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A comprehensive modeling procedure for estimating the probability of ignition with application to high
altitude relights of aircraft combustors is developed. In these configurations, an ignitor is used to intro-
duce high-enthalpy discharge into a fuel-laden but stratified flow. Due to the inherent variabilities inflow
conditions, kernel discharge process, and the chaotic turbulent flow, ignition cannot be described de-
terministically, but only as a probabilistic measure. The proposed modeling framework consists of three

Keywords: components. The turbulent flow is represented using the large eddy simulation (LES) framework. The ig-
Forced ignition nition process is modeled using a manifold approach, where the initial kernel evolution is represented
Relight using a homogeneous reactor while the latter part of the evolution is represented as a competition be-
_IrJncber:ainty quantification tween diffusion and chemical reactions using a flamelet-type mapping. A combined lookup table that
urbulence

can track the evolution of the kernel through these two distinct reaction stages is developed. The table
lookup variables are solved within the LES framework. The resulting simulation tool is then embedded
within an uncertainty quantification approach, where variations in the turbulent flow, as well as operat-
ing and kernel properties, are simulated using a Monte-Carlo-based sampling approach. Techniques to re-
duce computational cost are used to obtain a robust, numerically accurate, and physically representative
model for engine relight. The method is validated using experimental data for ignition of methane/air
mixtures. Due to the comprehensive nature of the modeling procedure, it is found that the simulation
tool reproduces experimentally observed ignition probabilities over a wide range of operating conditions.
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1. Introduction

The ability to re-ignite or relight an aircraft engine at high alti-
tude is not only a safety constraint but a certification requirement
as well. Due to the highly chaotic and unsteady flow conditions in-
side the combustor, ensuring a fast and robust relight process is a
design challenge. Conceptually, the re-ignition process consists of
fueling the combustor adequately, followed by the introduction of
a spark that supports the growth of a flame kernel that eventu-
ally stabilizes in the combustor. Since a spark is used to reignite
the combustor, this process is termed forced ignition. The spark
introduces a pocket of hot fluid as well as ionized or free radical
species into the flow. In order to sustain and develop into a stable
flame, the hot kernel needs to survive thermal diffusion as well as
turbulent mixing. If a large enough part of the kernel reaches a

* Corresponding author.
E-mail address: yhtang@umich.edu (Y. Tang).

https://doi.org/10.1016/j.combustflame.2019.04.045
0010-2180/© 2019 Published by Elsevier Inc. on behalf of The Combustion Institute.

sufficiently low-velocity region within the flammable limits, it can
then stabilize to form a fully-developed flame front. Otherwise, the
flame does not sustain and the ignition failed. The stabilization of
the flame depends on a large number of variables affecting the ig-
nition process. In particular, the strength of the re-ignition spark
as well as the properties of the fuel play an important role [1,2].
As a result, substantial effort has been devoted to the design of
jet fuel [2-4] to facilitate the ignition process. In practice, different
fuels are experimentally tested to evaluate their ignition charac-
teristics at different operating conditions. However, even in well-
characterized experiments, it is difficult to replicate and control all
the physical parameters that affect the ignition process. Hence, de-
tailed computational models are necessary to provide both quali-
tative and quantitative insight into the complex relight process. In
particular, the focus of this work is on the development of models
that can predict the probability of ignition at particular operating
conditions.

To model the forced ignition process, the evolution of the spark
kernel into a spatially distributed flame front needs to be de-
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Nomenclature

Oy reaction source of variable W

RpcE residual of the truncated polynomial chaos expan-
sion

|Vo|norm density gradient magnitude normalized to [0,1]

Ly mean value of variable ¥

[0) global equivalence ratio

Lo pre-discharge density

oy standard deviation of variable W

Tier duration time of kernel enthalpy boundary en-
forcement

Espl statistical sampling error

8 ensemble of N initial turbulent flow fields

& initial turbulent flow field

C progress variable: Yco, + Yco

G the ith point of the tabulation C-axis

Crarget target value of progress variable applied to recon-
struct Sc,

E4 spark deposit energy: thermal energy received by
the gas phase from a spark discharge

En spark nominal energy: electric energy input of a
spark discharge

h total enthalpy

hg pre-discharge total enthalpy

h¢ total enthalpy at the center point of the kernel in-
ject boundary

Rer characteristic value of kernel total enthalpy

I ignition indicator of success and failure

K kernel parameters that describe the initial kernel

N number of samples applied to compute empirical
mean

0 operating conditions

Pignile,.pce Tesponse surface of Prgy i sy obtained with polyno-
mial chaos expansion

Pugnil, spr estimator of Py with statistical sampling

TgnilE, ignition probability conditioned on E,4

Pignijspr  estimator of Pygp;x with statistical sampling

IgnilK ignition probability conditioned on K

Pigni exact probability of ignition

q truncation order of polynomial chaos expansion

r radial distance to the center of kernel inject
boundary

Tignitor radius of the ignitor top surface

Scr integrated progress variable source in novel recon-
struction method

Sct integrated progress variable source in conventional
tabulation

Sc exact integrated progress variable source

T preheat temperature of main flow

i initiation time of kernel enthalpy and velocity
boundary enforcement

tterm termination time of kernel velocity boundary en-
forcement

U velocity magnitude at the center point of the ker-
nel inject boundary

Uger characteristic velocity of the injected kernel

Unnain main flow bulk velocity

Veav volume of the ignitor cavity

Vier volume of the injected kernel

Y; mass fraction of species i

Z mixture fraction

Atyryey  time interval between two consecutive tabulation

points of HR time history

Atgiy
AtTab

simulation time step
tabulated time information applied to reconstruct
SC,r

scribed. Such ignition processes are found in internal combus-
tion engines, where prior studies have focused on model devel-
opment [5-9]. For instance, Lagrangian particles have been used
to track early kernel development [5-8], which then transitions to
a sustained flame front. This final flame process is modeled us-
ing conventional combustion models such as a time scale model
[5], flame surface density (FSD) model [7,8], or level set/G-equation
combustion model [6]. The transition between the ignition model
and the conventional combustion model is imposed using switch-
ing functions.

Unlike in IC engines, forced ignition in aircraft engines is not
only affected by strain rate variations but also by equivalence ra-
tio fluctuations, where non-uniform fuel distribution can lead to
strong non-local effects. For instance, in a non-premixed configura-
tion, a spark placed in a region with equivalence ratio outside the
flammability limit can lead to a successful ignition through ker-
nel transport and mixing [10]. In this regard, previous studies have
combined special field initialization treatments (to model the igni-
tion) with transport-based combustion models (to model the spark
kernel and the flame propagation) at conditions typical of aircraft
combustors. Triantafyllidis et al. [11] used a conditional moment
closure (CMC) approach to study the ignition of a bluff-body stabi-
lized flame, with the spark initialized as a pocket of burnt product.
Results showed that convection and diffusion of hot products from
the recirculation zone to the unburnt mixture promoted flame sta-
bilization. Subramanian et al. [12] and Pillai [13] have applied en-
ergy deposition (ED) to represent the ignition kernel, where ED is
followed by a continuous monitoring of the local gas phase tem-
perature. The chemical reaction is triggered when the local post-
deposition temperature drops to the level of chemical equilibrium
and is initiated by patching the scalar field of products at equilib-
rium conditions. The non-premixed ignition process may be split
into three phases [14]: phase 1, generation of small flame around
the spark; phase 2, the transition from flame kernel into prop-
agating flame; phase 3, long-term flame stabilization within the
burner. An additional phase can be defined for a realistic engine
as phase 4, flame propagation among multiple combustors [15]. A
clear definition of the applicability by these four phases is criti-
cal for evaluating an ignition model. When the ignition procedure
consists of altering the flow field, the method implicitly assumes
the successful development of the kernel, and such methods are
useful for studying phases 3 and 4 [11,15]. In altitude relight prob-
lems, the success/failure of ignition is dependent on the outcome
of phases 1 and 2. Apart from applying field initialization to exist-
ing combustion models, directly solving for the finite-rate chem-
istry and applying ED to the energy equation is another common
approach to simulate forced ignitions. This method does allow vari-
able outcomes for phases 1 and 2 but also involves high computa-
tional cost. Previous studies are mostly limited to mechanisms us-
ing global reactions [16-18], where the reaction model should be
capable of capturing the ignition process adequately. For realistic
combustion systems that use jet fuels, this method may become
inaccurate due to the complex heat release process.

Since the ignition outcome (success or failure) is not only in-
fluenced by deterministic parameters (ambient temperature, pres-
sure, global equivalence ratio) but also aleatoric parameters (vari-
able strain rate next to the spark, fuel mixing, spark properties),
it is meaningful to compute a probability of ignition for each de-
terministic operating condition. In general, estimating probabil-
ities of events from computations is a computational challenge
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in itself, due to the increased cost of propagating uncertainties
[19,20]. This is true in particular for problems that are not statis-
tically stationary such as the one investigated here [21]. However,
several experimental studies are available in the literature. Birch
et al. [22] measured the ignition probability of a turbulent non-
premixed jet flame with spark discharge and found that the prob-
ability of obtaining a flame kernel at some spatial location can be
approximated by the local probability of having a mixture fraction
within the flammability limits. Ahmed and Mastorakos [23] car-
ried out a similar experiment to measure the ignition probability
as a function of mixture fraction, and found that final success-
ful or failed ignition does not always take place in or out of the
flammability limits, respectively, due to transport effects. Cordier
et al. [24] measured the ignition probability in a swirl combus-
tor. Although the system is nominally premixed, the ignition ef-
ficiency was controlled not only by the local flow properties but
the kernel trajectory. Recently, Sforzo [25] designed a facility that
closely replicates the ignition process of aircraft engines and where
it is possible to measure the ignition probability of different jet
fuels. In this particular combustor, the spark discharge is initial-
ized within a non-reactive flow before the hot kernel later mixes
with flammable fluid. Here, this configuration is simulated in or-
der to illustrate the capabilities of the model developed. Further
details will be presented later. Numerical studies that measure the
probability of ignition are mostly based on cold flow simulations
or reduced order modeling since the measurement often requires
simulating a large number of flow realizations. For example, La-
caze et al. [16] estimated the ignition probability based on the lo-
cal probability distribution of mixture fraction and flow velocity
provided by cold flow LES. A similar method has been applied to
study ignition of two-phase flow by Eyssartier et al. [26]. In the
study of Neophytou et al. [27] the kernel trajectory is tracked us-
ing Lagrangian particles. The particles move according to a stochas-
tic model. As the particles move, they can ignite parts of the do-
main that were initially cold. The simulation is repeated multiple
times to obtain the ignition probability. Similar strategies based on
kernel trace tracking have also been developed elsewhere [28,29].
Based on the two strategies of using local flow properties and ker-
nel traces, Esclapez further developed a blended model where the
ignitability of a kernel can evolve based on the local turbulence
properties encountered along its trajectory [30]. In these methods,
in order to make the ignition probability computation tractable,
strong assumptions about the interaction between the kernel and
the non-reacting flow field are made. In the study of [31], Sforzo
and Seitzman simplified the ignition kernel to a well-stirred re-
actor with a staged constant inflow to account for entrainment.
This work used detailed methane chemistry a reduced-order model
developed and inputs based on experimental measurements to
initialize the numerical computations. The model supplied igni-
tion results across the input design space, which was the basis
for a support vector machine classification algorithm. By sampling
input variables using experimentally calibrated distributions, the
tool provided ignition probabilities that could be compared to ex-
perimental measurements. Though computationally efficient, this
methodology treats the turbulent mixing and diffusion processes
that dictate the stochastic nature of ignition as direct inputs, which
do not allow for spatial and temporal variations in a given simu-
lation. In terms of hot flow simulations, Esclapez et al. [18] have
simulated ignition of a partially premixed combustor using LES and
two-step chemistry with ED. Despite being one of the few studies
that managed to estimate ignition probability based on hot flow
simulations, the study has two major limitations: the kernel en-
ergy is tested at a fixed level, which does not include stochasticity
of the spark discharge; ignition probability is sampled at a few in-
dependent locations without quantifying the uncertainties, making
it difficult to evaluate the accuracy of the modeling strategy.

Turbulence
Sustains
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"> Propagates to
reacting mixture

B

*Kernel created by energy deposition

~

Dissipates !

@ Kernel development stage - HR tabulation
@ Flame propagation stage - FPVA tabulation

Fig. 1. Schematic of forced ignition in an aircraft engine and the proposed model
decomposition.

With this background, the focus of the current study is (1) to
develop a combustion model able to replicate the ignition out-
comes of realistic jet fuels in a turbulent flow and (2) apply this
model to estimate the probability of ignition at various operat-
ing conditions. For this purpose, additional issues due to chem-
istry have to be handled. In particular, the ignition temperature for
the kernels is in the range where low-temperature chemistry for
higher hydrocarbons is active. Therefore, detailed chemical kinet-
ics effects need to be included in the model. At the same time,
since multiple flow realizations need to be run, the individual
simulation cost should be kept as low as possible. A tabulated
chemistry approach that takes into account detailed kinetics, and
handles both kernel development and the flame transition is de-
veloped. In Section 2, this tabulation-based ignition model is
described. This model is then tested using the experimental con-
figuration at the stratified flow facility at Georgia Institute of Tech-
nology [25,32]. The flow configuration along with the numerical
algorithm used are explained in Section 3. In Section 4, a series of
ignition cases in the aforementioned geometry are presented, fol-
lowed by an analysis of the ignition behavior and mechanism. Fur-
ther, in Section 5, an ensemble of LES calculations is performed
to estimate the probability of ignition under various operating
conditions of global temperatures and equivalence ratios. A non-
intrusive uncertainty quantification approach is used to provide a
direct comparison with the experimental data available.

2. Detailed modeling of ignition process

The purpose of this work is to develop a detailed ignition model
that can be used in high-fidelity computational fluid dynamics ap-
proaches. Since ignition can only be described probabilistically, the
development of a detailed model needs to take into account the
unique nature of ignition physics in turbulent flow environments.
In order to ensure predictive accuracy, the model consists of three
components: (a) a physical representation of the ignition process
that allows for flame development from a hot ignition kernel to be
captured, (b) the coupling between the ignition kernel and the tur-
bulent flow, and (c) the inclusion of inherent uncertainties in the
ignition process in evaluating the outcome of a kernel injection.

The aircraft engine relight is here viewed as a process that goes
through two main stages, each one corresponding to a different
physical process. A schematic of the ignition process along with
the corresponding modeling strategy is summarized in Fig. 1. Here,
the term “spark” refers to the electric arc created during the ign-
itor discharge, whereas the term “kernel” refers to the high en-
ergy fluid pocket created by the energy deposition method. The
model describes the initial kernel mixing and ignition as a ho-
mogeneous reaction process where chemical reactions alone gov-
ern the thermodynamic state (stage 1), while the flame develop-
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ment and stabilization as a diffusion-controlled process where flow
and chemical timescales interact (stage 2). This two-stage defini-
tion is a physics-based simplification of the 4 ignition phases sum-
marized in the last section. Specifically, phase 1 is governed by
quasi-homogeneous reaction (stage 1), phases 3 and 4 are gov-
erned by diffusion-reaction balance (stage 2), whereas phase 2 is
in the intermediate reaction mode between stage 1 and 2. The
model developed here uses a tabulated chemistry approach. The
table is constructed by blending solutions from different canonical
combustion configurations that best represent each one of the two
stages. As a result, the lookup table contains two types of canon-
ical solutions: (a) a constant pressure homogeneous reaction (HR)
for the kernel ignition stage; (b) a flamelet progress variable ap-
proach (FPVA) for the flame propagation stage. An additional type
(c) is defined as the blend between (a) and (b). The modeling strat-
egy hence has included all 4 phases of the forced ignition process.

Since total enthalpy of a representative kernel monotonically
decreases due to turbulent mixing and diffusion, it is a good
marker for tracking the ignition process. As the flow evolves, the
switch from HR to FPVA must occur when the total enthalpy drops
below a certain threshold. Therefore, the chemistry is tabulated as
a function of total enthalpy h. In order to track the fuel-air mixing
and the advancement of the reaction in the HR and FPVA model,
the chemistry is also tabulated with respect to mixture fraction Z
and progress variable C. Here, C is defined as the linear combina-
tion of species mass fraction, C = Yeo + Yco,. similar to definitions
used elsewhere [33,34]. It is shown later that this definition cap-
tures the ignition process accurately as compared to direction nu-
merical simulations.

These two tabulation strategies (HR and FPVA) cover different
regions of the table phase space. HR is used for the high enthalpy
space and FPVA for the low enthalpy space, and are simply com-
bined into a unified table with the overlap region tabulated as a
linear combination of the two individual maps. When the tabu-
lation is implemented in simulations, a kernel is initialized as a
pocket of high enthalpy, which falls into the region of HR tabula-
tion. If the local flow properties described by {Z, h} are favorable
to ignition, the high chemical source from HR tabulation allows C
to increase and initiate the reaction. As the flow field evolves and
the spark energy dissipates out, the total enthalpy drops and auto-
matically falls into the phase space of FPVA tabulation. Hence the
following flame propagation or dissipation seamlessly transitions
as the simulation proceeds in time. The HR and FPVA tabulation
strategies are explained in depth in the next two subsections.

Before detailing the tabulation techniques, the choice of the
chemical mechanism used is briefly explained. The chemical mech-
anism was selected based on its ability to reproduce the ignition
delay time. Since the study focuses on methane/air combustion,
the GRI3.0 [35] was found to be the best choice. This mechanism
is used in the following sections for the HR and FPVA tabulation.
Note that the model presented here can be adapted to other fuels
by simply choosing a different chemical mechanism at this stage.
For example, realistic jet fuels were simulated in Ref. [36,37]. Cru-
cially, because a tabulated chemistry technique is used, the nature
of the fuel does not affect the computational cost of the CFD sim-
ulation.

2.1. HR tabulation

The HR tabulation is inspired by the study of Pera et al. [38],
which uses an HR model to simulate diesel engine ignition. There,
the auto-ignition process is driven by compression-based pressure
gain, and the forced ignition is treated locally as a homogeneous
reaction caused by enthalpy rise. The fundamental idea here is to
assume the local reaction time scale in a forced ignition event is
much smaller than the transport time scales, so that the ignition

core can be treated as reaction-dominant. Stratification effects are
then included in the tabulation by combining different HR solu-
tions for a range of equivalence ratios and unburnt temperatures.
Specifically, each HR solution provides information of reaction pro-
cess versus time which can be mapped on the C space at a con-
stant {Z, h}; a series of HR solutions at different Z values provides
information of stratification effects on reaction, and HR solutions
with different unburnt temperatures allow a mapping in total en-
thalpy space h. The entire set of HR solution can be tabulated as a
function of {C, Z, h}.

The HR calculations are performed using CANTERA [39], an
open source solver. Time history of species was stored for each
HR calculation. In order to keep a smooth ignition trajectory in
time and progress variable phase space, the HR solutions are stored
whenever one of the following three criteria is met: (a) the tem-
perature increment exceeds 5 K since last output; (b) the progress
variable percentage increment exceeds 5% since last output; (c) the
time increment exceeds 1 s since last output. The HR calculation is
terminated after it can be safely considered that the time exceeds
the largest possible flow time scale, here considered to be below
7.5 s. A total number of 3330 HR calculations were performed for
90 levels of initial temperatures in the range {875 K.3100K}. and
37 levels of equivalence ratios spanning {0.3, 6.5} clustered near
stoichiometric condition. These boundaries of operating conditions
are enforced due to the following two reasons: (a) outside the
lower temperature limit, or the fuel lean/rich limit, ignition delay
will be longer than the largest flow time scales; (b) outside the up-
per temperature limit, the burnt temperature will breach the upper
bound of the thermodynamic model (3500 K).

While the HR solutions contain all the necessary information
of the ignition history profiles, the tabulation of these values for
use in the CFD solution can lead to some numerical issues. In the
CFD approach, a transport equation is solved for the three vari-
ables used to map the solution space (h, Z and C). Of these, the
progress variable equation contains a chemical source term, which
is obtained from the table. The exact integrated progress variable

source term over a timestep is defined as
1 t=Atsim
Se=gp— [ o, (1)
Atsim Ji—o

where @ is the instantaneous progress variable source term, and
Aty is the simulation timestep. In conventional tabulations, the
integrated source term Sc; is often obtained by assuming a con-
stant progress variable source term over a timestep [40] with an
expression of the type:

Sct = wc(t = Aty /2), (2)

where, @c is the progress variable source term that is interpo-
lated from the discrete tabulation points on the table. This is based
on the mid-point rule for integration and is accurate as long as
the time-step is not large. However, for the purpose here, this ap-
proach may be erroneous. In the above formulation, two levels of
approximation are made: (a) the reaction source term is assumed
constant over the timestep and (b) the reaction source term is in-
terpolated to C(t = Atg;,/2) since it is only tabulated at discrete
values of C. Since the ignition delay is of primary importance here,
it is, therefore, crucial to correctly capture the early stages of the
HR calculation (say between C =0 and C = 0.1). There, the chemi-
cal source term is low enough such that approximating the source
term constant over the simulation timestep (dictated by the flow)
is reasonable. However, the source term interpolation can intro-
duce an error that is large compared to the instantaneous value
of the progress variable. Moreover, because the progress variable
source term follows a convex profile with respect to progress vari-
able at the early stages of ignition, the interpolation error always
overestimates the integrated source term Sc. This is illustrated in
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Fig. 3. Tabulation and lookup strategy of Sc,. The time history profile and the tabu-
lation C-axis are created artificially for demonstration purposes. (For interpretation
of the references to color in this figure, the reader is referred to the web version of
this article.)

Fig. 2, where it can be seen the simulation time step Atg;, is
small compared to the interval between two HR tabulation points
(black dots), and the overestimation of interpolated reaction source
(red dash arrow) is contributed from the higher reaction source at
the next tabulation point (yellow dash arrow). This issue can be
resolved by sufficiently refining the table, but this could become
quickly intractable in terms of memory requirements.

A different tabulationftable lookup strategy is developed to re-
solve this issue. Here, @ is no longer directly tabulated to avoid
the corresponding interpolation error. The time information of the
HR solution is tabulated instead, and @c is reconstructed on-the-
fly using this tabulated time information. The goal here is to ob-
tain from the tabulation, the progress variable source term inte-
grated over the simulation timestep instead of the instantaneous
progress variable source term. The reconstructed reaction source
Sc, T is written as

Ctarget - C(tO)
Atsm

where S¢, depends on the initial progress variable C(tp), the cur-
rent simulation step size Atgy, and Cigger, Which is the theoreti-
cal final value of progress variable using the HR model combustion
model. As ((tg) and Atg;,, are already available at the current time
step, the goal is to find Garger = Cyr(to + Atgiy). The function Cyg
takes time as an argument and is the time history profile of the
progress variable along the HR profile.

The numerical procedure to obtain Cegrge is illustrated in Fig. 3
and explained below: the time history of the original HR solution
is referred to as tyg = tyr(C). or conversely Cygr = Cyg(t). All tab-
ulated properties are labeled by subscript “Tab”, and their value
at the i-th point of C-axis of the table is labeled by subscript i.
At the tabulation stage, tyr(C) (green line) is first mapped onto
the table C-axis, and is discretized in the table as tyg 14,(C) (black

Scr(C(to). Atsim) = (3)

Fig. 4. Ignition time history obtained from time integration of directly tabulated re-
action source with different resolutions of C-axis (black), the new tabulation/table
lookup strategy (green), and detailed chemistry calculation of homogeneous reac-
tion (dashed red). The operating conditions are set to 1 atm and stoichiometry. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

line marked by dots). The time interval between two consecutive
points of the tabulated HR time history is then stored at the for-
mer point, as Atyg 1qp(G) = tyg 1ap(Gi+1) — tur 1ap(Gi); at the table
lookup stage, Crarger is determined by seeking a value that satisfies

Crarger

Atsim= Y Atug1ar(G)

Gi=C(to)

(4)

Notice that Ciargee is the upper limit of the above summation,
and the equality can be tested by incrementally adding the term
Atyg1a(C;) into the summation until the desired value of Cegrger is
found.

The performance of this tabulation/table lookup strategy of re-
action source is tested using homogeneous reaction simulation.
Three different types of simulations are carried out: (a) ignition
profile is obtained using the tabulated source term and consid-
ering it constant over each timestep, (b) integration is performed
using the aforementioned strategy that uses the modified tabula-
tion approach, and (c) integration is performed without tabulation
but instead by directly integrating ordinary differential equations
(ODE) obtained from the chemical mechanism. Figure 4 shows the
temperature profile as a function of time for two different unburnt
temperatures. A consistent trend is observed: the direct tabulation
of reaction source tends to under-predict ignition delay compared
to detailed chemistry calculations. This discrepancy can be miti-
gated by refining the tabulation grid, but even with 500 points
in the progress variable space, the results are still not accurate.
On the other hand, tabulation/table lookup strategy reproduces the
detailed chemistry calculation with only 75 points, which is com-
parable to conventional requirements for tabulated chemistry [41].
This validates the developed strategy of the direct tabulation of
time information instead of reaction rate for ignition simulations.

2.2. FPVA tabulation

The FPVA tabulation is a flamelet-based method for the de-
scription of the fully developed flame front [42]. The method as-
sumes what the structure of the flame is, and uses a tabulation
approach to impose it in the CFD computation. Specifically, con-
ventional FPVA tabulation solves a family of steady flamelets along
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3000 2.3. Unified FPVA/HR tabulation
2750 “~\ ] In order to be used in a CFD simulation, the two tabulation
o 2500 strategies (HR/FPVA) can be unified into a single lookup table.
% P artial extiniction To build such a table, the progress variable source term of FPVA
% 2250 ! S-shaped curve should be tabulated similarly to the HR tabulation, i.e. in terms
HE 2000 M of Atpy. The progress variable source term @¢ of the diffusion
flamelet solutions can be directly mapped onto {h, Z, C}-space, an
1750 is called @c rqp. Along each iso-line of {h, Z}, Aty can be tabulated
using the formula
1500 Ci_C
10 100 1000 10000 Aty () = d)z+1 (C'I). (5)
Xst (l/s) C,Tab\%i

Fig. 5. Tmax VS. xst Of methanefair counterflow diffusion flamelets obtained at dif-
ferent air stream temperatures ranging from 1500 K to 2500 K. Fuel stream tem-
perature is fixed at 600 K. Operating pressure is 1 atm.

the “S-shaped curve” (in diffusion flame theory) and then maps
the resulting solutions onto a lookup table of {Z, C} [40]. Here, the
FPVA tabulation requires an extra mapping variable (total enthalpy
h) to account for the enthalpy rise due to spark discharge. In this
regard, a tabulation strategy similar to that of Mueller [43] is ap-
plied, which combines flamelets solved at different enthalpy levels.
Counterflow diffusion flamelets are solved here with the boundary
temperature of the oxidizer side ranging from room temperature
(300 K) to higher levels with increments of 50 K. The flamelet so-
lutions are then mapped onto the phase space of {h, Z, C}.

Note that only the oxidizer temperature is changed to construct
the different enthalpy levels. This choice is due to the fact that in
this study, the spark originates from the air stream. Further, the
presence of a mixing layer that provides entrainment mechanism
for flame stabilization is consistent with the diffusion flame struc-
ture. The remaining question is to determine until what extent
can the temperature boundary be raised until the flamelet solu-
tions can no longer be considered suitable for describing the tur-
bulent flame structure here. While diffusion flamelets with very
high-temperature boundary condition are not commonly encoun-
tered in FPVA tabulation, a previous study of hydrogen-air coun-
terflow diffusion flamelet [44] found that boundary temperature
rise can lead to the partial extinction of flamelet. During partial
extinction, the flamelet shows a smooth response of temperature
drop to strain rate increments. A similar study is performed here
for methane/air reaction and leads to results shown in Fig. 5. It
can be seen that the temperature that leads to partial extinction
is found to be about 2250 K. Above this temperature, the turning
point on the S-shaped curve disappears since the flame is more
resistant to strain at higher inflow temperatures. This temperature
is used as the upper limit of flamelet calculations. Reaction at a
higher enthalpy level will therefore be modeled by HR calculations.
The modeling assumptions of this treatment are provided as fol-
lows: (a) the boundary temperature that causes partial extinction
in the diffusion flamelets is an indication of strong reaction, which
supports the approximation of HR. (b) Diffusion flamelet solutions
with partial extinction need to be obtained under very large strain
rate (ag; = 0(10%)) in order to get into the extinction region (low
progress variable), which simply does not characterize the flow dy-
namics in this study. In fact, Ref. [44] suggests that flamelets at
such high temperature should be applied in flows where the ox-
idizer stream is influenced by high strain, such as in supersonic
combustion. In the present study, the phase space region of high
enthalpy and low progress variable should represent a kernel de-
veloping toward ignition, instead of a flame front going into partial
extinction due to large strain rate.

The FPVA @¢ can later be reconstructed during simulation using
Egs. (3) and (4).

Finally, a blended tabulation is needed to model the transi-
tion region between HR and FPVA. The enthalpy bounds of the HR
and FPVA tabulations are translated from the upper/lower limits of
the temperature boundaries applied to populate the HR and dif-
fusion flamelet solutions. This leads to an overlap of enthalpy be-
tween the lower bound of HR tabulation and the upper bound of
FPVA tabulation. In the unified table, the blended Aty in this re-
gion is tabulated as the weighted average of FPVA Aty and HR
Atrgp, with weights that are linearly varying between their respec-
tive bounds. While the lower bound of HR tabulation is unambigu-
ously defined by the auto-ignition temperature, the higher bound
of FPVA tabulation is based on modeling assumption explained in
the last section. In Appendix A, a sensitivity study of the FPVA
upper-temperature boundary is performed, where statistical results
show that the ignition outcome is insensitive to this boundary.

An example of the unified table is shown in Fig. 6 and illus-
trates the role of Afy,, which may be understood as the inverse
of progress variable source term. As the total enthalpy h decreases,
this ignition time increases as expected. In the FPVA part, the ig-
nition time is very long (>10% s) when C is close to zero, which
indicates that a non-burning flamelet cannot be ignited without
an external source of enthalpy. Note that the transition between
the HR and FPVA regions is smooth, especially for thermophysical
properties such as temperature and density, which is important for
the stability of the CFD solver.

3. Simulation configuration and numerical setup

In this section, the details of the numerical simulations are pro-
vided. Particular emphasis is placed on the choice of boundary
conditions to accurately represent the initial spark discharge.

3.1. Experimental configuration

The flow configuration used here is based on the stratified flow
facility at the Georgia Institute of Technology [25,32]. The simula-
tion domain is schematically shown in Fig. 7. On the left plane, the
inflow is split into two streams by a splitter plate: the kernel flow
(air) and the main flow (stratified fuel/air mixture). This configura-
tion is representative of the forced ignition process with fuel strat-
ification effects that typically takes place in aircraft engines during
relight. A sunken-fire ignitor is placed at the bottom of the do-
main, with its top surface aligned with the floor plane. In this ex-
perimental facility, the spark is discharged within a cavity recessed
from the ignitor top surface, and the thermal expansion inside the
cavity forces the kernel to be ejected into the non-reacting “kernel
flow” made of pure air (see Fig. 7). The post-discharge kernel then
transits through this pure air region and eventually enters the fuel-
seeded main flow where chemical reactions can occur. Depending
on the initial conditions of the spark and the flow field, the kernel
can either dissipate (ignition failure) or sustain and develop into a
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Fig. 6. Unified FPVA/HR tabulation of Aty,, (left) and temperature (right) in {h, C}-space, plotted for Z = Z.
] y A
X =" - '
. Py -
main flow Lo -
U=(20:I:2)m/s * > ¢ E
T ~ [375K, 525K] ’ ;
¢~ [0.9,1.4] .' ®
splitter plate
kernel flow S 4
U=(20+2)m/s E 3
T ~ [375K, 525K] * 0 02 04 06 08 1 1.2
p=0 Kk 1 Equivalence Ratio
erne == j$0-line of C=0.025, ignition success
injection| — iso-line of C=0.025, ignition failure
Fig. 7. Schematic of the simulation domain. The cross-sectional area is 54 mm spanwise x 85.7 mm vertical.
stable flame front (ignition success). In this configuration, captur- Table 1 ) N
ing the transport process of the hot kernel is critical for accurately Experimental operating conditions.
predicting ignition. Properties Values
Experimental studies of the facility have been performed with Pressure 1 atm
a variety of fuels and operating conditions [1,25,45], which provide Inflow temperature 375-525 K
measurements of ignition probabilities and information about the Fuelfoxidizer . . CHg/air
ignition physics. A previous numerical study of the configuration Main flow global equivalence ratio  0.9-14

has been carried out for Jet-A/air ignition [36], where a prelimi-
nary version of the ignition model discussed above was used. In
the present work, the goal is to construct a tool that can be used
to predict the ignition probabilities of various fuels while handling
the multi-dimensional nature of the complex flow field. The target
cases contain experiments that explicitly determine the probabil-
ity of ignition for a range of operating conditions (defined by the
ranges of inflow temperature and global equivalence ratio). These
cases are listed in Table 1.

In the experimental study, ignition success is defined as a grow-
ing kernel at 2 ms after the spark discharge, which is measured
by the OH* signal. This time interval was found to be sufficient
to classify most of the possible outcomes [25]. The corresponding
numerical definition is detailed in Section 5.4.

Kernel flow global equivalence ratio 0

Main/kernel flow velocity 20+2 m/s
Ignitor nominal energy input 125]
Ignitor efficiency 90-95%
Splitter plate height 6.35 mm

3.2. Flow modeling

The turbulent flow is described using the large eddy simulation
(LES) framework. Apart from transport equations for the filtered
momentum vector, equations for the transport of filtered mixture
fraction, total enthalpy, and progress variable are used and are
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written in a generalized form as follows

apv  dp¥ 9 (0¥ )z o~
9t + %, = 3_)(, <’0D8_x,> + 8_)(, (u,\I—’ - u,\IJ) + pwy,
(6)

where W denotes a scalar. The non-linear closure terms for sub-
filter transport are modeled using gradient diffusion hypothesis.
A dynamic subgrid scale model [46] is used to obtain the turbu-
lent viscosity. The turbulent diffusivity is obtained using a constant
turbulent Schmidt number Sc; = 0.72. A constant turbulent Prandtl
number Pr; = 0.7 is used for the energy equation.

The chemical source is obtained based on the tabulation proce-
dure described in Section 2. A presumed-PDF approach is used for
the turbulent combustion model. The chemical table is convolved
with the joint-PDF of the input variables (i.e., Z, C and h) that de-
scribe the sub-filter variations [19,40]. Following prior work [47],
the subfilter variations of each variable are assumed independent
of each other and the joint-PDF of the input variables becomes the
product of three marginal PDF. The marginal PDF of mixture frac-
tion described by a B-function, characterized by the filtered mix-
ture fraction and its variance. The marginal PDFs of C and h are
assumed to be described by §-functions, expressed in terms of the
filtered variables. The resulting table contains four input variables
(mean and variance of mixture fraction, filtered progress variable
and enthalpy).

A low-Mach number solver is utilized here. The LES mod-
els are implemented in the OpenFOAM open source code base,
which has been specifically modified to minimize kinetic en-
ergy dissipation [36,48-51]. A time-staggering approach along with
second-order discretization schemes for the convection and diffu-
sion terms are used. The computational mesh for the LES compu-
tation consists of 3.9 million grid points, with nearly 15 grid points
across the diameter of the ignitor. Grid convergence studies were
conducted to ensure that this resolution is adequate for capturing
the kernel mixing process.

The effect of the stratified fuel that enters the main flow heavily
rely on the turbulence statistics at the inlet of the domain. To en-
sure that the turbulent flow is properly represented, auxiliary cold
flow simulations of the upstream mixing process are conducted
and serve as time-dependent boundary conditions for the main
and kernel flow. Details of these simulations and their validation
against experimental data are provided in [36]. The auxiliary sim-
ulation data are stored at a frequency corresponding to twice the
turnover time of the smallest resolved eddy, determined by the
local velocity and filter width. These simulations provide inflow
conditions for all field variables except enthalpy. The enthalpy in-
flow boundary conditions are inhomogeneous and time-dependent
since they depend on the local equivalence ratio and inflow tem-
perature. The inlet boundary condition for enthalpy is dynamically
updated during the simulations using the lookup table.

3.3. Modeling of spark discharge

One of the key sources of ignition variability (i.e., success or
failure to ignite) is the inherent stochasticity associated with the
spark discharge process. In this work, the modeling process con-
sists of (a) using a sufficiently descriptive kernel injection to repli-
cate the necessary flow physics, and (b) treating other sources of
variability as uncertainty. The details of the modeling are provided
below.

The experimental ignitor uses a spark discharge to create the
initial kernel. Due to the high temperature within this kernel,
nonequilibrium thermal effects including the formation of plasma
are possible [11]. However, these conditions then quickly form an
equilibrium state. For instance, this intense energy release causes

hc/hker . h/hc z

teerm t r/r {gnitor

U/U.

0 tinit
Uc/ Uker

>

057, t 0

0 1r/ Fignitor

tinid > Ter

Fig. 8. Temporal (left) and spatial (right) profiles of total enthalpy (top) and normal
velocity (bottom) applied at the kernel boundary. Subscript ‘c’ denotes value at the
boundary center, and ‘ker’ denotes the bulk value.

the kernel that ejects from the ignitor to be preceded by a weak
shock wave, which dissipates in O(1 ws) [11]. Similarly, the time
scale for the plasma to recombine into electrically neutral species
occurs over O(50 ws) [31]. These two time scales are small com-
pared to the time needed for the kernel to be transported from
the kernel flow to the main flow (O (125 ws)) [31]. Therefore the
shock wave is neglected, and the spark discharge is treated solely
as an energy input. Moreover, the thermal expansion following the
spark discharge within the ignitor cavity can also be excluded from
the simulation. Instead, the simulation of the post-discharge ker-
nel is modeled as a pulse-jet-in-crossflow (PJICF) introduced from
the boundary of the ignitor top surface. The gas phase properties
of the kernel are estimated using a 0-D analysis of the expansion
process [25], and the necessary details are presented below.

At the kernel injection boundary (Fig. 7), velocity and enthalpy
are specified using time-dependent Dirichlet conditions. Note that
the kernel is made of air at an elevated temperature and does not
contain fuel. The applied temporal and spatial profiles are sum-
marized in Fig. 8 where hy,, and U, are respectively the charac-
teristic value of the kernel enthalpy and velocity, tj,; is the time
at which the enthalpy and velocity boundary enforcement starts,
term is the time at which the enthalpy boundary enforcement
ends, Tyer = trerm — Lini¢ 1S the duration of the velocity boundary en-
forcement, and rignicor is the radius of the ignitor top surface. This
functional form for boundary conditions is adopted so that the tra-
jectory of individual kernels reasonably approximates the experi-
mental observations.

A uniform spatial profile is used for the kernel enthalpy bound-
ary, where the characteristic value hy,, is linearly related to the

spark deposit energy E; by 0-D energy conservation as
Eq
hier = ho + . 7
ter = flo + 25— (7)

E; measures the energy deposited into the gas phase during the
spark discharge. This value cannot be exactly controlled and is con-
sidered a random variable for the uncertainty quantification (de-
scribed in Section 5.3. E4 is related to E, which is the nominal
electrical energy of the discharge arc. In this case E, = 1.25 ] [25].
The deposition efficiency which is the ratio of E; to E, was as-
sumed to be 90-95% due to the short discharge duration [25,52].
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the ignitor cavity Ve, is 0.2 cm® (Sheng, personal communication,
October 2017). Notice that Eq. (7) assumes that all the cold flow
located within the ignitor cavity is entrained into the kernel. This
is in line with the study by Sforzo using partially stirred reactor
modeling, where it is found that the volume of cold flow within
the ignitor cavity is estimated to be ©®(0.1) cm3 to achieve the
correct initial state of the kernel. The kernel enthalpy boundary
follows a step profile, which is initiated when a spark discharge
is triggered. The time duration is set such that a prescribed mass
of fluid enters the domain, which is controlled by V., the vol-
ume of the kernel. This quantity is also difficult to control in the
experiments, and only estimates are available [1,25,52]. Here, the
order of ©0(0.25 cm?) [52] is applied, which was found to best
reproduce the initial kernel diameter compared to Schlieren mea-
surements [25]. Last, while the spark discharge is characterized by
E4, it is clarified that with the above boundary conditions, the to-
tal energy injected into the domain (hyePyerVier) is actually lower
than E;4 due to the ratio between pyeVier and poVeqw. This relation
is supported by a recent study that provides more accurate mea-
surements on the kernel initial properties created by this particular
igniter [53].

The velocity boundary condition consists of two parts (see
Fig. 8). The velocity at the center of the injector U, is obtained
from a trapezoidal profile that depends on a nominal kernel ve-
locity Uy, A spatial parabolic profile is then applied across the
injector diameter. The kernel injection duration and velocities are
again subject to uncertainty but are O(50 ws) and O(300 m/s),
respectively, in order to reproduce the observed kernel shapes and
trajectories [25].

In summary, the kernel injection is fully specified by four
parameters K = {Eg., Vier. Tier Uer}. The uncertainty of the initial
spark discharge can therefore be represented as uncertainties for
these parameters. The approach for treating these uncertainties
will be discussed separately in Section 5.3. In order to demonstrate
the validity of the chosen set of parameters, a nominal simulation
has been performed in Appendix B, which reproduced the time se-
quence of kernel shape and locations reasonably well. In the fol-
lowing discussions, this injection approach as well the flow models
described above will be used.

4. Physics of kernel ignition process

Using the models described above, the essential physics of ig-
nition are discussed in this section. The objective is to elucidate
the fundamental physics of kernel transport, specifically its mixing
process with the fuel seeded flow.

4.1. Dynamics of main flow-kernel mixing

Prior studies of PJICF [54] showed that the kernel evolution is
strongly dependent on the formation of vortex rings at the lead-
ing edge of the jet. The structure of these rings depends on non-
dimensional parameters given by the velocity ratio (r = Uyer/Upngin)
and stroke ratio (L/D = Uyer Tyer/ (2Tignicor))- For the current study,
Uper is set to 300 m/s, Ty is set to 50 us, which leads to r =15
and L/D = 3. Under these conditions, the PJICF displays discrete
vortex rings [54], which is seen in Fig. 9. The vortex ring has a
short trailing vortex column, the length of which is directly propor-
tional to stroke ratio. The vortex ring is tilted upstream, with the
leeward vortex rising faster than the windward component. This
horizontal momentum comes from the Kutta-Joukowski lift that is
induced by the relative velocity between the crossflow and vortex
circulation. The evolution of these vortex rings was found to have a
clear impact on mixing in prior studies [54], and is observed here
as well. To understand the mixing process, the transient behavior

y(m)

y(m)

00T - 0.04 -0.01 0.04

x(m) X(m)

Fig. 9. Time series of vortex evolution and scalar mixing for a kernel PJICF of igni-
tion success plotted at the mid-plane in spanwise direction. White line - contour
lines of out-of-plane vorticity w,; colored contour - mixture fraction Z. (For inter-
pretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

of the mixture fraction field is also shown in Fig. 9. The vortex
entrains fuel as it rises through the main flow. After t = 0.46 s,
the leading edge splits into two vortices where additional stretch-
ing and molecular mixing occur. At later times, the distinct vortex
shape is lost, and the fuel-air mixing process is sufficiently com-
plete, at least near the leading edge of the kernel.

4.2. Ignition mechanisms of the kernel PJICF

In this section, the physical process of a successful or failed
ignition is described. For this purpose, two different simulations
are used. Both cases use the same initial flow field, kernel size
Vier = 0.275 cm?, and kernel velocity Uy,, = 300 m/s. However, the
spark deposition energy is varied for the two cases by 0.8%, with
E; =1.2325 ] and 1.2425 ], respectively. These values are chosen
by trial and error to represent the separation between success and
failure of ignition. Note that when all other parameters are held
constant, there is a clear separation between the ignition and fail-
ure regimes for each of the input variables. In other words, these
events are deterministic for any given set of parameters.

Figures 10 and 11 show the time evolution of an iso-surface
of progress variable for the successful and failed ignition cases,
respectively. For the successful case, and at early times (before
0.9 ms), the reaction front has a complex spatial structure. For ref-
erence, Fig. 9 discussed above corresponds to this case. It can be
seen that the progress variable peaks along a vertical column that
goes through the vortex ring of the kernel. At later times (after
1.6 ms), it can be seen that the ignition occurs along the outer
edge of the kernel, in regions where entrainment of the fuel-air
mixture into the kernel flow is complete. The reaction front then
propagates gradually to the leeward side. For the failed ignition
case, the progress variable iso-surfaces are noticeably smaller after
t = 0.9 ms. This shows that the reaction has already been inhib-
ited enough even before this time. After t = 1.6 ms the horseshoe-
shape pattern is not visible and the reaction zone gradually dissi-
pates until complete disappearance at t = 3.5 ms.

To further understand the details of ignition, a Lagrangian anal-
ysis is conducted. A set of tracer particles are seeded in the flow,
and the gas-phase properties seen by these particles are recorded
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Fig. 10. Time series of a successful ignition kernel development: averaged fluid particle trace lines conditioned on the ignition final states at t = 3.5 ms. Group I: C>0.125;
Group II: 0.05 <(C<0.125; Group III: C<0.05. Iso-surfaces of progress variable C sampled at 6 time instances. Dash line estimates the location of the mixing layer.

as they move within the domain. The particles are grouped based
on their recorded progress variable at an end time, taken to be
t = 3.5 ms here. The trajectories of fluid particles grouped by the
end state show interesting features. It is seen that the primary con-
tributor for ignition success is the formation of the kernel vortices
as the pulsed-jet turns into the crossflow. In the failed ignition
case, this outer region of highly reacted gases fails to stabilize.

The side-view of the trajectories shows another feature. The
igniting part of the kernel is positioned towards the windward
side, which is consistent with the kernel vortex formation that is
stronger on this side than the leeward side that is protected by the
jet itself from the crossflow. As a result, Group [ trajectories are
found on the windward side, while the non-igniting Group III tra-
jectories are on the leeward side. For the failed ignition case, there
is not much variation in the trajectories of the different groups.
This clearly indicates that the entrainment mechanism that pro-
duces the ignition pockets has failed to stabilize the reaction zone.
As a result, fluid particles on the windward side also fall in the III
group. Note that all the trajectories only present an averaged result
of the particle behaviors.

The different trajectory groups can be plotted in the {C, h} space
as shown in Fig. 12. All the groups follow similar trajectories up
to t = 0.9 ms, which is the time it takes for the kernel to reach
the diffusion-controlled ignition region dominated by the FPVA
model. At this stage, the different trajectories diverge, with the
non-igniting group moving towards low C values, consistent with
a failure to ignite. The igniting group moves towards high C val-
ues, indicating that the increase in temperature has been sustained
long enough to reach a stable burning solution. The middle group
(Group II in the plot) exhibits a non-monotonic trend. In the suc-
cessful ignition case, it can be seen that this group first moves to-
wards extinction, but appears to be stabilized later on. This group
is hence a marker of the kernel ignition process, with failed ker-
nels pushing these trajectories towards lower C values.

The ignition process can also be described in terms of the ker-
nel volume, marked by region of high progress variable values. For
this purpose, the volume of fluid occupied by different progress
variable groups can be tracked as a function of time. Since val-
ues greater than zero are feasible only within the kernel volume,
the sum of all of these group volumes will provide the total ker-
nel volume. Figure 13 shows the evolution of the group volumes
for the two cases. The group with progress variable in the range
of [0.05,0.125] is formed predominantly by entrainment and sig-

0.045 . —
2.5 ms —s®~
09ms __="
L' 4
—_ >
é 0.36 II}S,»‘ ].6 ms
> 7~ 0.46 ms
'3
0.0064 [--—---7*
0 ] N
-0.01 0.03 0.07
X (m)
0.01 .
a8 & ps
N ,‘"'\“‘-‘———’_“"
-0.01 .
-0.01 0.03 0.07
X (m)

Avg. particle traj., group II
- =Avg. particle traj., group III
Bl Iso-surfaces of C=0.125 at odd sample instances
[ Iso-surfaces of C=0.125 at even sample instances

Fig. 11. Time series of a failed ignition kernel development plotted in the same
fashion as in Fig. 10. Group I does not exist here as no particles achieved final igni-
tion.

nals the initial region of ignition. For both cases, this volume grows
with time until t = 0.9 ms, which is the time when these groups
reach the diffusion-limited reaction part of the process. It is seen
that at this stage, excessive straining can quickly quench this ini-
tial ignition pocket. On the other hand, the successful ignition pro-
cess is able to make the transition to a diffusion-controlled flame,
which is accompanied by an increase of the flow volume with
progress variable > 0.125. As this high progress variable region
grows in volume, it infuses higher enthalpy to the inner part of
the kernel, causing a growth in the volume of the C = [0.05, 0.125]
group as well.

As an intermediate conclusion, the detailed ignition model used
in this work is able to capture ignition success and failure, and is
sensitive to input parameters such as the deposition energy. How-
ever, to compare directly with experiments, a more rigorous un-
certainty quantification framework needs to be built around this
LES-based approach, and is discussed next.
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Fig. 12. Averaged particle trajectories plotted in {h, C}-space. Dots mark the posi-
tions on the trajectories that correspond to the sampled instances in Figs. 10 and
11. Dash lines indicate the boundaries between the three regions applied in the
developed ignition tabulation.
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Fig. 13. Time history of grouped volumes. Dots mark the sampled instances same
as in Figs. 10 and 11.

5. Estimating ignition probability using uncertainty
quantification approach

Ignition is heavily influenced by inherent variabilities in the
spark deposition process and the turbulent flow that mediates this
process. It is then natural to consider ignition probability, which
is essentially the probability that ignition success will occur for a
set of macroscopic nominal conditions that may have spatial and
temporal variations. In this particular study, the global equivalence
ratio of the main flow and its temperature are considered as the
defining macroscopic variables. Two sets of experiments, one with
varying equivalence ratio and the other with temperature changes,
are available for validation. In general, the estimation of such vari-

abilities is carried out using uncertainty quantification (UQ) ap-
proaches [19,20,55].

Very simply, these approaches use a Monte-Carlo type method
that treats the variabilities as arising from a known probability dis-
tribution, and conducting an ensemble of computations with pa-
rameter values sampled from this distribution. Since the underly-
ing LES calculations are computationally intensive, it is necessary
to determine the most important sources of variability so as to
limit the size of the ensemble. In this section, these issues and the
resulting UQ procedure is described.

5.1. Formulation of uncertainty problem

The uncertainty in ignition comes from the kernel parameters K
and the state of the initial turbulent flow field £. This latter quan-
tity is a high-dimensional vector that describes the initial velocity
and scalar fields at the M grid points used to solve the LES fields.
The probability of ignition can be formally expressed as

Pani (0) 2 E(I(K. £ 0))
- / / I(K.£: 0) fie (K. &: 0) dE dK,

where O denotes the parameters that define the operating condi-
tions (main flow temperature T and main flow global equivalence
ratio ¢), E is the expectation operator (average over a statistical
distribution), I is an ignition indicator function (I = 1 for a success-
ful ignition and I =0 for a failure case), f is the joint probabil-
ity density function (PDF) of K and &. Here, K and & are vectors
of random variables, while O is treated as non-random parameter
that affects the shape of the joint-PDF fx¢. The inner integration of
the joint PDF in Eq. (8) can be further replaced conditional ignition
probability, as

Pini (0) = f P (K: 0) fe () dK. 9)

where Py (K; 0) = [I(K.&; 0) f¢ (§1K; 0) d§, and fi(K) is the PDF
of K that is assumed to be known and independent of the oper-
ating conditions and the local turbulence properties. This assump-
tion is physically justified as the kernel properties mostly depend
on the ignitor, more so than the flow field.

In short, the computational strategy is to first determine the
probability due to the impact of turbulence on a particular choice
of kernel parameters K, and then compute final ignition probability
by convolving the result with the PDF of kernel parameters K. The
former probability is approximated using an empirical mean of the
value of the ignition indicator obtained from multiple simulations
as

1
Pignijx (K; 0) = N D Isim(£: K. 0) + £ (K. 0)

EcE
= Panijx spi (K, 0) + €51 (K, 0), (10)

where N is the number of samples used to compute the empirical
mean, & is the ensemble of N initial turbulent flow fields used
in the empirical mean, g, is the ignition indicator value (1 or 0)
obtained from each LES simulation, Pigyxsp(K, O) is the estimator
of Prgniix(K; 0) and esp(K, 0) is the statistical sampling error. The
choice of N used to estimate the turbulence-induced variability is
discussed further in Section 5.2, and the impact of &sp,(K, O) on the
computed probability is discussed in Section 5.6.

The above approach provides a convenient path to evaluating
the effect of the high-dimensional turbulent flow field while pro-
viding a functionally smooth probability function rather than a bi-
nary indicator function. This latter feature is especially useful in
the determination of the ignition probability (Pjg,;) using the poly-
nomial chaos expansion (PCE) approach.

(8)

Please cite this article as: Y. Tang, M. Hassanaly and V. Raman et al., A comprehensive modeling procedure for estimating statistical
properties of forced ignition, Combustion and Flame, https://doi.org/10.1016/j.combustflame.2019.04.045

794
795
796
797
798
799
800
801
802
803

804

805
806
807
808
809

810
811
812
813
814
815
816
817
818
819

820
821
822
823
824
825
826
827
828
829
830
831

832
833
834
835
836
837
838
839
840
841
842
843
844
845



846

847
848
849
850
851
852
853
854
855
856
857
858
859
860
861
862
863
864
865
866
867
868
869
870

871

872
873
874
875
876
877
878
879
880
881
882
883
884
885
886
887
888
889
890

892
893
894
895
896
897
898

899

900
901
902
903
904
905

JID: CNF [m5G;May 1, 2019;11:40]
12 Y. Tang, M. Hassanaly and V. Raman et al./ Combustion and Flame xxx (xxxx) xxx
5.2. Sampling turbulent flow field 1.26

The sampling of turbulence to represent the correct density 1.25
function is a computationally expensive problem. To be precise, the
statistically stationary flow without the kernel discharge subscribes 1.25¢
to an attractor in high-dimensional space [56,57]. In order to ob-
tain the correct density of initial conditions, points on this attrac- 1.24
tor need to be sampled. It is known that even for low Reynolds e

. . . . -

number flows, the dimension of this attractor can be sufficiently = 1.23
large that such a direct sampling will be expensive [19,56,57]. In =
this study, it is assumed that the fully developed main and kernel 1.22
flow (the crossflow) moves on an attractor, and starting the igni-
tion calculations at different initial times is equivalent to sampling 1.21
the attractor. This assumption is valid for ergodic systems [58].

In practice, the simulations are started from the same initial 1.2} ® P i
conditions, but the time at which the spark kernel is discharged is ) L 1 ! L 1 — T
varied to produce different initial states for the kernel propagation 250 275 300 325 350
environment. A total of N = 15 simulations are conducted for each Uker (m/s)

kernel parameter set, with the start time between the initial states
varying by 10 ms. As a comparison, the flow time-scale where tur-
bulence controls kernel evolution is the time taken by the kernel to
traverse the kernel air. This time-scale is ©@(0.1) ms based on nom-
inal injection velocity and the distance between the main flow and
the injection location. For each set of kernel parameters and op-
erating conditions, N such simulations are used to estimate Pygy;k-
For the present studies, N = 15 was found to be adequate.

5.3. Impact of the kernel parameters on ignition

While the kernel model uses a set of parameters defined by
K = {Eq, Vier. Tier Uger}. Dot all of these parameters are uncorre-
lated. In order to minimize the phase-space of uncertain variables,
it is useful to consider these correlations to limit the parameter set.
As a starting point, consider E; and Uy,,. While it can be postulated
that increasing the deposition energy will increase the probability
of ignition, the dependence of the ignition event on U,,, is less di-
rect. For instance, higher velocities will cause the kernel to reach
the main flow faster, but will also increase kernel air entrainment
leading to dissipation of the high-enthalpy gases. To further un-
derstand the relative roles of these parameters, a series of cases
varying {E4, Uy} within two standard deviations of their nominal
values of {1.24], 300 m/s} is conducted. These standard deviations
are set to {0.02], 25(m/s)}, based on results from [25]. When all
other conditions are maintained the same, the results in Fig. 14
is obtained. The model captures the impact of the velocity of the
kernel as well as its energy on the ignition outcome. The energy
of the kernel primarily influences the ignition outcome. Moreover,
the variation in critical energy for ignition is nearly constant for
a wide range of velocities, indicating that spark energy deposition
is the dominant factor. While there is considerable uncertainty in
the specification of injection time and kernel volume, the previous
section (Section 3.3) used experimental images to calibrate these
values. Here, it is assumed that post-calibration, the uncertainty in
these parameters is small. As a result, any uncertainty in the ker-
nel parameters is reduced to uncertainty in E4. In the following
paragraphs, the subscript K is replaced by the subscript Ej.

5.4. Simulation conditions for sampling procedure

The set of discrete operating conditions simulated here is pro-
vided in Table 2 and is decomposed in Oy and Oy, where Or de-
notes the set operating conditions tested at fixed global equiva-
lence ratio but variable main flow temperature, and O, denotes
the set operating conditions tested at fixed main flow temperature
but variable global equivalence ratio. The objective is to determine

Fig. 14. Points in the {E;, Uy }-space tested in the parameter study colored by their
ignition outputs: red - successful ignition; black - failed ignition. Dashed box in-
dicates the two cases that were applied for in-depth analysis in Section 4.2. (For
interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

Table 2

Simulation operating conditions T refers to the tempera-
ture of the main flow while ¢ is the global equivalence
ratio of this stream.

T (K) ¢
Or 375, 425, 455, 485, 525 11
Oy 455 09, 11, 1.2, 1.3, 14

the ignition probability as a function of either the main flow tem-
perature or global equivalence ratio. In order to estimate g, in
Eq. (10), a particular simulation is considered ignition success if
the kernel volume, measured as the total volume of computational
cells with temperature higher than 1500K, increase from 2ms to
3 ms after the spark. This definition is consistent with the experi-
mental study detailed in Section 3.1.

For the purpose of this study, the kernel deposition energy is
varied between 1 and 1.6 ], where the kernel ignited/failed at the
upper/lower limit with probability 1. Using 15 sampling times for
the turbulent flow and 60 levels for spark energy density, a to-
tal of 900 simulations is required for each operating condition.
Given that there are 9 independent operating conditions, the to-
tal number of simulations can quickly become expensive or even
intractable for more complex problems. In order to further reduce
the computational cost, the monotonic behavior of ignition due to
variation in spark energy density is used. As shown in Fig. 14, there
is a clear dependence on energy density. Essentially, the objective
is to find the bifurcation energy, which separates ignition failure
from success. The bisection method employed here is shown in
Table 3. Here, for each operating condition and turbulence sam-
pling time, different realizations with varying spark energy densi-
ties are considered. Moving from the nominal value towards higher
and lower values, the ignition failure or success is noted. As the
energy density is increased, if two successive realizations produce
successful ignition, then higher ignition energies need not be con-
sidered since they will produce successful ignition as well. In this
manner, the average number of realizations required for each tur-
bulence sampling time and operating condition was reduced to ap-
proximately 6 as opposed to 60, providing an order of magnitude
decrease in computational cost. Using this approach, the total com-
putational time for the 803 realizations simulated on 1008 proces-
sors is approximately 10® core hours.
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Table 3
Demonstration of the sampling procedure of the
conditional ignition probability P, spi- The igni-
tion outputs marked by circle are directly obtained
from simulation outputs, while the rest are set to 0
or 1 by assuming that Ig;,, monotonically increases
with Eg.
Espk Eq ()
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to 0 © @ 1 1
t O ® ® 1 1
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T (K) . E, ()
Fig. 15. Response surface of conditional ignition probability Plgnﬂswcs in {Eq, T}-
space, plotted along with the sampled ignition probability based on which

PlgnﬂEu.Spl
the PCE was performed.

5.5. Response surface of ignition outcome

One of the challenges with the sampling approach described
above is that the numerical results are discrete in nature, provid-
ing outcomes for discrete values of kernel parameters and oper-
ating conditions. However, to convolve the probability computed
with the probability of the kernel properties, the output of the
model should be made continuous. Here, P, spi Needs to be
represented as a continuous function of the sampling parameters
and operating conditions. For this purpose, so-called response sur-
faces are constructed in the phase space of {Ey, T, ¢}, which pro-
vides a continuous surrogate of the discretely sampled Py, spi-
Here, two different response surfaces are constructed to represent

Pf;mq £y Spl (E4, T) (probability of ignition computed at variable main

flow temperature) in the space {E; T} and PIﬁniIEd,Spl(Ed’(ﬁ) (prob-
ability of ignition computed at variable global equivalence ratio of
the main flow) in the space {E;, ¢}. The response surfaces are con-
structed using polynomial chaos expansion (PCE) [20,59], which
traditionally is used to represent a random variable as a linear
combination of polynomials of other random variables. Here, it is
used to represent a random variable (the probability of ignition)
as a function of one random variable (E;) and one deterministic
variable (T or ¢). E.g., for PlgnﬂEd,Spl (Eq. T). as

Pienile,. st (Ea: T) = Pgniie, pce (Ea. T) + Riper (Eg. T). (11)

where the output of PCE is denoted by the subscript “PCE”,
and R,T,CE is the residual of the expansion. The construction of
Plgniwd.sm (E4, T) is included in Appendix C.

Figures 15 and 16 show the response surfaces for the two dif-
ferent sets of operating conditions. It is seen that the resulting sur-
face are smooth due to the polynomial representation even if the

P
.Plgni\E,I,PCE

o
. PI gni| Ea,Spl

1.75
1.5

1.25
E, ()

Fig. 16. Response surface of conditional ignition probability Pgnﬂs,pcs in {Eq4, ¢}-
space, plotted along with the sampled ignition probability based on which

the PCE was performed.

3
PIgm'|E‘, .Spl

actual data points exhibit variabilities due to statistical errors. For
the response surface approximating PlﬁnileSpl’ the ignition proba-

bility profile has an inflection point around ¢ = 1.2 where even
low spark energy values are able to sustain ignition.

5.6. Estimation of sampling and polynomial truncation errors

Based on the response surface constructed using the sampled
data and the PCE approach, a modeled conditional ignition prob-
ability PIZniIEd.PCE can be obtained. Since this quantity is subject to
both sampling error (due to finite number of samples) and the PCE
truncation (due to finite number of polynomials), the true condi-
tional ignition probability can be written as

Prenite, Ea- T) = Piguie, pcg (Ea. T) + Rijep (Eq. T)
+ 8;,,1 (Eq. T),

which is obtained by combining Eqs. (10) and (11). The two errors

are specified here in two different ways. The sampling error eSTp, is

the continuous statistical convergence error due to to the sampling

of turbulent realizations in the {E;, T} space, and defined in the
same manner as &gy Using the central limit theorem, ssTp, can be

assumed normally distributed with zero mean and a variance o2
“Spl

(12)

that can be approximated as:

PIEniIEd.PCE (Eq. T)(1 - PIZniIEd.PCE (Eq,T))
N ,

where N is the number of samples used to estimate the conditional
ignition probability for a given kernel energy density. In this study,
this sampling error is only due to the turbulence sampling, and
N denotes the number of turbulence starting profiles used as de-
scribed in Section 5.2. Similar derivations can be done with the op-
erating conditions at variable global equivalence ratio of the main
flow and 02¢ can be obtained in the same manner. A contour of
&
Spl
the resulting o4 is shown in Fig. 17. Compared with Fig. 16, it is
Spl
seen that sampling error is highest near the region where ignition

probability increases from O to 1 (the bifurcation point). Based on
the parameters used here, the peak standard deviation is around
0.13.

The residual error term from the PCE expansion is of a fun-
damentally different nature than the statistical sampling error, in
that it arises from the finite-term truncation of the polynomials.
An evaluation of this error is performed in Appendix C. The con-
clusion is directly applied here, that the residual error stemming

"'fgm (Eq, T) = (13)
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Fig. 17. Contour of the standard deviation of the statistical sampling error plotted
in {Eg4, ¢}-space.
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Fig. 18. Contour of total error between convolved ignition probability and exper-
imental measurement calibrated with the experimental dataset at variable main
flow temperature but constant global equivalence ratio.

from the PCE truncation is negligible compared to the sampling
error, and therefore discarded in the results discussed below.

5.7. Ignition probability estimation

The conditional ignition probability has taken into considera-
tion variabilities in turbulent flow and provided a function that
only depends on one random variable: the spark deposit energy.
Since this energy is not precisely known, the probability of ignition
is obtained by convolving the conditional ignition probability with
the distribution of spark kernel energies (Eq. (9)), which provides
a measure of ignition odds for a given set of operating conditions.

Of course, the primary challenge here is to specify the kernel
energy distribution. This is not a measurable quantity and needs
to be estimated or calibrated based on experimental data. One ap-
proach to determining these uncertain distributions is the Bayesian
technique [19,20,55]. Here, instead of using a full-blown Bayesian
formulation, the spark energy uncertainty is assumed to be nor-
mally distributed with a mean and variance. Further, the likelihood
function is also assumed to be Gaussian which leads to a posterior
that is normally distributed as well. Since only a single uncertain
variable is involved, linear regression estimates are sufficient to de-
termine the posterior distribution. The regression-based estimation
is obtained with subsets of experimental data; that is, either the
uncertainty is determined based on the equivalence-ratio or tem-

N’Ed. (J)

Fig. 19. Contour of total error between convolved ignition probability and exper-
imental measurement calibrated with the experimental dataset at variable global
equivalence ratio but constant temperature.
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Fig. 20. Comparison of the final probability of ignition Pg,(T,¢ = 1.1) convolved
with two sets of calibrated coefficients of {jvg,, 0%, }. The calibration was done with
the experimental dataset at variable main flow temperature (blue line) and the ex-
perimental dataset at constant global equivalence ratio (red line). (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

perature variation experiments, and the result validated using the
remaining experimental data.

For the discussion below, the regression error is determined
as the Ly-norm of error between ignition probability from exper-
iments and that obtained from Eq. (9). Figure 18 shows this error
for different values of mean energy (jLg d) and standard deviation
(o, ) of the spark energy distribution, calibrated using experiments
that contain variations in main flow temperature but at constant
equivalence ratio. It is seen that the mean value that minimizes er-
ror is close to 1.25, which is the nominal energy deposited by the
ignitor. It is also seen that as the mean value is varied, the error
increases even if the standard deviation is changed significantly. As
a result, the set of mean and standard deviation that leads to the
lowest error is considered the calibrated mean and standard de-
viation for the distribution of kernel energies. A similar procedure
can be carried out using the experimental data involving variations
in equivalence ratio but at constant main flow temperature, and is
shown in Fig. 19. Here again, the calibrated mean value of energy
deposition is close to the nominal value. However, the standard de-
viation is slightly different, changing from 0.2 in the constant ¢
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Fig. 21. Comparison of the final probability of ignition P, (T = 455K, ¢) convolved
with two sets of calibrated coefficients of {jug,, ox, }. The calibration was done with
the experimental dataset at variable main flow temperature (blue line) and the ex-
perimental dataset at constant global equivalence ratio (red line). (For interpreta-
tion of the references to color in this figure legend, the reader is referred to the
web version of this article.)

calibration to 0.14. The difference in the moments of the distribu-
tion between the two sets of calibrations may be attributed to the
experimental measurement uncertainty.

In spite of all, both sets of calibrated density distributions have
been applied to estimate the final ignition probability. The two sets
of results are shown in Figs. 20 and 21, along with the experiment.
It can be seen that all simulated data predict the variation in the
probability of ignition reasonably accurately. In particular, the sim-
ulations capture the peak in ignition probability followed by a re-
duction for both leaner and richer mixtures (Fig. 21). Further, the
change in slope noticed between low and high main flow temper-
atures (Fig. 20) is also predicted well. For all cases, the computed
ignition probability, as well as the uncertainty due to the statisti-
cal sampling of the initial turbulence field, cover most of the ex-
perimental data. Here, the uncertainty band is expressed as one
standard deviation away from the estimated ignition probability
for both numerical and experimental results.

6. Conclusions

A comprehensive modeling approach for spark-based ignition
in turbulent stratified flows have been developed. The combus-
tion modeling approach combines HR and diffusion flamelets to
develop a tabulation that incorporates a detailed chemical mech-
anism. As a result, the development of the flame kernel is accu-
rately represented. The tabulated approach is then coupled with an
LES framework to simulate ignition experiments. The kernel was
introduced into a crossflow with stratified fuel/air mixture. The
realization-specific ignition failure/success is obtained as a func-
tion of the kernel properties. A non-intrusive PCE method is used
to propagate the uncertainty in kernel parameter and operating
conditions, resulting in response surfaces for ignition probability
conditioned on kernel parameters as a function of operating con-
ditions. Since the kernel properties are not precisely known, and
cannot be directly measured in the experiments, a calibration ap-
proach is used. Here, a subset of the experiments is used to deter-
mine the uncertainty in kernel properties, which is represented as
a probability density function. This calibrated model is then used
to simulate other subsets of experiments, thereby providing a vali-
dation approach.

The results indicate that the kernel energy, which is the energy
deposited by the ignitor discharge into high-enthalpy air within its
volume, is critical for the ignition outcome. Analysis of the ignition
process showed that counter-rotating vortex pairs that emanate
from the head of the injected kernel are responsible for entraining
the fuel-air mixture in the main flow, leading to success or fail-
ure of ignition, which is supported by experimental observations.
In particular, it was deemed necessary that the ignition process is
sufficiently shielded from the crossflow such that the nascent ker-
nel is successfully turned parallel to the crossflow, where diffusion
processes take over the final transition to a fully-developed flame.
More importantly, significant regions within the initial spark ker-
nel did not ignite even at later times, indicating that the process
is driven predominantly by the outer surface of the kernel, where
entrainment, small-scaling mixing and reactions are all simultane-
ously active.

The comparison of ignition probability with experiments
showed that the use of this comprehensive approach predicts the
experimental data quite accurately, over a wide range of operat-
ing conditions. Further, the choice of calibration procedure or the
subset of experiments did not unduly affect the calibrated model.
These results provide confidence that the procedure outlined here
can be transferred to other configurations, including other realis-
tic aircraft geometries. Moreover, the use of the bisection method,
as well as the reduced number samples needed to obtain such
estimates, indicate that even for more complex geometries, such
probabilities can be determined with relatively low computational
cost. It should be noted that the ignition process is itself rather
fast compared to the flow timescales, which further reduces the
cost of computations as opposed to statistically stationary flows
that may involve slow timescales and long-time averaging to ob-
tain converged results [50].
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Appendix A. Sensitivity study of boundary between HR and
FPVA tabulation

Three levels of the upper enthalpy bound of the FPVA
tabulation are tested here, which are obtained from the
temperature bounds (Tgpyu). Precisely, Tgpyy is tested at
{1000 K. 1600 K. 2200 K}. as demonstrated in Fig 22. The highest
value of 2200K is close to the partial extinction temperature
of 2250K, which represents the modeling assumption applied
in Section 2. The lowest value of 1000 K is slightly above the
HR lower bound of 875 K, which represents a sharp transition
between HR and FVPA. The middle value 1600 K is a compromise
between the two extremes cases, which serves as a nominal case.
Simply by looking at the contour of Atg,, all three cases show a
smooth transition from HR to FPVA tabulation with no prominent
differences.

To better visualize the difference, the percentage of error be-
tween different tabulations is shown in Fig. 23, which is calculated
as € = (Atpgp — Ar]Tfl‘;VA:wOOK)/Atll.‘('l’l’,VA:wOOK. In general, when the
FPVA-based tabulation region is larger, the tabulated reaction rates
are lower. Note that Aty is inversely related to the reaction rate.

The potential impact of different enthalpy bounds on the sim-
ulated ignition outcome is further studied. The configuration and
numerical details are the same as in Section 3. A total number of
15 simulations with randomly assigned initial turbulent flow con-
ditions are performed for each tabulation. The spark properties and
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Fig. 23. Percentage of error of Aty of different tabulations compared to the nominal case of Trpys = 1600 K. Left: Trpys = 2200 K; Right: Tgpys = 1000 K.
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Fig. 24. Number of successful ignition predicted using different upper enthalpy
bounds of the FPVA tabulation. The error bars indicates 1—o of sampling error from
the total number of simulations.

1000

operating conditions are set to a fixed level. The results are shown
in Fig. 24. It can be seen that the actual impact of Tgpys on the
simulated ignition outcome is much less significant as the maxi-
mum error percentage contour in Fig. 23 may suggest: the case of
Frpya = 1600 K and 1000 K leads to identical results; the case of
Frpya = 2200 K predicted one ignition success less than the other
two cases. Statistically, the potential error caused by this modeling
setup is less than the sampling error in this study. Physically, this
suggests that the ignition outcome here is more dependent on the

development of reaction in the early HR stage than the transition
stage.

Appendix B. Nominal simulation of kernel injection

Using the nominal values of {E; = 1.25 ] Vi, = 0.25 cm3, 7y =
50 ws, U =300 m/s}, the kernel injection process was simu-
lated. Results are first compared with experimental Schlieren im-
ages, shown in Fig. 25. It can be seen that the injection method re-
produces the kernel shapes and locations reasonably well through-
out the time sequence.

Further, quantitative validation can be made by comparing the
kernel diameter and the topmost location of the kernel as a func-
tion of time. Figures 26 and 27 show that irrespective of the met-
ric chosen to get these quantities, the simulations predict the ob-
served trends in the experiments reasonably well.

Appendix C. Polynomial chaos expansion

Below, only the construction of the response surface of

Plgm.l £y.Spl is explained for the sake of brevity. The construction of a

response surface for P?

JenilEy Spl follows a similar procedure. The PCE

takes the form

o0
T
Piitey 5o Ea: T) = ) Wi (Eq. T)
k=0
where W, are the elements of basis in which the ignition proba-
bilities are expressed, o are the coefficients representing the pro-
jection of sp ONto each basis function. Here, the Wiener-

(14)

T
PIgni|Ed
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Fig. 25. Time-series of kernel injection. Left column is line-of-sight numerical
Schlieren, and right column is experiment Schlieren. (For interpretation of the ref-
erences to color in this figure, the reader is referred to the web version of this
article.)

Hermite polynomials are used (W, = Hy), through which the infi-
nite sum can be represented using a truncated sum [20]:

q
P, sp1Ea: T) = Y ctH(Eq, T) + Ricg (Eq, T)
k=0

= 12ni|Ed,pCE(Ed~ T) + Rpce (Eq, T), (15)

where the output of PCE is denoted by the subscript “PCE”, q is the
order of the truncation, and Rl is the residual of the expansion.

Obtaining an approximation of PI;ﬂlEd,SpI is then equivalent to
obtaining estimates of oy, which is done here using non-intrusive
methods [60]. The non-intrusive PCE requires the evaluation of
the deterministic model output for various model inputs (here,
x ={E4, T}). The PCE coefficients o, are computed by formulating
the following linear system

Ho(x0) Hi(xo) Hq(x0) | [ @0 P, ilE, spt (X0)
Ho(x) Hi(x1) Ho(x1) || a4 B Prgnite, sp1 (X1)
HoGtm) HiGon) . HoCew) | Loa] | PL o o)

(16)

Fig. 26. Time history of kernel top edge vertical distance from base wall compared
between simulation and experiments. The two sets of experimental results are ob-
tained using different iso-values of the line-of-sight density gradient normalized
between [0,1] (|Vplnorm)» and multiple experimental realizations were performed
and presented.
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Fig. 27. Time history of kernel diameter compared between simulation results and
experiments in the same fashion as Fig. 26.

where m is the number of data points, and Q = S%Q'L — 1, with
n being the number of model inputs, and q being the truncation
order. Here, the model input number is 2 (E; and T), the truncation
order is 6, with test of convergence presented in below, and the
total number of data points is 300, with 60 realizations in E; space
for every operating condition. Note that m does not need to be
equal to Q. In fact, it was found to yield a better approximation
of the model output statistics when m > 2(Q + 1) [61,62], and the
coefficients are then obtained in a least-square sense.

In terms of the convergence of PCE expansion, generally, the er-
rors in the truncation reduce exponentially with the order of trun-
cation. Typically, g between 4 and 6 is sufficient to obtain accurate
results [60,62,63]. Here, an estimation of RZ’CE is provided. A sim-
ilar procedure has been applied for R,T,CE and gives consistent re-
sults. The approach is by varying q in Eq. (15). Two levels of ¢ = 6
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Fig. 28. Contour of the discrepancy between the two response surfaces PI(/g)m]E,.PCE

constructed with polynomial orders of g = 6 and q = 8 plotted in {Ey, ¢p}-space.

and q = 8 are tested, and the error between these two expansions
is plotted in Fig. 28. Compared to Fig. 17 in the main body, this
error is generally smaller and occupies a smaller region in phase-
space. This suggests that g = 6 should be sufficient and is applied
in this study.
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