explosives. Following their work, an exact analytic
theory was developed that could explain the behaviour
of the particle velocity gauge data close to the impact
surface. The resulting constant impedance model (CIM)
[35] is not only a reasonable mathematical description
of the early stages of reaction, but it is also simple
enough that stochastic processes may be rigorously
applied. The CIM model equations arise from a
characteristic analysis, and are generalized in this work
to allow for a variable material impedance and a basic
strength model. In order to fully encapsulate the
approach as outlined in steps (1)-(3) above, this section
begins with a derivation of the generalized CIM
equations via the method of characteristics, followed by
particle averaging, the solution of the Riemann problem,
and finally hydrocode implementation.

2.1 Characteristic Analysis

Following the derivation of the CIM model [35], it is
assumed that the behaviour of a shocked
heterogeneous explosive is governed by the reactive
Euler equations; see for example Fickett and Davis, Ch.
4 Egs. (4.6a) through (4.6d) for a one-dimensional slab
geometry and a single reaction rate [36]. Here, pressure
is exchanged for the stress tensor, so that the governing
equations appear as,

Dp du
1
+p5-=0, (1)
Du 1 doy,
-~ _- — 2
Dt p Ox 0, )
DE 0y Ou
i P 0, (3)
and
DF
— = 4
e (4)

where D /Dt is the material derivative, p is the density,
u is the x-component of the velocity vector, g, is the
first diagonal element of the stress tensor, E combines
the internal energy, e, and heat of reaction, @, into a
single expression (i.e. E =e— QF), F is the product
mass fraction bound between 0 and 1, and r is the
reaction rate. Once the explosive has been shocked,
the stress tensor is assumed to lie on the yield surface
given by the von Mises yield criteria,

2
—_p_= 5
P-3Y, ()

where P is the thermodynamic pressure and Y is the
yield strength.
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In solving for the characteristic form, the
eigenvalues may be greatly simplified by exchanging
Eq. (3) for the adiabatic relationship; see for example
Ref. [35]. The adiabatic relationship is found in Fickett
and Davis, Ch. 4 Egs. (4.7a) through (4.7c) [36], and it
is modified here to include a non-zero yield strength,

DP ou 1 /2 ou
( ) = pclor, (6)

E+p 6x+ p Ep 0x

where ¢?=v2(P+E,)/E, is the square of the
thermodynamic sound speed and ¢ = (0P /0F)g,/pc?
is the material thermicity [36]. In order to provide closure
to the current model, a Mie-Griineisen equation of state
is assumed to approximate the value of the pressure
derivative, E,. Here, 1/E, = p I\, where p, and I are
the initial density and Griineisen parameter for the
unreacted material, respectively. The term containing
the material thermicity is also lumped into an effective
heat of reaction, i.e. Q £ pc?o. Finally, the yield strength
is assumed to be constant for inert materials; however,
it may decrease towards zero as F approaches one to
represent the loss of strength due to reaction. Under
these assumptions, the reactive Euler equations may be
expressed in Lagrangian coordinates as,

Dv odu

= 7
Dt oOh 0. (7)
Du 00y,
= 8
Dt oh 0. (®)
DP 2 ou
il 2 — 9
Dt +(Z Tz Poro )ah Qr, 9)
DY
— = 10
Dt YFT’ ( )
Doy, 2 6u 2
—= 2 —O0r —— 11
Dt (Z T3 pOF"Y) on =@ —3%r (1)
and
DF
— = 12
=T (12)

where v =1/p is the specific volume, Z = pc is the
material impedance, and h is the aerial mass (i.e.
Lagrangian coordinate) defined by h = fxf)p dx [35].
Model characteristics are obtained from the eigenvalues
of the corresponding matrix equation [37],

ou A(U ou S(U
= HAW) = = S(U),

(13)
where U is a column vector of the state variables, i.e.
U= (v,u,P,Y,o,,F)T, and boldface notation is used to
represent both vectors and matricies. A(U) is the 6x6
coefficient matrix given by,



Modelling the Fluctuations of Reactive Shock Waves in Heterogeneous Solid Explosives as Stochastic Processes

-1
0
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0

—A2
0

: (14)

>
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where A? =72+ ngFOY represents the effective

material impedance squared, and the source vector,
S(U), is given by,

0
0
Qr
S$= YFT . (1 5)
—Qr — ;YFr
T

For the characteristic analysis, one works with the
homogeneous matrix equation first, i.e. S=0. The
eigenvalues of the coefficient matrix are determined to
be A, =1(0,0,0,0,—A,A). The corresponding left and
right eigenvector matrices are needed to cast the matrix
system into characteristic form. The solution of the right
eigenvector matrix, R, and left eigenvector matrix, L =
R™1, have simple analytic closed-form solutions via,

0 0 0 1 1/A* 1/A?
000 0 1/A —1/A
oo 10 -1 -1
R=10100 o 0o | (1€)
000 0 1 1
100 0 0 0
and
0 0 00 0 1
0001(1>0
0
=11 0o 00 -u& ol (17)
0 4A/2 0 0 1/2 0
0 —A/2 0 0 1/2 0

respectively. Each characteristic equation corresponds
to a different eigenvalue, 4;, and is the result of the
following matrix manipulation,

au au
Li = { /1

oy . ou 1
ot T4 9n (18}

J=1.sw)

where L; are the row vectors of the left eigenvalue
matrix. For the eigenvalues given by A;, = +A, the
characteristic equations correspond to lines in t—h
space having the slope +1/A; they are given by,

2
—doy,, ¥FAdu = QdF + §YFdF. (19)

The other four eigenvalues (4, , ; , = 0) are degenerate,
and correspond to lines of h= const. The four
additional characteristic equations are given by,
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2
—do,, + A? dv = QdF + §YFdF, (20)
2
~do, —dP = SYydF, (21)
dY = YdF, (22)
and
dF = rdt. (23)

When yield strength is neglected (i.e. Y =0, o,, = —P
and A = Z), two of the characteristic equations may be
eliminated; the final result is the CIM model, which also
serves as the basis for the preliminary stochastic model
given by Kittell et al. [1].

The primary advantage of expressing the
governing equations in characteristic form is that it is
both mathematically rigorous yet computationally
feasible to take particle averages along the
characteristic lines, as will be shown later. By choosing
to focus on the fluctuations in heat release (QdF), yield
strength (Y), and material impedance (Z) rather than the
particle velocity or temperature, the collections of
particles follow the material characteristics exactly.
Hence, the characteristic equations may be averaged
and solved in a straightforward manner.

2.2 Particle Equations

In the Lagrangian coordinate system (i.e., h), individual
particle paths are assumed to follow the material
characteristic lines of h = const. Along these paths, the
particle properties are denoted by an asterisk, e.g. ¢*,
and may be decomposed as the sum of a mean and
fluctuation,

P =¢+¢ (24)

where ¢ is the mean and ¢’ is the fluctuation. For any
particle property, the number-weighted conditional
average is defined by,

¢=(¢*|h*=h), (25)

and the mean of the fluctuations is zero, i.e. (¢') = 0.
Unlike for turbulence modelling, there are no assumed
fluctuations in the particle velocity or in the particle
density, such that a number-weighted average is
equivalent to one based on mass or volume.

The mechanisms for reaction in heterogeneous
solid explosives are thought to be due to local energy
concentrations in the microstructure known as hot
spots. In light of this view, random fluctuations are
introduced into the product mass fraction, F*, which is
bound between 0 and 1, as well as the yield strength,
Y*, and material impedance, Z*. Following previous
work [1], the mass fraction is given by a Langevin
equation of the form,
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dF* = A} dt + B; dW,, (26)

where A; and B; are the particle drift and diffusion
coefficients, respectively, and dW, is the Wiener-Lévy
process, i.e. a Gaussian random variable with mean
zero and variance dt. Here, the Gaussian noise term,
dW, , is used as a preliminary model from the It6
calculus [32], and it assumes that the global reaction
rate is an ergodic process. When the diffusion
coefficient is set to zero, the drift coefficient takes the
role of a traditional burn model such that dF /dt = A,.
For the particle drift coefficient, we appeal to one
of the earlier burn models by Lee and Tarver [38] which
expresses the concept of hot spot ignition and growth,

Ai=T1Q-F)* (F) +GQA—F)*(F) P, (27)

where I, x, r, G, y, and z are the model parameters. On
the right side of Eq. (27), the drift term is composed of
ignition (I) and growth (G) terms, which are applied on
a particle basis that is also coupled to the pressure, P.
When F*=0, the drift coefficient is also zero.
Physically, a nonzero value is needed for ignition, which
may be evolved via the diffusion coefficient having an
assumed (i.e. preliminary guess) form of,

if <0

if t>0" (28)

._f0
B = { k, exp(—k, 1)

where k, and k, are model parameters, and the
variable t =t — tg,;, is the time since passage of the
first shock. The diffusion coefficient simultaneously
eliminates the starting problem, and introduces the
stochastic nature of the model; it also expresses hot
spot formation as an exponential decay rate. Physically,
the distribution of the mass fractions, F* , is
hypothesized to be linked to the statistical distribution of
the microstructure, and mesoscale simulations may
provide additional insights into modelling the drift
coefficient.

Fluctuations are also introduced into the yield
strength that depend on F*. An assumed model form for
the yield strength was chosen that approaches zero as
the mass fraction approaches one, i.e.

Y =Y, (1-F)m, (29)

where Y, and m are model parameters. This strength
model represents a constant yield surface for inert
materials, that decreases as gaseous products are
formed. The Langevin equation to advance Y* may be
obtained from an 1t6 derivative (see Theorem 4.1.2 in
Ref. [32]) as follows,

1
ay* = (A’; Yi + =B YF*F) dt + B; Yi dW,,

5 (30)
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where Y and Y4, are the first and second derivatives of
the yield strength with respect to the particle mass
fraction.

Finally, fluctuations are introduced into the
material impedance, Z*. A model description for the
impedance requires two equations of state (EOS); one
for the unreacted explosive (UR) and one for the
reaction products (RP), as well as a mixture rule to
combine them. To simplify the current model
description, we choose to assume a common density
and pressure for both the UR and RP EOS so that the
mixture impedance is given by Schmidt’s rule [39],

1 1-F F*
(Z°)?

_ZIZJR(P’V)—l—ZI%P(P'V)’ (31)

where Z,, and Zg, are referred to here as the Z-EOS
for the reactants and products, respectively, and Z2? =
—(0P/av), is equivalent to the square of density times
sound speed, i.e. Z? = (pc)?.

The Z-EOS are calculated following an approach
briefly discussed in Ref. [1]. In summary, the specific
volume, v, and the specific entropy, s, are taken to be
independent thermodynamic state variables. Next, a
generalized Mie-Grineisen form of the EOS is
assumed, such that (0P /de), is treated as a function of
volume alone. Under these conditions, the Z-EOS may
be derived from Maxwell’s relations, the chain rule, and
an arbitrary reference curve in volume as,

e (OP) P+de dpP
(P,v) = de/, avler dv

where P,..(v) and e,.;(v) represent a reference curve
in specific volume, such as the Hugoniot or a principal
isentrope.

In the current work, Z,, for unreacted solids is
given by a Mie-Griineisen EOS of the form (dP/de), =
pol, and a reference curve corresponding to a quadratic
shock-particle velocity relationship of the form,

(32)

1

ref

US = CS +51 up + (Sz/Cs) uzz,, (33)

where p,, I, Cs, S;, and S, are the unreacted EOS
parameters, Us is the shock velocity, and u, is the
particle (material) velocity. The reaction products Z, is
calculated from a Jones-Wilkins-Lee (JWL) EOS of the
form (9P /de), = pw, and the functions P,..r(v) and
erer(v) are given by,

P..r(v) = Aexp(—R, V) + B exp(—R, V), (34)
and
A B
ere (V) =~ exp(;Rm FAm PR
-
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where V = p,/p is the relative volume and w, 4, B, R,,
R,, and g, are the model parameters. Note that a more
recognizable form of the JWL EOS is recovered via the
expression P = P, + pw|e — e,.;|, which shows that
the JWL model is a subset of the generalized Mie-
Grineisen form, and Eq. (32) may be applied for both
the unreacted and reaction products Z-EOS.

Having defined both Z,; and Zp, and by
extension Z* in Eq. (31), the Langevin equation for
evolving material impedance may be obtained from an
[td derivative. The result is given by,

1
dz* =Zidv+Z;dP + (A’; Zp + EB;Z z;;F) dt (36)
+ B} Z} dW,,

where Z;, Z;, Zj;, and Zz are the partial derivatives of
impedance with respect to volume, pressure, and the
particle mass fraction, respectively.

The particle values and their governing Langevin
Egs. (26), (30), and (36) may now be substituted into
the characteristic Egs. (19) through (23). Next, a
number-weighted particle average is taken along each
characteristic, so that the governing equations for the
fluctuating reactive flow are given by,

—doy, ¥ (A*) du = (QdF*) + g(Y;dF*), (37)
—doy, + ((A*)?) dv = (QdF*) +§(Y;dF*), (38)

and
—do,, —dP = g(YF*dF*), (39)

where two of the particle-averaged characteristics for
(dY*) = --- and (dF*) = --- have been omitted, as the
mean values (Y*) and (F*) do not appear in the particle
equations; hence, they are decoupled from the solution
to the mean flow.

One important result is the self-consistent nature
of Egs. (37)—(39) with previous work, e.g. Refs. [1,35].
When strength is neglected (Y = 0, and ¢,, = —P) and
the fluctuations are removed from the material
impedance (A* = Z), Egs. (37) and (38) simplify to Egs.
(7) and (8) from Ref. [1]. When it is further assumed that
no fluctuations exist in the reaction rate (F* = F) and
that the material impedance is constant, then the CIM
model is recovered; Eq. (37) simplifies to Eq. (1) from
Ref. [35], and Eq. (38) simplifies to the CIM reactive
EQOS, after performing an integration. Moreover, the
“degree of stochasticity” of this current model is
controlled by limiting the diffusion of particle values. An
exact, deterministic solution is obtained when the
diffusion coefficients are set identically to zero. Thus,
the analytic constant impedance model (i.e. CIM)
solution provides an excellent test for a numerical code.
Such CIM-based tests were, in fact, performed during
the code development; however, they are not discussed
here, as this work is focused on the development of the
stochastic model extension.

2.3 Solution of the Riemann Problem

The particle-averaged characteristics in Egs. (37)—(39)
form the governing equations for the stochastic burn
model, and may be used to cross any kind of jump
discontinuity; e.g. shock wave, fluctuation, or when
moving between computational cells. Solving for these
discontinuous jumps is the fundamental operation
performed in a hydrocode, and it is directly related to the
Riemann problem (RP) [37]. Here, a solution to the RP
is sought in order to avoid the use of artificial viscosity,
which acts to smear all discontinuities over a finite
number of cells. Previous attempts to implement a
stochastic burn model using artificial viscosity resulted
in a small viscous stress throughout the entire shocked
material, owing to the particle fluctuations. Alternatively,
slope limiters may be explored for hydrocode
implementation, but this is beyond the scope of the
current work.

In summary of the RP, the state vector, U, is
initially discontinuous about an origin, 0, as shown in
Fig. 1 where it is depicted between two computational
cells. This discontinuity leads to left- and right-running
waves, as well as to the downstream star region vectors
(U,, and U,z ), which are unknown. One seeks a
solution for the downstream region by matching the
velocity and stress states along the O —t axis as
discussed in Ref. [37]. This matching condition may be
determined by integrating the left- and right-running
characteristics in Eq. (37) along the lines ac and ec in
Fig. 1. For hydrocode implementation, an exact solution
exists only when the particle-averaged terms (e.g. (A*))
are constant. This may be assumed across small time
steps, i.e., 6t. Thus, the integrals of the characteristic
equations are solved with constant particle-averaged
values initialized at the beginning of each time step;
these values are marked with a subscript to indicate the
left and right initial conditions, i.e. (¢*), and (¢*)z,
respectively.

Taking the integral of Eq. (37) over lines ac and
ec yields two equations in two unknowns; the solution
for velocity and stress is given by,

O, — D, (40)
U, =
(A*), + (A%)g
and
A*), D, + (A*),
_axx,*=( Yo 01 + (A7), @, 41)

(A), + g '

where (A*), and (A*); are the initial left and right
particle-averaged effective material impedances, and
the functions ®, and @, are used to simplify the
expressions; they are given by,

By = (=0 + AV (QAFT) + 3 dFY) . (42)
and
&y = (—0y, — (AW +(QaF*) + 2 (VzdF *>)R, (43)
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Figure 1. Diagram for the Riemann problem. Characteristic equations are integrated along lines @c and ec to
solve for a common velocity and stress state at point c¢. All other values may be solved by integrating the

characteristic equations along lines ab and ed.

for the left and right sides, respectively. Note that Egs.
(40)—(43) simplify to Egs. (9)—(12) in Ref. [1] when
strength is neglected and the fluctuations are removed
from the material impedance.

To determine all other values inside of the star
region, the remaining characteristic equations are
integrated over lines ab and ed in Fig. 1. The resulting
downstream pressures and volumes are found to be,

Pup = P, = (Ouzu — ) — 2 (VidF*),, (44)
Pig = Pr = (O — Oup) — 3 (Y7 dF™)g, (45)
Vo, = v O-xx,* - O-xx,L + (QdF*)L + %(Y;dF*)L (46)
*xL " ML ((A*)2>L )
and
. — + (QdF*), + XYzdF*
g =T Oxx, Oxx,R (Q )R 3< F )R. (47)

((A*)?)g

Thus, the values obtained inside the star region are
determined by simple algebraic relationships. In this
work, Egs. (40)—(47) were programmed into an exact
Riemann solver and they are applied at the mesh faces
using a research hydrocode. The numerical method is
referred to here as the “method of particle-averaged
characteristics” or MOPAC for the remainder of the
work. Further details of the hydrocode implementation
are discussed next in Sec. 2.4.

2.4 Hydrocode Implementation

The stochastic SDT problem was simulated in a one-
dimensional research hydrocode, tailored for a flyer
plate impact scenario into an explosive target. This

setup requires a finite mesh discretization in aerial mass
coordinates, i.e., 6h, and three fundamental code
operations, described as follows. The first operation is a
time integration to advance the Langevin equations via
forward Euler discretization. For ODEs, this is trivial;
however, for stochastic differential equations (SDEs)
the drift coefficients must be included. For example, Eq.
(26) may be integrated as,

F;I—l = Fi* + A:,L 5t + le 5t1/2 E, (48)

where the subscript i is the cycle number, 4t is the time
step, and ¢ is a random number with mean zero and a
standard deviation of one; see Ref. [32] for additional
details. A pseudo random number generator (PRNG)
was obtained under the GNU LGPL license based on a
numerical method from Ref. [40]. The PRNG seed value
is specified by the user in an input deck; each seed
determines a unique sequence of pseudo-random
numbers, which enables code repeatability.

After the particle update and subsequent particle
averaging in each computational cell, in step two Egs.
(40)—(47) are used to solve for the downstream star
region values, which are stored as face-centred values.
Finally, in step three, the cell-centred values are
updated using the two adjacent faces. While a variety of
different numerical methods are available (notably
Godunov and HLLC), a global scheme based on the
random choice method (RCM) [37] was found to allow
the shock front to remain steep, while also mitigating the
smearing of particle fluctuations. In summary of this
technique, a weighted Monte Carlo method determines
whether to update the cells based on the left face, right
face, or current value (i.e. no change). For a sufficiently
small cell size, §h, the trajectory of an inert shock wave
converges to the analytical solution.

Model parameters for an inert flyer and explosive
target are listed in Table 1 and are used throughout this
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work. Additionally, the coordinate system is chosen so
that the material interface is located at h = 0 g/cm?
(note that the materials do not move in h-coordinates).
Geometry and model choices are summarized as
follows: the flyer is 10 mm thick with an initial velocity of
1.0 km/s; it resembles the EOS of a low impedance cast
acrylic sheet, Perspex®©. The target is 7 mm thick with
zero initial velocity; it resembles the EOS parameters of
an HMX-based polymer bonded explosive, PBX9501.
The drift and diffusion model parameters were chosen
in order to highlight some of the novel stochastic
material behaviours, although they have yet to be
refined and calibrated to the physical hot spot
processes. These dimensions and initial conditions are
used for all baseline simulations; however, some
variations in the flyer velocity, flyer thickness, and
numerical settings are explored in the results section.

3 Simulation Results

Simulation results for a representative flyer plate impact
scenario are shown in Fig. 2 using the model
parameters from Table 1. The flyer and target are
separated by a vertical dashed line, and the flyer
velocity of 1.0 km/s yields an initial stress state and
particle velocity of 1.93 GPa and 0.37 km/s,
respectively. The shock wave originates at the material
interface without any signs of reaction; at time zero, it is
a square wave with a constant value. However, some
curvature is observed ~1.0 ys after impact as shown in
Fig. 2(a). Reaction then develops into a “hump” or
“spike” behind the leading wave, similar to what is
observed in the embedded velocity gauge data [34]. We
note that while experimental data more closely
resembles that of a rounded “hump,” the “spike” is a
characteristic of the Lee-Tarver reaction rate [38], and
this particular feature could be improved via adaptation
of a current burn model [22]. Regardless, the effective
heat release allows the material impedance to grow, so
that energy is propagated forward along the right-
running characteristics; this increases the strength of
the leading wave. The end result is a detonation wave-
like structure appearing ~1.8 ps after impact, as
observed in Fig. 2(d).

While the pressure and velocity results might
appear to have been produced from a traditional
hydrocode, some unique stochastic behaviours are
observed. At early times, e.g. Fig. 2(a,b), the velocity
and pressure curves are very smooth, yet at later times,
e.g. in Fig. 2(c,d), there are sharp fluctuations behind
the leading wave. These reaction-induced fluctuations
are stochastic, and they are never the same twice
(provided a different seed value is input to the PRNG).
In Fig. 2, the mesh resolution and number of particles
per cell were set at 5e-4 g/cm? and 200, respectively.
This baseline impact simulation was rerun 50 times
using different seed values chosen from a list of prime
numbers, in order to estimate the model-based
variability between runs.

For 50 repeated simulations with the same initial
conditions, the mean flow and variance were calculated
in each cell. Fig. 3 shows the mean flow and 2¢ variance
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Table 1. Model parameters used to represent the
inert flyer and explosive target materials.

Model Parameter Flyer Target
MG Po, glcm3 1.186 1.86
EOS T, 0.97 1.1
Cs, km/s 2.598 2.686
S, 1.516 2.256
S, 0 -0.483
Strength Y, GPa 0 0.1
m 0 3
JWL w 0 0.38
EOS A, GPa 0 852.4
B, GPa 0 18.02
R, 0 4.6
R, 0 1.3
&, GPa 0 10.2
Eff. Ht. Q, GPa 0 8
Drift I, us™’ 0 0.01
(i.e. 47) % 0 2/9
r 0 2/3
G, (GPa)?us' 0 0.5
y 0 2/3
z 0 2
Diffusion  k,, us™? 0 0.01
(i.e. By) ky, us™ 0 0.1

(i.e. 95% prediction interval or PIl) in velocity and
pressure at 1.66 ps after impact; this time corresponds
to the same output as Fig. 2(c). Variations in pressure
and velocity are the largest at the reaction “spike”
located near h ~ 0.6 g/cm?, and approximately zero
around the material interface. For a reaction-induced
fluctuation model, inert shock waves will have zero
variability in the mean; however, a small uncertainty
always exists at the wave front due to the RCM global
scheme used. Much of the 95% PI shown in Fig. 3 is
close to zero, hence these regions of the calculation are
relatively unaffected by the particle fluctuations.

Compared to Fig. 2(c), the mean particle velocity
and pressure in Fig. 3 are smooth functions, as the
results are averaged over 50 different runs. These
smoothed distributions are analogous to the pdfs
obtained when modelling turbulent reactive flows.
Moreover, the mean flow and variance shown in Fig. 3
are well-behaved functions, and will converge to a
theoretical solution as the number of simulations
approaches infinity. One could solve for the governing
pdf equations directly; this is done by transforming the
Langevin description from 1t6 calculus (differential form)
into an equivalent set of Fokker-Planck equations
(integral form). However, that derivation has yet to be
attempted for the current model. Note that the MOPAC
numerical scheme would also change in order to solve
the set of governing Fokker-Planck equations.

Another observation from Fig. 3 is that the mean
and variance come from a single set of stochastic model
parameters. This type of reaction-induced variability
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Figure 2. Simulation output for a one-dimensional flyer impact in aerial mass coordinates. The results show the
mean particle velocity (light curve) and pressure (dark curve) at four different times, labelled (a) through (d); flyer

and target model parameters may be found in Table 1.

cannot be obtained from a traditional hydrocode with a
deterministic burn model. That is, variation of the burn
model parameters provides a measure of the epistemic
uncertainty; i.e., error due to the unknown parameter
values. Here, the stochastic Itd calculus is used to
inform the process-based variability, i.e. aleatoric error
that is thought to result from the dynamic formation of
interacting hot spots. For uncertainty quantification,
these two sources of error (epistemic vs. aleatoric) are
fundamentally different. Moreover, there may be a direct
connection between the process-based variability and
current high-fidelity mesoscale simulations; such
simulations are thought to be able to provide data that
can be used to quantify the aleatoric error, and they are
envisioned to fit the drift coefficient model parameters.
Evidence for a randomized, aleatoric error is
often visible in the fluctuations of particle velocity data,
e.g., [2,41]; however, this observation is usually
dismissed as the SDT experiments are highly
repeatable and the fluctuations are relatively small.
Mathematically, the variance may be adjusted to any
size by controlling the relative weights of the drift versus
diffusion coefficients in Eq. (26). For example, a
reduction in the parameter k; will decrease the size of

time = 1.66 us

2.0 T T T T 35
% 15 2o 4
=< = 50 runs s o
2 10k o
e 420
— 20- ha
g 05F 20— [ 115 ﬁ
(5] (]
£ 00F A
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- 2
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Figure 3. Mean particle velocity and pressure (light
and dark curves, respectively) from 50 different
simulations with the same initial conditions. The
shaded envelopes show two standard deviations
about the mean. The QOlI is indicated as the region
between the two white dots.
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the envelope near the reaction “spike” in Fig. 3. Thus, a
stochastic model need not lead to highly unpredictable
results. Similarly, the randomized stochastic nature of
shock initiation may be obscured by the available
continuum-level gauge measurements, or possibly it is
cancelled out by the strong deterministic growth of
reaction after hot spot coalescence.

3.1 Numerical Convergence Studies

Numerical solutions of stochastic differential equations
have both weak and strong convergence [42]. Weak
convergence relates to the mean values obtained from
the numerical method, whereas strong convergence
relates to the particle values and their distributions. It is
difficult to bound the different numerical errors in a
mathematically rigorous way; however, some empirical
results may be given to show that the simulations in
Figs. 2 and 3 are converging with respect to their mean
and fluctuations.

Numerical parameters consist of the mesh
resolution (§h), number of particles per cell (nppc), and
the number of repeated simulations (nsim). Note, the
time step is not considered as it is calculated from the
Courant limit and a 60% safety factor [37]. To explore
the effects of these numerical settings on convergence,
a quantity of interest (QOI) must be defined. Here, the
QOlI is the mean velocity between h = 0.55 g/cm? and
h= 0.7 g/cm? at 1.66 ps after impact; this spatial-
temporal domain is indicated in Fig. 3 between the two
dots, and corresponds to the mean velocity across the
reaction “spike.” At 1.66 ps, the reaction is accelerating
towards the detonation wave-like structure in Fig. 2(d),
with an average velocity in the spike around 700 m/s.

Results for three convergence studies are shown
in Figs. 4 through 6, corresponding to the range of
parameter values listed in Table 2. Case (i) varies the
mesh resolution while using 100 particles per cell and
25 repeated simulations. The mean QOI and its
variation are shown in Fig. 4, as the solid line and
shaded region, respectively. From Fig. 4, the mean and
variance are observed to converge around 6h = 1e-3
g/cm?, and this mesh resolution is often used for a wide
range of different impact simulations. A finer mesh
resolution of 5e-4 g/cm? may be used to ensure the
convergence of simulation results, e.g. in Figs. 2 and 3.
It is also possible to convert §h = 1e-3 and 5e-4 g/cm?
into Eulerian mesh coordinates at time zero; there, the
corresponding mesh resolutions are 186 and 372 zones
per mm, respectively, using p, from the explosive EOS.

Experience has shown that mesh resolution is the
primary driver for weak convergence. Likewise, the
number of particles per cell is a significant factor for
strong convergence [23]. As the particle count
increases, the accuracy of the particle-averaged
guantities, e.g. (¢*), improves. In Case (i), the QOl was
computed using 5 to 200 particles per cell at a fixed
mesh resolution, as shown in Fig. 5. However, the mean
QOI and variance are approximately constant for this
study. Even with a lower particle count, e.g. 5 per cell,
there are a sufficient number of particles between h =
0.55 and 0.7 g/cm? to be statistically significant. Using a
nppc of 5 yields 750 particles contained inside this
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Table 2. Summary of three convergence studies for
the quantity of interest (QOI) as indicated in Fig. 3.

Case Sh,g/cm? nppc  nsim® Total Runs®
(i) vary 100 25 1250

(ii) 1e-3 vary 25 1000

(i) 5e-4 200  Vary 50

aNumber of simulations averaged to calculate the QOI.
bTotal number of simulations used in the study.

time = 1.66 us
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600 =/ e
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400 f "
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Ll saleslassl
0 02505075 1 12515175 2
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Figure 4. Convergence study while varying the mesh
resolution; see Table 2 Case (i). The mean value is
a solid white line and the variance is shaded.

time = 1.66 us
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800 | :
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650 | .
600 | .

550 1 1 1 1 1 1 1
0 25 50 75 100 125 150 175 200

number of particles per cell
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Figure 5. Convergence study varying the number of
particles per cell; see Table 2 Case (ii). The mean
value is a solid white line and the variance is shaded.

spatial domain; hence, this QOl is not as informative for
strong convergence. Preliminary work on stochastic
burn models [1] assumed 64 particles per cell as a rule
of thumb, based loosely on the results from Ref. [42].
Future particle studies should examine a cell-based
convergence metric, rather than one based on the mean
flow.
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Finally, stochastic simulations at fixed initial
conditions may be repeated to estimate variations in the
predicted outcome. Case (iii) computes the QOI as the
number of simulations is increased from 5 to 50; refer to
Fig. 6. This study was performed at the highest mesh
resolution of 5e-4 g/cm? and 200 particles per cell. Here,
the QOI mean and variance are relatively constant, yet
there is some evidence of convergence around 25
simulations. Moving from 5-25 to 25-50 simulations,
there is less variability observed in the mean QOI and
its variance. This result hints at strong convergence, as
will be discussed next.

In order to visualize the difference between 10
and 50 simulations, the mean and its variance from Fig.
3 were recalculated using only 10 runs in Fig. 7. A direct
comparison between Figs. 3 and 7 reveals that while the
mean flow may be smooth in both cases, the variance
and 95% PI are not. This result confronts the analyst
with a new decision to make; to what level of accuracy
or statistical significance should the simulations be
performed at? If the mean flow is most important, weak
convergence is sufficient. However, if the analyst
requires an accurate statistical representation of the
thermodynamic states, then strong convergence is
required. These issues must be balanced, especially as
the dimensionality of the stochastic burn model is
increased from one to two, and ultimately three
dimensions. These empirical results also suggest that
the one-dimensional impact simulations are adequately
converged with a mesh resolution of 1e-3 g/cm?, 100
particles per cell, and 25 repeated runs. Such
conclusions are influenced by the need to minimize the
CPU cost for processing thousands of runs. Note that
when compared to the computationally-intensive
framework of dissipative particle dynamics, the potential
cost savings is enormous.

3.2 Particle Distributions

Results from a stochastic burn model also include the
distributions of particle values and their pdfs. Each cell
holds a pdf distribution, and an overall pdf distribution
exists for the shocked material as well. Collections of
the mass fractions, F*, are shown in Fig. 8 as dots, and
the mean value as a solid line. This sequence
corresponds to the same simulation and time output
from Fig. 2. In summary, these particle results help to
visualize how Eq. (28) introduces the stochastic
fluctuations right behind the leading shock (representing
hot spot initiation), and how at later times the mean
pressure in Eq. (27) dominates to drive the mass
fraction values to one.

Here, the drift and diffusion coefficients in the
Langevin Eq. (26) naturally bridge the gap between HE
initiation (stochastic) and propagation (deterministic).
Moreover, the particle fluctuations, which have their
greatest variability in Fig. 8(a,b), do not appear as
fluctuations in the mean flow velocity and stress states
until later times. This is because the effective heat
release is tied to the change in the particle values, i.e.
(QdF*), rather than the values themselves. Thus, the
heat release is greatest when the reaction gradient is
most steep, e.g. Fig. 8(c,d). One consequence is that
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Figure 6. Convergence study varying the number of
repeated simulations; see Table 2 Case (iii). Mean
QO is a solid white line and the variance is shaded.
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Figure 7. Particle velocity and pressure from 10
different simulations at the same initial conditions;
compare to Fig. 3, showing an average over 50 runs.

the experimental measurements might not be able to
capture these complex particle fluctuations at early
times. Since instrumented HE experiments usually
measure the bulk velocity or stress state, our model
results indicate that the largest particle variations will
not be observed until much later, as the growth of
reaction takes over. While experiments are not yet able
to sample these early time mass fraction distributions, it
is possible to extract them from high-fidelity mesoscale
simulations. Such an approach requires full-field data
mining and pdf evolution, as will be discussed later.
Another particle-based result is the distribution of
the yield strength, Y, as shown in Fig. 9. In the current
model, there is a tight coupling between F* and Y*
through Eq. (29), but this is not a one-to-one mapping.
The It6 derivative propagates noise from the drift term,
B{, such that Y* is also a stochastic random variable
with its own drift and diffusion coefficients. In summary
of the yield strength results, pristine HE has a maximum
value of 100 MPa that “degrades” to zero following a
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Figure 8. Particle values (dots) showing the distribution of the mass fractions, F*, at four different times, labelled
(a) through (d); results correspond to the same simulation output and time sequence from Fig. 2. The mean

value is given as a solid white line.

shock. Loss of strength is caused by reaction, i.e. when
gas phase products are formed. Since the governing
model for yield strength contains a depletion term with
1 — F*, Figs. 8 and 9 bear a strong resemblance to each
other.

In the current model, all of the Langevin Egs. (26),
(30), and (36) are placeholders for a more generalized
stochastic burn model. Some of the current expressions
are phenomenological, and should be informed by the
actual statistical distributions. This is especially true for
Egs. (29) and (30); these fluctuations were originally
introduced into the yield strength in anticipation of using
the stochastic model for low-pressure, accident-type
impact scenarios. Although such yield strength
fluctuations are less important for SDT, they do allow for
comparisons between the continuum and the
mesoscale via joint pdfs (or jpdfs).

The distributions shown in Figs. 8 and 9 are
marginal pdfs. Since the marginal pdfs may be
correlated to each other in some significant way, only
jpdfs provide a complete picture of the shock initiation
process; examples of jpdfs may be found in Ref. [3].
Results for the particle impedance values were also
calculated, and the magnitude of the fluctuations was
found to be small in comparison to the magnitude of the

mean. Thus, the particle impedance results are not
shown.

3.3 Stochastic Initiation

Following the model derivation, implementation, and
numerical convergence studies, perhaps the most
interesting application of a stochastic reactive burn
model is simulating threshold conditions, marginal
detonation waves and detonation failure. Note: the term
“threshold conditions” is used here, broadly speaking,
to cover both thin pulse flyers (geometry-dependent)
and supported (geometry-independent) shock initiation.
Unlike continuum reactive burn models that are tuned
to sustained growth, the fluctuating particle values allow
for go/no-go outcomes at the same impact pressures,
and model parameters. From a mathematical point of
view, there is a competition between wave steepening
and release; unfavourable characteristic gradients
contribute to failed detonation waves for a marginal
shock input.

Such novel initiation behaviour has been
previously shown by constructing a Pop plot for the
successful SDT cases, and tallying the no-go’s on the
right side of the plot for detonation failure (i.e. Fig. 3 of
Ref. [1]). Note: a description of the Pop plot may be
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Figure 9. Particle values (dots) showing the distribution of the yield strength, Y*, at four different times, labelled
(a) through (d); results correspond to the same simulation output and time sequence from Fig. 2. The mean

value is given as a solid white line.

found in Ref. [43]. Here, the improved stochastic burn
model is exercised by mapping the distribution of
outcomes from a 10 mm thick flyer impacting a 60 mm
thick target at nine different flyer velocities: 1000, 900,
800, 700, 600, 500, 400, 350, and 300 m/s. Each flyer
velocity was simulated 50 times using a different seed
value for the PRNG, and the simulation results are
reported in Fig. 10. The left and right sides of Fig. 10
share the same y-axis in pressure, while the no go
cases are reported both as a frequency distribution
(solid line) and a black and white colour map to highlight
the estimated initiation pressure threshold.

In summary of the Pop plot, it is similar to the one
found in Ref. [1] in many ways. For example, the
variation in run distance (Fig. 10, left) increases as the
shock pressure decreases. This result reinforces the
idea that prompt initiation (i.e. higher shock strength) is
more deterministic, whereas the low-pressure regime is
more stochastic due to the greater influence of discrete
hot spot formation and interactions with material
microstructural heterogeneities. Qualitatively, the linear
trend between shock pressure and run distance in log-
log space is also recovered, which is the actual
behaviour found in real materials. As a comparison to
previous work, the current Pop plot and the one in Ref.
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Figure 10. Pop plot and no go fraction for nine
different flyer velocities; distributions are based on
50 simulations at each impact condition. An arrow
indicates the location of a comparison study shown
Fig. 11, and a black and white colour map is used to
highlight the estimated initiation threshold.
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[1] differ in the sharpness of transition from go to no-go,
the linear fit, and also in the behaviour of high-pressure
simulation results. Moving from the original to the
current model, the intercept has changed from 0.98 to
0.87 and the slope has changed from -0.83 to -0.86.
Much of the vertical shift in pressure is attributed to the
inclusion of yield strength.

The range of shock pressures in Fig. 10 lie
between 1.87 and 0.53 GPa; shock initiation was never
observed below 300 m/s for a 10 mm thick flyer, so the
no-go fraction of 1.0 was extended to zero pressure for
illustration. The Pop plot pressure range is lower than
what is observed for a typical PBX, but the stochastic
burn model has yet to be refined and calibrated. The
EOS parameters are similar to real materials, whereas
the drift coefficients (i.e. I and G), diffusion parameters
(i.e. k; and k,), and effective heat of reaction (i.e. Q)
were adjusted to observe a prompt detonation at a flyer
velocity of 1.0 km/s. Consequently, the shock pressure
had to be reduced below 1 GPa in order to observe the
marginal detonation waves shown in the results. Here,
the run distance to detonation is calculated from the
peak density in the reactive shock wave — peak density
does not appear until after the formation of the
detonation wave-like structure. When density exceeds
4.0 g/cm® (a user defined value), the location is
recorded for the Pop plot; if the density stays below 4.0
g/cm?, then it is determined to be a sub-detonative
response.

Throughout testing, it was found that the Courant-
limiting time step drops significantly at higher pressures;
hence, flyer velocities above ~1 km/s cannot be fully
explored without a stiff solver, and this has yet to be
implemented in the hydrocode. Furthermore, the
solution algorithm relies on a forward scheme rather
than a predictor-corrector. The shock pressures shown
in Fig. 10 are determined by the effective impedances
at the beginning of each time step; a corrector step is
needed to achieve the same shock pressures that lie on
the Hugoniot curve. Specifically, the hydrocode
pressures are lower than the Hugoniot curve by 1.03
and 0.13 GPa at 1000 and 300 m/s, respectively. These
limitations are tied to the underlying CIM model
assumptions [35], yet this simplified model description
allows for a practical model implementation in a
research hydrocode.

In light of the preliminary nature of Fig. 10, two of
the threshold (i.e. marginal ignition) cases are shown in
greater detail to explore how particle distributions may
or may not lead to a successful shock initiation.
Specifically, two runs at 400 m/s are shown in Fig. 11;
the results consist of the simulated particle velocity
gauge data (i.e. Fig. 11(a,b)), the particle distributions
for an interior point in the explosive (i.e. Fig. 11(c,d)),
and higher order moments of the particle distributions
(i.e. Fig. 11(e,f)). Each successive plot reveals greater
insight into why the detonation failed.

Concerning the gauge data, 12 cell locations at
1.61 mm increments into the explosive show the build-
up to detonation; Fig. 11(a,b) is similar to the type of
data that is measured experimentally [33]. For this
particular case, the maximum particle velocity or
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reaction “spike” does not appear until much later in time
than it does for the prompt initiation cases. The reaction
begins to accelerate around 5 pus, but it is arrested in
one case and not the other. Note that while the target is
60 mm thick, these simulations end when the detonation
front achieves a maximum density of 4.0 g/cm?®. Also,
the last 2 gauges in Fig. 11(b) show evidence of the
release wave from a 10 mm thick flyer rear surface.

To investigate the role of pdf evolution, Fig.
11(c,d) shows the individual values and mean of F*
located in the fourth velocity gauge of Fig. 11(a,b); this
cell stays in the shock compressed state for ~3 us
before the release wave arrives from the back of the
flyer. Release waves are unavoidable in the current
hydrocode; a finite flyer thickness was chosen to be 10
mm, which results in a similar calculation as a sustained
shock initiation experiment, while balancing the CPU
cost based on the number of cells. We note here that
the original Pop plot from Ref. [1] was greatly affected
by these release waves, much more than in the current
results shown in Fig. 10. Regardless, before the release
wave arrives, Fig. 11(c,d) shows that different amounts
of stored chemical energy were passed forward to the
shock front along the right-running material
characteristics. The mean value, (F*), is higher in Fig.
11(c) than it is in Fig. 11(d); a dashed line is drawn at
(F*) = 0.7 as a guide to the eye to observe the different
values.

Not only are the mean values higher in the ‘go’
outcome, the particle values evolve into two different,
non-uniform pdf distributions. Two of the higher-order
moments (variance and skewness) complete the full
picture of detonation failure. When the shock wave first
passes over the cell located at 4.81 mm, there is a low
variance but positive skewness. Positive skewness
indicates that the tail of the pdf distribution is weighted
on the right; i.e., a higher value for the skewness
indicates more F* outliers above the mean (i.e. more
“hot” outliers), which can begin to grow the pressure
faster. The no go case has lower skewness and thus
fewer “hot” outliers. However, the skewness always
trends downward in time as the particles react. Thus, at
later times, the skewness drops and the tail of the pdf
distribution shifts to the lower end where reaction has
stalled. When the release wave arrives at the No. 4
gauge location around 5 s, the distribution is effectively
frozen in time. Note, when the skewness passes
through zero, the distributions momentarily appear to be
Gaussian; the time of zero skewness occurs in the ‘go’
case around 5 ps, but it is about 1 ys earlier for the ‘no-
go’ case. Thus, pdf evolution is greatly influenced by the
tails, and in fact the tails of the pdf distribution may hold
the key to simulating stochastic reactive phenomena.

In summary of the detailed analysis for a ‘go’
versus ‘no-go’ case, material that is shocked early on
and that remains at pressure will evolve into a non-
uniform distribution in each cell. The extreme states or
“tails” in the pdf distribution accelerate the evolution of
the mean. Slight differences in the tail, especially for
marginal detonation waves, will affect how the pdf
evolves at later times, as shown in Fig. 11. In this case,
a ‘go’ likely results from having more outliers in the right-
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Figure 11. Lagrangian simulation results for a go/no-go comparison. The ‘go’ case has a calculated run distance
of 17.55 mm; the ‘no-go’ case never exceeds a critical density (4.0 g/cm?®) at the shock front. In (a) and (b),
particle velocity histories begin at the flyer/target interface and are spaced at 1.61 mm increments; (c) and (d)
show the particle values corresponding to gauge No. 4; (e) and (f) show the variance and skewness as light and
dark curves, respectively.

hand tail. Visually, Fig. 11(e) shows a more uniform pdf
distribution at 6-7 ps with a higher mean; Fig. 11(f)
shows that the pdf is skewed more to the left over this
same time. As these particle distributions influence the
margins for stochastic initiation, future studies should

endeavour to link pdf evolution directly with mesoscale
simulations.
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4 Ties to the Mesoscale

Results from the stochastic burn model demonstrate
that fluctuations in the reaction product mass fraction,
F, will propagate into the particle velocity and pressure
behind the leading shock wave (e.g. Fig. 3). The net
result is the stochastic initiation and propagation
behaviour of an otherwise deterministic reactive burn
model. The magnitude of the fluctuations in F are not
known a-priori, and are difficult if not impossible to
obtain from experiments; however, it is possible to glean
the distribution of F from mesoscale simulations.

Yarrington et al. [14] simulated the run-up and
failure of detonation in a porous bed of hexanitrostilbene
(HNS), with discrete voids randomly distributed
throughout the target. The localization of energy at
these defects was shown to increase the local
temperature, driving the local reaction rates and local
product mass fractions — in some cases significantly
above the bulk average. Fig. 12 shows the spatial
distribution of mass fractions during a flyer impact
simulation, which is similar to Ref. [14]. In this simulation,
the impact shock generates a relatively high-pressure
pulse (~9 GPa) which lasts for approximately 4 ns
before the arrival of release waves from the rear of the
thin flyer plate. However, the flyer velocity in this
simulation is sub-ignition; thus, the shock wave fails to
run up to detonation. The local values of product mass
fraction, F, show significant variability, from an initial
value of zero up to a maximum value of one.

Fig. 13 shows the distribution of F, across a
proposed representative volume element or (RVE). The
RVE is 8x8 ym, and is illustrated by the dashed box in
Fig. 12; the corresponding simulation time for statistical
output is 9 ns (t = 6 ns). Most of the values of F are very
low (< 107%), occurring in regions which do not contain
hotspots. The mean value of F is relatively high (0.12),
and is primarily influenced by the regions which are
located at hotspots, some of which have completely
reacted (F = 1).

The fluctuations in F are driven by the
microstructure, and depend explicitly on the location of
defects for the particular microstructure that was
simulated. The moments of the distribution of F,
however, are generalized quantities that would remain
constant for statistically similar microstructures. These
quantities can be passed directly from mesoscale
simulations to the stochastic burn model to calibrate the
fluctuations in F. For example, the diffusion coefficient,
i.e. Bf in Eq. (26), represents the variance of the
distribution of F which was hypothesized to decay with
time since the passage of the first shock, i.e. 7 in Eq.
(28). From the mesoscale simulation, the variance of F
over the RVE previously described was tracked through
time. The arrival time of the shock in this two-
dimensional region (refer to Fig. 12) is defined as the
time at which the shock reached the centre of the RVE.
The variance of F is initially high, as shown in Fig. 14,
but then drops rapidly after the shock front passes.
Note: the x-axis begins at 2 ns, which is after the initial
transient where not all of the RVE has been shocked.
Physically, Fig. 14 implies that there is large variability
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Figure 12. Mesoscale simulation of a flyer impact
into a porous bed of HNS showing the evolution of
product mass fraction, F. An example of a region of
interest for statistical analysis of the distribution is
indicated by the dashed box.
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Figure 13. Frequency plot for the product mass
fraction, F, at time = 9 ns after impact. The time since
passage of the shock across the RVE is 6 ns, and
the mean value is indicated by the solid line.

in the local reaction rates early after the shock passes,
but the decay rate of hot spot formation leads to fewer
fluctuations as time passes.
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Figure 14. Variance of the distribution of F, with time
since passage of the shock. An exponential decay
and linear fit are also shown for reference.

Fig. 14 also shows the fit of an exponential decay
function, such as the one hypothesized in Eq. (28) with
parameters values of k7 = 0.33 and k2 = 0.062. The
variance from the CTH mesosocale simulation does not
necessarily support an exponential decay model, and
so a linear fit is also included for comparison which
appears to be a better functional form. Such mesoscale
calculations are expected to reveal that the true
functional form is more complicated than what was
postulated in Eq. (28). On the other hand, the
mesoscale simulations referred to here were only
carried out for a short amount of time, and longer
simulation times will reveal more information about the
shape of the decay.

The behaviour of the distribution of the product
mass fraction, F, is a direct consequence of the
microstructural defects in the material which were
explicitly modelled in the mesoscale simulations. Local
fluctuations, which are deterministic for a fixed
microstructure, ultimately give rise to stochastic
behaviour when the microstructure is randomly varied
(as occurs in nature). The stochastic burn model
captures this behaviour by randomly varying the
fluctuations in F. Mesoscale simulations may provide a
much more physical basis for calibrating the diffusion
coefficient decay rate parameters, by linking variations
in the microstructure to the stochastic behaviour of
explosives during shock initiation.

5 Conclusions

In this work, a new paradigm is put forth for a
stochastic reactive burn model that follows directly from
our previous letter [1]. Here, it is hypothesized that
unreacted material microstructures give rise to a
distribution of thermodynamic states, yet these
distributions have been missing from the literature on
continuum reactive burn models until now. In order to
address these distributions with a pdf approach, and to
link the meso(grain) and continuum scales for practical
calculations, we have extended Lambourn’s CIM model
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with stochastic fluctuations in the product mass
fraction/heat release, yield strength, and material
impedance. The result is a first-of-its-kind, stochastic
burn model for continuum reactive shock waves, and it
has been implemented in a one-dimensional research
hydrocode. The MOPAC numerical scheme was also
developed in order to bypass artificial viscosity, which
acts to smear the fluctuations behind the leading shock.
In order to fully encapsulate this new stochastic
approach, details are given that outline the model
derivation, implementation, and numerical convergence.

Following the model development, simulation
results are presented for a stochastic shock initiation
study consisting of a flyer plate impact scenario. Prompt
initiation (i.e. higher shock pressure) leads to a very
repeatable run distance to detonation; however,
fluctuations are still observed in the particle velocity and
pressure histories that are stochastic. This type of
reaction-induced variability cannot be obtained using a
traditional hydrocode with a deterministic burn model;
here, a stochastic burn model utilizes a single set of
model parameters that attempts to inform the process-
based variability. Multiple repeated runs with the same
initial conditions may be used to estimate variations and
confidence intervals for the simulation results.

The fundamental stochastic nature of the burn
model permits simulations to have varying outcomes
with the same initial conditions, and this allows for
go/no-go probability estimation. As the shock pressure
is lowered on a Pop plot, there is a competition between
wave steepening and release. A detailed ‘go’ versus
‘no-go’ comparison is made for two simulations at 400
m/s, where it is shown that pdf evolution is heavily
influenced by the extreme states in the tails of the pdf
distribution. Extra counts in the right-hand tail of the
product mass fraction (i.e. more hot outliers) will tip the
balance towards initiation rather than detonation failure.
As these particle distributions are responsible for
marginal reactive behaviour (especially the extreme
states and the tails of the pdfs), it is all the more
important to have a reasonable way to calibrate them.

Future models will seek to include additional
fluctuating variables that may be related to hot spot
growth and formation, such as the material porosity, or
mechanical damage for simulating fracture, or even a
fluctuating temperature field under shock loading. While
these future models may or may not follow the current
derivation, the underlying approach of the propagation
of drift and diffusion coefficients should hold the same.
Another direction will be to replace the Lee-Tarver rate
law [38] with a modern burn model such as CREST,
SURF, AWSD, SHS, etc. [22] to capture the smoothed
reaction “hump” feature in greater detail. As new terms
are introduced into the stochastic model, the underlying
numerical methods will be improved as well, with the
ultimate aim of a higher-dimensional 2D or 3D code
implementation; this will likely require the development
of mesh-free methods for advection. Finally, our
discussion of possible future models assumes a
differential approach with Langevin-type equations, yet
an equivalent integral approach based on Fokker-
Planck equations should be considered as well.
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Regarding model calibration, many experiments
utilize continuum gauge measurements, and this
prohibits measuring the pdfs (or variance, skewness,
etc.) directly. However, it may be possible to use the
measured confidence intervals from certain go/no-go
experiments to at least validate the diffusion coefficient
parameters. Moreover, the rich statistical datasets from
mesoscale calculations may hold the key to informing
the underlying pdfs; one such example is shown for a
porous HNS explosive. In particular, the mesoscale
simulation is used to compute the time-dependent
variance in a single RVE, which can then inform the
diffusion (i.e. noise) term of the Langevin rate Eq. (26).
This mesoscale simulation is an extension from Ref.
[14], and shows that the hypothesized exponential
decay function will likely be revised for real materials.
While such preliminary mesoscale studies inform our
future directions, the development of a robust scale-
bridging link remains a community endeavour.
Stochastic reactive burn models will most likely require
full-field data mining, pdf evolution, or even pattern
recognition and machine learning to fit the stochastic
diffusion coefficient.

Overall, stochastic process modelling is applied
with the intent to show these new model capabilities to
the EM community. Such capabilities are not present in
a traditional hydrocode/continuum burn model, and they
should be developed further to allow for predictions of
ignition threshold, marginal and failed detonation waves
in the shock regime. Stochastic process modelling also
represents a clear paradigm shift, one that moves away
from deterministic continuum reactive burn models.
After performing many mesoscale calculations, it
became evident to the authors that the unique insights
gained at the mesoscale must have a stronger
connection to continuum burn models, and the pdf
distributions are hypothesized to link the meso(grain)
and the continuum scales with great possibilities.
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