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—— Abstract

Over the past decade, polyhedral meshing has been gaining popularity as a better alternative to
tetrahedral meshing in certain applications. Within the class of polyhedral elements, Voronoi cells
are particularly attractive thanks to their special geometric structure. What has been missing
so far is a Voronoi mesher that is sufficiently robust to run automatically on complex models. In
this video, we illustrate the main ideas behind the VoroCrust algorithm, highlighting both the
theoretical guarantees and the practical challenges involved in its implemention.
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1 Introduction

Generating quality meshes is an important problem in computer graphics and geometric
modeling. There has been a growing interest in polyhedral meshing as it promises signifi-
cant advantages over tetrahedral or hex-dominant meshing in some contexts. For exmaple,
polyhedral meshing offers higher degrees of freedom per element and is more efficient in
filling a space, because it produces fewer elements for the same number of vertices. Within
the class of polyhedral mesh elements, Voronoi cells enjoy several geometric properties, e.g.,
planar facets and positive Jacobians, which make them particularly suitable for numerical
simulations.

A conforming mesh exhibits two desirable properties simultaneously: 1) a decomposi-
tion of the enclosed volume, and 2) a reconstruction of the bounding surface. A common
technique for producing boundary-conforming decomposition from Voronoi cells relies on
clipping, i.e., intersecting and truncating, each cell by the bounding surface [9]. An alterna-
tive to clipping is to locally mirror the Voronoi generators on either side of the surface [5].

The desired mesher takes as input a description of the geometric model for which a
conforming Voronoi mesh is to be generated, e.g., a set of surface samples or a complete CAD
model. Having access to a CAD model allows the mesher to accurately sample new points
as needed; a crucial requirement for high quality meshing. Deferring the sampling problem,
we start in an idealized setting that allows us to establish strong theoretical guarantees on
the correctness of the underlying approach. Then, we highlight the challenges involved in
applying this approach to realistic inputs as needed for a robust implementation.
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2 The Basic

An abstract version of the proposed algorithm, geared towards volumes bounded by smooth
surfaces, can be described as follows. Figure 1 illustrates the steps in 2D.

Take as input a o-sparse e-sampling P on the bounding surface M of the volume O.
Define a ball B; of radius r; = 0lfs(p;) centered at each sample p;. Let U = U;B;.

The corner points of QU yield the Voronoi generators G = Gy UG inside and outside O.
Include in G more generators, away from M, inside O to further decompose it.
Compute the Voronoi diagram Vor(G). The mesh @ = Vor(G) approximates © and the
facets separating G; and Go form the surface reconstruction M approximating M.

@ &w

(a) Weighted samples. (b) Intersection pairs.  (c) Voronoi cells. (d) Reconstruction.

Figure 1 VoroCrust reconstruction, demonstrated on a planar curve. The weight of a point
defines the radius of a ball around it. The reconstruction is the Voronoi facets separating the
uncovered intersection pairs on opposite sides of the manifold.

For appropriate values of ¢, the union of balls U is isotopic to the bounding surface M [7].
In addition, the Voronoi facets in Vor(G) separating Gr and Go are in fact the medial axis
of U [4], which is immediately isotopic to M as well [6]. The sparsity condition helps in
bounding the quality of mesh elements; the cells are fat. Finally, the enclosed volume can
easily be refined without disrupting the surface reconstruction [10]. See [1] for the details
and [2] for some earlier related work.

3 The Real

Unlike the idealized setting studied above, realistic inputs pose a number of challenges.
Namely, sharp features do not fit well with the e-sampling paradigm and require extra
care to bound the quality of mesh elements in their neighborhoods. Even without sharp
features, estimating the local feature size is impractical. In addition, for applications that
require surface approximations with good normals, extra steps are needed to iron out any
irregularities that the basic approach might yield. We address these issues in forthcoming
publications.

4  The lllustration

We follow the tradition of illustrating the outputs of our algorithm applied to the infamous
model known as the Stanford Bunny [12]. We used Para View [3] to render our 3D models
and the Processing programming language to generate our animations. We synthesized
speech using the Bing Speech API [8] and composed the video using OpenShot [11].
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A  The Narrative

This is an illustration of the VoroCrust algorithm for Voronoi meshing, highlighting the core
theoretical concepts and further technical challenges. We study the problem of generating a
Voronoi mesh that naturally conforms to a given closed surface M: a subset of the cells in the
generated mesh decomposes the volume O enclosed by the surface, while the facets on the
boundary of the union of those cells yields a surface approximation of M. Our work is moti-
vated by recent interest in polyhedral meshes as a more efficient alternative to tetrahedral
meshes in certain applications.

We introduce the core principles underlying the proposed solution in an ideal setting
easy to describe in 2D. We start with an epsilon-sample on a smooth surface M. Assuming
the local feature size can be evaluated, we place a ball of radius delta times the local feature
size at each sample. For appropriate values of delta, the union of such balls yields a good
approximation of the surface M. In particular, the two surfaces defined by the inside and
outside boundaries of the union of balls are isotopic to M.

Our next step is to place a set of Voronoi seeds at the corner points of the union of balls,
where each seed is labeled as either inside or outside the enclosed volume Oh. The Voronoi
facets common to one interior and one exterior seeds constitute the medial axis of the union
of balls. As the medial axis is itself a surface isotopic to both boundaries of the union of
balls, it is immediately isotopic to M as well. With the surface protected, the interior can
be meshed easily.

We demonstrate output meshes obtained by a preliminary implementation, which is
considerably different than the Sandia VoroCrust software. In order to guarantee that each
input sample appears as a vertex in the resulting surface approximation, we require a sparsity
condition on the input epsilon-sample. This also provides a lower-bound on the quality of
surface elements, modulo certain artifacts that can be mitigated in a clean-up phase. To
further decompose the enclosed volume O, without disrupting the surface approximation, we
generate more samples within O away from the surface M. The sparsity condition together
with grading allow us to establish a lower-bound on the fatness of all cells.

The desired mesher takes as input a CAD model describing the object to be meshed.
Having access to a CAD model allows the mesher to accurately sample new points as needed;
a crucial requirement for quality meshing.

For realistic inputs, however, the situation is considerably more complicated than the
ideal setting we used to establish our core theoretical guarantees. In particular, sharp fea-
tures do not fit well with the epsilon-sampling paradigm and require extra care to bound the
quality of mesh elements in their neighborhoods. Even without sharp features, estimating
the local feature size is impractical. In addition, for applications that require surface ap-
proximations with good normals, extra steps are needed to iron out any irregularities that
the basic approach might yield. We address these issues in a forthcoming publication and
illustrate a number of sample meshes produced by our implementation.

For more information, please reach out to the point of contact at Sandia National Labs.



