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The growth of applications at the intersection between electromagnetic and
quantum physics is necessitating the creation of novel computational electro-
magnetic solvers. This work presents a new set of time domain integral equa-
tions (TDIEs) formulated directly in terms of the magnetic vector and electric
scalar potentials that can be used to meet many of the requirements of this
emerging area. Stability for this new set of TDIEs is achieved by leveraging
an existing rigorous functional framework that can be used to determine suit-
able discretization approaches to yield stable results in practice. The basics
of this functional framework are reviewed before it is shown in detail how it
may be applied in developing the TDIEs of this work. Numerical results are
presented which validate the claims of stability and accuracy of this method
over a wide range of frequencies where traditional methods would fail.

© 2019 Elsevier Inc. All rights reserved.

1. Introduction

The rapid improvements in quantum theory is continually resulting in a diverse range of technological advances.
For many applications, classical and quantum electromagnetic theory already have, and will continue to play a key
role in the creation of novel technologies that leverage these improvements [1, 2]. This includes development in
areas obviously related to electromagnetics, such as quantum optics and atom-photon interactions [1, 3, 4]. However,
electromagnetic theory is also necessary in less obvious applications; for instance, those requiring Casimir force or
near-field heat transfer calculations [2, 5, 6]. For each application area, suitable computational electromagnetic solvers
are needed to bridge the gap between analytically solvable systems and those desired to be numerically analyzed for
problems of practical interest.
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However, the diverse set of applications imposes a similarly diverse set of requirements for computational elec-
tromagnetic solvers to be widely applicable. One common and challenging requirement is to have deeply multiscale
solvers; i.e., an accurate and efficient solution can be found over a wide range of length scales with respect to the
wavelength of the electromagnetic radiation [1]. Different applications also require different physical quantities to
be calculated. For instance, in the interaction of a charged particle and an electromagnetic field, the magnetic vector
potential (A) and the electric scalar potential (I) are needed in the solution of the Schrödinger equation [7]. Other
examples include: the Maxwell stress tensor in Casimir force calculations; and dyadic Green's functions for atom-
photon interactions or stimulated emission rate calculations [1, 8, 9, 10].

To address the growing needs of these and other applications, the A-4:1) formulation has been developed [1]. This
formulates the computational electromagnetic solvers directly in terms of the vector and scalar potentials, leading to
equations that perform well from very long to short wavelengths. This is a unique and novel property of the equations,
which is not typically realized in their discretized counterparts based directly on the electric (E) and magnetic (H)
fields [11, 12, 13]. Additionally, the A-0 formulation has the benefit of typically being more easily integrated into
quantum physics calculations, where these quantities are deemed more fundamental than E and H [1, 2, 7]. These
properties make computational electromagnetic solvers developed from the A-(1) formulation ideal candidates for
meeting the needs of emerging applications that rely on quantum physics.

Past work has extended the A-0 formulation to the following methods: finite-difference time-domain [7], fre-
quency domain finite element method [14], and frequency domain integral equations [15]. The focus of this work
is to continue this development by extending the A-0 formulation to time domain integral equations (TDIEs). This
process was begun in [16], which presented two sets of A-4:13. TDIEs and demonstrated their numerical stability and
favorable performance in extracting results at low frequencies. The current work supports [16] by presenting the
rigorous functional analysis that was essential in successfully deriving and implementing the A-(1). TDIEs of [16].

The interest in TDIEs stems from the fact that they combine the many benefits of time domain methods with those
of integral equations. For instance, time domain methods can perform broadband simulations and can be applied to
nonlinear problems. Integral equations automatically satisfy the radiation condition and allow for flexible geometric
modeling that only requires surface discretizations, greatly reducing the number of unknowns compared to differential
equation based methods. With the development of fast algorithms, TDIEs may also be applied to unprecedentedly
large problems that would be prohibitive for other methods [17, 18]. Combining these benefits of TDIEs with the other
properties of the A-4:1) formulation leads to a numerical solver that can be used in many of the mentioned applications.

Although there is promise in using TDIEs, they are no panacea. A prevalent issue with TDIEs has been a history
of instability when using a traditional marching-on-in-time (MOT) discretization scheme [19]. This has attempted to
be overcome or avoided in a number of ways; e.g., using filtering/averaging schemes [20], bandlimited interpolation
functions [21], or convolution quadrature techniques [22]. However, these approaches have not been widely adopted
due to impacts on accuracy or efficiency of the methods. Instead, most focus has remained on MOT methods, and
after decades of work the key factors needed to achieve stable TDIE systems in practice have been largely determined.
The two most important factors are the accurate numerical evaluation of the relevant space-time integrals and the basis
and testing functions used to find a matrix representation of the integral operator. Accurate numerical integrations
have been addressed by a number of methods, e.g. [23, 24, 25], which are directly applicable to A-(1) TDIEs. Only
the particular method used in this work will be discussed, although the other methods are certainly viable as well.

Selection of appropriate basis and testing functions is a more subtle requirement. Basis functions should be
selected from the domain of the integral operator, while testing functions should come from the dual space to the
range of the operator [26, 27]. If these functions are not selected appropriately, the practical stability of the TDIE can
be substantially compromised. As a result, it is imperative to determine the Sobolev spaces that act as the domain and
range (so its dual may be easily found) for different integral operators so that they may be discretized appropriately.

Unfortunately, determining the relevant Sobolev spaces for a TDIE is not a simple task. Progress in this field is
mostly confined to French mathematical literature [28, 29]; however, some more accessible works also exist [19, 27,
30, 31]. In particular, [27, 31] review the Sobolev spaces for the electric field integral equation (EFIE) developed in
[28], and then demonstrate how the functional analysis can be extended to cover the differentiated EFIE.

In this work, we aim to apply these previously developed functional analysis methods to develop A-41) formulation
TDIEs. In an effort to make this development understandable by the widest audience possible, this work reviews
many key points that have often been scattered in the literature. For those readers that do not require this review, we
have outlined the key portions of the manuscript below so that they may navigate this work quickly.

• Section 2: Reviews the functional framework from its simplest fundamental concepts to make it more accessible
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to a wider audience. For those already familiar with this framework, the key portions are (27), (29), and
Variational Problem 2, which define much of the relevant notation used in this work.

• Section 3: The frequency domain A-0 integral equations are briefly reviewed before using the functional
framework of Section 2 to justify the derivation of appropriate A-0 TDIEs. The two sets of A-0 TDIEs are
summarized in Variational Problems 4 and 5, with stability bounds developed in Section 3.4.

• Section 4: Presents the detailed discretization of the A-0 TDIEs, where Section 4.2 discusses the key concepts
for determining correct basis and testing functions for the TDIEs based on the presented variational problems.

• Section 5: Numerical results are presented that validate all claims of instability or stability of the various
formulations and discretizations discussed. Results demonstrating the accuracy and low frequency performance
of the A-0 TDIEs are also shown.

2. Background

Before presenting the details of the functional framework that will be utilized throughout this work, we briefly
review the general type of equations of interest to this work. In particular, the time domain EFIE will be reviewed,
which acts as the starting point for deriving A-0 TDIEs later in this work.

To begin formulating the time domain EFIE, consider a time-varying electric field incident upon a scatterer em-
bedded in a homogeneous background medium defined by permeability µ, permittivity c, and speed of light c. As
initial conditions, it is assumed that the incident field, denoted by Emc , has not yet reached the scatterer defined by a
surface S , for all t < O. If the scatterer is a perfect electric conductor (PEC), enforcing the boundary condition that
the total tangential electric field on S is 0 yields the traditional EFIE [11]:

h x ( r 1-ii j(e, 1-) Tr V' • J(r', t') „ .. ,‘
V' dtldS xn)= n x (Ei" (r, t)x h), (1)

k is I- 471-R 471-Re-.

where h is the outward pointing unit normal vector to the surface S at location r, R = lr — el, T = t — R/c is the
retarded time, and a dot above a quantity denotes a temporal derivative with respect to t. In (1), J = h' x H is the
equivalent surface current density induced on S that produces the appropriate scattered field, E", such that the total
field is given by Einc + Esc.

This TDIE has been studied extensively in the past, with particular emphasis placed on determining discretization
schemes that are stable, accurate, and efficient. Although there is a substantial amount of literature on this subject,
the particular works of interest are related to the development of a rigorous functional framework used to analyze
TDIEs and determine stable discretization schemes. This was begun in the seminal work of [32] which analyzed
acoustic TDIEs, before being extended to 2D electromagnetic systems in [33]. Analysis of 3D electromagnetic
systems was performed in [28], which also performed a thorough analysis of the Sobolev spaces necessary to analyze
electromagnetic TDIEs that many later works have been based upon. Note that although we only focus on the analysis
from these works, alternative approaches to rigorously study TDIEs have also been devised [34].

It is this functional framework that is adopted in this work to develop stable A-0 TDIEs. As such, it is the focus of
this section to introduce the necessary background concepts so that this functional framework may be understood by
as broad an audience as possible. Toward this end, in Section 2.1, we give the simple, intuitive reasons for introducing
Sobolev spaces, and discuss a basic example in the frequency domain. Following this, the relevant spatial Sobolev
spaces for solving integral equations are discussed. With the necessary foundations in place, Section 2.2 discusses the
full functional framework for TDIEs that will be used in this work. Finally, with all the necessary tools in place, the
EFIE is revisited within the context of the functional framework in Section 2.3.

The mathematical results discussed in this section are heavily drawn from [19, 27, 29, 35], and do not constitute
new work. However, there is novelty in the presentation of the material in as simplified a manner as possible to allow
it to be understood by the widest audience possible. Further, it brings many concepts together into one piece of work
that were previously scattered between different areas of the literature (and in different languages).

2.1. Sobolev Space Background

In physics, Sobolev spaces are used to rigorously define the needed properties of functions so that they can be
considered to be "physicaP solutions to differential or integral equations. The particular property that is desired is
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that the solution produces finite energy within a domain [35]. This typically takes the form of requiring the function
and some number of derivatives to be square integrable, i.e., members of the Hilbert space L2. This can be easily seen
by considering that the total electromagnetic energy in a volume V is given by

Š(w) = 
2 v J 

(€1E(r, (42 +µIH(r, w)12)c/17

r 1

2 jv
i 

(42 + 1VxE(r, 02)dv,
(2)

for the time-harmonic case, with angular frequency defined by w and a tilde used to denote that a quantity is in the
frequency domain. For the remainder of this paper, the explicit dependence on w for frequency domain functions will
often be omitted for brevity when it is clear from context. Note that in the frequency domain, all quantities will in
general be complex numbers, while time domain quantities will be real. As a result, the inner products and norms in
the frequency and time domains are defined in the traditional manner to reflect this.

From (2), it can be seen that for 8 to be finite requires that both E and V xE be in L2 (or equivalently, in terms of
H). As a result, when trying to define function spaces for which solutions to differential or integral equations should
be sought in, it is necessary to consider Sobolev spaces.

For the example given here, the Sobolev space would be defined as

H(curl, w, V) := {Ÿ : v E L2(V)3, VXŸE L2(V)3, < oo),

1 

:=

1(012
IlvxŸ112)

2 

,

(3)

(4)

and 11 • 11 is the standard L2 norm over V. The additional w scaling factor in (4) is included to make the norm more
closely match the calculation of electromagnetic energy given in (2), which will be crucial in the later results. As a
result, if a function is in H(curl, w, V) it can be concluded that it has finite electromagnetic energy, as desired.

A related space can also be defined that will be found to be useful. This is

H(div, w, V) := fir" : E L2(V)3, V • Ÿ E L2(V), ..H(div,w,V) < °°},

\i

PIIH(div,w,V) := *112) •

A similar Sobolev space that is related to the energy of scalar wave functions can also be defined. This space is

(5)

(6)

H1(w, V) := : u E L2(V), vu E L2(V)3, IIMIH1(0,17) < 00), (7)

:= (1w121111112 + 11W1112)2. (8)

This can be related to the energy of a wave function a in V [19]. This can be intuitively seen by recognizing that
the first term in (8) acts like a kinetic energy and the second term acts like a potential energy. Typically for analysis
purely in the frequency domain the scaling of these norms by w in (4) and (8) is largely unimportant. However, it will
be critical when attempting to derive properties in the time domain, as will be seen later.

Up to this point, the Sobolev spaces discussed were defined over a volume for simplicity. However, since we are
concerned with solving surface integral equations, such as that in (1), we need to consider the definitions of Sobolev
spaces that contain the boundary values of the functions in V (i.e., spaces defined on a 2D surface in a 3D space).
Since the bounding surface (denoted as S) of the volume has a measure of zero, the exact mathematical definition of
these boundary values becomes complicated. This is similar, in principle, to the problem of specifying the value of an
L2-"functioC at a point. To address this problem, the trace theorems1were developed. The result of these theorems is
a definition of trace operators that make rigorous the meaning of restricting a function from Sobolev spaces defined
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over V to ones defined over S .
Before continuing with the definition of relevant surface Sobolev spaces, it should be noted that the mathematical

analysis typically done is for closed surfaces. However, a number of surface integral equations are applicable to open
surfaces, such as the EFIE. Similarly, the A-0 TDIEs developed in this work can also be applied to open surfaces
without any difficulty.

With respect to typical Sobolev spaces used in physics, the trace operators lead to the definitions of two new
spaces, HI (S) and its dual space 1-1- (S), which are introduced in a simple manner in [35]. The space HI (S) consists
of boundary values of functions in H1(V), while 1-1- (S ) consists of the normal derivatives of functions in H1(V).
The norms for these spaces are related to a form of Hölder continuity, which is necessary to make the most severe
singularities encountered in solving integral equations be integrable. For the purpose of this work, it will be more
useful to have w-scaled versions of these norms to connect to the time domain, resulting in the spaces IP (co, S)
and 1/-1. (w,S) which are defined in [19]. The norms for these spaces are more easily defined using a more abstract
approach utilizing the Fourier transform of functions on S . Due to the overly technical nature of the definition of
these spaces and that the norms will not need to be explicitly used, they will not be reproduced here. The interested
reader is referred to [19] for more details.

As will be seen throughout this work, H 2(w, S) will be used more frequently as it is important for defining part
of the Sobolev spaces that are typically relevant for solving electromagnetic integral equations [29]. The two spaces
are

and

1-1- (div, w, S ) := : v E (w, S)3,h • Ÿ = 0,v • Ÿ E S)} (9)

HA (curl, w, S):= {ir" : v E (w, S)3, h • v= 0, V xV E H-1(w,S)3}. (10)

Note that the divergence in (9) and the curl in (10) are to be interpreted as surface divergences and curls [29, 35]. The
norms associated with these spaces are

and

IIŸI (div,w,S) (11Ÿ112
H- 

*112 )
2 (w,S) it012 (w,S)

1
NI := + IF X17112 )

(curl,w,S) (w,S) 1(012 (w,S)
(12)

It is also important to note that these spaces are dual spaces to each other, and that if V E (div, w, S) then
h xŸ E H (curl, w, S) (and vice-versa) [29, 35]. In the engineering literature, these two spaces are typically referred
to as the spaces of div-conforming and curl-conforming functions defined on a surface S , respectively. An example
of a function in 1-1- (div, w, S) is the Rao-Wilton-Glisson (RWG) function, which is commonly used in the engineer-
ing literature to discretize surface integral equations [27, 36]. As stated above, this also means that hxRWG is in
1-1- I (curl, w, S).

With the needed surface Sobolev spaces defined, it is instructive to consider an example of how they are con-
nected through trace operators to some of the previously defined volume Sobolev spaces. Taking the example of
H(curl, w, V), a possible trace operator would be h x Vls for v E H(curl, w, V), which would produce a function in
H (div, w, S) [29, 35]. An important property of any trace operator is that it is a bounded operator. For the example
above, we have

llhxŸll (div,w,S) < C(17)101IMIH(CUrl,w,v),
(13)

where C(V) is a constant that only depends on V [29]. Although mathematically useful, these operators also have

1Note that in this context the use of the word trace is unrelated to other common traces used in physics, such as that of a matrix or an operator.
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physical meaning. For instance, in integral equations in electromagnetics, the equivalent electric and magnetic current
densities are typically used as unknown source functions, defined as J = ilxH and NI = Exit, respectively [37]. When
these definitions are considered in the context of (13), it illustrates the physically clear boundedness of the equivalent
current densities by the electromagnetic energy in some surrounding volume.

Combining many of the concepts discussed in this section, it is possible to establish bounds on the results of apply-
ing different integral operators to functions in appropriate Sobolev spaces. As a particular example, we consider the
integral operator from the EFIE for perfectly conducting objects embedded in a homogeneous background medium,
which is

_C{J}(r, w) := f r')V' • ;1(rlds ' . (14)[iwpš(r, r'),1(e) —
ico€

In (14),

eikR

(15)g(r, , r') =
47rR

is the free-space Green's function with k = w/c and w = y + io- and o- > 0 [29]. The need for to to be defined in this
way will be made more clear in Section 2.2. Note that the notation _C{J}(r, w) is used to stress that this is being viewed
as a function defined by the .0 operator being applied to the function J. In particular, _C{J}(1-, w) can be identified as
the scattered electric field produced by J.

For J E H z(div, w, S) and S2 being some external (unbounded or bounded) region to S , the following bound can
be established:

atje, 01111/(curl,w,O) < C(S , (01111_1 (div,w,$). (16)

This is established in two basic steps. The first step involves applying a trace operator to bound the energy of the
scattered electric field in II by a norm taken only over the surface. In particular, we make use of (11) in [29], which is

I 1-ale, IH(curl,w,rn < C(S )1(01-101 x L{Je , 011111_1,(div,w,S). (17)

At this point, properties of the integral representations being used to solve the physical problem can be exploited to
derive bounds on the scattered energy by the source function that produced it. For this example, this type of bound is
given in (16) of [29], which is

1111 x -ELY, (0)}11H-i < C(S, 016°Illje,z (cliv, w ,S) z (div,w,S)•
(18)

More details related to the derivation of this type of bound relevant to acoustic integral equations is given in [19]. At
this point, (17) and (18) can be combined to give (16), which demonstrates that the energy of the scattered electric
field is bounded by the source that produced it. Although this is physically obvious, it will be seen in the following
sections that bounds like (16) play a much more pivotal role than establishing these obvious properties. In particular,
the w-dependence of these bounds will be instrumental in determining appropriate Sobolev spaces for TDIE problems.

2.2. Extension to the Time Domain

To begin the process of determining the Sobolev spaces relevant to TDIEs, it will be useful to again consider the
electromagnetic energy. Converting (2) to the time domain gives

8E(t)
1 

= (ElEfr, 012 +µ 1 1 f:xE(r, (19)

Following the frequency domain example, we define the following Sobolev space to capture the needed properties for
a function to have finite electromagnetic energy. This space is

H(curl, t, V) := {v v E L2003, V XI/ E L2(103, 11*, t)IIH(curl,t,V) < co} (20)
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with norm

et
1117( ,011H(c.fi,,,v):=(11ve , 0112 +II j xv ,Odt'112) • (21)

Note that this norm is computing the energy at a fixed instant in time.
For a function to be a valid solution to a TDIE, it will need to produce finite energy according to the norm in (21) at

all instants in time. Considering this, it will be a very difficult task to define the necessary properties of functions to be
useful solutions to TDIEs directly in the time domain. Instead, the approach advocated in [19] is to derive properties
in the Laplace domain and then transform these back to the time domain (this is also the approach in [27, 28, 29]). The
general process is the following. Since the functions for the problems considered are assumed to be zero \it < 0, the
Fourier-Laplace transform yields analytic functions whose convergence toward zero at infinity can be given through a
Paley-Wiener theorem. By invoking Parseval's theorem, the convergence of the appropriate integral over the Laplace
domain can be used to bound the time domain results.

Before considering a concrete example, we first need to set our notation related to the Fourier-Laplace transform.
We will consider the space of Laplace transformable functions from Hilbert space E to be defined as

LT (o-, E) If : e-c" f E L1(R+, E),o- > 0), (22)

where R, is used to denote that the time domain functions are only defined for t> O. In this work, E will be taken to
be one of the spatial Sobolev spaces defined earlier. Then, the Fourier-Laplace transform can be given as

f(r, w) = f f(r,t)ei dt, (23)

where (47 = y + io-. Within this context, Parseval's theorem becomes

o-
f

_c.° 
c2o-tIlfe, 0111 dt = 1 f

.+i 
Ilf

2ir „,,+kr 
e,w)Ill dw, (24)

which as alluded to earlier will allow a connection between the time and frequency domain analysis [19].
As a concrete example of the process for determining the Sobolev space that solutions to a TDIE should be found

in, let us consider the integral operator from the EFIE in the time domain This is denoted as L{J}(r, t), and is defined
so that the left-hand side of (1) is h x (L{J}(r, t) x h). As previously mentioned, it is difficult to directly determine what
properties will be needed of J so that the function L{J}(r, t) (i.e., the scattered electric field) will have finite energy
for all time. However, by applying Parseval's theorem, we have

+io-
1:0 e-2o-tllx{j}(., 

oo 

t4(curl,t,n) dt = 27r
— f 114.1)(•, (0)11H(curl,,,s1)

Using the bound in (16) then gives

co+io-
2

e-2°111L{J}(., t)IITAcuriLts1)dt C(S,  o-) — f 1(01 11J(., (0)112 dw.
27r (div,w,S)

(25)

(26)

From this, we can directly see the needed properties of J so that the scattered electric field will remain finite for all
time. Note that this only establishes the minimum properties that will be needed of a function to be considered as a
possible solution to the integral equation. In particular, this bound does not prove the stability of the integral equation.
To do this, we will need to determine a bound on J in terms of the incident field (which from (26) also then bounds
the scattered field).

With the result of (26), we may now define a set of ad hoc Sobolev spaces developed in [28] that will be used for



8 T. E. Roth, W. C. Chew/Journal of Computational Physics (2019)

the functional framework for TDIEs. The first family of spaces are for vector functions, and are given as

yc,s2 Rt (div, w, S ))

:= {f(r, E LT(o-, Hs2 (div, S )), Ilf I 12,ye 51,52 <chv

where

1 

s2 (dw 

r+io- 

,W,S)s ,s2  1w1
2 

51 11f ( w)II H2 • dw
27r -00+k,

(27)

(28)

From (28), it is understood that s] is related to the temporal differentiability of the functions, while s2 is related to the
spatial differentiability. Another useful set of spaces can also be defined by replacing div for curl in (27) and (28).
Importantly, the norm for this space can be related back to the electromagnetic energy, as seen in (26), so that it will
be useful in establishing the stability properties of TDIEs [27, 28].

With the first set of Sobolev spaces defined, we can see how they are used by continuing with the concrete example
of the EFIE. It is seen by comparing (26) to the families of Sobolev spaces defined in (27) that J(r, t) should be a

i
member of

In addition to the vector Sobolev spaces just discussed, we also need a similar set of spaces for scalar functions.
In particular, we define

where

'52 (R+, Hs2 (CO, S))

:= ff(r, t) E LT(cr, 1152 (w, S )),IlfC51.52 <

1
- ,2 (6),S)dW•lt0l2s1 life, (0)111127r

(29)

(30)

In order to test the different integral equations to form their matrix representations, we will make use of space-
time pairings. A pairing takes an element of a function space and an element of the dual function space and returns a
number from the field that the function spaces are defined over. This is the correct way to discretize integral equations,
since testing functions should be selected from the dual space to the range of the integral operator [26, 27]. The first
pairing that will be used is defined for vector functions, and is

(f, := f e-201 f f(r, t) • g(r, t)dS dt, (31)
s

for f E ,Yte) and g E cus '1452 The second pairing is for scalar functions, and is

(f, g) e-20-t f f (r, t)g(r, t)dS dt, (32)

for f E 11—Sli—S2 and g E ilshs2 . The structure of these pairing will be useful for quickly determining the range space
of various integral operators later.

To aid in understanding, Table 1 lists sample functions for spatial Sobolev spaces, while Table 2 lists functions for
temporal Sobolev spaces. These example functions cover most of the spaces that basis or testing functions will need
to be selected from throughout this work.

2.3. EFIE Variational Formulation

With the necessary Sobolev spaces introduced, the EFIE may now be considered within this functional framework.
Before we can express the variational problem for the EFIE, we need to determine what function space El" should be
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Table 1: Example Functions For Spatial Sobolev Spaces

Sobolev Space Sample Function

S ) RWG [36]

1-1-1(w,S) Pulse/Constant

Table 2: Example Functions For Temporal Sobolev Spaces

Sobolev Space Sample Function

_ 3

Ho- 2 (R, , .) Dirac delta

(R, , .) Rectangle

1-1,2„(R+, -) Triangle

(R, , .) Quadratic B-spline [27]

contained in. To determine this Sobolev space we make use of the following bound implied in [27] and [38]. This is

to)1111- (di.v,w,S) C(S, 0") 1(01 I IRinc(., to) x hIlir (div,w,S)'
(33)

which is established by considering the relationship between the integral equations and the corresponding partial
differential equations that they relate to [19]. More details on deriving this type of bound can be found in [19]
for acoustic integral equations. Recalling the discussion about the trace operator in (13), we see that these bounds
demonstrate that the source function for the EFIE will be bounded by the incident electromagnetic energy. This is the
last piece needed to demonstrate the stability of the TDIE.

To show this, we recall that the electromagnetic energy radiated by J for all time was related to the frequency
domain using Parseval's theorem in (25). This was combined with (16) to bound the electromagnetic energy by the

norm of the source function, as shown in (26). This established the need for J E deZv' 2 . By now using the bound in
(33), we see that

00 r+io-
-arte IlLIJK. , t)ll;f curl,t dt C(S , cr)— llEinc (- , w)xh112

ir 2 (div,w,S) du).27r _co+jo.
(34)

3

This demonstrates the need for (EmeXii) to at least be in Yed i21; 2 for the problem to be well-posed. This then establishes
the desired stability property, since (34) shows that the scattered electromagnetic energy will be bounded by the
incident electromagnetic energy (which will always be finite for physical problems).

To summarize, the major components of the logical chain used to establish the stability of the TDIE can be broken
into the following steps.

1. Determine how the scattered electromagnetic energy in the time domain can be related to the energy in the
frequency domain, e.g., in (25).

2. Use properties of the integral operator to bound the scattered energy by the norm of the source function that
produced the scattered field, demonstrated in (16).

3. Bound the norm of the source function by the energy of the incident field, e.g., in (33).

It is important to remember from earlier discussions that these norms, although complicated, are meaningful since
they can all be related back to the electromagnetic energy.

With all the appropriate Sobolev spaces now determined, it is possible to express the EFIE in terms of an appro-
priate variational problem, for which a number of theorems have already been established [27].
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Variational Problem 1. (Electric Field Integral Equation)
3 I I I 1 1x h) E ytcdi2v, 2 search for J E Yedi2v 2 such that \ir E A°2 2 .

div '

(r, t), f 
471-R 
f  

471-R 
j(r'

e 
' e)dtids ') = (r, t), hx(Einc(r , t)x h)) . (35)

In this variational problem, r is to be considered as the testing function. It should be noted, however, that r is
what is actually used in the equation (and would therefore enter into the discretization approach). The reason for the
variational problem being written in this way is stylistic, i.e., having the main basis and testing Sobolev spaces be the
same. This notation is adopted throughout this work to minimize the modifications made to equations taken from the
literature in this work. ••

Considering the definition of Einc(r, t) x h, it is seen that .1' is a member of the appropriate dual space for this
integral equation to be well-tested. Further, this also helps in providing an easy way to determine the range of the
integral operator. This will prove to be especially useful in Sections 3 and 4 when we consider integral equations that
have not been previously analyzed like the EFIE has.

An important property of this variational problem is that the existence and uniqueness of the solution to an equiv-
alent variational problem were established in [28]. Further, the stability of the solution to the equivalent variational
problem has also been proven [28]. The stability of the TDIE is concisely given in terms of a bound on J, i.e.,

IIJII i _I Qs, xhll 2 -1, (36)
,..410 2 2

Yech2; 2 "9rchv

which is equivalent to (33). This can be seen by explicitly writing out the norms in (36) using the definition given
in (28). Through equations like (34), the stability of the overall TDIE is seen. It will be shown later in Section 4
how information from variational problems like this one can be used to determine stable discretization strategies for
a variety of TDIEs.

Before moving on to developing A-0 TDIEs, it will be useful to consider a slightly different form of the EFIE.
In particular, the current continuity equation is used to introduce the charge density, denoted as p. From [27], it can
be concluded that p E 1-(2°- . Making these changes (see [27] for details), we arrive at the equivalent variational
problem that was analyzed in [28].

Variational Problem 2. (Double-Source Electric Field Integral Equation)
2 _I ,_ _2

•y(Einc xh) E yted 2 ' 2
2 search for (p,,J) E 14D-f. x di2v 2 such that yr E ,Yediv :

(k(r 1r 1.1.1(e'T) +vP(e'lds-) = Ox(Einc(r, xh)) . (37)
js L 471-R 471-Re

(I

This variational problem serves as a better starting point for deriving A-01) TDIEs. Since this is the more useful form
of the EFIE for this work, we will refer to (37) as the EFIE for the remainder of this work. Similar to Variational
Problem 1, the existence, uniqueness, and stability of this variational problem have been established [28]. In fact,
these properties for Variational Problem 1 are actually inherited from the proofs of them for Variational Problem 2
[27]. In addition to the stability bound given in (36), there also is a bound on p, which is

II~II~~.-~ C(S, O)IlEinc X hl l 3 1 .
Az:17

(38)

At this point, the essential details of the functional framework developed by various mathematicians to analyze
electromagnetic TDIEs have been introduced. It is believed that the step-by-step introduction of this material pre-
sented here without the complicated proofs should help a wider audience understand the intuitive aspects of this
functional framework. With this background in place, we now begin to develop appropriate A-0 TDIEs.

3. A-0 TDIEs

Before presenting the methodology for deriving stable A-41) TDIEs, we briefly develop the frequency domain
integral equations of [15] in Section 3.1. Following this, A-0 TDIEs that can be stably discretized are derived
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in Sections 3.2 and 3.3. The results of this derivation are two different A-0 variational problems which can be
stably discretized. To complete the mathematical details of this formulation, Section 3.4 shows how the necessary
bounds can be determined to prove the stability of the two sets of TDIEs that were derived. Finally, in Section 3.5, a
variational problem for the A-(13. formulation discussed in Section 3.1 is presented. This aids in outlining how no MOT
discretization scheme will lead to stable results in the time domain for this formulation. The details of discretizing
these variational problems are deferred until Section 4, and numerical results validating all claims of stability or
instability are presented in Section 5.

3.1. A-(1) Formulation Background

To begin developing the A-(1) frequency domain integral equations of [15], we introduce the potentials in the
standard way so that Maxwell's equations are automatically satisfied. In particular,

g=v><A,

R=i0A-vb,

(39)

(40)

and A = µft To derive decoupled wave equations for A and -4:130 the Lorenz gauge is selected, i.e., V • A = icape43.'. The
resulting wave equations are

v2A+0A=-0

v2.1,_i_e47,=,NE.

(41)

(42)

We seek to derive surface integral equations that when solved produce solutions to these two wave equations simulta-
neously. One approach to do this is to leverage Green's theorems to first derive decoupled surface integral equations
appropriate to each wave equation [37]. This process for (42) is very standard (e.g., see [37, 39]), but has only recently
been performed for (41), with substantial details presented in [1]. Once the decoupled integral equations have been
derived, they can later be coupled together by enforcing the appropriate gauge conditions.

Alternatively, the approach of [15] can be followed. This begins by starting with the decoupled integral equation
derived in [1] that solves (41) and enforcing the Lorenz gauge. The resulting integral equation when considering
scattering from a PEC object defined by surface S embedded in a homogeneous medium characterized by E and µ is

fs iitk(r, r'),1(e) + V'k(r, r')E(r')1c1S' = —Ai' (r), (43)

where i = h' • A, which along with J are the unknowns of the equation. Before determining another equation to
produce a solvable system, it is worthwhile to consider the physical meaning of E. This can be seen by considering
the definition of an equivalent surface charge density, i.e.,

p(e) = h' • (EEW)) = icoei(e) — a • V'al(e). (44)

It is then seen that the physical importance of i is that it acts as a contribution to the surface charge density.
To arrive at a solvable system, an additional equation is still needed. One possible equation to complete the system

can be found by taking the divergence of (43) and applying the Lorenz gauge condition [15]. This gives

iskr, r')V' • ,l(e)+co2eš(r, r')i(e)]dS' =—icoeilnc(r), (45)

which can be shown to be equivalent to enforcing the standard integral equation that solves (42) for a PEC surface
[37]. It is important to note that the application of the Lorenz gauge was essential to the derivation of this system,
since it takes otherwise independent solutions of (41) and (42) and ties them together so that the solutions represent
electromagnetic potentials, as desired [40]. As a result, the scattered potentials produced by the solutions to (43) and
(45) will be able to be combined to produce unique electromagnetic fields, but will themselves only be able to be
considered unique up to appropriately defined gauge functions.

It is also important to note that (43) and (45) may be combined to yield the EFIE [15]. As a result, it will be
possible to perform a derivation of appropriate A-0 integral equations by starting at the EFIE and deriving back to a
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more fundamental representation similar to (43) and (45). This is the approach that will be taken in the next section.
Although this system can be made to be equivalent to the EFIE, solving (43) and (45) together leads to a system

that has vastly superior performance to the EFIE at low frequencies. The physically intuitive reason for this is that
as the frequency lowers, (43) captures the quasi-magnetostatic physics while (45) captures the quasi-electrostatic
physics. This is demonstrated in [15] where a variety of different numerical examples are presented, validating this
formulation in the frequency domain. This is in contrast to the EFIE, which mixes the scalar and vector potential
contributions to the scattered fields into a single equation. The imbalance between these contributing terms in the
EFIE then leads to the well-known low frequency breakdown [11]. Another interpretation is that the EFIE only uses
two of Maxwell's equations in its derivation. As the frequency lowers, these two equations begin to decouple, which
manifests itself as the low frequency breakdown of the EFIE. In contrast, the A-0 formulation utilizes all four of
Maxwell's equations. As a result, as the frequency lowers, the natural decoupling of the electric and magnetic fields
is able to still be properly captured.

In addition to the favorable low frequency performance, the A-0 formulation discussed in this section also per-
forms better for dense meshes than the EFIE [15]. Further, the matrix system for this formulation can be identified
as a saddle point problem [41]. This means that a constraint preconditioner may be utilized, greatly improving the
performance of this formulation when iterative solvers must be used. Preconditioners are also beneficial in the time
domain, where an iterative solution to a matrix system is needed during each time step of the simulation [12]. This is
particularly so for low frequency or multiscale problems where the system matrix to be solved can be dense. Impor-
tantly, this same type of preconditioner has been shown to be effective in the time domain in [42], and will be able to
be formed for the TDIEs derived in this work. Combining this with the favorable low frequency properties of these
TDIEs makes them applicable to analyzing multiscale geometries. A further benefit is that constraint preconditioners
have a simple form and can be efficiently formed [15]. This is in contrast to other preconditioning methods that
have been suggested for the EFIE, namely Calder& preconditioners, which although very successful, are more time
consuming to construct and implement in code than a constraint preconditioner [12].

Unfortunately, when (43) and (45) are converted to the time domain, the resulting system is highly unstable
numerically in the form of highly oscillatory and ever-increasing solutions. A rigorous functional analysis can show
that these two equations cannot be discretized together to yield a stable system. This will be demonstrated in Sections
4 and 5, after the appropriate functional analysis for A-0 TDIEs has been presented. Since there are no choices of
basis and testing functions that will result in a stable MOT system, alternative equations that can be stably discretized
together must be derived. The major portion of this derivation is done in Section 3.2, with the remainder of the
derivation and a summary of the final variational problems in Section 3.3.

3.2. Preliminary Derivation

The approach used to derive A-0 TDIEs in this section is in principle similar to that of [27], where it was shown
how the stability results of the EFIE could be extended to also cover the differentiated EFIE within the same functional
framework. Since the EFIE is derivable from the A-0 system (see [15]), it will be possible to extend the functional
framework for the EFIE to the A-0 equations. This will be done by starting with the EFIE and then deriving corre-
sponding A-0 TDIEs from it. From this, it will be possible to determine the appropriate spaces for the A-0 TDIEs by
monitoring how the various Sobolev spaces change throughout the derivation. This is much simpler than attempting
to perform the functional analysis directly on the A-0 system, and further aids in the process by providing useful
physical insight into an otherwise unfamiliar problem.

From the discussion in Section 3.1, it is clear that the EFIE needs to be separated into two equations to determine
corresponding A-0 integral equations. To begin doing this, the surface charge density and incident electric field are
rewritten in terms of the vector and scalar potentials, given by

and

p(r', t) = —61H(r', t) + ii' • V't(r', t)] (46)

Eine (r, t)x = [Ainc (r, + Vtinc(r, t)] xh, (47)

where H = • A. Note that as long as Eine is a solution to Maxwell's equations this decomposition can always be
done. However, care is needed in determining correct forms for Al' and 0' to solve a desired problem. Examples
for common types of excitations are given in [15].
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Using (46) and (47), the EFIE given in (37) can be written as

<I' (r, t), .Catv {J, 11}(r, t) — V.CH{h' • 'V' (DKr, t))0. = (r, t), —hx([Ainc(r, + VOinc(r, t)] xh)), ,

where

and

j(e, fl(r' ,
La,v{J, t) = f ldS'

s LiirR 47th

h' • 'C

4

orto(r',
£1-1{17' • r0}(r, =  dS'

s nR

13

(48)

(49)

(50)

For brevity, the dependence of the functions in the space-time pairings on r and t will be omitted for the remainder of
this work.

Before (48) can be separated into two equations, it is important to consider the Sobolev spaces of the introduced

functions. From Variational Problem 2, it is already known that p E and that (Ei" x h) E 2 . For (46)
and (47) to be meaningful then requires that the sums in each equation is a member of the appropriate function space.
In (46), this can be guaranteed by requiring that H and h' • TO be members of 112°- Similarly, (47) can be made

3 _ 1
meaningful by requiring (Aim xh) and (VOinc x h) to be in Yed ; 2 . It should be noted that this is the simplest way to
conclude what Sobolev spaces would be appropriate for the introduced potentials. By more rigorously considering
the properties of the partial differential equations they satisfy, the same conclusions can be reached.

By selecting the Sobolev spaces in this way, it is now possible to separate (48) into two equations. To begin, the
linearity of the pairings is used to give

xatvallo 0. = _ (jr, hx (Aim x 0), h x (voinc x 0),
•

(51)

It is important to note that because of the choices of Sobolev spaces discussed in the last paragraph, each of the
pairings in (51) yields a finite value individually, allowing the linearity of the pairing to be used.

Now, Gauss' theorem may be used to rewrite the second and fourth pairings to transfer the gradient operator to
the testing functions, yielding

xatv{j, H})c + ..cHoy vojx„ = l Jr hx (Ainc xh))0_ (v jt, (Dim) (52)

By noting that the second and fourth pairings in (52) constitute the scalar Huygens' principle, it can be concluded that
they are equal to one another [37]. This allows (52) to be separated by physical arguments into

£01v a Hoc, 
=

hx(Ainc 0),

(V • -CHO' ' V'01)0- = (Dint- •

(53)

(54)

Although the EFIE has been successfully separated into two equations, (53) and (54) do not constitute a solvable
system. This is because there are two equations, but three unknowns: namely J, II, and h' • 0'(1). However, it is
possible to rewrite (54) so that it uses the same unknowns as (53). This is done by noting that the continuity equation
with p rewritten in terms of the potentials given in (46) is

f.c1v, • J(r', t')dt' = H(r', t) + h' • V's120(r', t).

Substituting this into (54) for h' • 'TO then gives

(V • 1', Ls {J, 11})c = oinc)o.

(55)

(56)



14 T. E. Roth, W. C. Chew /Journal of Computational Physics (2019)

where

{J, FI}(r, t) = r [ c 
0„
r v' 

4n
-. 
Re 

t') dt' 
1-14n-R 
(r% T)1dS' .

Js .1_ 
(57)

Although (53) and (56) could be solved together, it would produce both a nonsymmetric MOT matrix system (e.g.,
the equivalent of the matrix defined in (101) but for the equations just mentioned), and more importantly, an unstable
system. The reason for instability is similar to that of a system based on time domain versions of (43) and (45) and
will be discussed in Section 3.3, while the remainder of this section will focus on beginning to make the discretized
matrix system symmetric (and simultaneously able to be stably discretized).

To begin moving toward a symmetric system, we first note that the primary reason the system will not be sym-
metric is because of testing (56) with V • J. That is, taking the divergence of functions typically used to represent
current densities will make the system nonsymmetric. However, it is possible to rewrite this testing process by noting
that y should behave like an electric current density to be a good testing function. An intuitive way to understand this
is by noting that the Rumsey reaction theorem provides a physically motivated way to determine appropriate testing
functions for different numerical methods [43, 44]. Since the integral operator in (57) produces a component of the
electric field, the reaction theorem suggests that this equation should be tested with an electric current density. This
also aligns with the Sobolev space properties already stated for J. Additionally, for y to truly act like an electric
current density it should satisfy a continuity equation, as required in [27]. By rewriting V • J' using the continuity
equation, (56) becomes

(73,, xstj, noo. = (73,, oinc)

where p' is a testing function that has characteristics similar to a charge density. Using a testing
like a charge density, rather than taking the divergence of a function representing a current
symmetric matrix system to be achieved, as will be seen in Section 4.

The developments of this section are summarized in the following variational problem.

Variational Proplem 3.
v(Ainc x h) E tyiedi2v 2 and \tom E 1.61 search for (II, J) E

and

(I', La,v{J, H}), = — h X (Aine X h))c

,Estj, noo. = (;5,, oinc)

(58)

function that behaves
density, will allow a

div z such that V (p', J') E z> 2 .

div •

(59)

(60)

Many of the Sobolev spaces in this variational problem follow directly from the discussions in this section. However,
the steps to justify the Sobolev space used for •13•mc is more complicated, and warrants further discussion.

The spatial Sobolev space follows by noting that Omc should be a solution to the scalar Helmholtz equation, and
so it must at least be in H1(w, fI), where SI is some bounded domain external to S [19]. For the purposes of the
integral equation, we need to take the trace of 1' to determine its value on S . This trace is in the space IP (w, S) by
definition, which establishes the appropriate spatial Sobolev space for V' [19, 35]. This can also be seen alternatively
by considering the structure of the pairing, which requires V" to be in the dual space to . Since p' acts like a charge
density, its spatial Sobolev space is H z(w, S), which is dual to IP (w, S).

In addition to the spatial Sobolev space, the correct temporal order of the Sobolev space also must be determined
when transitioning from VII" to olnc. The reason for this is that the temporal order of functions in electromagnetics
is affected by spatial derivatives, in addition to temporal derivatives. Simple motivating examples of this are seen in
Maxwell's curl equations and the current continuity equation; however, the concept also applies to the gradient, as
seen in [29]. Due to this, it is necessary for Omc to be a member of a temporal Sobolev space of one order higher than
VIII'. This is further reinforced by the structure of the space-time pairing used for discretizing the integral equation.
Transferring the gradient to the testing function resulted in lowering its temporal Sobolev space order to —5/2, which
is then balanced by an increase in the temporal order of the other function. It is retaining the correct temporal balance
between equations and functions in the discretization process that is critical to stability of the method, as will be seen
in the coming sections.
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3.3. Final Variational Problems

Although Variational Problem 3 constitutes a solvable system in theory, the MOT discretization of it is still prob-
_ 2 _

lematic. This is because the temporal test space for (59) is 1/0-2 and the temporal test space for (60) is 1-10-2, i.e.,
different temporal testing functions should be used for the two equations. As a result, the same discretization ap-
proach will not work for the two equations, so they cannot be discretized consistently. To be discretized consistently
will require that the two equations have the same temporal testing space. Further, the temporal Sobolev space that an
unknown should be a member of should be the same in each equation. If this is not the case, the numerical imple-
mentation using traditional discretization approaches (e.g. MOT) may not always be able to produce a robustly stable
system. This point will be discussed further in Section 4 when details on discretizing these variational problems are
considered.

To correct for the inconsistency in temporal Sobolev spaces between (59) and (60), either equation can be inte-
grated by parts temporally. Due to the presence of the temporal weighting function in the space-time pairings, it will
be necessary to consider the effect caused by the additional term produced by differentiating the weighting function.
However, as is shown in [27], this additional term can be absorbed into the definition of either the basis or testing
function (depending on which is integrated by parts) by adjusting the temporal Sobolev space that the function should
be selected from. The overall effect is that a function which has a time derivative transferred off of it will be a member
of a temporal Sobolev space of one order higher, while the function that had the time derivative transferred onto it
will have the order of its temporal Sobolev space lowered by one.

With this understood, the first variational problem for this section can be derived by integrating by parts to transfer
one of the temporal derivatives on the testing function in (60) to the other term in the pairing. This gives the following
variational problem, termed the differentiated A-0 integral equation (D-APIE).

Variational Problem 4. (Differentiated A-4:1) Integral Equation )

Alkinc E and yi:bi" E search for (11, J) E

and

where

div
such that Ni(p', E

div

-Catv{.1, n}), = - x (Ain' x (61)

V, -Cats {J, H}), = 4)inc

•

'V' • gr', 11(e, r)_Lots{ J, t) = 
is[ 47.(Re 47rR 

 dS .

(62)

(63)

As mentioned previously, the importance of this variational problem is that the temporal test spaces are now the
same for the two equations, i.e., the physically needed temporal balance between the equations is achieved. This

_ 2

is seen by noting that the temporal test space for (61) is still H0-2, while the integration by parts has adjusted the
_ 2

temporal test space for (62) to also be H. 2. Since the temporal basis spaces are also the same for the two unknowns,
this variational problem may be discretized consistently. This discretization will be considered in more detail in
Section 4, where it will also be seen that the resulting matrix system from the discretization will be symmetric. This
is a useful numerical property that can allow for more efficient computation and solution of the matrix system.

Although the D-APIE can be discretized consistently, it may be more desirable to use as excitation the incident
potentials directly, as opposed to the time derivatives of them. Additionally, since these are equivalence principle type
integral equations, the integral operators on the LHS of the equations calculate the scattered potential that when added
to the incident potentials yields the total potential. As a result, it can be seen that the integral operators of the D-APIE
will calculate the time derivative of the scattered potentials, which are not quantities that are as physically relevant as
the undifferentiated potentials.

A variational problem that is in terms of the incident potentials (as opposed to differentiated ones) can be derived
by integrating by parts in (59) to transfer a time derivative from the integral operator and incident potential onto the
testing function. This gives the following variational problem, termed the APIE.
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Variational Problem 5. (A-4I) Integral Equation)

\1(Ai" E Y<Ir 2 and VOinc E 743'1 search for (H, J) E

and

where

div such that ̀ 1(p', J') E
2 2 .

div •

1100- = — h x (A' x 71)), (64)

Ls{J, n})„ = (;5', (Di-)

J(r', T) r me, e) 
dt'ldS ' .Lv{.1, II}(r, =f[µ  

47rR j_00 47rR

(65)

(66)

Following the same discussion as for the D-APIE, it is quickly seen that the temporal test spaces for (64) and (65)
_

are both H. 2. As a result, this variational problem can also be discretized consistently, as will be discussed in detail
in Section 4.

3.4. Stability

The calculus based approach of the previous sections provided a means of determining the appropriate equations,
unknowns, and corresponding Sobolev spaces for the A-0 TDIEs. However, this calculus based approach does not
directly provide the desired bounds on the solutions to these problems to demonstrate the stability of the formulation
rigorously. This leaves the results of Section 3.3 somewhat incomplete from a mathematical perspective. The focus
of this section is to perform the necessary analysis to demonstrate that the two A-0 TDIEs derived in the previous
section do still produce a finite amount of electromagnetic energy that is bounded by the incident energy.

To begin, we again consider the scattered electromagnetic energy for the EFIE, which through Parseval's theorem
is given as

fco+icr
2- 2

e 2°111-L{J}e, Imeurl,t,n)dt = 11-01(-, Ifficur1,,,,O) dco.

Following the derivation of the previous section, it is clear that we can expand the EFIE operator on the RHS as

where

and

£(J}(r, co) = Latva, f-11(1-, to) — V-CH{h' • V0}(r, w),

(67)

(68)

-Catv{.1, fl}(r, to) = — f [iwpk(r, r').1(e) + (69)

LHIri' • Vii)}(r, co) = f k(r, Oh' • V'ffil(e) dS (70)

Using the triangle inequality we can see that we will need to find bounds for the following two norms,

w)I12.,..(cuttrA,52)

and

Ilv-EH{h' • y'r-D}(•, (0)4Curl,,,,c2).

(71)

(72)

To simplify the notation in this section, we will denote _CH{h' • 'V' C(r, co) as ibsc(r, co) for the remainder of this
discussion. It should also be noted that the integral of the cross terms formed between the above two norms by
applying the triangle inequality will also be bounded if we can find bounds for the above norms.
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Initially, we will focus on the norm in (72) and apply the process detailed in Section 2.3 to demonstrate that the
scattered energy is bounded by the incident energy. The first step of relating the time domain energy to the frequency
domain energy has already been completed through the application of Parseval's theorem. The next step is to use
properties of the integral operator to bound the scattered energy by the norm of the source function that produced the
scattered field.

Considering that the integral operator in (72) is a scalar integral, it will be useful to first find a way to bound
(72) by the scalar energy norm. This can be done by first noting that VeI' is a component of the electric field, and
so is a member of H(curl, w, n H(div, C2). It is then possible to use one of the results for trace operators of
electromagnetic functions given in [29] to conclude that

lIVI:Dsc(*, t011ti(curl,co,n) 
IlVdoc,.,(0)11H(diy,,,,n) C(S)1(01-111h . vbsc (.,to)11H_I(„,$)• (73)

A standard property for the normal derivative trace operator (i.e., h • V), as give in [19], is that

Ilh • V41:1'(•, w)IIH-1(,,,,$) C G S , (7)11W( • , (0)11i/1(64m- (74)

This shows in this context that the trace of a function is bounded by the energy of that function. Further, this process
has provided the desired bound on the vector energy norm by the scalar energy norm.

At this point, the properties of the LH integral operator can now be used to bound the scalar energy norm of do'
by the norm of the source function that produced it. As shown in [19], this bound is

(0)11H.(,,,n) CGS, crAwIllh' • V13.(•, (011HA

which gives overall that

Ilo~sc
6,-)111H(curl,a),52) C(S , 0101 • r (1)-(• (OM 1.H

(75)

(76)

This demonstrates rigorously that h' • 'TO E 111'-1, which was previously stated in Section 3.2 with a simplified
justification.

The next step to illustrate the stability of the TDIE is to bound (76) by the incident energy. This uses properties of
the partial differential equation that the integral equation is related to. For the current problem, the integral equation
is

k(r, r')h' • 0'(1)(e) as' =.:Dinc(r), (77)

which can be derived through Huygens' principle for a PEC object [37]. This is naturally related to the scalar wave
equation, which allows the following bound to be established [19]

llh' • vq43.(•,tollHA(,,,,,$) c(s,0-)ItolOinc(•,(0)11H(,,,,,$). (78)

Although (78) provides the needed bound, it does not account for all of the properties of the problem started
with. In particular, the original system being considered had a gradient applied to ellnc which has not been accounted
for yet. It was previously mentioned informally that spatial derivatives affect the temporal regularity of electro-
magnetic functions in the time domain. The explicit property given in [29] with respect to the gradient is that if
f E ±, 11` " (co, CI)) then V f E H:V(N+, Into, S2)3). As a result, to compensate for "removine the gradient of

'4:binc in the above analysis, it will be necessary to require that (Dinc can have an additional temporal derivative applied
to it. This can be incorporated into the above bounds by multiplying by an additional factor of WI, resulting in the
final desired bound of

lly"(bsc(•,(0)IIH(curl,,,,O) ccs,crAtollOinc(•,w)IlH1(u,$). (79)

This also serves the purpose of demonstrating that elinc should be in 7-6'1, as was previously asserted in Section 3.2.
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and

Our task is now to extend this result to cover the equations actually used, i.e., for

•
II-CH{

r 
. 
j
 }( ,

to)11Hi(„s1).

(80)

(81)

However, bounds on both of these norms come immediately from the above discussion by recalling that this norm is
directly related to the energy in the region a So, for physical reasons we know that the upper bound in (75) will also
upper bound (80) and (81).

In addition to the overall bounds above, it is useful to write the bounds on the source functions themselves like
was done for the EFIE. For instance,

C(S, 0-Awl2llibince,oll,1(,,,,$),

which in the time domain becomes

(82)

111111//1,_1 < c(s, Cr)11(bincllw4,1 = C(S, 0)I16ln/41. (83)

These bounds can then be used to compactly demonstrate the stability of the overall system, as will be seen shortly.
A similar process to what was outlined above for bounding (72) could also be conducted for establishing bounds

on (71). However, it is simpler to note that the operator is the same as the EFIE operator in (37), so the same bounds
will hold (although, the physical interpretation does change). This gives the following additional bounds:

and

IIJII _ c(s, cr)llAinc xhll c(s, cr)llAinc xhll 5 _ 1

`Yedi2; 2

1 
— 2 ' 2 ye,2, 2

div

(84)

111111112' -2 3e2' 2
C(S xhll 3 1 = C(S a-)11Aincxhll 5 l (85)

div div

Combining all of these results, we can now give the final bounds which demonstrate the stability of the variational
problems for the APIE and the D-APIE. For the APIE, we have

11J11
`Ye 

C(S,c)(11Aincxrill ̀Yedf I _ + )

Z 7 i2; 2 
71 2' 2

11111 1
1-(7• -7 yed 

C(S, (7)(llAmcxhIl 5 _1 + lloinc11„7-1,52 I 
2 
).

di2 2 ' 

Finally, for the D-APIE we have

c(s, cr)(11AincxhIlA,1,_1 + 1143.inc11//3,A

111111/11,A c(s, cr)(llAine xhll 
7

3 + 114:line 11w31 ).
Adi7;

(86)

(87)

(88)

(89)

Although these may not be the minimal bounds for J and H, they have been written in a symmetric form which
emphasizes that they are both bounded by the incident potentials, as desired.
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3.5. Original A-(1) Formulation Variational Problem

Before discussing the full details of discretizing these variational problems, it is useful to revisit the original A-
O formulation integral equations discussed in Section 3.1 within the functional framework utilized throughout this
work. This is useful to begin demonstrating how no suitable MOT discretization scheme can be derived for this
formulation in the time domain to yield stable results. Further, studying the variational problem for this formulation
also helps highlight the utility of this functional framework in selecting correct basis and testing functions, equations,
and unknowns when the choice is not directly obvious.

Before presenting the variational problem, it is necessary to convert (43) and (45) to the time domain. This can be
done easily, and gives

= —Ainc(r,
kij(41:;) 

V )~dSi

r V ' • J(e, i(r' ,) •dS, = tic41:01 (r , t).
js [ 471-Re 47rR

(90)

(91)

The corresponding variational problem can be derived in a similar manner to the others presented in this work.
Performing this gives the following variational problem.

Variational Problem 6. (Original Formulation)
Nit (Ainc xh) E

2 and WV" E search for (E, J) E

and

(1/,

Js

1-11 J(e

LI-trR 47rR 

,
  dS _ ~J, h X (Ainc X h ))

[  4. Jir(Ree, i(r', 

471-R I to-

2'

div such that V(p',Y) E 2

div

(92)

(93)

_2
From past discussions, it is clear that the temporal test space for (92) is Ho_ 2 and the temporal test space for (93) is
3

H0-2. As a result, these two equations cannot be discretized consistently within a MOT framework, as will be shown
in Section 4. This is critical, since the MOT framework is what is traditionally utilized and is the method that has
had suitable fast algorithms developed for it. Further, from the variational formulation it is also seen that the temporal
basis functions for the two unknowns should be different. Although not impossible to implement, it would complicate
the numerical implementation. More importantly, however, is that without the use of the functional framework it
would not be immediately obvious that different temporal basis functions for the two unknowns or different equations
should have been used at all.

4. MOT Discretization of Variational Problems

The focus of this section is making explicit the steps needed to discretize the variational problems discussed
throughout this work. In particular, a number of general concepts are discussed that clarify how basis and testing
functions should be selected to achieve a stable MOT discretization. Following this, the discretized equations for the
APIE and the D-APIE are presented.

4.1. MOT Procedure

Before discussing how information from the variational problems derived in this work can be used to produce a
stable discretized system, we briefly review the MOT discretization procedure. This is the method commonly used to
solve TDIEs in the literature due to the existence of fast algorithms that can be merged with this approach to greatly
improve the computational complexity [17]. As a result, it is highly desirable to find a way to use the information
from variational problems to achieve a MOT system that will be stable in practice.
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The first step of a MOT discretization is to expand the unknown functions in terms of known basis functions. For
the different APIEs this can be written as

NS N,

J(e, t) EE .4DT(j)(t)f,i(e)
n=1 j=1

N N,

H(r' , t) EE 114i)T(J)(t)hn(e).
n=1 j=1

(94)

(95)

In (94), f,, is a vector spatial function associated with the nth mesh element (e.g., interior edges) that the selected
function is defined with respect to. Similarly, hp is scalar spatial function which may be defined over a different
type of mesh element than L (e.g., hn could be defined over a triangle). The total number of mesh elements that fn
is defined for is Ns, while Np is similar but defined for hn. This leads to a total number of spatial unknowns to be
Ars + Np, i.e., the different matrices of the MOT system will be (Ns + Np) x (Ns + Np). The temporal basis function
is TO(t) = T(t — jAt), where At is the width of each time step of the simulation, and Nt is the total number of time
steps. Finally, ,/,(in and eN(J) are the coefficients of the basis expansion to be solved for at each time step.

After substituting the basis expansions of (94) and (95) into the different equations, the next step of the MOT
discretization is to test the equations. The spatial testing is performed in a manner similar to frequency domain
methods, e.g. multiplying by another spatial function and integrating over the surface with respect to r. The time
domain testing is done by point matching, i.e., multiplying by (5(t — iAt) and integrating over t (which enforces the
equations at an instant in time).

The result of this is a system of equations that can be used to solve for the unknown coefficients at the current time
step in terms of the current excitation (incident potentials for the APIEs) and the radiated potentials from earlier time
steps. This is the time marching process to compute the unknowns throughout the entire run time of the simulation.

4.2. General Concepts

With the basic MOT procedure now understood, the focus of this section is on showing how information from the
variational problems can be used to determine correct basis and testing functions that will lead to MOT systems that
will be stable in practice.

To begin, the selection of appropriate spatial basis and testing functions is considered. Inspection of the variational
problems for the APIE and the D-APIE show that the appropriate spatial Sobolev space for J is 1-1- (div, S) and the
correct space for H is 1-1- (S). From Table 1, it is seen that suitable basis functions are then RWG and pulse functions,
respectively. Similarly, it is seen that the appropriate testing functions for (61) and (64) are RWG functions, and that
pulse functions should be used to test (62) and (65). Other options do exist for the spatial discretization [27]; however,
these are the only functions that will be used in this work.

Although the spatial discretization is quite simple, the temporal discretization is more nuanced. To begin, we
consider the D-APIE, as this variational problem is simpler to discretize. The first step is again to determine the
relevant temporal Sobolev spaces for each equation. For the D-APIE, it is seen that the correct temporal basis space is

11,2,._ for both J and H. From Table 2, it is determined that the simplest temporal basis function that is a member of this
space is a triangular function. Recalling the discussion after Variational Problem 4, it is identified that the temporal

_ 2

testing space for the D-APIE is Ho_2. The simplest function in this space is the Dirac delta function, which directly
leads to the MOT procedure.

At this point, it is important to note a detail related to the nesting properties of the Sobolev spaces. In particular,

it is easy to see that 1-4+1 c P4. In the context of the D-APIE, this would mean that any function in is also in
and could then conceivably be used as a basis function. However, numerical results have suggested that this should
not be done as it can leadto instability in the system. The exact reason for this is currently unknown, however, one, 

possible reason is that Pp)._ is a subspace of HZ,- . As a result, in the process of the numerical method, the solution
is being projected onto a smaller space than where the solution should be sought in. The resulting error incurred is
then fed back into the system through the MOT procedure, which could lead to unstable results. The instability due
to using basis functions from a subspace will be demonstrated in Section 5. Before continuing, we emphasize that
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these comments are based on observations of non-exhaustive numerical results. For example, we have not explored
utilizing other numerical integration techniques beyond those detailed in Section 4.3.

With this in mind, we can now begin to consider the discretization of the APIE. The Sobolev spaces for J and H
are the same as in the D-APIE; so it is originally expected that using a triangular basis function would be appropriate.

_
However, the temporal testing spaces are different from the D-APIE and are seen to be H0_2 . Inspecting Table 2 shows

that a function in I-1;i would look like the derivative of a Dirac delta function. Attempting to use a function like this
directly would not lead to a MOT discretization; so it is not desired to conduct the discretization in this way.

Instead, it is noted that an equivalent MOT discretization can be found by using a basis function that comes from
convolving functions from the basis and testing temporal Sobolev spaces for the original problem [45, 46]. If we were
to use the simplest functions in these spaces in this way (a derivative of a Dirac delta and a triangular function), the
resulting system would be identical to the D-APIE. To avoid this, we instead choose to enforce this relationship at a

5 1

higher functional level. In particular, it is anticipated that convolving a general element of H,2 with one in Fig_ would
_1

lead to a function in H. . From this, we choose to discretize the APIE with a rectangular function as the temporal
basis function. As will be shown in Section 5, this does lead to a stable system.

It is also important to note that similar to the Sobolev space nesting properties discussed in conjunction with the
3 5

discretization of the D-APIE, a similar concept also applies to the APIE. In particular, it is noted that 11;4 c
This means that a Dirac delta could be used as the testing function directly to discretize the APIE using a MOT
procedure with a triangular temporal basis function. However, as with the D-APIE, numerical results suggest that the
largest appropriate Sobolev space should be used, not a smaller subspace. As will be shown in Section 5, attempting
to do this direct MOT discretization leads to unstable results for the APIE. As a result, the more detailed procedure
outlined in the previous paragraphs should be considered instead. This also illustrates why equations that require
different temporal testing spaces are not able to be discretized together consistently in a MOT framework. From this
discussion, it is seen that different temporal basis functions would be required for each equation, which would result
in more unknowns than can be solved for.

A final remark for discretizing the variational formulations is required for the choice of o-. For computational
efficiency reasons, this value should be zero. However, the stability results of the functional framework are only
technically valid for o- > 0 [19, 27]. As a result, the stability proofs do not extend directly to the desired numerical
implementation. In practice, however, it has been found that as long as the basis and testing functions have been
selected from the relevant Sobolev spaces and accurate integration techniques are used to compute the MOT matrix
elements, the methods are stable enough to be widely used [19, 27, 47].

4.3. Accurate Evaluation of the Matrix Elements

A necessary but not sufficient condition for the stability of a MOT-discretized TDIE is that the matrix elements
be accurately evaluated [27]. Various methods have been developed to do this, with the most popular being those
of [23, 24, 25]. All of these methods have produced accurate results, and due to the similarity in integral operators
between the A-0 and E-H TDIEs, are directly applicable to the TDIEs derived throughout this work. However, the
method presented in [25] was selected for use because of its ease of implementation for arbitrary basis functions. This
is a result of the method being purely numerical (i.e., no analytical integrations need be derived as in [23, 24]) which
allows it to be applied to a wide range of basis functions. In contrast, the methods of [23, 24] are designed specifically
for RWG functions and would be very challenging to extend to other basis functions if needed.

Due to its impact on the final discretized equations presented in Sections 4.4 and 4.5, the basics of the method
presented in [25] are discussed in this section. This provides both completeness and clarity so that various terms in
the discretized equations can be understood.

The approach of [25] is to approximate the time domain Green's function,

15(t — R/c)
g(r, r, t) =  

4irR
(96)

using an expansion that is separable in the spatial and temporal domains. This is done by leveraging the completeness
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Obs. Point

Fig. 1: Geometry defining the various parameters used in the separable expansion of the Green's function.

relation for the Legendre polynomials,

'. 1° 2/ + 1

Z-4 2 
Pi(x')Pi(x) = (5(x — x'),

l=0
(97)

where Pi is the Legendre polynomial of degree l. By using this expansion for the delta function in (96), the numerical
integrations needed for evaluating matrix elements can be greatly simplified. This is because the temporal and spatial
integrals can be evaluated almost independently of each other.

With the basic approach understood, we now consider the actual factorization of the Green's function. This is
performed first by limiting the total temporal support that the separable expansion will cover. This is done by

1 —
g(r, r', t) = 

LIR
(5(t — 41 c) * 6(t 

R
 

c
‘), (98)

where the additional convolution with 45(t — 4- lc) limits the support of the separable expansion. In particular, 4' is
selected to be the largest multiple of c At between an observation (testing) quadrature point and the source triangle
that the expansion is being performed over, as illustrated in Fig. 1. By limiting the separable expansion to be per-
formed over a smaller temporal support, quicker convergence to an acceptable accuracy level in the series expansion
is achieved.

The next step is to apply the separable expansion to the second delta function in (98), giving

N5

g(r, r', t) ,'-z-,' 6(t — 4- 1 c) * E aiPi(b t 1) PIA
11? '1=0 47 

(99)

where P , b(R — 4-)I c — 1, al = b(21 + 1)/2, and the sum has been truncated to Nh terms for numerical implementation.
In (99),

2
b = —,

vAt
(100)

which is used to normalize the argument of the Legendre polynomials so that they cover the entire range of —1 to 1
over the integration region. To achieve this, v is calculated as the smallest integer such that a sphere with radius cvAt
centered at the observation point will completely enclose the source triangle (see Fig. 1). Numerical experiments
suggest that selecting Nh = 3(v — 0 (cAt)) provides acceptable results [25].

The critical result of this expansion is that the temporal and spatial integrals in the TDIEs can now be evalu-
ated almost independently. This allows frequency domain methods to be utilized for the spatial integrals, e.g., [48].
The temporal integrals can also be easily handled with one-dimensional Gaussian quadrature. With this expansion
understood, the discretized equations of the two APIEs presented in this work can be discussed.
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4.4. Discretized Equations for the D-APIE

For practical purposes, it is useful to perform some rescaling of the different equations in the D-APIE. This results
in a symmetric matrix system, as well as gives it a saddle point form similar to the A-EFIE, which can be effectively
and efficiently preconditioned for large problems [15, 49]. The matrix system can be compactly written as

DTS" {(coAtrl J(l) -77:1a(0 DTS(i-i) (coAtylp
—c.,.(0) E A(i) s(i-DD 7.7610.0 '

CO4t j,i_

(101)

where rio is the intrinsic impedance of free space, co is the speed of light in free space, and At is the time step used
in the discretization. Note that to write the MOT matrix system in this simple form requires the use of causal basis
functions, i.e., T(t) = 0 for t < -At, which will be the case for all temporal basis functions used in this work.
Approaches using non-causal basis functions have also been investigated, but will not be considered here [21].

The different elements of (101) will be defined in more detail later in this section, after discussing the basic
structure first. The first point to note is that the matrices with a superscript (0) are typically highly sparse (although,
not at low frequencies or for very dense meshes), and represent the immediate interaction between basis and testing
functions within the first time step that a function is active. On the RHS of the equation, there are essentially two
terms. The first is the excitation of the problem due to the incident potentials, while the second term (a summation
of matrix-vector products) accounts for the scattered potentials moving through the geometry as time progresses. It
is also important to note that the number of terms in this summation is limited by the number of time steps that it
takes for information to propagate between the two furthest separated basis and testing functions. Evaluating this
summation is often the most time consuming step in solving the system at each time step, and is what fast algorithms
have been developed to speed up [17].

With the structure of the MOT system understood, we now give the detailed definitions for the different terms in
(101). The matrix elements are defined as:

[so-j)].„ =
17',„

[S(i-j)].„ =

Nh

P 1(r? 
cheii-J) fm(r) • fn(e) 

47TR) 
dS' ds ,

fs. 1=0

Nh

P1(1?)Eale-Dhni(r)hn(e) 47.(R dS dS ,
fT. 1=0

Nh

POO 
E .1) hm(r)hn(r 

47rR 
dS dS,1,„ 1=0

where the temporal convolutions are contained in

(102)

(103)

(104)

er J.) = f e - 1)T(K - t')dt' (105)

J.) = f e - 1>i'(K - t')dt', (106)

and K = (i — j)At - 4-1c. In these equations, S, is the support covered by the nth RWG function, T„ is the support of
the nth triangle, and T is the temporal basis function. As mentioned in Section 4.2, a simple temporal basis function
that will lead to a stable system is a triangle function, i.e.,

-
Itl

T(t) ={ At
0,

for ltl At

elsewhere.
(107)
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The D matrix (also called the incidence matrix) is used to account for the bookkeeping related to taking the divergence
of the RWG functions. The matrix is simple and is given by

11, patch of hm is the positive triangle of L

[D]mn = -1, patch of hm is the negative triangle of tz (108)

0, otherwise.

Finally, the excitations may be calculated as

fa(i)Im = f fm(r) • Ainc(r, iAt)dS (109)

{ifi(i)}„, = f hm(r)d)ine(r, iAt)dS.
T„,

(110)

4.5. Discretized Equations for the APIE

The presence of additional temporal integrals in the APIE complicates its discretization. Care must be taken in the
discretization of these integrals to not increase the computational complexity of the entire method due to the "infinite"
tails of these integrals. Fortunately, integrals of this type are also present in the EFIE. As a result, mature methods to
efficiently evaluate these types of integrals through a recursive computation have already been developed. Applying
this recursive approach, which is detailed in more depth in [25], yields the following matrix system:

DTŠ(o)] J(t) _cr(i) i-1 DTŠ0-i)

-eS(ed tfr(i) • -eS(i-J)

i-p-1
0 DT g(i-Di r

+1) •

+1)

(i 

T J

C(i }l=i-U g DDm.+1) T

This system has a structure similar to that of the D-APIE, however, it is seen that there is an additional term on the RHS
of (111). This summation of matrix vector products represents the recursive computation that handles the "infinite"
tails of the off-diagonal blocks of the system. Other than this, the physical interpretation of the other components of
this matrix system are unchanged from the D-APIE.

The different matrix elements are defined as:

Nh

Pl(P) (r) • f (e) dS'dS,117(1-.11. = f ajei(i-J) 47rR
1=0

Tm

[Šr1)1.=
fT„„

r Nh

alei-Dhm(r)h,i(e) 47TR dS' dS,
•JT.3 I

Nh

PIA 
Ea471)hm(r)h,i(e) 

4R-R 
dS dS,

Is'. 1=0

and the definition for [S] has already been given in (103). The temporal integrals are given by

(112)

(113)

(114)

0. ff Pi(bt' - 1) T(t'')dt''dt', (115)
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for K/At — v< p, and

4') = .510v At , for p < lc 1 At — v < (p + 1), (116)

where the support of T is [—At, p At]. Note that Sto is a Kronecker delta function. Additionally, the equation for
given in (105) remains the same for the APIE. The vector for the recursive computation is calculated as

{q+1)1 {C9 
+ 

{,J(i)}
= r)dt",+ 1) et) OP _co

T (

0 0

which is begun by setting

As discussed in Section 4.2, the temporal basis function that will be used for this system is a square pulse, i.e.,

1, for ltl < At
T (t) =

0, elsewhere.

(117)

(118)

(119)

Finally, the excitations may be calculated as

{a(i)},„ = f fm(r) • Ainc(r, iAt)dS (120)
s

[elm = f hm(r)(120inc (r, iAt)dS . (121)

5. Numerical Results

In this section, numerical examples are presented to validate the various claims of stability or instability made
throughout this work for the different sets of equations or choices of basis and testing functions. A number of these
results are also presented in [16]. They are reproduced here and discussed within the greater context of the functional
analysis presented in this work, which was absent from [16].

For all simulations considered, the scatterer is a PEC sphere with a radius of 1 meter unless stated otherwise. This
is a very simple shape that would be considered to be "easy" to stabilize using traditional stabilization approaches,
e.g., by filtering the marching process [50]. Hence, when systems are shown to be unstable for this simple geometry,
it implies that the formulation will be unstable for most other problems. As a result, these simulations are very useful
in validating claims of instability based on the functional framework. Note that in order to show a larger diversity of
simulations, the incident potential is changed when demonstrating the stability/instability of different formulations.
However, all formulations have been run for all simulations settings presented with consistent results achieved. That
is, if the formulation is stable (unstable) for one case, it was stable (unstable) for all simulations.

All examples presented here will be for plane wave scattering. Since the excitation is assumed to come from the
far-field, 41)' can be set to zero [15]. The incident vector potential is then taken to be a plane wave with temporal
shape defined by a modulated Gaussian pulse,

Finc (1,, 0 = Fo exp[ (tr —20t_13)21cos(27rfotr). (122)

In (122), Fine should be the appropriate excitation for the TDIEconsidered, e.g., Aine or Ainc. The polarization
direction and amplitude are set by Fo, and tr =t—r•kl c, where k sets the propagation direction. The width of the
pulse is set by crt = 3/(271-fb,), where fb, defines the bandwidth of the pulse. Finally, t p = 8o-t and fo is the center
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frequency of the pulse. For all sphere simulations, the polarization is in the x direction and the propagation direction
is in the i direction. The time step for the simulations is selected to be a fixed oversampling of the Nyquist frequency.
This is done by setting At = 1/(s(fo + fbw)), where s is usually set between 10 to 20.

To rigorously test the stability of the numerical methods, an eigenvalue stability analysis of the marching system
is performed for each simulation [51]. To perform this analysis, a single matrix system must be devised that captures
the complete time marching process. The structure of this matrix system can be easily derived, and is

IP" 1)

I
(i
-1)

B(1)

I

BP)

0

B(111,1,

0

B(1,,,,,)

0
u( -̀1)
uo-2)

•
•

0 I 0 0
••

(123)

U(i—fm'11+3)

IP—imax+2)
0 0

Vi—imax+l)

In this system, BO = —[Z"]-1[Z(j)], where [Z(j)] is the appropriate matrix describing the interactions between
radiation from a source j time steps ago. For instance, [Z(/)] should be taken as one of the entire block matrices defined
in (101) to analyze the stability of the D-APIE. Additionally, U(i) is a column vector that contains the basis expansion
coefficients for time step i. Finally, I is an identity matrix and 0 is a matrix entirely filled with zeros. It should be
noted that (123) is not valid for analyzing the stability of the APIE. The presence of the recursive computation must
also be accounted for to properly describe the MOT process for that case. More details on the needed modifications
can be found in [25].

Clearly, once the MOT matrices have been calculated, the matrix in (123), termed the companion matrix, can be
as well. The eigenvalues of the companion matrix may then be calculated to determine the stability of the method.
If any eigenvalue is located outside the unit circle on the complex plane, the system is considered unstable. This is
because this situation represents the ability for the system to continually increase the magnitude of the sources on the
scattering object in the absence of any additional external excitation. Note that in addition to the eigenvalue stability
analysis, we also allowed our codes to run for a large number of time steps after the excitation left the problem. This
typically corresponded to somewhere between a few hundred to a few thousand transits of the geometry, with no
indication of stability issues seen for the stable formulations.

5.1. Original A-0:1) Formulation Results

The first numerical results that are presented are used to verify the claims made about the inherent instability of
the original A-0 formulation discussed in Sections 3.1 and 3.5 for any basis and testing functions when using a MOT
discretization scheme. Following these discussions, it was stated that since the equations utilize different temporal
testing Sobolev spaces they cannot be discretized in a consistent manner using the MOT discretization method. From
a simpler physical viewpoint, the two equations being used should exhibit a temporal balance for a MOT discretization
to be stable. This necessary balance is missing in the original A-0 formulation, which is mathematically seen through
the different temporal testing Sobolev spaces for the two equations. As a result, they will be extremely prone to
instability if a MOT discretization is used.

Since no correct choice of MOT temporal basis functions exists for these equations, a quadratic B-spline basis
function is used for both J and E to illustrate the instability. This is selected so that (93) is appropriately discretized
and that the two temporal derivatives on E can be easily computed. The spatial discretization is also performed
appropriately for both equations according to the variational formulation. This uses RWG functions for J and pulse
functions for E, with (92) tested with RWG functions and (93) tested with pulse functions.

Despite the largely compliant discretization, results are still unstable, with two simulations presented to illustrate
this. The first simulation uses a center frequency of 1 MHz, a bandwidth of 500 kHz, and a time step of 33.3 ns. The
second simulation uses a center frequency of 80 MHz, a bandwidth of 20 MHz, and a time step of 0.5 ns. The results
of the eigenvalue stability analysis for both simulations are shown in Fig. 2, which clearly shows the instability for
both cases. Further, it is seen that the instability becomes substantially greater as the center frequency is increased.

As a comparison, MOT simulations were also performed for the 80 MHz center frequency simulation using tradi-
tional TDIE methods (e.g., the TD-EFIE, TD-MFIE, and TD-CFIE). The spatial discretization used RWG functions
for both basis and testing functions, while the temporal discretization used a triangle function as basis to conform
to the correct Sobolev space for the problems [27]. Although not shown here for brevity, these simulations were all
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Fig. 2: Eigenvalues from the stability analysis for the original A-(I) formulation with center frequencies of (a) 1 MHz and (b) 80 MHz.
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Fig. 3: Comparison of results for the D-APIE when incorrect and correct basis functions are used, (a) eigenvalues and (b) basis coefficients.

stable, and produced accurate results. Since it is desired to use the A-4:1) formulation for multiscale modeling, it must
be able to produce similar results at middle frequencies compared to traditional approaches. The substantial instability
of the original A-0 formulation does not meet this goal, necessitating the developments of this work.

5.2. D-APIE Results

The next claims that are verified are related to the D-APIE. In particular, it was claimed that using a temporal
basis function from a subspace of the correct Sobolev space would lead to instability. This is demonstrated by using a
quadratic B-spline function as the temporal basis function for J and H. The same simulation parameters for the 1 MHz
center frequency simulation are used again, with the results shown in Fig. 3. From the inset in the figure, a number
of eigenvalues near (-1,0i) are seen to lie outside of the unit circle. As a result, the system is unstable; however,
it is seen that by using a set of equations that can be discretized consistently the stability of the method is greatly
improved over the original A-0 formulation discussed in the previous section. To further demonstrate the instability,
the coefficients from one of the basis functions are also plotted in Fig. 3. The onset of the classic "late-time' instability
is seen, verifying the claim that utilizing a basis function from a subspace of the correct Sobolev space can lead to an
unstable system. It should also be noted that as the center frequency is increased, this method becomes increasingly
unstable with eigenvalues moving further outside the unit circle. This results in the onset of instability occurring at
increasingly earlier time steps in the simulation. As a result, this is not a robust enough discretization approach to be
used in practice.
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To demonstrate that this set of equations can be stably discretized, two examples are presented that follow the
variational formulation in Section 3.3 and corresponding discretization outlined in Section 4.4. As was discussed,
these equations can be discretized using the traditional MOT procedure if a triangular temporal basis function is used.
This was done for the 1 meter radius sphere with a center frequency of 30 MHz, a bandwidth of 29 MHz, and a time
step of 0.847 ns. Additionally, a simulation was also performed for a more complicated target, a cone-sphere, defined
by the body-of-revolution line

p(z) =

1.7429(z + 47.642), for — 47.642 < z < 0{

5.894 
z — 0.718 )2

, for 0 < z < 6.612,
\ 5.894

(124)

where all dimensions are in inches. An image of the cone-sphere is shown in Fig. 4(a). The cone-sphere simulation
was performed with a center frequency of 50 MHz, a bandwidth of 40 MHz, and a time step of 0.556 ns.

The results of the eigenvalue stability analysis for both simulations are shown in Fig. 4, where it is seen that all
eigenvalues lie on or inside the unit circle denoting a stable system in practice. To demonstrate the accuracy of the
method, the bistatic radar cross section (RCS) was calculated for the sphere simulation at 5, 30, and 55 MHz from the
single simulation. All of these results are shown in Fig. 4. As anticipated, good accuracy is achieved over the entire
bandwidth of the incident pulse.

5.3. APIE Results

The final set of claims of stability made throughout this work that needs to be verified are in reference to the APIE.
One of the major claims was that using a temporal testing function from a subspace of the correct temporal Sobolev
space would lead to instability. This is demonstrated by performing a simulation with the APIE using a triangular
temporal basis function and a Dirac delta function for temporal testing. By recalling the discussion in Section 4.2, it
is seen that this corresponds to using a temporal basis function from the correct space, but a temporal testing function
from a subspace of the correct space. The simulation is performed at a center frequency of 30 MHz, a bandwidth of
29 MHz, and a time step of 0.847 ns. The results of the stability analysis are shown in Fig 5. It is seen that a large
number of eigenvalues are located substantially outside of the unit circle, demonstrating the significant instability of
the approach.

The next set of results demonstrates a stable discretization of the APIE system. In particular, the implementation
discussed in Section 4.2 and equations presented in Section 4.5 are used. This utilized a pulse function as the temporal
basis function in an otherwise standard MOT discretization. The first simulation is performed for the 1 meter radius
sphere with a center frequency of 40 MHz, a bandwidth of 40 MHz, and a time step of 0.3125 ns. The second
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simulation used a double ogive shape, which is defined by the body-of-revolution line

P(z) =

f(z)
for 12.5 0

(125)

— < z <
1 cos(46.4°)'

5g(z) for 0 25,
1 cos(22.62°)

, < z <

where

f(z) =
z

sin2(46.6°) — cos(46.6°), (126)— (—
12.5

g(z) = — 
25 

)2
sin2(22.62°) — cos(22.62°), (127)

and all dimensions are in inches. An image of the double ogive is shown in Fig. 6(a). The double ogive was simulated
with a center frequency of 50 MHz, a bandwidth of 40 MHz, and a time step of 0.556 ns.

The results of the stability analysis are shown in Fig 6. All of the eigenvalues lie on or inside of the unit circle,
demonstrating the stability of the discretization in practice. To verify the accuracy of the method, the RCS of the
sphere was calculated at 10, 40, and 70 MHz. From this it is seen that good results are achieved over the bandwidth
of the incident pulse.

5.4. Stability Stress Test

Before moving on to demonstrating the low frequency performance of these methods, we present a few final sta-
bility stress tests for the methods when correct basis and testing functions are used in the discretization. It is generally
considered that thin structures pose an especially challenging geometry to MOT TDIE solvers. In accordance with
this, we have selected as a stressing geometry to take the double ogive geometry defined in the previous section and
reduce its thickness by a factor of 10. The resulting geometry is shown in the inset of Figure 7(b).

Two simulations are performed for this geometry. The first uses a center frequency of 50 MHz, a bandwidth of
40 MHz, and a time step of 0.556 ns. The second simulation increases the frequency to 100 MHz, with a bandwidth
of 80 MHz and time step of 0.278 ns. The results are shown in Figure 7, where it is seen that every simulation is
stable. Note that no eigenvalues were calculated for the 100 MHz simulation for the APIE. This is due to the large
size of the resulting matrix system that made it impractical. To demonstrate the stability for this case, the solved for
coefficients of one spatial basis function are plotted in Figure 7(b) for 100,000 time steps. This corresponds to over
7,500 transits of the geometry, with no stability issues observed. The currents for the D-APIE simulation are also
plotted for comparison.
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5.5. Low Frequency Results

The previous sections demonstrated that by properly selecting the basis and testing functions according to the
functional framework detailed in this work, stable results could be achieved. This is an important step towards
demonstrating that the different APIEs are suitable for multiscale analysis. However, in addition to stability and
accuracy at middle frequencies, the same must be achievable at low frequencies. As a result, a number of tests are
performed in this section to demonstrate the stability and accuracy of the APIEs at low frequencies.

As an initial demonstration, the improvement of the APIEs over the traditional EFIE is shown when the EFIE is
beginning to be affected by the well-known low frequency breakdown. The simulation is performed with a center
frequency of 40 MHz, a bandwidth of 40 MHz, and a time step of 0.3125 ns. Simulations are performed with the
APIE, D-APIE, and the EFIE. No modifications are performed to the EFIE to improve its low frequency performance.
The RCS is plotted at 10 MHz in Fig. 8(a). It is seen that even at this frequency, the EFIE is already becoming
inaccurate while the accuracy of both the APIE and D-APIE is good.

To further demonstrate the accuracy of the APIE and D-APIE at low frequencies a sequence of simulations with
progressively lower center frequencies is performed. The error at the center frequency of each simulation is calculated
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I I RCSTDIE — RC Smie Error =
IIRCSMieII

(128)

where II • II is the €2 norm, RCSTDIE is the RCS calculated using the specified TDIE, and RCSNEe is the RCS calculated
with the Mie series. To compute RCSTDIE, the computed time domain current density is Fourier transformed to the
frequency domain The appropriate frequency domain current distribution is then used to compute the far-field RCS.
The RCSmie results are computed directly in the frequency domain.

For all cases, the RCS used is the E-plane bistatic RCS over a range from 0 to 180° in 0.1° increments. The
simulations cover center frequencies of 1 Hz to 1 MHz with the bandwidth set to half the center frequency. The
oversampling factor s is set to 20 for all cases. The error is plotted in Fig. 8(b) which shows the steady accuracy
of both the D-APIE and APIE. As anticipated, the EFlE (with no low frequency modifications made) eventually
experiences a catastrophic low frequency breakdown resulting in an unstable solution. This highlights the strength of
the A-0 formulation TD1Es presented in this work. That is, no intricate modifications are needed to the equations or
discretization approach to produce accurate results over a very wide range of frequencies.

6. Conclusion

This work presented the details of a rigorous functional framework that has found great use in analyzing TDIEs.
It is anticipated that as the computational electromagnetics community continues to become more involved with
applications in emerging areas of physics, this type of rigorous functional analysis will become more needed in the
derivation of new integral equations. This was demonstrated by applying the functional framework discussed to
derive a set of TDIEs based on the A-(13. formulation, which is expected to be well-suited to coupling into quantum
physics calculations. Following this derivation, the necessary functional analysis was presented which demonstrates
the stability of these A-0 TD1Es. It was then discussed how information from the functional analysis could be used
to devise MOT discretization approaches that would produce stable systems in practice. Numerical results were then
presented that verified the different claims of stability or instability for systems made throughout this work. The
results also demonstrated the superior performance of this formulation for analyzing systems at low frequencies,
making these equations suitable for use in multiscale modeling.

The current A-1:1) TDIEs discussed in this work are only applicable to analyzing perfect electric conducting objects.
Future work will focus on extending this formulation to cover dielectric/penetrable objects, which are of far greater
interest to many applications, e.g., in the area of quantum optics. Other practical considerations for this formulation
also need to be investigated, such as the performance of preconditioners.
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