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In diverse areas of science and technology, including inertial confinement fusion (ICF), astro-
physics, geophysics, and engineering processes, turbulent mixing induced by hydrodynamic instabil-
ities is of scientific interest as well as practical significance. Because of the fundamental roles they
often play in ICF and other applications, three classes of hydrodynamic instability-induced turbu-
lent flows— those arising from the Rayleigh-Taylor (RT), Richtmyer-Meshkov (RM), and Kelvin-
Helmholtz (KH) instabilities— have attracted much attention. The ICF implosion, supernova ex-
plosion, and other applications illustrate that these phases of instability growth do not occur in
isolation, but instead are connected so that growth in one phase feeds through to initiate growth
in a later phase. Essentially, a description of these flows must encompass both the temporal and
spatial evolution of the flows from their inception. Hydrodynamic instability will usually start from
potentially infinitesimal spatial perturbations, will eventually transition to a turbulent flow, and
then will reach a final state of a true multiscale problem. Indeed, this change in the spatial scales
can be vast, with hydrodynamic instability evolving from a just few microns to thousands of kilome-
ters in geophysical or astrophysical problems. These instabilities will evolve through different stages
before transitioning to turbulence, experiencing linear, weakly, and highly nonlinear states. The
challenges confronted by researchers are enormous. The inherent difficulties include characterizing
the initial conditions of such flows and accurately predicting the transitional flows. Of course, fully
developed turbulence, a focus of many studies because of its major impact on the mixing process, is
a notoriously difficult problem in its own right. In this pedagogical review, we will survey challenges
and progress, as well discuss outstanding issues and future directions.
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I. INTRODUCTION

The related topics of fluid dynamical instabilities, the
transition of laminar flow fields to turbulence, and the
evolution of fully turbulent flow, as well as the effects
these flows have on mixing rates, have presented signif-
icant challenges to researchers for over 100 years. Al-
though substantial progress has been made in these fields,
each topic remains an active topic of research.

In this paper we will limit our discussion to tur-
bulence (Figure 1) and mixing of fluids or collision-
dominated (dense) plasmas induced by three classes of
instabilities—the Rayleigh-Taylor Instability (RTI) [1, 2],
the Richtmyer-Meshkov Instability (RMI) [3, 4] and the
Kelvin-Helmholtz Instability (KHI) [5, 6].

This work complements and further elaborates the re-
cent comprehensive reviews on hydrodynamic instability
induced flows [7, 8]. In these flow scenarios, an initially
perhaps infinitesimal perturbation at an interface induces
an instability. For the cases of RTT and RMI, the fluid
may be initially quiescent, whereas the initial state of
the KHI is a laminar flow. The instability may lead to
a transitionally chaotic state exhibiting the emergence
of both small-scale and increasingly larger scales of fluid
motions. These instabilities are present in a wide va-
riety of important circumstances involving engineering
processes, geophysical and astrophysical flows, as well as
in inertial confinement fusion (ICF).

Motivated by the need to better understand the in-
stability processes that occur in astrophysical contexts
[10-14] and in ICF [15-19], as well the behavior in ma-
terials with strength subjected to rapid and large com-
pressions [20, 21], and coupled to the need to test the
veracity of the computer simulations that are commonly
used to model these processes, the field of high energy
density physics (HEDP) has developed. HEDP exper-
iments, used to test and validate theoretical models as
well as simulation predictions, characteristically deposit

tens of kilo-Joules to mega-Joules of energy in millimeter-
scale targets on timescales of nanoseconds, thus directly
generating plasmas of ~ 1—100 megabar pressures. With
the additional use of an implosion, pressures of ~ 100’s
of gigabars can be achieved [22]. The resulting flows em-
ulate, by design, important processes at the plasma con-
ditions of interest. In some cases, HEDP experiments are
designed to have a certain aesthetic as well as scientific
value [23], and result in stunning data images [24], that
may lead to a new areas of study that are productive
for students and researchers in HEDP [25-36]. Beyond
studying instability, applied physics problems sometimes
require that instabilities be mitigated in order to achieve
a practical goal.

To study the problems of interest in this paper, it is
generally desirable to allow the instability to evolve to
a fully-developed turbulent state. This poses stringent
requirements for numerical simulations, laboratory ex-
periments, and HEDP platforms. A key objective of this
paper is to highlight the necessary and sufficient condi-
tions for the transition process that marks the onset of a
fully turbulent state to occur. To make it self-contained,
this manuscript is structured as follows: in Section II,
we first characterize “fully developed turbulence” from
the perspective of Kolmogorov’s theory [37-41]. In Sec-
tion III, we turn our attention on the initiation of tur-
bulence. In particular, we restrict ourselves to hydrody-
namic instability-induced flows, as we are focused in the
applications to ICF implosions (Section IV) and super-
nova explosions (Section V). In Section VI, we detail
the criteria for these instability-induced flow to transi-
tion to fully-developed turbulence. This is followed by
discussion of two important issues, the importance of
the initial conditions (Section VII) and the need for en-
hanced diagnostic measurements (Section VIII) in high
energy density platforms. Next, we address the ques-
tion whether two-dimensional (2D) turbulence resemble
three-dimensional (3D) turbulence (Section IX). Before
we conclude, some especially interesting issues and out-
standing problems will be discussed.

II. THE TURBULENT STATE
A. Governing equations and Reynolds number

Generally, researchers assume that fluid motions from
the instabilities to turbulent flows are described by the
Navier-Stokes equations [42, 43];

Opu; | Opuju, _ 0oy
ot dx, Oz,

where o;; is the stress tensor,
Ou;  Ou; 2 5 ouy,

s — _Z25..

w=H ox; Ox; 3 Yoz,
where p is the fluid density, p is the pressure, p is the
dynamic viscosity, and f;(¢) is the forcing term, which

+ fi(t) (1)

— 0P (2)
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FIG. 1: Tllustration of turbulent flows by Leonardo da Vinci.

equal to zero in a decaying flow [44, 45]. The equation
governing the transport of the density, p is
dp  Opuy,

ot " om,

~0. (3)

The Reynolds number (Re) characterizes the state of

the flow field and is defined as

Re = Lu/v. (4)
Here, L and u are the characteristic length scale and ve-
locity field, respectively, and v is the kinematic viscosity
given by v = p/p [46]. This dimensionless parameter is
obtained by comparing the nonlinear and viscous terms
of the Navier-Stokes equations [47, 48] and represents the
ratio of inertial forces to viscous forces. Depending on the
values of Reynolds number, the flow field is either lam-
inar or else evolving toward a turbulent flow or already
turbulent. In fact, the onset of turbulence occurs when
the Reynolds number is larger than a threshold value.
When the viscous action is strong, the flow is laminar
and any perturbations from smooth motion are damped
away. When the flow is fully turbulent, however, it con-
tains eddy motions of all sizes admissible within the flow
geometry. A large part of the mechanical energy in a tur-
bulent flow goes into the formation of these eddies, and
the effects of viscosity eventually dissipates their energy
as heat [49].

In Van Dykes book, An Album of Fluid Motion, pho-
tographs showing flow passing through spheres demon-
strate how dependent these flows can be on the Reynolds
number. At Re = 100, the flow separates and a recir-
culating region forms. As Re increases to Re = 15000

and Re > 200000, the flow develops both the large-scales
structures and small-scale motions [50]. The same is true
for the jet flows shown in Figure 2. When Re is not ex-
tremely high, there are many organized large-scale fea-
tures. However, when Re is increased significantly, the
flows exhibit an extremely wide range of scale of motions

51).

B. Cascade

The well known poem by Richardson [52] vividly il-
lustrates some key features of the evolution of turbulent
flows:

Big whirls have little whirls

Which feed on their velocity,

And little whirls have lesser whirls
And so on to viscosity.

The sketch in Figure 3 is a good starting point for
study of high Re 3D flows. Here, the large-eddies re-
flect the inhomogeneities characteristic of the forces and
boundary conditions which produce them. Nevertheless,
since the characteristic time-scales associated with the
eddies decreases geometrically with eddy size, a large
number of generations is produced during the lifetime of
the large anisotropic eddies. The flow will evolve into
a quasi-stationary self-similar hierarchy of eddies, fre-
quently termed a cascade process, whose wavenumbers
form a geometric progression [40, 53, 54]. The smallest
eddies will be limited by the viscous action at the small-
est length scales, the Kolmogorov dissipation scales, 0, a
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FIG. 2: Jet-fluid concentration in the plane of symmetry of round turbulent jets for Re ~ 2.5 x 103 (left frame) and
Re ~ 10* (center frame). Rocket testing in the Los Angles hills, Re > 108 (right frame). See Ref. [51]. Reproduced
from Phys. Fluids, 26, 3185 (1983), with the permission of AIP Publishing.
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FIG. 3: The energy cascade according to the 1941
Kolmogorov theory. Notice that at each step the eddies
are space filling [54]. Reproduced with permission from

J. Fluid Mech., 87, 719 (1978). Copyright 1978,
Cambridge University Press.

precise definition of which will be given in Eq. 20.

The energy injection takes place at the largest eddy
length-scales. The energy transfer process in the cascade
process in 3D turbulence proceeds from large to small
scales. The time required for an eddy to be distorted and,
in this distortion process, generate smaller eddies is called
an eddy-turnover-time. Finally, the energy is dissipated
from the smallest eddies due to viscous effects.

Figure 4 provides a sense of the various length scales
from a flow visualization obtained from direct numeri-
cal simulation (DNS) of homogeneous isotropic turbu-

lence [55, 56]. The Reynolds number is very high, at
Re=216,000. [Note that the Reynolds number based on
the Taylor microscale (\), Rey = 1131, is given in the
original article. However, Rey = (20/3)'/2Re'/? for ho-
mogeneous and isotropic flow, see Tennekes and Lumley
[57]. The important length scales, including the Taylor
microscale, will be defined more precisely later in subsec-
tion IIC].

Some fiducial markers are included in the image as a
point of reference. The first is the length scale of the
large-eddies and a precise definition, termed the integral
length scale, will be provided later. Also shown is 100
times the Kolmogorov dissipation scale, . This figure
demonstrates that turbulence is a true multi-scale prob-
lem and extremely difficult to describe numerically and
analytically due to the wide range of length scales in the
underlying physical problems.

C. Statistics and length scales

Beginning with the pioneering work of Osborne
Reynolds [58], mathematical descriptions of turbulent
flows have been essentially statistical, representing, for
example, the velocity, u; as the sum of an averaged value,
(u;) and a fluctuating value. In many published papers,
the definition of the average is left readers imagination.
For our case, where we are concerned with the tempo-
ral evolution of a strongly inhomogeneous field, neither
temporal nor spatial averages seem appropriate, so we
assume an ensemble average over a number of realiza-
tions wherein the supposedly larger-scale details of the
field such as the geometry, may be identical across each
realization, but the finer-scale details, for example, the
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FIG. 4: Regions of intense vorticity in DNS at the Taylor-microscale Reynolds number Ry = 1131 [55]. Reproduced
with permission from Ishihara et al., Flow, Turbulence and Combustion, 91, 895 (2013). Copyright 2013, Springer

perturbations at an interface may vary across the indi-
vidual realizations.

It worth noting that time-averaging is inappropriate
in that these flows are rapidly evolving in time. Spatial
averaging may be appropriate in circumstances wherein
(a) the scale of fluctuations is much smaller than the bulk
motions of the fluid, or (b) when there is a homogeneous
direction(s) over which to average. It must be noted that
the assumption of homogeneity is not equivalent to an
assumption of periodicity, and that assuming homogene-
ity may mask effects of large scale flow features in the
presumed homogeneous directions. The ensemble aver-
age provides the most generally applicable approach, but
is difficult to realize both experimentally and via direct
numerical simulations. However, for the task of deriv-
ing fundamental evolution equations, and for theoretical
study, the ensemble average provides the most succinct
description. Hence, from a fundamental point of view,
the ensemble average is the appropriate definition of the
averaging process. However, for most time evolving ap-
plications the ensemble average is approximated by av-
eraging over any available statistically homogeneous di-
rections e.g. planar averaging.

We therefore let the angle brackets represent an en-
semble average. Then the average of a variable, say the

velocity, is

DENUIE IR WS
(s () = - > 0™ (). 5)
€ n=1

where N, is the number of elements in the ensemble and
the superscript (n) represents the n'” realization in the
ensemble. The fluctuational part, denoted with a prime,
is then simply

ug (%) = u; (x) = (u; (x)), (6)

and obviously, (u]

1 (x)) = 0 by construction. Many of
the so-called Reynolds Averaged Navier-Stokes (RANS)
turbulence models [59-61] are constructed by applying
this decomposition (or the related mass-averaged statis-
tical decomposition) to the Navier-Stokes equations and
deriving an exact equation for the mean. Unfortunately,
the mean flow equation will have second-order moments
which must either be modeled or for which an additional
evolution equation must be derived. For our current
purpose - describing the Kolmogorov cascade process -
we will assume an incompressible, constant density flow.
Under these restrictions, the evolution equation will have
a quadratic nonlinearity in the fluctuating velocity;

Rij (x) = (uj (x) v (x)), (7)



where R;j (x) is the so-called Reynolds stress, which is
related to the turbulent kinetic energy, K by

K (%) = 5 R (3), Q

where the repeated index implies a summation. The no-
tion of the Reynolds stress can be generalized by consid-
ering the correlation of velocities at two different points
in space,

Rij (x1,%2) = (u} (x1) u (x2)). 9)

Letting

1
Xe = 3 [x1 + x2], (10)

r = [x1 — X2,

allows the equation 9 to be rewritten as

) = (o (e ) (e )Y a0

If we assume that the field is homogeneous [37], then the
two-point Reynolds stress tensor is independent of x, and
can be written as;

Rij (XC,I‘) — RU (I‘) . (12)

Applying a Fourier transform yields the three-
dimensional spectrum

Ri; (k) = ///:O Rij (r) e™rdr, (13)

Finally we can “average” over all angles in Fourier space
to arrive at

dQy

E;; (k)= %/Rij (k) W, (14)

where k = |k|. The turbulent kinetic energy spectrum is

thus E(k) = E,,(k) and the turbulence kinetic energy
density (that is, the energy per unit of mass) is thus

K= () = [ E@®ak (15)
and
Ko = (i) = [ B (), (16)

where FE;(k) is the component energy spectrum.
The velocity autocorrelation [47, 62], R;;(r) is defined
as

(17)

energy-
containing

inertial range  diss.
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FIG. 5: Sketch of a kinetic energy spectrum indicating
the energy-containing, inertial, and dissipation ranges
and their wavenumber boundaries. The idea behind the
minimum state is that the inertial range should be long
enough so that direct interactions between modes in the
energy-containing and dissipation ranges are
energetically weak, indicated by the dashed (green)
arrow. Some “strong” interactions are indicated via the
solid (green) arrows [63]. Reproduced from Phys.
Plasmas, 18, 072304 (2011), with the permission of AIP
Publishing.

D. Kolmogorov Phenomenology

Kolmogorov’s 1941 “Phenomenology”, which is basi-
cally a dimensional argument, is of particular significance
owing to limitations of computational resources in the
foreseeable future. Figure 5 [63] shows the relevant fea-
tures of the Kolmogorov 1941 theory. Essentially, a flow
field always has an energy-containing scale, which corre-
sponds to the large-eddies discussed in the previous sub-
section. The “energy spectrum”, F(k), defined above,
provides a useful mathematical object for understanding
Kolmogorov’s theory. The contributions to the energy
spectrum, F(k), from the energy-containing scale, are
located in the vicinity of the low wavenumbers. At the
other end of the energy spectrum is the so-called dis-
sipative scale, where E(k) decreases exponentially as a
result of the viscous action. Moreover, Kolmogorov pre-
dicted that if the Reynolds number is sufficiently large,
the energy-containing scale will be separated from the
dissipation scale by an inertial range in which E'(k) scales
as k~5/3. The larger the Reynolds number, the wider the
inertial range will be.

The Phenomenology makes the following assumptions:

e The turbulence is locally isotropic, i.e., at small
scales the turbulence statistics are invariant under
translation and rotation.

e The turbulence is near “equilibrium,” i.e., the
energy injection (the forcing on the turbulence),



F that drives the turbulence is approximately
matched by the rate, £ at which the viscous effects
dissipate the energy, i.e., F = £.

e The wave number characterizing the energy injec-
tion, kg is much smaller than the wave number
kq characterizing where the energy is dissipated,
krp < kg

e The cascade process through k-space is “local”, i.e.,
that the transfer through wavenumber k& depends
on the dynamics in the neighborhood near k [64-
66].

It is also essential to the analysis that the energy transfer
in Fourier space is conservative due to the nature of the
nonlinearities of the Navier-Stokes equations.

Under these sets of assumptions, the energy in the cas-
cade is assumed to be independent of the details of the
forcing as well as the details of the dissipation process,
and is simply a function of the energy traversing from the
small wavenumbers to the large wave numbers. However,
since the transfer is conservative, this energy transfer rate
is equal to the injection rate F, which is equal to the dis-
sipation rate £. Under these conditions, one can choose
to express E (k) either in terms of the injection rate or in
terms of the dissipation rate. In terms of the dissipation
rate, the generic form is thus

E (k) = CxEPKI, (18)

where Ck is the so-called Kolmogorov Constant, and the
exponents p and ¢ are determined by dimensional argu-
ments. Since E(k) has units of [Length® /Time?], £ has
units of [Length? /Time®] and k has units of [1/Length,
the time scaling of E can only be reconciled if the ex-
ponent of £ is p = 2/3, where now E2/3 has units of

[Length®® /Time?). Thus the exponent of k must be

g = —5/3 to produce the correct length scaling for E.
The result is the Kolmogorov scaling law
E (k) = Cx &35/, (19)

There is no consensus regarding whether Ci is a univer-
sal constant, but it appears to be approximately Cx ~
1.5 [67-70]. In addition, Kolmogorov deduced that the
length scale, n ~ 1/kq (the “Kolmogorov microscale”)
which characterizes the range of scales where energy is
dissipated by viscous processes should be independent of
the large-scales, and a function only of the active vari-
ables at fine scales, e.g. viscosity, v and the dissipation
rate itself, £. Dimensional analysis then gives the result

that
3 /4
=(Z) . 2
1=(%) (20)

Figure 6 is a compilation of experimental measure-
ments of the energy spectrum [71]. The longest inertial
ranges are especially noteworthy: Grant et al. collected

E, (k)i(ev’)"

10 i .
10-¢ 10°% 104 103 102 10! 1

kn

FIG. 6: Kolmogorov’s universal scaling for
one-dimensional longitudinal power spectra [71].
Reproduced with permission from Saddoughi &

Veeravalli, J. Fluid Mech., 268, 333 (1994). Copyright
1994, Cambridge University Press.

their data from the Discovery Passage, a tidal channel
of the west coast of Canada [72]. Praskovsky et al. ob-
tained their results from a return channel in the large
wind tunnel of the Central Aerohydrodynamic Institute
[73]. Saddoughi and Veeravalli carried out their exper-
iments with the 80 x 120-foot Full-Scale Aerodynamics
Facility at NASA Ames Research Center [71]. Clearly,
the energy-containing and dissipation scales in these and
other high Re flows are very well separated by an ex-
tended inertial range. Moreover, the measured energy
spectrum confirms the k~5/3 scaling predicted by Kol-
mogorov. For contrast, a number of low Re flows energy
spectra are also included in Figure 6. For these experi-
ments, the energy-containing scales are closely linked to
the dissipation scales. As a result, no inertial range can
be discerned.

The Kolmogorov theory addresses the behavior of the
statistics of the covariance of the velocity field but says
nothing about the density statistics. For those flows
where density variations are intrinsic to the behavior
(RTI, RMI and KHI with buoyancy), the density behaves
as an active scalar. Obukhov [74] and Corrsin [75] ap-
plied/extended the Kolmogorov 1941 theory to the case
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FIG. 7: Vincent van Gogh, The Starry Night, Saint Rémy, June 1889. (©The Museum of Modern Art, New York.
https://www.moma.org/collection/works /79802

of a passive scalar, e.g. weak temperature fluctuations,
and deduced that the scalar spectrum, T'(k) behaves as

Er(k) = Cr&r&Y3E5/3, (21)

where & is the dissipation rate of the scalar due to dif-
fusion, and is assumed to be equal to the injection rate
to the scalar spectrum, and Cr is a constant. The scalar
microscale, nr is then equal to

wr = (%) " (22)

where D is the diffusivity of the scalar. There are also
potentially different “subranges” in the scalar spectrum
depending on the Schmidt number, Sc = %. This topic
is beyond our current scope and the reader is referred
to [57] for further details. For RTI flows, Sc¢ ~ 600 for
the brine/water experiments of Dalziel et al. [76] and
the follow-up experimental work by Banerjee and Mut-
nuri [77] has Sc ~ 10%. Molecular mixing measurements
were reported [78] for a high-Schmidt-number (Sc ~ 103)

buoyancy-driven turbulent RT mixing layer in a water
channel facility with a weakly buoyant flow.

The dominant, most energetic scales, L of the turbu-
lence are typically independent of viscous effects, and are
a function of the large-scale variables, i.e.,the energy in-
jection rate, F' which, in turn, is usually related to the
overall geometry of the flow domain). Again dimensional
analysis produces

K3/2

L
F )

(23)

but because F' = & for our near-equilibrium case, we
more commonly see this as

K3/2
= g B

(24)

which is generally preferred since it does not depend on
a variable that is extrinsic to the description of the tur-
bulent field itself.

In cases where the largest scale is not obvious from the



FIG. 8: A multi-wavelength image of the Crab Nebula
with data from radio waves to X-rays. This image
contains data from Chandra X-Ray Observatory
(purple), VLA (red), Spitzer (yellow), Hubble (green),
and XMM-Newton (blue). Image Credit: NASA.
http://chandra.harvard.edu/photo/2017/crab/

flow geometry, an integral scale can be obtained as

Lz/o Rii(r,t)dr (25)

which is a measure of the longest connection or corre-
lation distance between two points in the flow that are
separated either by distance or time [47].

When the total or component energy spectrum is avail-
able, the energetic scales defined above, are also known
as the integral length scales and take the form

ok B (k) dk

IS E(k)dk (26)
L — IS kT Ei(k)dk (27)

o Ei(k)dk

Another key turbulent scale is the Taylor microscale,
A, where

K

A=14/10v o (28)
(See pages 66—68 of Tennekes and Lumley [57] for more
details.) This definition is particularly convenient for ap-

plication to simulation data.
A standard way to compute the Taylor microscale is
from the curvature of the velocity autocorrelation [62],
R(r). Note that R(r) is an even function, so that it is
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FIG. 9: Log-log plot of the statistical moments, with n
=1, 2,3, 4,5 (from bottom to top). In each case the
straight line indicates the least-squares fit to the range

of scales limited by the two dashed lines in the plot [82].
Reproduced with permission from J. of Mathematical
Imaging and Vision, 30, 275 (2008). Copyright 2008,

Springer.

symmetric R(r) = R(—r). Performing the Taylor expan-
sion, the leading terms are

r2
R(r)=1- 3, (29)
where the Taylor microscale is defined as
1d*R(0)]/?
)\{2 02 } . (30)

Another way of estimating the Taylor microscale from
experimental data has been utilized with the variance of
the velocity and the variance of the first derivative of
velocity, is [79, 80]

)\:[2<u2>]1/2
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E. Astrophysical flows, turbulence, and the
masterpiece

“The Starry Night” (Figure 7) was painted by van
Gogh in 1889 during his periods of prolonged psychotic
agitation [81]. The tie between the distant star observed
by Hubble (Figure 8) and this famous artwork was noted



by NASA. The Museum of Modern Art (MoMA), New
York City also noted that “the whirling forms in the sky
match published astronomical observations of clouds of
dust and gas known as nebulae.” While highly sugges-
tive, can the masterpiece be linked to the fluid flows of
turbulence?

Aragon et al. used digital images of these paintings
of van Gogh to show that the statistics of luminance
contains the characteristic fingerprint of turbulent flow
[82]. Indeed, these authors showed that Starry Night,
and other impassioned van Gogh paintings, transmitted
the essence of turbulence with high realism. This was
shown by comparing the “structure functions” deduced
from the paintings (analogous to those for computed for
turbulence [83]), shown in Figure 9 to actual measure-
ments of structure functions from a wind tunnel [84].

The Reynolds number for the astrophysical flows are
very high. For the degenerate carbon-oxygen white dwarf
explosion (Type Ia), Kuhlen et al. [85] and Woosley et
al. [86] found

Re ~ 10, (32)

and for the core-collapse of a massive star (Type II), Ab-
dikamalov et al. [87] determined that

Re ~ 10'7. (33)

A more detailed classification of supernovae will be of-
fered in subsection V A. For Supernova remnants (SNR),
it is estimated that

Re ~ 6 x 108. (34)

[88, 89]. Hence, an extended inertial range is expected
for these flows.

F. Turbulence and mixing

Why do we care about turbulence? Usually due to its
effect on mixing. In turbulent flows, the mixing of the
mass, momentum, and energy occurs at a significantly
more rapid rate than for laminar flows.

Turbulent mixing can be grouped into three categories
[90], based on increased role of mixing. The first category
is composed of those cases where turbulent flow drives
mixing, but the mixing itself plays essentially no role in
the dynamics of the turbulent velocity field. A good ex-
ample is mixing of dye in a liquid, where the scalar is
the dye concentration [91], which does not influence flow
dynamics for this type of mixing.

The second category is characterized by the situation
where the scalar being mixed plays an intrinsic role in
driving the dynamics of the velocity field. Flows induced
by the RTI, wherein the scalar is the density field and
the forcing on the momentum field is due to the coupling
of the scalar to the acceleration vector are an example of
this category of mixing. For the third and last category,
the scalar being mixed has the dominant active role in the
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behavior of the overall flow field. Examples for this cat-
egory include flows driven by combustion [92, 93] and /or
by detonation and deflagration phenomena [94-96].

III. TIME-DEPENDENT FLOWS INDUCED BY
HYDRODYNAMIC INSTABILITIES

Because of our interest in supernova explosions and in
ICF, we will restrict our attention to turbulent flows in-
duced by hydrodynamic instabilities with perturbed in-
terfaces. The three “classical” instabilities that play a
significant role in these applications are the RTI, RMI,
and the KHI. Each of these instabilities involves a per-
turbed interface between two fluid regions. For the case
of the RTI, the density varies across the interface whereas
for the RMI, the acoustic speed varies across the inter-
face, though this variation in acoustic speed is typically
associated with a density difference as well. The KHI
typically involves an interface across which the fluid ve-
locity varies—in the classical case, the variation in velocity
is discontinuous. The KHI interface may also be associ-
ated with a density difference across the interface. The
nature of the interface varies with the circumstances of
the problem. The interface maybe discontinuous in the
fluid properties, or it may be diffuse. Molecular inter-
actions such as surface tension, diffusion-induced fluid
stresses, or reactions may be involved. These compli-
cations may play a substantial role in the evolution of
the layer. Also, in most practical situations, an accurate
and precise description of the interface maybe difficult
to obtain. Additionally, these instabilities can appear
in a number of circumstances, and can occur in conver-
gent, or divergent geometries in addition to the usual
planar cases. Finally, it is typical in many astrophysics
and HEDP circumstances to have all three instabilities
concurrently.

Again, the fluid motions of the instabilities are gov-
erned by the Navier-Stokes equations (Equations 1-3).
For the case of a compressible flow, an equation for the
energy must also be included

% 8pune _ 78 (QJ — uiaij)7 (35)
ot 0z, O0x;

where ¢; represents a heat flux. It should be noted that
q consists of a conduction flux ~ —VT and an enthalpy
flux (this has not always been correctly treated, see Cook
[97] for example).

In some cases, it is convenient to include an equation
for fluid species mass-fractions (this may typically replace
the density equation);

9pY;
ot

+ V- (pYu) =V - (-J,), (36)

where Y; is the mass-fraction of the i*"-species and we
have assumed a Fickian diffusion model wherein D; is
an effective binary species diffusion coefficient [98]. The



diffusional fluxes are given by [97, 99|

N
J, ~ —p(DiVYi _y, ZDjvn). (37)

j=1

For simplicity, we will assume that the Ds are the same.
If the fluids are mutually diffusive, and the Mach Num-
ber, Ma is small (Ma — 0) the divergence of the velocity
field becomes [100-102]

ou, 0 o (1
o~ {’ﬂ’axn (,,)} (38)

and the velocity field is thus solenoidal in the incom-
pressible, immiscible limit. In addition, these equations
may also be augmented with an equation governing the
surface tension between immiscible fields. These are the
equations that serve as the basis for the various stability
analyses, theories, models and computations. Instability
theory deals with the initial growth of the perturbed in-
terface in these flows, and the classical solutions for the
RTI and KHI are discussed in detail by Chandrasekhar
[103]. The typical approach is a perturbative expansion.
However, if the perturbations of the interface between
the two fluids continue to grow, they quickly move be-
yond the regime in which instability theory is applicable.
Numerous theories have been proposed to describe the
nonlinear regime, with varying degrees of success. How-
ever, in finite time, these instabilities typically end up as
an inhomogeneous turbulent mixing layer where in the
core of the mixing layer is in a “fully turbulent” state.

A. The Rayleigh-Taylor Instability

The RTT occurs at a perturbed interface between two
fluids with different densities. If the fluids experience
an acceleration in the direction from the lighter fluid to-
ward the heavier fluid, the interface becomes unstable,
and the perturbations will grow. This corresponds to the
configuration of an heavier fluid over a lighter fluid in a
gravitational field [104]. This instability was first studied
in detail by Lord Rayleigh (J.W. Strutt) [1], and later by
G.I. Taylor [2], and continues to be subject to much theo-
retical, experimental and computational scrutiny (for an
example of a rigorous mathematical treatment, see Refer-
ences [105-107]). The “classical” case concerns an incom-
pressible fluid, and an interface between the heavier and
lighter fluids is represented by a two-dimensional surface
described by a single two-dimensional Fourier mode, i.e.,

S (2,) = aoRt [ == thm | (39)

where the acceleration is assumed to be applied parallel
to the z-axis, k; and ky, are the Fourier wave numbers
in the x and y directions, respectively and & denotes the
real part of its argument. The perturbed interface repre-
sented by equation (39) can be viewed as a simple one-
dimensional single-mode perturbation with a wavenum-
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ber of k = ,/kZ + k2. In general, the RTT occurs when-

ever
Vp-Vp <0. (40)

However, if Vp - Vp > 0, the flow is stable, and the
perturbation will typically oscillate and eventually van-
ish under viscous damping. The two-dimensional case
clearly shows that the misalignment of the pressure gra-
dients with the density interface leads to the production
of vorticity via

Dw 1

— = < Vpx Vp, 41

Di ~ 2P xVP (41)
as illustrated in Figure 10 [108].

Heavy fluid
P2, P2

Light fluid
P1, D1

FIG. 10: Illustration of the generation of baroclinic
torque at an unstable RT configuration. The interface
creates vorticity and induces a velocity field that
increases the baroclinic torque [108]. Reproduced with
permission from J. Fluid Mech., 787, 50 (2016).
Copyright 2016, Cambridge University Press.

Chandrasekhar [103] and Drazin & Reid [109] present
detailed derivations of the RTI linear stability analyses
for the case of a sinusoidal perturbation at the interface,
assuming no diffusion. Chandrasekhar includes analyses
for the cases with and without surface tension, and for
inviscid fluids as well as viscous fluids and fluids with
differing viscosities. However, he only presents results
for inviscid fluids and fluids with identical kinematic vis-
cosities. In addition, he extends the analysis to include
hydromagnetic effects.

For the case of inviscid fluids without surface tension
in an infinite domain, the results is that the amplitude,
a(t) of the Fourier mode describing the interface initially
grows as

a(t) = age!VAE (42)

)

where ag is the initial Fourier amplitude, and is equiv-
alent to half the width, h(t) of the interface (peak-to-
valley), g is the acceleration applied to the interface, & is
the wavenumber of the sinusoidal perturbation and A is
the Atwood number;

A=2T0 (43)

p2 + p1
where ps > p1, p2 and p; are the densities of the two flu-
ids. The linear stability analyses are limited to very small
times. However, numerous attempts have been made



to extend perturbative-type models to higher order in
the perturbative expansions, and to include nonlinear ef-
fects, as well as account for a greater variety of initial
perturbations—examples include (but are by no means
limited to) Refs.[110-122]. These models have been ex-
tended in various ways, including to non-planar geome-
tries, and non-constant accelerations. In addition they
show reasonable congruence to experiments up to some
point in time (a more extensive discussion can be found
in [7]). It is also interesting to note that Zhang and co-
workers [123, 124] have advanced quantitative theories
for RTT and RMI for all density ratios, using the meth-
ods of asymptotic matching [125] and two-point Padé
approximations [126-128].

David Alfaro Siqueiros, a well known Mexican mural-
ist (Figure 11), used this method of absorption of two or
more superimposed colors which infiltrate one into an-
other (Figures 12-13). The technique is referred to as
“accidental painting” [129, 130].

An obvious difficulty in applying some of these models
to practical circumstances is in characterizing the initial
interface perturbation with sufficient accuracy to reliably
apply these analyses. Also, these analyses are typically
limited to the evolution of a small number of modes.
This is problematic if the mixing layer transitions to a
fully developed turbulent state. In a circumstance with
a multi-modal initial condition, the RTI quickly tends
toward an apparently chaotic turbulent behavior. At
late times (beyond the linear stability theory regime) the
lighter fluid “rises” up through the heavier fluid, which in
turn “drops” through the lighter fluid. The characteris-
tic structures of the lighter fluid penetrating the heavier
fluid are usually referred to as “bubbles” and the heav-
ier fluid forms “spikes” as it penetrates the lighter fluid
(Figure 14). The evolution of the mixing layer width can
be obtained from both numerical simulations or experi-
mental measurements.

To clarify further why the term “spikes” is used, we
recall that at very high density ratios e.g. water/air, as
used in the early RT experiments, the dense fluid forms
spikes as it penetrates the lighter fluid. Most notably,
“mushroom” shapes form on the spike tips at lower den-
sity ratios and for small density differences there is lit-
tle asymmetry. However, use the terms “bubble” and
“spike” at all density ratios has persisted in the RT/RM
literature.

Figure 15 presents images from an experiment [131]
demonstrating the emergence of the spikes and bubbles
from an initial perturbation, and an apparent transition
toward a turbulent state. One feature of RTI seen in this
figure is the emergence of the “mushroom” shape at the
tips of the bubbles and spikes [132]. This feature is also
observed in many RMI simulations and experiments, as
well as in some instances of the KHI. For the case of the
RTI and RMI, these mushroom features are due to the
shears induced at the tips of the bubbles and spikes as
the fluid being penetrated must move laterally as well as
in the direction of the penetrating fluid to accommodate
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the penetrating fluid.

The Rayleigh-Taylor instability and the subsequent
transition to a turbulent Rayleigh-Taylor mixing layer
(RTML) have been the subject of intense experimental
scrutiny. A typical laboratory RTI experiment consists
of a test chamber (or “ampoule”) with two liquids of dif-
fering densities in a stably stratified configuration. This
ampoule is then driven toward the floor of the test facility
with an acceleration of greater than 1g, thus rendering
the fluid configuration unstable. The first notable RTI
experiment was due to Lewis [133] and used compressed
air to drive the test ampoule. Various mechanisms have
been used to drive the ampoule, including rocket motors
[134], linear electric motors [135, 136], gas guns [137] and
weights and pulleys [131].

Experiments have also been conducted to examine the
behavior if the acceleration is not strictly normal to the
fluid interface (e.g., [134]), and the behavior under vari-
able acceleration histories, e.g., [136]. In this context, the
RMI is frequently treated as an impulsively-driven RTT.
Note that many of the experiments do not attempt to
“characterize” the initial perturbative state of the inter-
face, but instead initialize the RTT with mutually immis-
cible fluids, or with weakly diffusive fluids that are essen-
tially quiescent at the moment the acceleration is applied.
However, experiments to investigate the behavior of sin-
gle mode perturbations have also been conducted, e.g,
[131, 138].

An alternate approach to generating the RTI and
RTML is to use co-flowing streams of two fluids with
different densities that pass a “splitter” plate [139-143],.
This approach permits the combining of the RTT with the
KHI and also allows the formation of long-time averages
of the mixing layer statistics. The disadvantage is that
the applied acceleration is limited to 1¢g and mixing layers
are spatially evolving, rather than temporally evolving,
and thus the statistics only roughly approximate the ax-
isymmetry present in the accelerated ampoules.

Another method of experimentally producing RTT was
described by Dalziel et al. [76] and Banerjee & Mutnuri
[77], in which the heavy and light fluids are kept apart
by a slider-plate, with the heavy fluid above the plate
and the light fluid below. When the plate is removed,
the RTT is initiated. Dalziel et al. [76] discuss and use
numerical simulations to assess the effects of the vorticity
layer deposited by the plate as it is removed. Again,
as with the approach with the co-flowing streams, the
splitter plate approach is limited to accelerations of 1g.

Other novel experiments of RTT and RTML have been
conducted in cylindrical geometries using pressurized
gas-driven gelatin layers [144, 145]. The use of laser
driven fusion facilities has allowed the design and exe-
cution of three-dimensional spherical and cylindrical and
spherical RTT and RTML experiments as well albeit in-
troducing complexities in terms of the physical models
required to describe the events.

The RTT has also been the subject of investigation via
numerical simulation. The RTI problem presents signif-
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FIG. 11: Landscape in Red (Paisaje en rojo), David Alfaro Siqueiros (Mexico, Santa Rosalia de Camargo, active
Mexico City and Cuernavaca, 1896-1974). Los Angeles County Museum of Art.
https://collections.]acma.org/node/193844. ©LACMA (©2019 Artists Rights Society (ARS), New York /
SOMAAP, Mexico City

FIG. 12: Image sequence of the preparation of the experiment. Black paint over white paint. Atwood number A =
0.05. Zetina et al. [129], PLoS ONE 10: €0126135; licensed under a Creative Commons Attribution (CC BY) license.

icant numerical challenges beyond those seen in simu-
lations of single-fluid incompressible fluids. Unless the
Boussinesq limit of small density fluctuations is enforced,
or the fluids are deemed immisicible, the velocity field is
no longer solenoidal (see equation 38). In addition, as
the fluids interpenetrate each other and the edges of the
mixing layer begin to accelerate, the density gradients
at the tips of the spikes and bubbles increase, in spite
of the effects of diffusion, placing enormous demands on
the ability of the numerical algorithms to resolve the
gradients. A pioneering effort to simulate the RTI and
subsequent RTML was presented by Youngs [146, 147].
Examples include those of large-eddy simulations (LES)

of [148], and the direct numerical simulations (DNS) of
[101, 149-151]. The DNS studies require the inclusion of
molecular viscosity and molecular diffusion to regularize
the field and permit resolution of the boundaries between
the fluids. Simulations of these flows with immiscibile
fluids have been presented by, for example by [152] and
[153]. The immiscible case generally involves a “front-
tracking” method [153] or a “volume-of-fluid” method
[146]. Another approach to simulating these flows is the
so-called implicit large eddy simulation (ILES) method-
ology [154-156], which relies on the implicit damping in
certain classes of finite difference methods to treat the
sharp gradients and discontinuities present in the under-
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FIG. 13: Final pattern, yellow paint over transparent
lacquer. Atwood number A = 0.02. Zetina et al. [129],
PLoS ONE 10: e0126135; licensed under a Creative
Commons Attribution (CC BY) license.
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FIG. 14: Amplitude of bubbles (h;) and spikes (hs) in

the mixing region [101]. The total width of the layer is

h = hy — hs. Reproduced with permission from Cook &

Zhou Phys. Rev. E, 66 026312 (2002). Copyright 2002,
American Physical Society.

lying flow field [157]. The interesting reader is referred to
Youngs [158] for a comparison between ILES and DNS
for four test cases.

B. The Richtmyer-Meshkov Instability

The RMI shares a great many features with the RTT.
The RMI occurs at a perturbed interface between two
fluids with different densities. The instability is then
initiated by the abrupt and temporary application of a
pressure gradient, typically a shock-wave traversing the
interface in a direction normal to the interface, or in some
cases, an impulsive application of an acceleration - in
essence, and impulsively-driven RTI. Note that if the in-
cident shock-wave is weak, i.e., low Mach Number, and
the perturbations are small, than the compressible case
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FIG. 15: A sequence of planar laser-induced
fluorescence (PLIF) images showing the development of
an immiscible system with Atwood = 0.336 accelerated
at 1.34 g with an initial perturbation wavelength of 35

mm. The first frame was taken immediately after the
test sled was released and there is a 0.033 s increment
between each subsequent image [131]. Reproduced from
Waddell et al., Phys. Fluids, 13, 1263 (2001), with the
permission of AIP Publishing.

is well-matched by the impulsive RTT case. However, un-
like the RTI, the RMI perturbations will grow for both
the case of Vp-Vp > 0 as well as for Vp-Vp < 0. For
the case where Vp - Vp > 0 the interface will undergo
a phase inversion prior to the growth of the amplitude
of the perturbation. Unlike the RTI, since the pressure
gradient in the RMI is not sustained, and therefore the
RMI-induced mixing layer is not a driven turbulent field.
Consequently, if the initial shock-wave, or impulsive ac-
celeration is not sufficiently large, the RMI may not de-
velop into a “fully developed” turbulent state.

The RMI was first described by Richtmyer in 1960
[3], and the first successful experimental reproduction of
the instability was due to Meshkov in 1969 [4]. Richt-
myer’s analysis of the RMI used Taylor’s linear theory
[2], and assumed an interface perturbation like that given
by equation (39). His analysis treated only the case of
the shock-wave moving from the lighter to the heavier
fluid, and also treated the shock as an impulsive acceler-
ation. It is important to note that, for the RMI, the linear
theory only applies to the case where kag < 0 where k
is again the wavenumber of the perturbation and ag is
the initial amplitude. Richtmyer modeled the impulse as
g = AV §(t) where AV is the change in velocity of the in-
terface as the shock passes through, and d(¢) is the Dirac
delta function. The equation governing the growth of the



amplitude is then

P aavs 14
Ct = RAAVS(t)ap. (14
A complication that arises from the compressibility of
the fluids in the RMI case is that the compression due
to the passing of the shock changes both the Atwood
number, 4 and the initial amplitude of the perturbation.
Richtmyer choose to use the post-shock values, (denoted
by a superscript +) to arrive at

% =kATAVad. (45)

Various modifications to this formulation have been
proposed, and the interested reader is referred to the re-
views [7, 159]. Richtmyer only considered the instance
of the shock moving from lighter to the heavier fluid,
which turns out to be the case most relevant to ICF.
The case of the shock moving from the lighter to the
heavier fluid produces a reflected shock-wave in addition
to the forward propagating wave. For the case of the
shock moving from the heavier to the lighter fluid, the
reflected wave is a rarefaction wave. Also, these two cases
(lighter /heavier versus heavier/lighter) result in deposi-
tion of vorticity of opposite signs. This is illustrated in
Figure (16), showing the lighter/heavier on the left and
the heavier/lighter case on the right. The case wherein
the shock moves from the heavier gas to the lighter gas
causes a phase-reversal of the interface to occur before
the interface begins to grow, whereas the lighter-heavier
case causes a direct growth of the interface [160].

Other RMI analyses have been based on an initial
velocity or vorticity distribution at the interface — for
examples, see references [161-163]. Indeed, the lin-
ear theory gives modes exp(£nt). So there is a choice
of an a = agcosh(nt) (initial amplitude) mode or an
a = agsinh(nt) mode (which assumes an initial veloc-
ity distribution, see for example, Eq. (11) of Mikaelian
[161]). Historically, before RM was considered, most re-
searchers took @(0) = 0, a natural choice. For example,
Taylor explicitly said that if the initial amplitude is fi-
nite and if “the initial velocity is zero” then the solution
is cosh(nt). Indeed, one had no incentive to consider a fi-
nite initial @(0) when RTT is the only consideration [163].
It should be noted that when both an initial vorticity and
an initial velocity (in the sense of a) are given, the two
can be related as was done by Jacobs and Sheeley [162]
[see their Eq. (17)]. If initially both the amplitude (a)
and velocity (a) are provided, however, then the two may
be degenerate and cancel each other out at late times as
Mikaelian [163] discussed recently.

The most obvious way to experimentally generate the
RMI and RMML (Richtmyer-Meshkov mixing layer) is
to use a shock tube. The first experiments to demon-
strate the RMI where due to Meshkov [4]. Meshkov used
an extremely thin nitrocellulose membrane with a an im-
posed sinusoidal perturbation to separate the light and
heavy fluids in a shock tube prior to initiating the shock-
wave. When the shock-wave encounters the membrane,
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FIG. 16: An illustration from Jourdan & Houas [160],
showing the differences in vorticity deposition for the
cases of the shock traveling from lighter to heavier
fluids (left side) and vice-versa (right side). Reproduced
with permission from Phys. Rev. Lett., 95, 204502
(2005). Copyright 2005, American Physical Soc.

the membrane is destroyed, and the RMI behavior is ob-
served. Meshkov examined both the light/heavy config-
urations as well as the heavy/light configurations. Al-
though the membranes are reduced to small fragments,
these fragments have some effect on the flows. Prasad
et al. [164] used a polymeric membrane supported by
a wire mesh to separate the gases and studied (among
other things) the effect of the membrane and mesh on
the evolution of the mixing layer (see also, Erez et al.
[165]).

Jones & Jacobs [166] generated a perturbed interface in
a vertical shock tube without a membrane by flowing the
heavy gas in through the bottom of the vertical shock
tube, and the light gas through the top, and removing
them through slots in the test section, thus maintain-
ing a smooth flat interface. A sinusoidal perturbation is
then induced in this flat interface by oscillating the shock
tube. However, molecular diffusion tends to “smear” the
interface between the two-fluids. For multi-mode inter-
faces RMI, Figure 17 shows a sequence of PLIF images
for a He/Ar interface [167, 168].

Another approach to avoid the use of membranes in
shock-tubes is to use a “slider plate” to separate the two
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FIG. 17: Sequence of PLIF images for a He/Ar interface, Ma = 2.2. Times are from initial shock interaction [167].
Reproduced with permission from Weber et al., J. Fluid Mech., 748, 457 (2014). Copyright 2014, Cambridge
University Press.

fluids, and then remove the slider plate immediately be-
fore initiating the shock-wave, see for example Brouillette
& Sturtevant [169] and Puranik et al. [170].

The third approach to generating the RMI is to ex-
plicitly generate an impulsive RTI. This approach al-
lows certain types of RTT experimental facilities to be re-
purposed for RMI experiments. For example, Ref. [162]
vertically accelerated an ampoule containing the test flu-
ids by “bouncing” it off a fixed coil spring. Prior to drop-
ping it on the spring, a sinusoidal standing wave was in-
duced at the interface between the heavy and light fluids
by oscillating the ampoule. Likewise Dimonte & Schnei-
der [136] used their linear electric motor to impulsively
drive the ampoule. The reader is referred to Ref. [175]
for recent discussions of experimental measurements of
RMI and RMML.

Explosively driven experiments of RMI and RMML in
metals have been studied by Buttler et al. [171], Prime et
al. [172], among others [173]. As in the case of the RTT
and RTML, laser-driven experiments provide the ability
to conduct experiments of the RMI and the RMML [174],
but additional physical processes, such as equations of
state, are introduced.

Numerical methods have proven to be a useful tool
for studying the RMI and RMML. However, in addi-
tion to all the numerical challenges presented by the
RT problem, the RM cases now compound these is-
sues with the necessity of treating compressibility and
the presence of shock waves and rarefaction waves. Re-
cently, Wong et al. carried out high-resolution 2D and
3D shock-capturing adaptive mesh refinement simula-
tions of multi-species mixing driven by RMI [176]. Di-
rect resolution of the shock wave is generally extremely
computationally costly in three dimensions. As a re-
sult, front-tracking methods or ILES approaches are fre-
quently used in two-dimensional simulations, e.g., [177],
whereas in three-dimensions the useful tools appear to
be LES [99, 178, 179] and ILES, e.g., Refs. [157, 180-
183]. It should be noted that the ability to track shock
waves and fronts can be highly useful for studying in-
ternal shock wave interactions in the mixing layers at
high Mach number [177]. Yet, for highly turbulent sce-

narios, the dynamics of the turbulence are intrinsically
three-dimensional [the two-dimensional case is, in some
sense pathological (see Subsection IX)], and thus three-
dimensional simulations are required to capture the phe-
nomena with physical fidelity. The ILES approach has
also been applied to the shock/reshock problem, and to
similar problems regarding the effects of compressibility
on the development of RMI in the case where ka is not
much smaller than unity [183]. Note that again, numeri-
cal simulations afford the ability to easily simulate arbi-
trary, e.g. convergent geometries, and provide access to
all the field variables [184-188].

One additional phenomenon frequently encountered in
experiments [189-191], modeling [192], as well as sim-
ulations [193-196] of RMI and ICF, is the so-called
“reshock” event. A reshock event occurs when a shock
wave traverses a RM-induced mixing layer. This can oc-
cur, e.g., when a shock-wave reflects off the end of the
shock-tube and strikes the mixing layer again. Reshock
events typically result in a rapid growth of the turbulence
within the mixing layer - much more than produced dur-
ing the initial RTT initiation. Taylor’s linear theory, (as
applied by Richtmyer and others) generally does not ap-
ply to a reshock event since, at the time of reshock, the
requirement that ka; < 0 (where a; is the amplitude of
the perturbation when the reshock event occurs) is usu-
ally not true. The production mechanism is due in part
to Kelvin-Helmholtz-induced shear layers induced by the
shock crossing the mixing layer. Figure 18 shows the de-
velopment of the RMI and RMML, with a subsequent
reshock event from a shock tube experiment by Tomkins
et al. [197]. The initial incident shock had a Mach num-
ber of Ma = 1.2. After the first shock crosses the in-
terface, the emergence of the characteristic mushroom
shapes are observed. The reshock event occurs in the
figure, and the mixing layer subsequently evolves rapidly
toward a chaotic, turbulent state.
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FIG. 18: Rapid transition of the varicose RM fluid layer into a well-mixed state after reshock [197]. Reproduced
with permission from Tomkins et al., J. Fluid Mech., 735, 288 (2013). Copyright 2013, Cambridge University Press.

C. The Kelvin-Helmholtz Instability

The Kelvin-Helmholtz Instability occurs at the inter-
face between two counter-flowing streams of fluids. If the
interface between the two fluids is absolutely smooth, the
fluids will, in principle (at least mathematically!) main-
tain laminar flow. If the interface is perturbed, the per-
turbation may grow. The growth of such a perturba-
tion gives rise to the KHI. The KHI was first studied by
Helmholtz [6] and subsequently by Lord Kelvin [5]. As
in the case of the RTI and RMI, the classical instabil-
ity analysis assume a sinusoidal perturbation and an ini-
tially exponential growth rate for the unstable mode(s).
The analyses presented by Chandrasekhar [103] and by
Drazin & Reid [109] include the effects of buoyancy, sur-
face tension, rotation and a diffuse, rather than discon-
tinuous interface. For the case of buoyancy, and with a
discontinuous interface, the growth rate of the interface
is given by

_ 1/2
r = {gkA + p1pa2k? {M} } (46)
p1+ p2

_Z.k{mvl +P2V2}
p1+ p2 ’

where g is the acceleration normal to the interface, V3
and Va are the fluid velocities across the interface (par-
allel to the interface), A is the Atwood number, k is the
wavenumber of the disturbance, and p; and ps are the
fluid densities on each side of the interface.

It is generally assumed that the KHI will evolve to-
ward an approximately self-similar turbulent state [198].
The mechanisms of the transition process have been stud-
ied using both DNS, for example by Metcalfe et al. [199]
and experimentally, for example by Winant and Browand
[200]. When the KHI achieves a chaotic state it is typ-
ically referred to as a temporally evolving shear layer.

This is terminology distinguishes it from the closely re-
lated spatially evolving shear layer. A temporally evolv-
ing shear layer is difficult to realize in experiments, but
easier to simulate than the spatially-evolving case. The
spatially evolving shear layer is usually experimentally
generated by conjoining two fluids with different speeds
downstream from a splitter plate, as shown in Figure 19
[201].
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FIG. 19: Schematic diagram from Brown & Roshko
[201] showing splitter plate between to fluid streams,
and the downstream mixing layer profile. Reproduced
with permission from J. Fluid Mech., 64, 775 (1974).
Copyright 1974, Cambridge Univ. Press.

It should also be noted that the KHI and KH mixing
layer (KHML) can be initiated by a shock wave passing
through a density interface at an angle that is oblique to
the interface [202]. In this case, the difference in acous-
tic velocities between the two fluids gives rise to different
rates at which the shock travels through the fluids, re-
sulting in a velocity difference across the interface, thus
inducing a shear instability. As mentioned in the Intro-
duction, many authors have performed experiments in
which shock-induced shear layers have been generated
on laser-driven ICF platform.

An early and pioneering experimental study of the tur-
bulent shear layer was due to Liepmann & Laufer [203].
More recent significant experiments have been published
in Refs. [204], [205], and [206], amongst others. Sev-



FIG. 20: Images from the experiments of Schowalter et
al. [208] showing a side view (top) and end view
(bottom) of a KH shear layer. The end view is from an
experiment without buoyancy effects, yet it exhibits the
mushroom shaped structures. Reproduced with
permission from J. Fluid Mech., 281, 247 (1994).
Copyright 1994, Cambridge Univ. Press.

eral experiments on spatially evolving shear layers have
been designed to be able to study the coupled effects of
buoyancy and shear, for example [207, 208] as well as
the effects of compressibility on the evolution of the free
shear layers [201, 209]. Recently, San & Maulik [210] and
Rahman & San [605] studied the stratified KH turbulence
of compressible shear flows, while Gan et al. [212] and
Lin et al. [213] carried out simulations of nonequilibrium
KHI.

Explosively driven shock-induced shears have been ex-
amined by Silver et al. [214], which represented a mix
of RT and KH instabilities and mixing. The experiment
was conducted by using explosively-lined cylinders and
employed radiography for diagnostics.

Computations of shear layers have been conducted
using a variety of algorithms. In fact shear layers
have been an important topic of turbulence research
and CFD (computational fluid dynamics) studies for
decades (The series of biennial Turbulence and Shear
Flow Phenomena Symposia is the main venue for dissem-
inating recent and ongoing research. http://www.tsfp-
conference.org/index.html).

18

FIG. 21: Images from the experiments of Villermaux et
al. [232] showing a side view (top) and the an end view
(bottom) of circular jet. Both the inner shear layer and
the outer shear layer exhibit the mushroom shapes in
the end view. Reproduced from Phys. Fluids, 10, S2
(1998), with the permission of AIP Publishing.

D. Nonlinear behavior and transition to
self-similarity

Historically, the initial growth of these instabilities has
been treated as a linear (or weakly nonlinear) process.
However, as the velocities grow, and the mixing widths
increase, the nonlinearities inherent in the the Navier-
Stokes equations begin to grow and eventually play a
dominant role in the mixing process. When the flow
fields achieve a state of “fully developed turbulence” (the
precise meaning of which will be discussed later), the
flows tend to exhibit approximately self-similar behav-
iors. These self-similar behaviors can generally be de-
duced from fairly simple dimensional arguments - much
like those employed by Kolmogorov. However, the tran-
sition mechanisms that lead to the approximately self-
similar behavior are subtle. We will now discuss the
characteristics of the self-similar states, and describe
some metrics that indicate when the transition to self-



similarity will occur.

Self-similar scalings of RTI, RMI and of KHI are
directly related to the assumption of time-translation-
invariance [217, 218]. The appropriate scaling groups are
[198, 224]

' =7(t+to) — to, (47)
and
L'=¢L (48)
Self-similarity requires
Eh(t) = h(r(t +to) —to). (49)

where h is a characteristic length-scale of the mixing
layer, e.g., the bubble or spike size, or the mixing layer
width. The two parameter group (7 and &) is assumed
to be restricted to a simple power-law subgroup, & = 7¢
thus yielding

¢
h(t) = ho [W} . (50)
to
For the KH mixing layer at late times ( = 1. For the
RTI mixing layer at late times, ( = 2, but the growth will
look almost linear when 0 < t = ty, and only when ¢ > tg
will the growth be obviously quadratic. This alone might
account for some variations in reported measurements.
The same is true for the late-time, RMI induced mixing
layer, where ¢ = #. The t? scaling is only valid when ¢ >
to. The time required for the late-time similarity scaling
laws to be observed can be easily met if the temporal
transition criteria are satisfied (see subsection VIC).
When the mixing layer becomes “fully turbulent”, the
consensus of experiments and models of the RT mixing
layer (RTML) suggest an asymptotic approximately self-
similar state wherein the width of the mixing layer grows
as (t > tb/s,O)

hoys (t) = o Agt?, (51)

where a5 is a constant and the subscript b refers to the
bubble-side and the subscript s refers to the spike side
[104, 146, 148, 152, 219-223]. This is precisely the form
suggested by the equation 50 when ¢ = 2 and oy s Ag =
hb/510/t127/5,0' Under this limit, one obtains,

hs (t) /hy (t) = as/ap. (52)

At late times, the RM-induced mixing layer ex-
hibits traits of an approximately self-similar decaying
anisotropic, inhomogeneous turbulent field wherein the
width of the mixing layer grows as a power-law in time

hb/s (t) ~ i"b/s,OTgb/S~ (53)

where hy, /s has a dimension of a length scale. We must
emphasize that 7 must be nondimensional for the val-

ues of hy o, hso, 05 and 05 to be physically meaningful.
Clark and Zhou [198] represent the dimensionless time
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scale shown in equation 50, i.e., as 7 = (t +t/5,0)/ts/s,0-
Note that if 8, = 65 = 0, then we can identify ( = 0 in
equation 50, and the layer is self-similar. The values of
the exponents range from 0.17 to 0.667. Table 6.4 of Zhou
[7] provides a rather complete picture of the variation in
the estimates of the coefficients.

The perspective [136] that 65 > 6, implies that the
ratio of the spike and bubble widths grows without bound
in time implying non-self-similar internal structure. On
the other hand, the viewpoint of References [181, 224,
225], where a single value of 6 for the layer as a whole is
assumed, indicates (t > tj/5,0)

hs/hy — [hs.0/hyol[ts0/ts0]?, (6 =0s=80). (54)

Note that the values of virtual time origin could be
“folded” into the definitions of h, ¢ and hy o, but doing
so would change their dimensionality.

It is worth mentioning three recent publications rele-
vant to this issue. Thornber et al. [225] compared and
contrasted the RMI scaling exponent from the numerical
simulation databases from several independently devel-
oped codes. Elbaz & Shvarts [226] evaluated a new for-
mulation based on the well known mode-coupling models
of Haan [110, 111], Shvarts et al. [114], and Ofer et al.
[115]. In addition to providing a self-consistent exten-
sion of previous RTT theoretical studies, Elbaz & Shvarts
found that the results of RMI scaling exponent, 6 (2/5
in 2D and 1/3 in 3D). Using the Eddy Damped Quasi-
Normal Markovian theory (EDQNM) [227-230] of turbu-
lence, Soulard et al. found that § = 1/4 at low Atwood
number, A — 0 [231]. It would be interesting to further
confirm that the values of 6 from these publications will
be valid at late-time.

It has been observed experimentally and in simulations
that both the temporal and spatial KHI mixing cases,
the turbulent shear layers transition toward an approxi-
mately self-similar state. If compressibility and buoyancy
effects are negligible, the temporally-evolving shear layer
width grows linearly in time [198], i.e. ( =1 in equation
50, and the spatially-evolving shear layer width grows
linearly with position downstream from the splitter plate
[201]. The turbulent kinetic energy (defined in II) on the
centerline of the layer becomes constant with respect to
time for the temporally evolving layer, and constant with
respect to downstream position for the spatially evolving
case. Like the RMML, the KH shear layer represents an
anisotropic inhomogeneous driven turbulent field, where
the driver is the differential velocity across the layer.

The Kelvin-Helmholtz shear layer plays a significant
role in the RTML and RMML cases as well, where the
characteristic mushroom-shapes of the tips of the spikes
and bubbles are induced by a shear instability between
the penetrating and penetrated fluids. As the bubbles
and spikes continue to grow, the shear between the light
fluid and the heavy fluids within the mixing layer will
give rise to secondary KHI growth and mixing. The
mushroom shape is, in fact, physically associated with
the shear process itself, rather than the RTI or RMI pro-



cesses - see Figure 20 [208]. The mushroom features ap-
pear also in other sheared flows, e.g., around jet, shown
in Figure 21, where the fluids are the same in both the
inflowing jet, and the fluid into which the jet flows [232].
The fluids are distinguished in the experiment via a dye.

In particular, if viscous effects are small, short wave-
length perturbations grow quickly then saturate. Long
wavelength perturbations grow at a slower rate and sat-
urate at a larger amplitude. This implies that the domi-
nant length scale should increase for the RT,RM and KH
cases. If the dominant length scale increased in propor-
tion to the width of the mixing zone the process tends
to become self-similar. A number of empirical models
have been proposed and the interested reader is referred
to Ref. [7, 215, 216] for details.

A criterion for transition to self-similarity (which is
related to the transition to turbulence) should also be
mentioned. A factor ~10 increase in dominant length
scale is often given for this transition. Upon the transi-
tion toward self-similarity, the RTML mixing layer grows
as

2
hb/s (t) = ab/s-Ag (t =+ tb/s,O) . (55)

The parameter ¢/, is a virtual time origin, consistent
with the notion of time-translation invariance (Eqgs. 47 -
50). Alternatively, Equation 55 can be rewritten as

1/2
hoys (t) = s Agt> + (4o s Aghys o) Py hiss0,
(56)

where hy /s 0 = ozb/sAgtg/s)O is a virtual starting thickness
[149].

The corresponding behavior of the RMML observed
in experiments and simulations is generally represented
by form given in equation 53, where 6, < 1, and 0, < 1,
and generally 0, # 0,. Typically, the experimentalist or
simulationist will assign different power-law exponents
and prefactors to the bubble-side and spike-side of the
RMML, but the reader should be warned this matter
has some subtlety - if 8, # 6, the behavior is not truly
self-similar, as noted above.

Summarizing for RTI and RMI at onset of self-
similarity, it is reasonable to expect the following:

e For RTI, the virtual starting thickness, hy /s, de-
pends on how long it takes for the flow to become
self-similar, which in turn depends on the spectrum
of initial perturbations [149].

e For RMI, it is difficult to run simulations or experi-
ments far enough to achieve self-similarity (Youngs,
see pages 38-39 of Ref. [8]) and in many cases, the
time origin, ¢,/ 0, must be incorporated for the in-
fluence of initial conditions [198].

The value of 6 is sensitive to the choice of the point
where self-similarity is assumed to be established, as il-
lustrated by Thornber [233]. The value of a obtained in
Eq. 55 for a turbulent mixing layer is dependent to some
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degree on the definition of the edge of the mixing layer, so
caution should be exercised when comparing various esti-
mates of the mixing layer growth rate [234]. Indeed, it is
important to note that there is no universally accepted
definition of the “edge” of as turbulent mixing layer —
different authors may use different metrics to define the
edge of a mixing layer. For example, the edge might be
defined as that position (in a planar layer) where the
penetrating liquid occupies some small specified volume-
fraction, or perhaps mass-fraction of the overall fluid.

A more robust metric is the actual amount of mixed
mass [235]

M= / 2PV YadV, (57)

where Y; and Y5 are the volume fractions of the two
fluids, could be viewed as a more direct marker of the
evolution of the mixing layers due to hydrodynamic in-
stabilities than the mixing layer width. An especially
attractive feature of the mixed mass M is that it is a
conserved quantity.

The importance of the mixed mass is evident from re-
cent measurements using the high-energy-density-physics
platform [18, 236-238]. Figure 22 shows the measured
total neutron yield across the ensemble of cryogenic low-
foot DT experiments against their inferred CH(Si) mix
mass. While there is large variability in the amount of
measured mix, there is clearly a trend of neutron yield
dropping with increasing mix [18].
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FIG. 22: DT neutron yield versus inferred mix mass
(which scales with the x-ray enhancement factor) for
the layered low-foot implosions. Points are color coded
by peak laser power. Reproduced from Ma et al. [18],
Phys. Plasmas, 24, 056311 (2017), with the permission
of ATP Publishing.



E. Other Interesting Plasma Instabilities

The RTI, RMI and KHI are hydrodynamic instabili-
ties in that they arise in purely hydrodynamic descrip-
tions and do not fundamentally depend on additional
plasma properties (e.g., electric or magnetic fields) nor
on kinetic effects. While this article focuses on situa-
tions in ICF/HEDP and astrophysics where these insta-
bilities play a key role, there are also many cases where
instabilities and turbulence that are not purely hydrody-
namic occur in plasmas. For example, kinetic instabilities
also arise in the above mentioned settings, and there is a
whole “ecosystem” of instabilities that arises in magne-
tized plasmas, in which the “background” magnetic field
plays a key role. A detailed discussion of these topics
is beyond the scope of current article and we will only
provide a very concise sketch here for completeness.

Kinetic streaming instabilities can arise in ICF and
HEDP experiments and can result in rapid (much faster
than collisional) transfer of flow energy into heat [239].
The Weibel instability is an electromagnetic stream-
ing instability that has been postulated as a dissipa-
tion mechanism important in collisionless astrophysical
shocks [240], and has been produced and observed in
specially designed HEDP experiments [241]. A variety
of plasma instabilities can cause unwanted scattering of
laser energy [242, 243] or (sometimes desireable) conver-
sion into different waves [244].

In the case of tokamaks, as an important example of
laboratory magnetized plasmas, various categorizations
of the instabilities and turbulence are of value. Denoting
n, m as the toroidal and poloidal mode numbers there
are “macro” or global instabilities for which the modes
are large scale and have low n and m, and small-scale
“micron”-instabilities, for which the modes have the high
n and m. The simplest extension of hydrodynamics that
allows for significant electromagnetic effects is the “mag-
netohydrodynamic” (MHD) description [245-248], which
allows for self-consistent evolution of the magnetic field
along with the usual fluid fields (e.g., velocity, pressure,
mass density). A relevant and useful (if singular) limit of
MHD is “ideal” MHD, in which dissipative effects such as
resistivity and viscosity are neglected. Large-scale ideal
MHD instabilities can be particularly virulent and can
result in large rapid losses of tokamak energy or plasma
up to the complete loss of the plasma. When the plasma
is ideal-MHD stable, it may still be unstable to “non-
ideal” modes, i.e., those fundamentally dependent on re-
sistivity or other dissipation mechanisms. These act on
slower time scales but can nevertheless also lead to loss of
plasma or significant degradation in plasma confinement.

Plasma instabilities can also be classified according to
the driving source of free energy. Current-driven insta-
bilities, i.e., those driven by equilibrium electrical plasma
currents include ideal and resistive “kink” modes. The
latter are also known as “tearing” modes [249] as they in-
volve a tearing of magnetic flux surfaces, resulting in a re-
arrangement of their topology. There is a variant known
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as “neoclassical” tearing modes, in which the “bootstrap”
current associated with magnetically trapped particle or-
bits and collisions plays a significant role. Finer scale cur-
rent driven modes in the edge pressure “pedestal” region
are known as “peeling” modes. Pressure driven modes,
include RT-like interchange modes. Here, if the pressure
gradient is in the same direction as the mean curvature
or magnetic-field gradient then an “internal” RT-like in-
stability can result in which whole magnetic “flux tubes”
of plasma will interchange. If this “bad” magnetic field
gradient and curvature are localized poloidally, i.e., in the
outside region of the toroidal tokamak plasma, then “bal-
looning” modes result, in which the flux-tube interchange
is also poloidally localized. An additional potentially im-
portant source of free energy that can cause instabilities
is energetic ions, which may result (via resonant charge
exchange) from neutral beams used for plasma heating
or arise as fusion products.

The MHD modes are “electromagnetic” in that they
involve coupled evolution of the flows and the (solenoidal)
magnetic field, and the (irrotational) electric field is
unimportant. There are also electrostatic modes in which
the electric field evolution is dominant over that of the
magnetic field. These tend to arise at fine to very fine
spatial scales, but can degrade the plasma (particle and
energy) confinement in plasmas that are stable to large
scale modes. The toroidal ion [250] and electron tem-
perature gradient modes [251] are electrostatic internal
RT-like instabilities driven by the combination of tem-
perature gradients and the magnetic field gradient and
curvature. In the absence of magnetic field gradients
and curvature, temperature gradients can still drive an
instability by creating an effective negative compress-
ibility [252, 253]. Pressure, temperature and density
gradients can drive various (diamagnetic) drift instabili-
ties through a variety of effective dissipation mechanisms
such as collisional resistivity [254] and Landau damping
[255]. Trapped-particle instabilities are typically drift
modes in which collisional or collisionless responses of
trapped particles provide effective dissipation [256]. Ra-
dial shear in the parallel velocity gradient, due to toroidal
rotation shear driven typically by the momentum im-
parted by neutral beams can also be an important source
of instability drive.

Good pedagogical references on ideal MHD instabil-
ities include Bateman [245] and Freidberg [246], and
and a more general treatment of instabilities (especially
global/macro instabilities) can be found in Wesson [247].

Some of the instabilities discussed above have been
shown to have major consequences. “Disruption” events,
[257, 258], which can result in complete rapid loss of
plasma and current, large populations of highly energetic
“runaway” electrons, large inductive forces and material
damage, are due to various causes including phase lock-
ing of multiple large-scale MHD modes. “Mirnov oscilla-
tions” [259] seen in magnetic signals result from tearing
modes and reconnection near the outer surface with n=1,
m=q,, the number of toroidal circuits a field line makes



for each poloidal circuit near the edge of the plasma.
Large “sawtooth” oscillations in the central tempera-
ture and density [260] can result from internal m=n=1
reconnection. Magnetically trapped energetic ions can
drive “fishbone” oscillations [261] via resonance between
their precession and m=n=1 MHD perturbation. Fine
scale ballooning modes act in combination with the peel-
ing modes at the pressure pedestals that arise in high-
confinement (“H-") mode plasmas and result in a phe-
nomenon known as “edge-localized modes” [262] in which
the pedestal confinement cyclically collapses or degrades.
A key way to limit power flow to material surfaces in a
tokamak is to create a “detached” plasma region near
material plates in which a layer of cold plasma radiates
away the much energy before it can reach the plates.
The creation of this detached layer is tricky because a
“MARFE” instability [263] can arise in which the cold
plasma expands into the core region. Finally, even in the
absence of such large-scale events, the finer scale turbu-
lence results in transport of heat and particles that sets
the limits on fusion plasma performance.

Nowadays, there is a vast body of work using ki-
netic and fluid simulations of both large-scale instabil-
ities and “events” and small-scale instabilities and the
associated turbulence. In addition to quantitative cal-
culation and parameterization of transport and compar-
ison of predicted turbulence signatures with experiment
[264], interesting fundamental phenomena have been dis-
covered and characterized. For example, there is a non-
linear upshift in the gradients needed to drive signifi-
cant turbulence relative to the thresholds for the under-
lying linear modes [265-268] and the saturation by stable
modes at wavenumbers similar to those of unstable modes
[269, 270] as opposed to the wavenumber “cascades” fa-
miliar in hydrodynamic turbulence.

Before closing this section, it is worth mentioning some
other instabilities and turbulence found in space plasma
and geophysics (see for example, Seropian et al. [271]).
The magneto-rotational instability is an instability that
arises in accretion disks due to the decrease in angular
velocity as a function of distance, and which results in a
turbulent viscosity (transport of angular momentum) in
the disk. The reader is referred to classical references by
Velikhov [272] and Chandrasekhar [273]. In the magne-
tospheres of the Earth, planets and stars, reconnection,
shocks, plasma jets are important issues (see for exam-
ple, Collinson et al. [274]). The link between shocks, tur-
bulence, and magnetic reconnection in collisionless plas-
mas has been addressed, for instance, by Karimabadi
et al. [275]. Finally, the Sun and stars exhibit a vari-
ety of observable phenomena, including flares, eruptions,
prominences, sunspots, turbulent dynamo (Mackay et al.
[276]).
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IV. INERTIAL CONFINEMENT FUSION
IMPLOSION

A. Spherically converging implosion

ICF aims to achieve thermonuclear fusion by compres-
sion of deuterium-tritium (DT) fuel to extreme densities
and temperatures [277]. ICF requires both the heating
the fuel to sufficiently high temperatures to initiate fu-
sion burn (i.e., reach a sufficiently large DT fusion reac-
tion cross section) and also to compress the fuel to high
densities so that the inertia of the fuel itself can confine
the burning plasma long enough to achieve significant
fuel burn up. Experiments are currently under way to
demonstrate the first steps of ICF ignition at the National
Ignition Facility (NIF) at Lawrence Livermore National
Laboratory (LLNL) [278]. In these experiments, the indi-
rect drive approach to ICF is being pursued where NIF’s
1.8 MJ of laser energy are first converted to soft x-rays
inside of a high-Z enclosure or hohlraum [16]. These soft
x-rays then ablate the outer surface of a spherical low-Z
capsule suspended in the middle of the hohlraum, driving
strong shocks into the capsule to implode and heat the
fuel. Experiments where the capsule is driven directly by
laser beams (direct drive) are also being studied, prin-
cipally at the University of Rochester’s Laboratory for
Laser Energetics (LLE) [279].

In the typical ignition scheme, a spherically converg-
ing implosion is arranged to heat a low-density but high
temperature central hot spot, while a surrounding colder
fuel layer is compressed to high density but at much lower
temperatures to achieve the necessary confinement [280].
This separation into a high-temperature hot spot (~10
keV) and a cold but dense main fuel (> 500g/cm?®) min-
imizes the overall energy investment necessary to reach
ignition conditions. Ideally, if the central hot spot is large
enough that the fusion product a-particles slow down
within and self-heat the hot spot, run away fusion igni-
tion can occur, propagating a detonation wave into the
surrounding dense fuel. At a hot spot density of ~100
g/cm?, this requires a hot spot radius of ~30 pm and
an energy investment of ~ 40 kJ. With ~ 100 mg of
surrounding DT fuel compressed to > 500g/cm?, a burn
duration of ~ 50 ps is possible resulting in a burn-up frac-
tion of ~ 1/3 and a yield of ~ 10 MJ. Assuming a total
coupling efficiency of ~10%, this idealized scaling sug-
gests that substantial energy gain is possible with only
~ 400 kJ of absorbed energy. Decades of experimental
and theoretical ICF research have shown this scaling to
be highly optimistic, however, in large part due to the
impact of hydrodynamic instabilities during the implo-
sion.

B. Various phases of hydrodynamic instabilities

The high compression necessary to achieve the relevant
densities for ICF inevitably implies a high convergence
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FIG. 23: Typical ICF implosion.

and high velocity implosion. In turn, this high conver-
gence and acceleration to high velocity provide ample
opportunity for hydrodynamic instabilities to develop,
dominantly the well-known RT and RM instabilities.

Details of a typical ICF implosion are shown in Figure
23. The figure shows radius vs. time of an imploding ICF
capsule from a 1-D Lagrangian simulation. The different
colored traces show the different materials making up
the shell: the interior volume is filled with low-density
DT gas, the main fuel is a thin layer of DT ice shown in
green, and the outer shell is composed of various layers
of doped plastic (CH) that are ablated by the incident x-
ray flux. The time dependence of the hohlraum radiation
temperature (or x-ray flux) that drives the implosion is
shown by the thick black curve with the scale on the right.
Each step in the radiation temperature launches a shock
into the capsule and ultimately accelerates the shell to a
velocity of more than 350 km/s by the peak of the x-ray
drive. Stagnation, and hopefully fusion ignition, occurs
in the last few hundred picoseconds of the implosion.

Line-outs of the shell density from the three represen-
tative times marked in Figure 23 are shown in Figure 24.
During the first time shown in Figure 24, several strong
shocks can be seen propagating through the DT fuel and
plastic ablator shell. As the shocks cross the various in-
terfaces in the capsule, including the ablation front (or
outer surface of the imploding capsule), RM instabilities
can develop. While the RM modulation amplitudes are
generally quite small due to the very smooth surfaces of
the initial capsule and grow only slowly with time, RM
growth is important in setting the initial amplitudes (and
phases) for subsequent RT growth [281]. After the shocks
break out from the inside of the shell, the shell begins to
accelerate, and a subsequent RT unstable phase of the
implosion begins, as represented by the second time in
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the figure. This phase again involves instability growth
at both the ablation front and at any interior interfaces
with an unstable density gradient.

At the ablation front, the ablation of the outer capsule
surface exerts a strong stabilizing effect on RT growth
[282-284]. This stabilization is essentially due to the
“polishing away” of the perturbations that occurs un-
der ablation: the steepened temperature gradients in
the neighborhood of a perturbation maximum causes en-
hanced heat flux and enhanced drive pressure near that
maximum, both of which tend toward the suppression of
the perturbation maximum and an effective reduction in
its growth. Sufficiently short wavelengths are in fact com-
pletely stabilized and only a finite spectrum of modes can
grow in the presence of ablation, unlike in the classical
case (see also, subsection IV C).

At the interior interfaces, however, particularly the in-
terface between the DT fuel and plastic ablator, there
is no ablative stabilization and classical RT instability
growth can occur [285, 286]. The only means of control-
ling this instability growth is by managing the amplitude
of the unstable Atwood number at this interface through-
out the implosion. It is precisely for this reason that the
dopant layers shown in Figure23 are added to the plastic
ablator. By doping the plastic and increasing its opacity,
the interior layers of the ablator are subject to less x-ray
heating from the driving x-ray radiation. This causes
the interior ablator layers to remain relatively cool and
hence dense if they are compressed to the same pressure.
In turn, this reduces the unstable Atwood number and
subsequent instability growth between the DT fuel and
ablator. This interior stabilization comes at a cost, how-
ever, in that adding dopant to the ablator also steepens
the outside ablation front during the implosion causing
that surface to become more RT unstable. ICF implo-
sion design, and indeed the success of ICF, depend on
properly managing these competing instability demands.

Finally, in the last few hundred picoseconds of the im-
plosion, the shell stagnates to form a low density but high
temperature and high pressure hot spot. In this phase,
labeled as three in Figures. 23 and 24, the low density
hot spot now decelerates the denser shell, and again RM
and RT instabilities can develop at the interface between
them. If the perturbation seeds are large enough or the
instability growth fast enough during this phase, pertur-
bations of the hot spot-main fuel boundary can grow to
amplitudes large enough to quench the desired hot spot
ignition.

Note that none of the various phases of instability
growth shown in Figures. 23 and 24 occurs in isola-
tion. Indeed, a principle complicating factor of ICF is
that instabilities that develop at the ablation front during
the acceleration phase of the implosion can feed through
the finite thickness shell and act as seeds for instability
growth during deceleration around the edge of the hot
spot. Moreover, there are multiple initial imperfections
in real ICF targets that can act as initial seeds for RM
and RT growth. These include the roughnesses inherent
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FIG. 24: Distinctive hydrodynamic instabilities during the ICF implosion process

to each surface in the capsule at the start of the im-
plosion, both the external ablator surface and all of the
internal surfaces between the ablator layers, ablator and
DT fuel, and finally the inner surface of the DT ice layer.
Bulk inhomogeneities, either in density or opacity, can
also seed instabilities, as can asymmetries in how the im-
plosion is driven, either by x-rays or directly by lasers.
Finally, all of the discrete features inherent in any prac-
tical target are also very important seeds to instabilities,
the 45 nm thick plastic membrane or “tent” used to sup-
port the capsule at shot time and the micron-scale fill
tube used to fuel the capsule with DT prior to the shot
are the leading examples of these.

The interactions of all of these multiple effects and
the reality that instabilities in ICF implosions typically
evolve into a weakly nonlinear phase, make a detailed
understanding of hydrodynamic instability evolution in
ICF extremely complicated. Naturally, heavy reliance
must then be made on numerical simulation for a quan-
titative understanding. Over the previous decades, in-
stability modeling in the ICF context has become quite
sophisticated relying on highly developed multi-physics
codes that couple radiation transport, hydrodynamics,
thermonuclear burn, and detailed material properties
(equations of state and opacities) in realistic 3D geome-
try [287-289]. Indeed, quantitative comparisons between
simulation and experimental data from high-convergence
NIF implosions have only proven feasible with these fully
3D, multi-effect simulations [290-293].

C. Ablative Rayleigh-Taylor Instability

Here, a slightly enhanced discussion will be provided
on the ablation-front Rayleigh-Taylor instability (ARTI)
[282, 284, 294-302]. ARTI was responsible for a sig-

nificant fraction of the degraded implosion performance
observed during the National Ignition Campaign (NIC)
on the National Ignition Facility (NIF) [303-306]. The
subsequent high-foot implosion [307-313], which was de-
signed to mitigate ARTI performed much better. The
essential stability benefits of the high-foot scheme can be
understood from examining an expression for the linear
growth-rate of ablation driven RTI [314]

[k
YA—RTI = Oéz(F’f’, Z/) H—% —ﬁQ(FT, V)k’l}a (58)
P

where k is the perturbation wavenumber, ¢ is the ablator
acceleration, L, is the density gradient scale-length of
the ablation front, and as and 3 are parameters of order
unity whose exact values depend upon a heat conduction
scale-length parameter, v, and the Froude number, F'r =
v2/(gL,). The classical RT growth-rate, ypr = kg is
easily recognizable in Eq. 58.

The key stabilizing effects of the high-foot drive enter
through the higher ablation velocity increasing the Sakv,
ablative stabilization term of Eq. (58) and through an
increase in L, which reduces the \/kg unstable RT drive
term. The increase in L, is primarily due to a stronger
1%¢ shock designed into the high-foot implosion which in-
creases the adiabat of the implosion and prevents the ab-
lator from becoming so highly compressed (risking break-
up) during the implosion. It is also worth noting that the
14+ kL, factor comes from a paper by LeLevier et al. [315]
on density gradient stabilization. Recent indirect drive,
planar experiments have been carried out at NIF to study
the ARTT in transition from a weakly nonlinear to highly
nonlinear regime [316]. In these experiments, a planar
package is accelerated by a 175 eV radiative temperature
drive used to accelerate this planar sample over millime-
ter distances and tens of nanoseconds intervals. This ex-
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FIG. 25: 3D simulations of NIF implosion.

tended acceleration allows experiments on NIF to enter a
turbulent-like regime where simultaneous measurements
of the foil trajectory and the subsequent RTT growth were
performed and compared with radiative hydrodynamics
simulations. This work demonstrated in indirect-drive a
bubble- competition, bubble-merger regime for the RTI
at ablation front in planar geometry [317].

A planar direct-drive platform has been developed on
the NIF, which allows the acceleration of targets over an
interval of 30 ns. Planar plastic samples were directly
irradiated by 300 450 kJ of UV laser light (351 nm)
and very good planarity of the laser drive was demon-
strated. No detrimental effect of imprint was observed
in the case of these thick plastic targets (300 pum). The
long-duration direct-drive platform is utilized to study
the ARTI in direct drive in planar geometry, where the
growth of two dimensional pre-imposed perturbations is
measured through time-resolved face-on x-ray radiogra-
phy and used to test models and radiative hydrocode
simulations. The ARTTI is then measured in its highly
nonlinear stage starting from intentionally large 3D im-
printed broadband modulations. Two generations of
bubble mergers were observed in direct drive, planar ex-
periments [318, 319].

While much progress in ICF has been made with high-
foot and derivative designs [320], now bringing the field
to the threshold of a burning plasma [321-323], hints of
yet another form of RTT — now at the deuterium-tritium
fuel-ablator interface [324] on the inside of the ablator —
may be limiting further progress until further mitigation
actions are taken.

Controlling hydrodynamic instabilities is essential to
the success of ICF implosions. This is evident in the
experimental data from NIF where neutron yields have
increased two orders of magnitude in progressing from
highly unstable low foot implosions to much more stable
HDC ablator implosions and is visually apparent in the

simulation results in Figure 25. Further mitigating the
growth of these instabilities or reducing the perturbation
sources that seed them will be key to further progress.

V. SUPERNOVAE

There are many phenomena in astrophysics that lead
to hydrodynamic instabilities in the deep nonlinear to
a turbulent state, one example being a core-collapse su-
pernova, as depicted in the simulation results shown in
Figure 26, [9, 325], and in the Cas-A supernova remnant
(SNR) and the Crab Nebula SNR [326, 327].

A. Supernova Classification

Supernovae (SNe) are the energetic explosions that
mark the end stage of certain types of stars. They come
with a variety of observational signatures depending on
the structure of pre-collapse progenitor star, typically in
the form of spectra—typically in the visible frequencies—
and light curves, i.e., the spectral intensity as a function
of time. For historic reasons, SNe are broadly categorized
into two groups: Type II SNe, which indicate the pres-
ence of hydrogen in their spectra, and Type I SNe, which
do not. From there, supernovae are further classified
based on additional spectral features. Notably, the Type
I class of SNe are subdivided into Type Ia SNe, which in-
dicate the presence of Si Il absorption lines, and Types Ib
and Ic, which do not. Similarly, the class of Type II SNe
is further subdivided based on various spectral features
as well as the broad shapes of their light curves. Each of
these observational signatures says something fundamen-
tal about the physical circumstances of the pre-explosion
progenitor star and the mechanism of the explosion itself.
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FIG. 26: Results from two core-collapse supernova simulations and two supernova remnant astronomical
observations. (a) Supernova simulation of Miiller et al. [9], shown at 3039, 5534, 7126, and 12557 sec after core
collapse. Reproduced with permission from Astronomy and Astrophysics, 251, 505 (1991). (b) Kifonidis et al.
shown at t = 100, 300, and 1500 sec after core-collapse [325]. Reproduced with permission from Astronomy and
Astrophysics, 408, 621 (2003). (c) Cassiopeia A supernova remnant (SNR) astronomical observation, and lower

right corner inset is greatly over-exposed to show what looks like RT bubbles and spikes [326]. Reproduced with
permission from Hwang et al., Astrophys. J., 615, 1117 (2004). Copyright 2004, Institute of Physics. (d) The Crab

Nebula SNR (https://www.spacetelescope.org/images/heic0515a/) showing significant nonuniformities and
filamentary structures, which have been interpreted to be, in part, due to magnetized RT [327]. Image Credit:

NASA.

Before these things were fully understood, the classifica-
tions could only be based on the only things that were
known for certain, namely, observational features of SN
spectra and light curves. It is now widely believed that
Type Ia SNe are the thermonuclear explosions of lower-
mass white dwarf (WD) stars and that the remainder,
including Types Ibc and II, are primarily caused by the
gravitational collapse of the progenitor star’s core.

B. Stellar Evolution

Most stars, including our own Sun, fall onto an evolu-
tionary track called the main sequence. Figure 27 shows
a Hertzsprung-Russell diagram (HRD) of absolute mag-
nitude versus color for a large sample of stars (over 4
million, selected for low extinction) from the Gaia mis-
sion’s second data release catalogue [328]. A star’s lo-
cation on the HRD is almost entirely a function of the
star’s mass, though it changes as the star evolves. This
mass largely affects the method of energy production and
energy transfer within the star, hence it primarily de-
termines a star’s internal hydrodynamic structure. Stars
with masses below about 1.5 Mg, primarily fuse hydrogen
into helium via proton-proton chain reactions, while for
more massive stars, the core temperature is high enough
to allow fusion via the carbon-nitrogen-oxygen (CNO) cy-
cle. Since the energy production rate for proton-proton
chains is not so sensitive to temperature, the cores of
lower-mass stars are typically stable to convective over-
turn. In this case, energy is instead transported in the
core via radiation. If the outer shells of lower-mass stars
are cool enough that hydrogen remains neutral, then the
opacity to absorption of ionizing ultraviolet (UV) radia-

tion will be very high, hence this outer layer will be unsta-
ble to convective overturn. In contrast, the energy pro-
duction rate in the CNO cycle depends very sensitively
on the star’s temperature, thus in higher-mass stars the
temperature gradient is steep enough to drive core con-
vection. The outer layers of these stars tend to remain
hot enough that hydrogen is kept fully ionized, hence
these layers are transparent to UV photons and are not
usually convective. These various details combine to de-
termine the equilibrium structure that supports the star
against its own self gravity during its main-sequence life-
time.

As stars burn through their fuel, first fusing hydrogen
into helium and then potentially on to successively heav-
ier elements, they release energy in the form of radiation
and heat. At a given point in time, a star’s internal struc-
ture is arranged such that the inward self-gravitational
force is balanced by the outward pressure gradient [329].
As the initial hydrogen fuel runs out, the star begins to
move off the main sequence, and its subsequent evolution
depends on the star’s mass [330]. If there isn’t enough
fuel to maintain a sufficient pressure gradient to support
itself against gravitational collapse, the star must con-
tract. This contraction both heats the helium core and
brings hydrogen from the cooler outer layers into a re-
gion that is hot enough to continue fusion within a shell
surrounding the core.

As hydrogen continues to burn, the helium core grows
in mass and eventually either loses the ability to op-
pose gravitational contraction via thermal pressure and
becomes degenerate [331] or else the core becomes hot
enough (~10% K) to ignite helium burning via the triple-
alpha process. For stars in the mass range ~0.8 — 2 M,
the core reaches degeneracy first, but since degenerate
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FIG. 27: Hertzsprung-Russell diagram based on a
sample of more than 4 million stars from Gaia’s second
data release catalogue. The color of the points indicates

the probability density of stars plotted at a given
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(a proxy for surface temperature). The prominent band
of stars running diagonally from the upper left to the
lower right is known as the main sequence. Also visible
is the red giant branch and the white dwarfs.
Gaia Collaboration et al. [328]. Astronomy & Astrophysics,
616, A10 (2018); licensed under a Creative Commons
Attribution (CC BY) license.

matter does not expand to cool in response to an increas-
ing central temperature, the core is no longer in thermal
equilibrium with the surrounding shells. Once the core
temperature reaches ~10% K and helium burning is ig-
nited, the temperature increases, which in turn makes
helium burning more efficient, thus nearly the entire he-
lium core is burned into carbon and oxygen in a runaway
flash within a matter of hours. For more massive stars,

Luminosity (L,,)
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the central temperature reaches ~108 K before the on-
set of degeneracy, igniting helium burning more slowly.
In either case, the shell hydrogen burning via the CNO
cycle becomes much more efficient as the shell contracts
and heats up along with the core, causing the outer hy-
drogen envelope to expand and cool and giving the star a
reddish appearance; the star is now said to have entered
the red-giant branch (RGB) phase of its evolution.

Once the core helium is exhausted, the star then en-
ters the asymptotic giant branch phase in which a core of
carbon and oxygen builds up. Eventually, the core con-
tracts once more, becoming degenerate, then heats up
and ignites helium fusion in a shell surrounding the core,
with a shell of burning hydrogen surrounding that. After
the helium-burning shell eventually runs out of fuel, the
hydrogen shell continues burning. The star then under-
goes a series of thermal pulses in which a layer of helium
periodically builds up below the hydrogen-burning shell,
contracting and heating up enough to reignite helium
burning in a runaway flash that puffs up the star and
may eject the outer shell of material. Meanwhile, mass is
also continuously lost through strong stellar winds such
that most of the star’s mass is lost as a planetary nebula
[332] during this phase of its evolution. For stars with
mass below ~8 Mg, the carbon-oxygen core will never
reach sufficient temperatures to ignite the next stage of
fusion, thus the hot remnant core of degenerate matter
will eventually cool to a white dwarf. In more massive
stars, fusion continues to produce successively heavier el-
ements at an increasingly rapid pace but releasing less
and less binding energy. Eventually, fusion can no longer
produce sufficient energy to prevent the imminent gravi-
tational collapse of the core.

C. Type Ia Supernovae

Most stars end their evolutionary lifetimes as white
dwarfs, although the time to arrive at this state varies
as a function of stellar mass. White dwarfs are the very
dense carbon-oxygen cores of stars that have exhausted
their supply of fuel to sustain further nuclear burning.
As a result, they can no longer produce sufficient thermal
pressure to support themselves against gravity, although
electron degeneracy pressure is sufficient to prevent fur-
ther gravitational collapse. As the mass of a white dwarf
increases, degeneracy forces the average electron energy
to higher and higher levels in order to resist gravity.
Eventually, the energies of these electrons must approach
their rest-mass energies, at which point they become rel-
ativistic particles. At a mass of approximately 1.4 Mg,
a white dwarf reaches the Chandrasekhar limit [333], a
fundamental stability threshold beyond which electron
degeneracy can no longer prevent imminent collapse.

If a white dwarf can somehow continue to gain mass
and approach this limit, collapse will become inevitable.
The star will explode as a Type la supernova with a
canonical explosion energy of a few 10°!' erg, which is
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sufficient to unbind and destroy such a star completely.
Unlike Type IT SNe, these events are observed in all kinds
of galaxies and are believed to be the end of long-lived
stellar systems. The peak luminosity of Type Ia SNe
exhibits a strong correlation with its subsequent rate of
decline in luminosity known as the Phillips relation [334],
which has been used to correct for variations in the peak
luminosity to high accuracy. This allows Type Ia SNe to
be used as a standard candle to measure the distances to
their host galaxies, and since they can be observed much
further away than other types of distance measurements
would allow, they therefore play an important role in
cosmology. However, the identification of the progenitors
of Type Ia SNe remains an unsolved problem.

There are two main proposed routes to Type Ia SNe:
the single- and double-degenerate models. In the sin-
gle degenerate scenario, a binary system containing a
white dwarf and a red giant orbit each other close enough
that as the outer layers of the giant expand, they be-
gin to spill over into the gravitational potential well of
the white dwarf. In this process, known as Roche lobe
overflow, a steady amount of mass is accreted onto the
surface of the white dwarf, pushing it closer to the Chan-
drasekhar limit. As this limit is neared, the white dwarf
becomes unstable and contracts enough to ignite carbon
fusion. This dramatically increases the temperature of
the white dwarf, but since degeneracy is a quantum-
mechanical phenomenon not a thermal process, the star
cannot respond to or regulate this process, leading to
a rapid, runaway thermonuclear explosion. Because the
evolutionary paths of white dwarfs lead their progeni-
tors to be so similar in mass and composition, this may

explain the uniformity of their peak luminosities. How-
ever, the accretion of material onto a white dwarf should
cause significant X-ray emission, which seems to missing
in X-rays observations of nearby galaxies [335].

In the double-degenerate scenario, a binary system
consisting of two white dwarfs emits gravitational waves
and spirals in on itself, eventually merging into a single
super-Chandrasekhar-mass object that must eventually
explode. However, no such gravitational wave signatures
have yet been detected. Furthermore, the inspiral model
implies a much longer evolution with a distribution of
delay times between the formation of these systems and
their explosion as supernovae that should be observable.
So far the data are still inconclusive, but there are clearly
different observed Type Ia SN rates in active star-forming
galaxies versus passive galaxies [336] and recent observa-
tions of Type Ia SNe within a few days of their explo-
sions show differences in spectral features between two
distinct populations [337]. Yet another mechanism has
been proposed wherein a triple system becomes dynam-
ically unstable, leading to the head-on collision of two
white dwarfs [338].

Although the specific progenitor details are still uncer-
tain, a Type Ia SN explosion originates with the onset
of carbon burning at one or more sites deep within the
star. The increased heat provided by nuclear burning
is not lost to the expansion of the star, but instead, in-
creases the efficiency of local fusion reactions and leads
to thermal runaway. Due to the high sound speed in the
interior of the star, this leads to a subsonic deflagration
front that expands outward via the RTI. The interac-
tion of the burning front with the turbulent outer layers



of the star leads to a complicated explosion morphology
that is not yet well understood. Furthermore, the explo-
sion itself will interact with the companion star and with
circumstellar material, possibly fueled by the radioactive
decay of 56-Ni created from material dredged up from
the deep interior of the star by convective overturn prior
to explosion.

The details of these various interactions play a key role
in determining the variability of peak luminosity among
Type Ia SNe. Accurate numerical modeling of the RTI
within the star is needed to understand the dynamics of
the deflagration front, which is complicated by the very
high Reynolds numbers (Re =~ 10*) of the flow [86][339]
and the scale limitations of direct numerical simulations.
In particular, numerical models must be able to pro-
duce sufficient energy to unbind the star, explain the
production of intermediate-mass elements at observed
abundances, and their ejection at very high velocities.
Simulations with Reynolds number in range 10* — 10°
have demonstrated a weak Reynolds number dependence
of the explosion kinetic energy to the released gravita-
tional potential, which underscores the need for accurate
numerical modeling in the high-Reynolds-number regime
[149].

D. Core-collapse Supernovae

Core-collapse supernovae (CCSNe) are the end-stage
events of the stellar evolution of massive (2 8 M) stars.
They are extremely energetic events with a canonical di-
agnostic explosion energy of 10°! erg, a unit often referred
to as 1 Bethe [340], distributed in a range of about 0.1-
10 Bethe. They often leave behind a neutron star core,
although sometimes the core can collapse directly into a
black hole, and due to explosion asymmetries, they are
often “kicked” at velocities of ~50 — 200 km s~ '. A ma-
jor unsolved problem in CCSNe is an explanation of the
mechanism that leads to explosion.

Electron degeneracy does not play a significant role in
halting the nuclear evolution of CCSNe progenitors. In-
stead, they continue contracting, heating up, and igniting
fusion of successively heavier elements. The density, tem-
perature, and chemical profiles of the pre-collapse pro-
genitors play an enormous role in the outcome of the
explosion. The least massive progenitors (8 — 9 M) are
believed to possess cores of oxygen, neon, and magne-
sium [341]. These “O-Ne-Mg” cores lose support through
a process whereby electrons are “captured” onto proton-
rich nuclei, producing a neutron and an electron neutrino
that radiates energy out of the core. The sudden drop
in pressure collapses the core, leads to runaway oxygen
burning all the way to iron, and subsequent explosion
of the core into a rather tenuous outer envelope with a
very steep density drop-off. This results in a prompt
yet under-energetic (~0.1 Bethe) neutrino-wind-driven
explosion [342, 343].

In more massive stars (2 9 M), fusion proceeds until
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a degenerate iron core is formed, surrounded by “onion”-
like layers of silicon-, oxygen-, neon-, carbon-, helium-,
and hydrogen-burning layers, respectively (Figure 28).
Each new stage of burning provides successively higher
temperatures and correspondingly faster nuclear burn-
ing rates accompanied by significant neutrino losses that
dramatically speed up the evolution of the star, with the
silicon-burning phase lasting just a few days. Approach-
ing the “iron peak,” the nuclear binding energy per nu-
cleon released by fusion decreases until it reaches a point
beyond which fusion becomes an endothermic process.
Thus, iron represents the final stage of nuclear burning,
and when degeneracy pressure can no longer support the
core against gravity, it collapses (Figure 29) [344].

The collapse of the inner core (< 5,000 — 10,000 km)
proceeds within less than a second. Upon infall, the
central density and temperature continue to rise. Be-
cause the increase in temperature is, in part, directed
into excited nuclear states instead of kinetic energy,
the temperature increase is moderated, allowing the nu-
clei to survive until the core reaches nuclear densities
(~2.6 x 10'* g ecm™3) [345]. The core separates into
a subsonic inner core that collapses homologously (i.e.,
with v, o r) as a unit and a supersonic outer core.
Once nuclear densities are reached, the strong nuclear
force dramatically stiffens the equation of state, and the
subsonic inner core “bounces” off of itself, halting col-
lapse and shooting like a piston outward from the sonic
Mach point into the supersonically collapsing outer core.
This generates a shock wave that must travel through
the outer-core material with sufficient energy not only to
overpower the ram pressure of the infalling material but
eventually to unbind the entire outer envelope; otherwise,
the supernova “fails” and instead collapses directly to a
black hole, an event that is very difficult to detect obser-
vationally. Unfortunately, neutrino losses almost always
sap a huge amount of energy from the bounce shock,
causing it to stall out into a standing accretion shock.

The primary reason the bounce shock stalls is due to
neutrino trapping. As the central density and temper-
ature increase in the collapsing core, the rate of elec-
tron capture onto nuclei shoots up rapidly, producing
neutrinos with increasingly higher energies. So, too, do
the cross sections for coherent scattering off the infalling
nuclei, rapidly decreasing the scattering mean-free-paths
such that the neutrinos begin to diffuse outward. At the
point where the diffusion speed becomes comparable to
the infall rate, the neutrinos become “trapped” and sub-
sequently compressed into excited degenerate states with
typical Fermi energies of ~100—300 MeV. As the bounce
shock propagates into the outer core, it dissociates nuclei
and lowers the optical depth to coherent neutrino scat-
tering. These nucleons are then free to capture electrons
via the charged-current reaction, producing an enormous
fluence of neutrinos that lasts ~10 ms. This “breakout
burst” is extremely luminous (~3 — 4 x 10°3 erg s71)
and robustly drains the bounce shock of energy to the
point that it stalls [345]. If the CCSN explosion is to
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be successful—they occur quite regularly at a volume-
averaged rate of roughly 1 yr—* Mpc ™ [346]—the shock
must be revived somehow.

The current leading theory for the revival of the stalled
bounce shock is the delayed neutrino-heating mechanism,
whereby neutrinos produced near the core are captured
in a region behind the shock, heating it and pushing the
shock further out. This also leads to a negative entropy
gradient in the “gain region,” i.e., the region behind the
shock where neutrino heating outpaces neutrino cooling,
which is unstable to convective overturn. Such turbulent,

convective motions may allow infalling material to dwell
in the gain region for longer periods. In order for the
supernova to explode, the characteristic heating time for
material in the gain region must be comparable to the
time scale for advection of material through the gain re-
gion; otherwise, the heated material will simply accrete
onto the core [347]. Therefore, turbulence plays a criti-
cal role in the understanding of the explosion mechanism
of CCSNe. For CCSNe, the physical Reynolds number
for the turbulent flow in the gain layer can be estimated
using a characteristic length scale of ~100 km, a charac-



teristic flow velocity of ~10,000 km s, and a character-
istic kinematic viscosity of ~0.2 cm? s~ for neutrons at
a density of ~10'° ¢ cm ™2 and temperature of ~10 MeV
to be Re ~ 1017 [87]. Although recent 3D simulations of
CCSNe exhibit numerical Reynolds numbers less than a
few hundred [see, e.g., 87, 347], there are other factors to
consider in assessing the physical fidelity of numerically-
modeled turbulence, including the role of buoyancy in
converting gravitational potential into kinetic energy and
subsequently into thermal energy via turbulent dissipa-
tion [348].

E. Instabilities, turbulence, mixing, and
astrophysical flows

In this subsection, we take a closer look at the instabil-
ity, mixing, and turbulence in a few selected astrophysical
flows. What makes SN explosions so complex is that each
of these phases of instability growth do not occur in iso-
lation, but growth in one phase feeds through to initiate
growth in a later phase.

As illustrated by Wongwathanarat et al. [349], the
evolution of the SN shock and the neutrino-heated ejecta
within the stellar envelope involve several types of hydro-
dynamic instabilities. During the shock transit phase of
the core-collapse, the RM instability is triggered at each
discontinuity in the density profile of the star. As the
explosion ensues, conditions arise where dense material
is accelerated by lighter material, the classic environment
for the RTI. This is prominently the case at the bound-
ary between the denser helium core ([C+0O]/He, He/H)
that is decelerated by the lower-density hydrogen enve-
lope. Similar effects can occur with smaller amplitude at
inner-core composition boundaries (Si/O, for instance).
Shear associated with RT fingers or other effects triggers
KHI, and shocks propagating across steep density gradi-
ents near composition discontinuities induce RMI [350].

The outward mixing of the higher-density, radioactive
core material (e.g., *°Ni, 56Co, #4Ti) brings the radioac-
tive heat source toward the surface of the star. These ex-
plosion products decay by the emission of y-rays, which
Compton scatter off electrons in their vicinity. This re-
heats the photosphere and causes the secondary maxi-
mum in the light curve at 40-120 days. The RT mixing
induces this reinvigoration of the light curve to start ear-
lier, broadening the secondary maximum. Observations
of the light curve of SN1987A unambiguously showed this
broadening of the secondary peak, suggesting enhanced
transport from the core out to the photosphere [351-353].

Miiller et al. [354] note the role of RTT for the evolu-
tionary pathways of core-collapse supernova progenitors
at the low-mass end of the spectrum. In recent years, a
variety of evolutionary channels has been discovered in
addition to the classical electron-capture supernova chan-
nel of super-AGB stars. The key to these differences lies
in the development of overturning driven by the RTT in
the wake of the rapidly expanding shock between deeper
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layers of high-entropy, neutrino-driven ejecta and colder
ejecta shocked at early times. Also, the discoveries of
many double neutron star systems and their detection as
LIGO-Virgo merger events call for a detailed understand-
ing of their origin [355]. Explosions of ultrastripped stars
in binary systems are a potential explanation for rapidly
evolving hydrogen-free transients and requires an under-
standing of the mixing by RTT during the propagation of
the shock through the envelope. Miiller et al. stressed
that the question of mixing in Type Ib/c SNe is, in fact,
relevant not only for ultrastripped progenitors, but for
the entire class of hydrogen-free progenitors.

In another interesting case, Duffell and Kasen [356]
noted that the interaction of the ejecta from a SN ex-
plosion with a surrounding circumstellar medium (CSM)
can give rise to synchrotron radiation at radio wave-
lengths. To infer how strong magnetic fields can become
when amplified by this turbulence, the authors computed
the growth of turbulence due to RTI. Assuming rough
equipartition between kinetic and magnetic energy in the
turbulence [357], the RT instability may produce turbu-
lent fluctuations strong enough to amplify magnetic fields
to a few percent of equipartition with the thermal energy.
Inoue et al. [358] studied the influence of the magnetic
field amplified by the RMI on the polarization of syn-
chrotron emission. For Tycho’s SNR, in which the syn-
chrotron emission region is known to be a spherical shell,
Shimoda et al. [359] find that for the magnetic field dis-
tribution of turbulent SNRs driven by the RMI—in other
words, the effect of a rippled shock—the magnetic energy
spectrum shows a Kolmogorov-like scaling.

A memory of the initially unstable and structured ex-
plosion of the core-collapse supernova may be responsible
for an amazing array of knots, filaments, and flocculi in
the relatively young (~300-year old) Cassiopeia A super-
nova remnant (Cas A SNR). [360-363]. There are “bub-
bles” and “spikes” at various places around the outer
boundary that appear RT-like [10]. The Crab Nebula fil-
aments (Figure 26) may be generated by the expanding
bubbles of a shocked pulsar wind that sweeps up thin
shells of ejecta accelerating approximately in accordance
with the observed acceleration of the filaments [364]. The
shell is subject to the RTI, which provides an explanation
for the filamentary structure observed in the Crab Neb-
ula. The RTT gives rise to inner filaments that effectively
broaden the swept-up shell [365].

In another matter that has a strong parallel to the
ICF implosion, Branch & Wheeler pointed out that ini-
tial conditions might be an issue of significant concern
for SN explosion studies [350]. Indeed, the RTI, RMI,
and KHI in the early SNe explosion stage tend to lead
to small-scale mixing of composition in the ejecta. The
strong turbulence beneath the shock can impose rather
large-scale initial asymmetries. These asymmetries can
also trigger RTI that may produce large-scale plumes
in the nonlinear limit. Wongwathanarat et al. also
noted that the metal-rich ejecta in homologous expan-
sion still carries fingerprints of asymmetries at the be-
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FIG. 30: Spatial distribution of X-ray lines from shock-heated Fe (red) and from radioactive decay of *4Ti (blue) in
the Cas A SNR as observed by Chandra and NuStar that indicate a strong anti-correlation between these two types
of emission. Also shown are Si/Mg lines observed by Chandra (green) indicating the presence of a jet-counterjet
structure that is also not correlated with the structure of the *4Ti emission. The wide variations in the observed
spatial distribution of these nucleosynthetic products suggests a high degree of asymmetry in the local conditions at
the time of explosion [366]. Reproduced with permission from Grefenstette et al., Nature, 506, 339 (2014).
Copyright 2014, SpringerNature

ginning of the explosion, but the final metal distribution
is massively affected by the detailed progenitor structure
[349]. Furthermore, Grefenstette et al. [366] observed an
anti-correlation between the X-ray emission from both
shock-heated Fe and the radioactive decay of “*Ti (Fig-
ure 30). Such an anti-correlation may arise because the
reverse shock simply hasn’t penetrated far enough into
the ejecta, in which case the majority of the Fe would
remain unshocked hence unobserved. However, there are
many regions where Fe is indeed observed but 44Ti is
not, which indicates an alternate production mechanism
for the Fe in those regions as opposed to a-rich freeze-
out, which ought to produce both together. Such a wide
variation in nucleosynthetic production across the SNR
suggests highly asymmetric local conditions during ex-
plosion and perhaps even in the progenitor itself.

More specifically, Couch et al. [367] stressed that real
massive stars are not spherically symmetric, particularly
near core collapse, and this can have dramatic implica-
tions for the CCSN mechanism. Wongwathanarat et al.

[349] found that the most extended and fastest metal
fingers and clumps are correlated with the biggest and
fastest-rising plumes of neutrino-heated matter, which
seed the growth of RTI at the C+O/He and He/H
composition-shell interfaces effectively after the passage
of the SN shock. Furthermore, the authors found that the
extent of radial mixing, global asymmetry of the metal-
rich ejecta, RT-induced fragmentation of initial plumes
to smaller-scale fingers, and maximum Ni and minimum
H velocities depend not only on the initial asphericity and
explosion energy (which determine the shock and initial
Ni velocities) but also on the density profiles and widths
of C4+O core and He shell and on the density gradient at
the He/H transition. This can lead to the formation of
reverse shocks as well as the unsteady shock propagation.

RTT also play an important role during the formation
of massive star systems. Nuclear burning in stars more
massive than ~10 solar mass while they are still accret-
ing. The radiation pressure exerted they exert on the
gas and dust around them is stronger than their gravita-
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FIG. 31: HEDP facilities, showing higher energy, increased longer-time drive, and enhanced resolution.

tional attraction. This has historically been expected to
inhibit growth by accretion and is inconsistent with ob-
servational evidence of stars in excess of 100 solar mass
[368-370]. Two dimensional simulations that allow the
formation of optically thick rotationally-supported disks
to shield against radiation pressure indicate that radia-
tion pressure halts stellar growth at 40 solar mass [371].
The RTT play a crucial role in overcoming the radiation
barrier to stellar growth. Three-dimensional radiation-
hydrodynamic simulations of the collapse of a massive
prestellar core by Krumholz et al. [372] show that turbu-
lence in the circumstellar material seeds RTT on the shell
of radiation-pressure supported gas. These instabilities
grow into dense, optically thick spikes that channel gas
onto the growing massive star while allowing radiation
to escape through optically thin bubbles. Using a new,
highly accurate radiation algorithm that properly treats
the absorption of the direct radiation field from stars and
the re-emission and processing by interstellar dust, More
recently, Rosen et al. confirmed that mass is channeled
to the stellar system via gravitational and RTT using new
tools to perform 3D radiation-hydrodynamic simulations
and suggested that RT features should be present around
accreting massive stars throughout their formation [373].

VI. TRANSITION CRITERIA

Intense lasers are now being used to recreate aspects
of astrophysical phenomena in the laboratory. As we im-
prove the capability of the HEDP facilities (see Figure
31), can we design the experiments on these platforms
so transition to fully developed turbulence can occur?
Smaller HED platforms (Nike [374] and Orion [375, 376])
only have very limited energy (3-5 kJ) available for study-

ing the linear regime of the instabilities. An example of
such study is about RMI oscillations by Aglitsky et al.
[377]). With increased capacilty (10-30 kJ), Gekko XII
[378, 379] and Omega [380] facilities offered an oppor-
tunity to study weakly nonlinear regime of the hydro-
dynamic instabilities, such as those for RTI [381], RMI
[382], and KHI [383]. Now with significant laser energy at
1.8 MJ, the National Ignition Facility (NIF) [22, 384, 385]
and the French megajoule laser project (LMJ) [386-388]
provided much higher resolution and significantly later
times. Researchers have been able to push into deeply
nonlinear regimes of RTT [389-391], reshocked RMI [174],
and KHI [392, 393]. Accurate and robust transition cri-
teria will be critical for guiding the design activities for
creating turbulent flows on HEDP platforms.

The need for such criteria is also clear for astrophysical
flow studies. The following physics must be incorporated
into the multi-physics codes. Specifically, the neutrino
heating in the gain region drives convection and should
be incorporated; the growth rate of convective instability
must be large enough for sufficient growth before convec-
tive plumes are accreted; sufficient numerical resolution
is required to reduce numerical dissipation (~16x greater
than current 3D simulations). Figure 32 shows the calcu-
lated evolution of the RTI induced flow at two different
times using one of the modern multi-physics code [394].
Unfortunately, it is clear from Figure 33 that the iner-
tial range that can be achieved from a modern multi-
physics codes is rather limited [87, 395]. This situation
shows that accurate and robust transition criteria will
enable physicists to prepare and plan the major compu-
tational efforts that will achieve the relevant flow and
mixing regimes.
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FIG. 32: Passive tracer concentration for the multi-mode 3D Rayleigh-Taylor test at two representative times [394].
Red values indicate higher concentration for the “heavy” fluid. The red surface is the 99% isocontour of the
concentration. The resolution is 5122 x 1024. Reproduced with permission from Skinner et al., Astrophysical J.
Suppl., 241, 7 (2019). Copyright 2019, Institute of Physics.
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FIG. 33: Transverse energy spectra at different resolutions for one of the models [87]. Reproduced with permission
from Abdikamalov et al., Astrophys.J., 808, 70 (2015). Copyright 2015, Institute of Physics

A. Distinctive dynamics of RT and RM layer transitions to a turbulent state. The growth of the
characteristic length scale of these flows (e.g. the mix
layer width) increases, the Reynolds number of the flow
also increases (though this may not be the case in some
instances of RMI). Eventually, a critical Reynolds num-
ber is achieved where the flow becomes “unstable.” At

The first step toward development of the transition cri-
teria is to recall the time-dependent nature of the flows
induced by hydrodynamic instabilities. There is a gen-
eral consensus that at late times the RTI-induced mixing
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FIG. 34: Evolution of the vertical velocity spectrum
computed in the z = 0 plane (nondimensional time: - - -,
7, - —-, 11; - - -, 21; — , 33). A fiducial corresponding
to k=5/3 is drawn for reference. Reproduced with
permission from Cook et al. [148], J. Fluid Mech., 511,
333 (2004). Copyright 2004, Cambridge Univ. Press.

this point, the emergence of ever more degrees of freedom
(i.e., Fourier modes) that couple via the nonlinearities of
the Navier-Stokes equations leads to a rapid proliferation
of scales of motion. In spite of efforts to ensure that the
initial conditions in an experiment are unimodal, these
additional modes generally arise and may be due either
to unresolved modes or motions in the initial conditions,
or modes introduced via boundary conditions during the
experiment.

Figure 34 illustrates the time-dependent evolution of
the energy spectrum along the direction of gravity for
a simulated RTT induced flow. At an early time, the
energy spectrum, originated from initial perturbations
at the interface, is located at high wavenumber. With
the forcing provided by the gravity, the energy spectrum
increases in magnitude, but the peak remains close to
the the dominant initial wavelength. As time increases,
the peak of the spectrum begins migrating toward lower
wavenumbers, and at late-times, an inertial range forms
[148].

It should be noted that the peak of the spectrum is
inversely proportional to the mixing layer width. As a
result, the decrease in the k—space location of the spec-
tral peak is consistent with the mixing layer width in-
creasing with the time. Also, Figure 35 shows that the
total kinetic energy is also increasing with time. This is
indicated in Figure 35 since the turbulent kinetic energy
is simply equal to the integral of the energy spectrum
[101].

The RMI in a planar geometry shows some similarities
to the RTI, including the fact that it tends towards a sta-
tistically axisymmetric state. Many of the more sophis-
ticated attempts to model the evolution of the RMI and
RMML into the nonlinear regime have been proposed,
many based on modifications of the methods proposed
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FIG. 35: Kinetic energy on side boundary planes of
DNS domain [101]. Images were taken at
nondimensional time 3, (upper left), 4 (upper right), 5
(lower left), and 6 (lower right). Reproduced with
permission from Cook & Zhou, Phys. Rev. E, 66
026312 (2002). Copyright 2002, American Phys. Soc.

for RTI, but using variations of the impulsive RTI anal-
ogy. The interested reader is referred to Refs. [7, 8, 159]
for a more complete description.

The evolution of the energy spectrum of a simulated
RMI induced flow is given in Figure 36 [396, 397]. How-
ever, unlike the RTI and the subsequent RTML, the
RMML is not a driven turbulent field [398]. Once the
shock has passed, there is no continued source of energy
for the flow field and the initially deposited energy be-
gins to decay similar with those of decaying turbulence
[66, 399]. Therefore, the energy spectrum decreases in
magnitude with the time.

Yet, as in the case of RTML, the peak of the spectrum
also migrates to lower wavenumbers as the time evolves.
Hence, the mixing layer width also increases with the
time. For the given initial condition, the late-time energy
scales as k=3/2, a RM modified energy spectrum first
suggested in Zhou [398].

It would be beneficial to recall the relationship be-
tween the mixing layer width and the dominating energy-
containing range mode of the energy spectrum or correla-
tion function. The Reynolds number, Equation 4, offers
an important perspective. Although the Re can be de-
fined in many fashion, the simplest one is based on the
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FIG. 36: The hybrid spectra of the radial turbulent
kinetic energy averaged on the y and z planes in the
bulk of the mixing layer for the 512 cross-section grid
and the k£~3/2 guideline analytically predicted by Zhou
[398]. Reproduced with permission from Oggian et al.
J. Fluid Mech., 779, 411 (2015) [396]. Copyright 2015,
Cambridge Univ. Press.

mixing layer width, L = h and u = h as the typical
velocity field. One further assumes t,o = t,,9 = o for
simplicity’s sake
In the RT self-similar growth regime, it is trivial to
show
Re o M _ 2(aAg)2(t+to)3’ (59)

14 v

where o = as + ap. Thus, the Re growth asymptotically
proportionally to ¢3, a result that has been demonstrated
in Figure 37.

Figure 38 [400] illustrates that the difference between
the RTML and RMML. The usual analyses and experi-
ments of the late stages of RMML, exemplified by Di-
monte & Schneider [136], describe the “bubbles” and
“spikes” using two different exponents. In this circum-
stance, the growth of the mixing layer is not self-similar.
Other researchers, for example [181, 224, 225] have ar-
gued in favor of a single value of 6 for the layer as a
whole, implying 6, = 6, (except for the singular case
A =1 [401]). In this case, the Re of the RMML is given
by

h2|t;90||:t+to
Re= —"1t "4 (60)

14

where h = hr? and h = iLsp + ?lb,0~ Thus in this “self-
similar” regime, the Reynolds number of the RM mixing
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layer grows as t?~1, and since # < 1, the growth in the

Reynolds number is sublinear in time. Note also that Re
decreases with time if § < 0.5.
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FIG. 37: Outer-scale Reynolds number, based on
extent and rate of growth of RT mixing region [101].
Reproduced with permission from Cook & Zhou, Phys.
Rev. E, 66 026312 (2002). Copyright 2002, American
Phys. Soc.

For completeness, we noted that in the self-similar
growth regime, the width of KH mixing layer at late-time
grows as

h= BBt + to), (61)

where A, is the velocity difference across the layer. The
Reynolds number of the KHI mixing layer can be repre-
sented as

2
v
Thus, the Re growth as a linear function of ¢,
Before closing this subsection, the fundamental dy-
namics behind RTML and RMML can be summarized
as below

e For RTI, the flow starts with small scale turbulence
at time = 0 (random noise for DNS for instance)
and larger scales evolving with time;

e The RMML is initialized with the passage of the
shock wave through the perturbed interface at
time=0. The large-scales must emerge from the ini-
tial deposition of energy and inertia, before there
can be a cascade and breaking down of the eddies to
form smaller scales. This implies a very significant
deposition of energy that is followed by sufficient
time required to generate large scales while the en-
ergy is already “decaying”.



Now we can delineate the distinctive potential for
RTMI and RMMI regarding the onset of turbulence i.e.,
the time that a scale separation between the energy-
containing and dissipation scales emerges. This onset
of turbulence is hard to achieve for an RMI-induced flow
because, after the initial energy deposition, the flow field
is decaying. On the other hand, RT (and KH) are forced
throughout their evolution, and it is relatively difficulty
to conceive a mechanism wherein they do not become
fully developed turbulence as long as the simulation size
or the experimental apparatus is sufficiently large.
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FIG. 38: Outer-scale Reynolds number, based on
extent and rate of growth of RM mixing region (solid
line) for a shock Mach number of Ma = 1.5 [400].
Temporal evolutions of different Reynolds number
approximations, as defined in Ref. [48], are given by
symbols. For details, see Table II of Tritschler et al.
[400]. Reproduced with permission from Phys. Rev. E,
90, 063001 (2014). Copyright 2014, American Phys.
Soc.

B. Reynolds number criterion for transition

In order to define the transition criterion, it is neces-
sary to invoke similarity analyses. Such analyses have
been applied to many other branches of physics. For
instance, in his fractal geometry studies, Mandelbrot re-
marks that the famous Hokusai’s painting “The Great
Wave off Kanagawa” (Figure 39a) is an example of self
similarity [402]. It is interesting that a recent photograph
(Figure 39b) appears to have almost precisely reproduced
the artwork (Cartwright and Nakamura [403], see also,
Dudley et al. [404]).

While not directly deduced from the governing Navier-
Stokes equation, the Kolmogorov 1941 similarity analysis
formed the cornerstone of turbulence theory. For our ap-
plication of flows induced by hydrodynamic instabilities,
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it is appropriate to consider the energy transfer process
(Figure 40) [406] [405, 406]. At an early time, the Re
of the flow is low, the energy-containing and dissipation
scales are not separated. However, an inertial range will
be formed (for RT and KH, but perhaps not RM) at a
late-time as Re increases, and the energy-containing and
dissipation scales will be separated by an extended iner-
tial range at a sufficiently late time.

1.  Mizing transition

Dimotakis ([407]) suggested the notion of a mixing
transition, which occurs when the Re is around 10%. In
this case, he observed that in many cases, a variety ex-
periments showed a distinct transition from a low-mix
state to a high mix-state. Yet, the Re associated by the
mixing transition, Re ~ 10, corresponds to the starting
point of the scale separation.

The mixing transition is evident in the evolution of the
probability density function of the mole-fraction, which
indicates an increase in mixed fluid. The increase in
the mixing rate coincides with formation of an inertial
range in the two-dimensional spectrum of vertical veloc-
ity [148].

At Re = 10% and Sc ~ 1, there is sufficient fine scale
structure for the molecular mixing parameter to reach its
plateau level. It could be argued that the flow is near to
its self-similar state at Re ~ 103, Sc ~ 1 [78]. (The same
paper suggests that Re ~ 10* is needed to get a high
degree of molecular mixing at Sc ~ 600 consistent with
Dimotakis’ mixing transition).

Yet, at Re ~ 10* the separation between the energy-
containing and dissipation scales is just beginning. In
other words, the inertial range does not exist at this Re.
However, a turbulent flow, according to any standard
text book, mandates an established inertial range (see
subsections II.B & II.C and Figure 6) and the Re should
be much beyond that accorded by the mixing transition.
Thus, the mixing transition is still far away from achiev-
ing a turbulent flow.

2. Minimum state turbulence

To ensure the integrity of the physics of the large-scale
dynamics of the flows of interest, the corresponding large-
scale modes computed or measured in a simulation or an
experimental setting should not be contaminated because
of their interaction with the dissipation range, which is
not universal. This requirement can be satisfied by main-
taining a sufficiently broad inertial range [408].

The only question is; what is the lowest Reynolds num-
ber that will provide a sufficiently long inertial range that
separates the energy-containing and dissipation scale?
Studying the energy transfer process and interacting
scales, Zhou [409] determined that the lowest Re satis-
fies this condition is around 1.6 x 10°. Figure 41 is a



sketch that summarizes the spatial transition criterion
just described above. For the detailed definitions on sev-
eral important length scales, see Zhou [409].

The “minimum State” is significant because it implies
that one doesn’t need to perform the numerical simula-
tions or experimental measurements of extremely high Re
flows. All that extra work would simply extend the length
of the inertial range, which is well understood via self-
similar analysis, and has little impact on the actual phys-
ical processes of interest. In other words, once the “min-
imum State” is achieved, the most important physics of
the turbulence are already captured.
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FIG. 39: Comparison of Hokusai’s Great wave with an
observation in sub-Antarctic water. (a) The great wave
off Kanagawa (Kanagawa-oki nami-ura) woodcut by
Katsushika Hokusai. (b) Photograph of a breaking wave
in the sub-Antarctic waters of the Southern Ocean
taken from the French research vessel Astrolabe during
one of its regular voyages between Hobart and the
Dumont d’Urville Station in Adélie Land. Note the
transverse and longitudinal localization of the wave,
which is remarkably similar to that depicted by
Hokusai. (Photograph taken by V. Sarano in 1991.)
Reproduced with permission from Dudley, Sarano, and
Dias, Notes Rec. R. Soc., 67, 159 (2013).
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FIG. 40: The early and late time energy transfer
processes. Schematic views, of the energy flux and
energy transport spectrum as functions of wave number.
Similar sketches can be found in McComb for making
different points [406]. Reproduced with permission from
Institute of Physics.

C. Temporal criterion of transition

While the spatial criterion of transition can be used
to analyze results from a wide variety of spatially evolv-
ing turbulent experiments, the above discussion of the
time-dependent nature of the flows induced by hydrody-
namic instabilities suggests that certain conditions be-
yond a sufficiently high Reynolds number are required to
achieve a state of strong mixing. In particular, a suffi-
cient amount of time (or “distance” if the turbulence is
spatially evolving) is required for the turbulence to es-
tablish a full cascade that enhances the mixing at fine
scales.

Zhou et al. [410, 411], Robey et al. [412], and Zhou
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Mixing transition: Re=10* Minimum State: Re =1.6x105

(Dimotakis, JFM, 2000)
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Spatial Transition. The figure indicated the Reynolds numbers required for achieving the mixing

transition of Dimotakis [407] and minimum state turbulence of Zhou [409]. Reproduced with permission from J.
Fluid Mech., 409, 69 (2000). Copyright 2000, Cambridge Univ. Press. Reproduced from Phys. Plasmas, 14, 082701
(2007), with the permission of AIP Publishing.

[409] extended the concepts to the cases of the tempo-
ral evolving RT and RM cases. These studies showed
clearly that both high Reynolds number as well as suf-
ficient time (or distance, in the spatial evolving cases)
were required to achieve a transition to strongly molec-
ularly mixing case. As noted in Drake et al., [413], the
Zhou—Robey hypothesis requires that the uncoupled fluc-
tuations develop within laminar-flow regions established
in the boundary layers created by viscous diffusion at
locations of significant shear. A turbulent transition oc-
curs when the widths of these boundary layers , Ap=5
(vt)'/2, have grown for a long enough time to become
greater than the inner viscous scale.

Rose and Sulem [53] noted that the eddy-turn-over-
time as the given size of an eddy divided by the typical
velocity difference across the eddy. The eddy-turn-over-
time is therefore proportional to the time required for
the eddy to be distorted, and, in this distortion process,
generate smaller eddies. Approximately one dominant,
energy-containing eddy-turn over time corresponds to the
mixing transition, as remarked by Drake et al.. Using the
same language, it can be shown that about four eddy-
turn over times will be needed for the flow to qualify
for the fully-developed turbulent flows as defined by the
minimum state.

An intuitive understanding can be gained by consider-
ing the evolution of the turbulent kinetic energy of sim-
ple isotropic turbulence as predicted by closure theory.
The time required to establish a turbulence cascade from
an initial non-cascading state was found by Lesieur &

Schertzer [414] using the EDQNM closure. The EDQNM
models is a “spectral model”, i.e., it models the dynamic
behavior of the turbulent energy spectrum for isotropic
turbulence, and represents the non-local Fourier-space
transfer terms with reasonable fidelity. Similar behavior
was also observed by Clark & Zemach [415] who found
the same phenomenon in EDQNM, but also in a much
simpler spectral model due to Leith [416] that represents
the cascade as a purely local transfer via a nonlinear dif-
fusion. Both models exhibited the finite time onset of the
cascade. The time of onset was referred to as the “catas-
trophe time” by Lesieur and Schertzer, and denoted it
by t*. Clark & Zemach observed that EDQNM estab-
lished a cascade in approximately 4 initial eddy turnover
times, whereas the Leith model established as cascade in
approximately 2.3 eddy turnover times, where the eddy
turnover time 7., was defined as

Te = (I{k(z),mcw:)l/2 ) (63)

where K is the turbulent kinetic energy and kg mqz is
the wave number where the initial energy spectrum has
its maximum value. Both models showed a weak depen-
dence of the time required to achieve a full cascade on the
viscosity, (or equivalently, the initial turbulent Reynolds
number). Again, note that the wave number of the max-
imum of the spectrum is inversely proportional to the
integral scales. Figure 42 shows the EDQNM-predicted
evolution of the spectrum from a state exhibiting no in-
ertial range to a state exhibiting a strong cascade.
Neither Lesieur & Schertzer [414] nor Clark & Zemach
[415] commented on the significance of this finite time
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FIG. 42: Evolution of the energy spectrum for an
isotropic decaying turbulence as predicted by the
EDQNM model. Note that the spectrum establishes an
inertial range in b t = 4. The initial turbulent kinetic
energy was K = 1 and the peak of the initial spectrum
was at k = 1, thus the initial eddy-turnover time is
Te =1

onset of the cascade in relation to a transition process.
However, Zhou & Robey [408-412], in their efforts to de-
velop the temporal criterion of transition, connected this
onset with the notion that the strong mixing occurs when
the difference between the wave numbers characterizing
the dissipative scales, kg ~ 1/n and those characterizing
the integral scales, k;, ~ 1/L is sufficiently larger than
the nonlocality associated with the Fourier-space energy
transfer in the cascade region.

The temporal transition criterion and its correspond-
ing Reynolds number transition criterion discussed in last
subsection (VIB) allow us to nicely correlate a number
of important physics concepts. We will discuss these con-
cepts in the remaining subsections of this section.

D. Transition criterion, Euler scaling, and
laboratory astrophysics

The “minimum state” of the Reynolds number tran-
sition criteria is related to the Euler scaling of a given
problem. Euler scaling is an important tool that allows us
to represent astrophysical phenomena in the laboratory
with intense lasers. Asillustrated in Figure 43, the objec-
tive of laboratory astrophysics is to study the behavior of
the long-time, large-spatial-scale astrophysics problems
(e.g. [417]) on an HEDP platform with a short-time,
small-spatial-scale target. A recent application of labo-
ratory astrophysics studied how high energy fluxes may
affect RTT growth in young supernova remnants (Figure
44). Kuranz et al. [418] developed a radiative shock sta-

40

bilized planar RT platform in indirect drive with drive
radiation temperatures Tr = 200-350 eV on NIF. These
planar RT experiments used a strong shock launched into
a doped plastic ablator which then enters a low-density
SiO2 aerogel foam tamper region on the back side of the
target. This creates a high temperature and a strong
source of radiation and electron thermal diffusivity in
the foam which can ablatively stabilize (reduce) the per-
turbation growth at the plastic-foam interface. For the
low-drive case, the shocked foam is not hot enough to
stabilize the RT growth and the predicted RT growth at
the same interface distance traveled is 40% larger. Ex-
periments on the NIF laser exhibit this effect. In compar-
ing with supernova SN1993J, a Type II supernova, the
authors found that the energy fluxes produced by heat
conduction appear to be larger than the radiative energy
fluxes, and large enough to have a significant effect on
the RT growth, which could affect our understanding of
young supernova remnants (Figure 45).

Euler scaling essentially relates the variables in the lab-
oratory system to the astrophysics framework. Striking
similarities exist between hydrodynamic instabilities in
ICF capsule and core-collapse supernova explosion sim-
ulations as seen in Figure 46. Specifically, the transfor-
mation takes the following form

b
r=ary;p = bp1;p=cp1;t = a\/:tl;v = \/g-V1(64)

A more complete discussion and applications of the Euler
scaling can be found in Refs. [10, 89, 353, 421].

As noted already, many HEDP experiments have been
carried out for KHI flows. An example of the evolution
of traditional and counterflowing KHI induced flow ob-
tained at the Omega laser facility can be seen in Figure
47 [24, 422] and Figure 48 [393], respectively. Euler scal-
ing can be utilized to relate the facilities of increased en-
ergy. Figure 49 shows that the mixing layer width from
the counterflowing shear experiments taken from both
Omega and NIF can be nicely collapsed [423].

A key requirement for Euler scaling is that the
Reynolds number must be high. However, the required
spatial separation for the “minimum state” should be
sufficient for this basic condition.

Another important issue is the potential impact of the
transport coefficients [424-434] on the behavior of the
flow. In ICF applications, the large increases in temper-
ature will lead to significant increases in the molecular
diffusivities and viscosities of the plasmas. It is suspected
that such large increases will tend to damp out the tur-
bulent fluctuations and reduce the turbulent mixing. An
increase in the viscosities and diffusivities tends to prefer-
entially damp the higher wavenumbers. Plasma viscosity
may increase sufficiently with temperature as the flow
evolves to prevent ICF implosions from becoming fully
turbulent (Figure 50) [435].
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N. J. Hammer et al.,
Ap. J. 714, 1372 (2010)

FIG. 43: The length- and time- scales of astrophysical flows and those generated in the HEDP platform. The SNe
visualization is adopted from Hammer et al. [417]. Reproduced with permission from Astrophys. J., 714, 1371
(2010). Copyright 2010, Institute of Physics.

VII. BACK TO THE BEGINNING: THE
IMPORTANCE OF ACCURATE INITIAL
CONDITIONS

The initial conditions of a flow field, including the de-
tails of the initial perturbations, can have a significant
impact on flows induced by instabilities (see for exam-
ple, Figs. 51a and 51b [108] as well as Refs. [436-442]).
Unfortunately, there are many different possibilities in
nature and only limited cases have been investigated in
sufficient detail regarding how the flows might develop
differently with different initial conditions.

A. Interface perturbation

One striking aspect of RTML simulations is that the
estimated growth rate coefficients, ap and ag in equa-
tion 55 derived from the simulations is typically signifi-
cantly smaller than those determined experimentally—as
discussed by [152], [223] and by [443]. The near con-
stancy of « across a variety of Atwood numbers and ini-
tial conditions is the subject of some degree of scrutiny
since its actual value may be a function of the initial
condition(s) of the problem(s). This has been attributed
to the existence of long wavelength modes, as Figure 52
suggests. Numerical simulations offer some advantages
over actual experiments, in that a variety of geometries
that can be numerically simulated with ease, whereas de-

signing a comparable experiment may be quite difficult
and costly. Likewise, the numerical simulations offer ac-
cess to all variables associated with the evolution of the
RTI, whereas some of these, e.g. pressure, are difficult
to capture experimentally. The reader is also referred to
Lim et al. [440] and Kaman et al.. [441] for an interest-
ing perspective on the possible influence of unrecorded
long wavelength contributions to the instability growth
rate as well as a more broad discussion on the question
of models for initial conditions.

To study the effect of initial amplitude and wavelength
on RT-strength instability, Polavarapu et al. carried out
a unique rotating wheel experiment [444]. Different si-
nusoidal perturbations were formed on an elastic-plastic
material (mayonnaise) and accelerated in a test section,
with air as the light fluid. It was found that the ac-
celeration required for instability increased when initial
amplitude and wavelength decreased.

For ARTI, Zhang et al. [445] argued that ablative sta-
bilization of the nonlinear ARTT is not as effective as pre-
viously anticipated for large initial perturbations, a result
of the dependence of ay on initial perturbation and vor-
ticity generation. Li and Ye suggested a successive picket
drive for mitigating the ablative RMI [446].

Soulard et al. [447] focused on whether a loss of mem-
ory of initial conditions occurs at large scales for an ide-
alized buoyancy-driven flow which is aimed at investi-
gating RT turbulence. Recently, Soulard et al. [231]
found that for an RMI flow large-scale initial conditions
are preserved for the velocity spectrum but not for the
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FIG. 44: Image of supernova remnant. (a) False-color
image of SNR E0102.2-72. This object is believed to
result from a core-collapse supernova about 1000 years
ago. One can see the edge of the forward shock. The
modulated boundary within it might be structuring of
the ejecta-CSM interface produced by RT. The brighter,
inner colors are attributed to emission from the
higher-Z, interior portions of the ejecta. Image credit:
X-ray (NASA/CXC/MIT/D. Dewey et al. and
NASA/CXC/SAO/J. DePasquale); Optical
(NASA/STScI). (b) Schematic (size and shape not to
scale) of inner structures of the supernova that creates
the opposing density and pressure gradients to create
an RT unstable interface. Reproduced with permission
from Kuranz et al. [418], Nature Communications, 9,
1564 (2018); licensed under a Creative Commons
Attribution (CC BY) license.

concentration and concentration flux spectra. Moreover,
the authors determined that large scales keep their ini-
tial anisotropy so that the turbulent mixing layer only
partially return to isotropy.

Three methods can provide precise initial interface per-
turbations: paramagnetic fluids, dedicated HEDP with
solid state target, and numerical simulations. The para-
magnetic fluids allow one to craft the initial interface
perturbation in a very precise manner (Figure 53) [448—
451]. For dedicated HEDP, the initial conditions can be
machined accurately on the solid state target. An exam-
ple of this is the single-mode reshock RMI experiment
shown in Figure 54, where the development of the in-
stability from two distinctive initial amplitudes is illus-
trated in a planar geometry. As an another example,
Merritt et al. [31] used counter-propagating shear ex-
periments carried out at the OMEGA Laser Facility to
evaluate the effect of target initial conditions, the char-
acteristics of a tracer foil located at the shear boundary,
on Kelvin-Helmholtz mixing layer evolution. A series of
experiments illustrated that increasing the surface rough-
ness (surface perturbation scale spectrum) can increase
the relative mixing in the system - see Table I and Fig-
ure 55. Finally, desirable initial perturbations can be
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FIG. 45: Experimental mixed-layer width vs the RT
growth factor, which is the number of instability
e-foldings. The mixed-layer is smaller in the high-flux
case, indicating a reduction in RT growth. The vertical
error bars reflect the uncertainty of the location of the
RT spike tip and bubble head, and the horizontal error
reflects the uncertainty in the experimental time.
Reproduced with permission from Kuranz et al. [418],
Nature Communications, 9, 1564 (2018); licensed under
a Creative Commons Attribution (CC BY) license.
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FIG. 46: Striking similarities exist between
hydrodynamic instabilities in (left) inertial confinement
fusion capsule implosions and (right) core-collapse
supernova explosion. Image (left) is based on Sakagami
and Nishihara [419]. Reproduced from Phys. Fluids B,
2, 2715 (1990), with the permission of ATP Publishing;
Image (right) is based on Hachisu et al., [420].
Reproduced with permission from Astrophs. J., 368,
L27 (1991). Copyright 1991, Institute of Physics.

implemented in numerical simulations. Figure 52 shows
the impact of “small random perturbations” and random
long wavelength perturbations (k=2 spectrum) [442].

B. Density disparity

The effect of density disparity, represented by the At-
wood number A, is an especially interesting initial value
problem [135, 136]. For RTI, one observes the sensitivity
of the values of a; and «a, as a function of A. When
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FIG. 47: Frames of 2D simulation results show the expected target behavior in a synthetic x-ray image as a
function of time [24]. The simulation shows that the region of target to the left of x = 1 mm contains debris from
the gold shield on the laser drive-end of the target, so the region of hydrodynamic interest is x ; 1 mm. As the
primary shock moves from left to right in the low density foam, transmitted shocks move into the high density
plastic part of the target (not visible), and reflected shocks are created in the post-shock flow region (visible in the
upper half of the target). The small zero density voids visible above a few of the vortices in the late-time images are
a numerical artifact of the synthetic x-ray software. While these 2D simulations did a good job of predicting the
general experiment behavior, the best fidelity was obtained with 3D simulations performed many years later (see K.
S. Raman, et al. [422]) [Reprinted with permission from Hurricane et al., Phys. Plasmas, 16, 056305, (2009), with
the permission of ATP Publishing.].

Foil Type |[Surface finish (um) (Ra)|Thickness (um)|Interval (t) (ns)|Growth rate (um/ns)
Al smooth 0.45-0.50 20 10-14 15.3
Al roughened 2.21-2.88 20 10-14 (December) 20.0

12-14 (May) 17.6

TABLE I: Mix half-width comparison for different aluminum tracer foil variations used in counter-propagating shear

experiments conducted at the Omega laster facility. Data compiled from Tables I and IIT of Merritt et al. [31]. With

permission from Phys. Plasma. The roughness metric is the average surface roughness (Ra), the arithmetic average
of the absolute surface heights, taken separately for each side of each foil.

the density disparity is small, a, ~ as. However, as the
Atwood number of the flow approaches one, the value
of ay becomes much greater than «y, (see Figure 56, top
panel). The similar situation is true for the RMI case,
where one may also be concerned about whether there is
a dependence of 8, and 0, on the Atwood number A, as
well as a difference between the pre-shock and post-shock
Atwood number values themselves. The values of these
scaling factors are fairly close when the density disparity

is not large. Again, the value of 65 becomes significantly
higher than that of 6, as A — 1 (see Figure 56, bottom
panel).

Because of its importance, many efforts have been ex-
pended to study the dependence on the Atwood num-
ber using experimental measurements [141, 143], numer-
ical simulations [102, 151, 235, 442, 452, 453], modeling
[454, 455], and asymptotic study [456].

Naturally, the Atwood number effect should be re-
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two axes is such that the hydrodynamics are equivalent
[423]. Reproduced from Doss et al., Phys. Plasmas, 22,
056303 (2015), with the permission of AIP Publishing.

flected in the difference values of virtual time origin for
the spike and bubbles, when one takes the view point of
0s = 0y as advocated in Refs. [181, 224, 225],. The sta-
bilizing effect of a continuous density gradient was con-
sidered by Lord Rayleigh [1] and Lelevier et al. [315]
in their pioneering works (see also Ref. [7]). To pre-

pare a membrane-free interface in a vertical, square cross
section, shock tube [166], the head-on flows mitigates dif-
fusive effects, limiting the interface thickness [168].

C. Geometry

After their initial rocket-driven RTT experiments [134,
146], Smeeton and Youngs [457] and Youngs [458] car-
ried out another series of rocket driven RTT experiments
known as the “Tilted-Rig” experiments. The experiment
consisted of a tank, with rockets attached at the top,
filled with heavy fluid under light one, and then “tilted”
on one side of the apparatus. The tilt produced an “an-
gled interface” in relation to an acceleration history. A
representative image is shown in Figure 57. The experi-
ments of Holford et al. [459] showed that the high cumu-
lative efficiency of mixing in RT instability at a horizon-
tal interface is only slightly reduced by an interface tilt
of up to 10°, despite the strong overturning that occurs.
The “Tilted-Rig” experiments have been used to com-
pare with numerical simulations [460] and RANS model
development [461]. For such a tilted-rig RT experiment,
Youngs [158] reported that the DNS and LES resulted in
reasonable agreement.

Experimentally, Lawrie & Dalziel [462, 463] studied
the RTT in tall tubes and found that the late-time scal-
ing is been changed in the high-aspect-ratio domains.
In the solution of the NS equations with negligible vis-
cosity, the only relevant length scale is gt [198]. Us-
ing molecular dynamics (MD) simulation, Kadau et al.
[437] pointed out that the change in regime from t2
behavior self-similarity can be broken only when the
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FIG. 50: Viscous effects on the fluctuating velocity. (a)
Fluctuating velocity magnitude at 22.21 ns with (left)
and without (right) viscosity. (b) Kinetic energy spectra
in the hot spot from the viscous and inviscid simulations
from 21.9 to 22.6 ns. (c¢) Turbulent length scales and
(d) Reynolds number in the hot spot [435]. Reproduced
with permission from Weber et al., Phys. Rev. E, 89,
053106 (2014). Copyright 2014, American Phys. Soc.

growth of structures horizontally is restricted by the sys-
tem width, which then introduces an additional length
scale into the problem. In confined RT turbulence,
Boffetta et al. found the coexistence of Kolmogorov-
Obukhov and Bolgiano-Obukhov scaling at small and
large scales, respectively [464]. The wall effect is a con-
cern for the reshock RMI experiments on the HEDP plat-
form [465, 466].

Holder & Barton [467] reported an interesting RMI
experiment with inverse chevron shock-tube laboratory
experiments wherein low (air) and high (SF6) density
gases are initially separated by wire mesh and mem-
branes. This experiment has been repeated [468] using
five inverse-chevron interfaces with different initial ver-
tex angles. Therefore, the impact of initial amplitude-
wavelength ratio on flow characteristics can be investi-
gated. From a computational perspective, Grinstein et
al. [469] used the inverse-chevron shock tube experiment
to assess their xRAGE based ILES for shock-driven tur-
bulent mixing. Zeng et al. studied interaction of a pla-
nar shock wave with a triangle-shaped sulfur hexafluoride
(SF6) cylinder surrounded by air [470].

When the shock is oblique, the normal component of
the shock generates the RMI, and the parallel compo-
nent generates the KHI [202]. For shock tube experi-
ments, the inclined interface has attracted considerable
attention because it is a membraneless interface method
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(a) RTT experiment performed at Univ Arizona.
The initial perturbation was generated by
vertically oscillating the liquid-filled tank.

B [ B B

(b) RTT experiment performed at Univ Arizona.
The initial perturbation was generated by random
interfacial fluctuations from background noise.
Figure 51. Reproduced with permission from
Roberts and Jacobs [108], J. Fluid Mech., 787, 50
(2016). Copyright 2016, Cambridge Univ. Press
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parameter. Reproduced with permission from Youngs

[442], Phil. Trans. R. Soc. A, 371, 20120173 (2013).
Reproduced with permission from the Royal Society.

where the interface is planar and rests at an angle to the
incident shock front (Figs. 58-59). This offers a quan-
tified interface where the initial vorticity deposition can
be controlled precisely and easily predicted using the vor-
ticity equation [471-475]. In particular, Mohaghar et al.
[476] experimentally investigated a multi-mode inclined
interface created via shear and buoyancy superposed on
the dominant inclined perturbation. Analysis of mixing
width, mixedness, mixed mass, and mixed-mass thick-
ness is carried out to demonstrate the initial condition
effect on the temporal development of this RMI flow at
different scales (Fig. 60).

Lately, Rasmus et al. [477] studied the instability
growth resulting from a shock interacting with a sinu-
soidally perturbed, oblique interface on the OMEGA EP
laser. The authors further developed a model [36] that
is consistent with the observation that the instability
growth is dominated by RM at earlier time, but displays
the late-time behavior and morphology of KH.

D. Initial flow fields

Bai et al. [478] and Liu et al. [479] performed a Mach
1.27 shock tube experiment with nonuniform SFg flows
and found that the mixing layer grows faster in the low-
density areas. Bai et al. [478, 480] and Xiao et al.
[481] carried out numerical simulations of this experi-
ments with a focus on the mixing width, vorticity, and
circulation of the flow fields.

Biferale et al. [482] conducted direct numerical simu-
lations of 3D RT flows with a nonuniform singular initial
temperature background. As the turbulent Mach num-
ber has an upper bound [483, 484], the authors utilized
the Navier-Stokes-Boussinesq equations, which justifies
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FIG. 53: Time evolution of RTT for an initial
deformation of 12.5 mm wavelength. Fluid densities are
1398 and 773 kgm3, respectively, and surface tension is
7.7 % The dark horizontal segments are magnetically

permeable wires placed outside the cell, forcing the
initial single-mode interface deformation. Renoult et al.
[449] Europhysics Letters, 101, 54001 (2013) with
permission from European Physical Society.

the RTI-induced flow an effectively incompressible (or
weakly compressible) one

du+u-Vu=—Vp+vViu-— gl (65)

KT +u-VT = kVT (66)
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where T is the temperature, v is the kinematic viscosity,
k is the the thermal diffusivity, and S is the thermal
expansion coefficient (assumed constant, independent of
T). They reported that the long-time growth remains
self-similar, but no longer proportional to t> and depends
on the singularity exponent of the initial profile of the
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temperature.

E. Driving mechanisms

In addition to standard constant (RTI) or impulsive
(RMI) acceleration, innovative experiments with variable
accelerations have been carried out [485]. RTI with a
complex acceleration history g(t) consisting of consecu-
tive periods of acceleration, deceleration, and accelera-
tion is important in applications and difficult to model
in engineering models [486-489].

The incident shock strength introduces another inde-
pendent variable. For Mach numbers smaller than 3, the
mix widths can be collapsed with downstream distance
(or rescaled time), but the mixing rate versus down-
stream position showed steeper density gradients at early
times for a higher Mach number case [490-492].

In several publications, Zou et al. [493] and Liao et al.
[494] have studied non-standard RMI, where the insta-
bility is generated after a rippled shock (Ishizaki et al.
[495]) passes a flat interface (see also, [496]). The non-
standard RMI produces smaller instability growth than
that of the standard RMI. Moreover, Zhang et al. [497]
investigated the characteristics of the rippled shock and
determined that the nonstandard instability is more sen-
sitive to the initial shock strength than the traditional
one.

As for reshocked RMI, Leinov et al. [190] and Jacobs et
al. [191] have carefully studied various aspects of initial
conditions. One of the unique aspects of reshock RMI is
that the arrival timing of the reshock could be changed
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Dimonte & Schneider [136], Phys. Fluids, 12, 304

(2000), with the permission of AIP Publishing.

such that different flow morphologies are hit with the
reflected shock that comes off a movable end wall (Figure
61). Power spectra at t=200-210 us after reshock show
that [498] some initial conditions cause the spectrum to
become broader with fewer features (t=280 and 385 pus),
while some still contain significant low-frequency peaks
(t=90 and 170 us). Increased mixing is indicated when
the spectrum broadens and loses features [197, 492, 499,
500] - see Figure 62.

F. External factors and realistic initial conditions

Before moving on to the next section, we would like
to remark on several issues. First, RTI, RMI, and
KHI have found applications in the engineering processes
[601-504] and combustion applications [93-95, 505, 506].
In fact, reactive RMI may play a fundamental role in
turbulence-flame interactions. Chemical reactions and
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(d)

FIG. 57: Nal solution/hexane experiment. Rig tilted
by 5° 46’, Density ratio p1/p2 = 2.9. Acceleration
g =35 x go. (a) 35.7 ms. (b) 54.9 ms. (c) 71.1 ms.
Reproduced with permission from Youngs [458], Physica
D, 3, 270 (1989). Copyright 1989, Elsevier.

heat release fundamentally alter the behavior of turbu-
lent mixing [507-510]. Recently, Vartdal & Osnes in-
vestigated the motion of interface perturbations in the
presence of multiple interfaces. Depending on the con-
figuration, each interface can be RT unstable or stable
and damped [511]. Li et al. studied the role of rarefac-
tion/compression waves in Richtmyer-Meshkov instabil-
ity with reshock [512].

In many cases, multiple instabilities exist and must
be treated at the same time [513-518], and the flows in-
duced by hydrodynamic instabilities may be through a
bed of solid particles [519] and subject to rotation [520—
523], stratification [524-526] or magnetic field [527-530].
Indeed, the magnetic field must be accounted for in de-
scribing the evolution of RT unstable plumes within a
solar prominence [531-533]. The Mie-Griineisen equa-
tion of state [534-536] has been important for both the
numerical [537] and analytical [538] studies of the RM
instability.

The need to accurately characterize the initial con-
ditions has been illustrated using estimated experimen-
tal initial conditions. A number of authors have re-
ported that improved agreement with experiment can be
achieved when compared with simulations using idealized
initial conditions [76, 139, 142, 539-542].

Glimm and co-workers [440, 543-545] have obtained
extremely impressive agreement of o coefficient between
their simulations and a number of experimental measure-
ments [134, 139, 457, 546]. More recently, they provided
fresh perspectives regarding numerical simulations, in-
cluding the roles of the initial conditions [547, 548].

VIII. CURRENT AND NEXT-GENERATION

HYDRO DIAGNOSTICS

In laboratory experiments, Ramaprabhu and Andrews
[549], Balakumar et al. [550], Tomkins et al. [197],
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FIG. 58: A schematic diagram of the vertical shock
tube and ancillary equipment [473]. Reproduced with
permission from McFarland et al., Phys. Rev. E, 92,
013023 (2015). Copyright 2015, American Phys. Soc.

Gerashchenko and Prestridge [551], Mohaghar et al. [476,
552], Reese et al. [80], among others, have shown that
simultaneous planar laser-induced fluorescence (PLIF)
and particle image velocimetry (PIV) can be used to
obtain the evolution of the density and velocity fields
(Figure 63). While the PLIF images are processed to
reveal the light-gas mole fraction, PIV particle image
pairs yield corresponding two-component planar veloc-
ity results. With these diagnostic tools, Mohaghar et al.
used both PIV and PLIF measurements to study the ini-
tial conditions in a variable density shock-drive flows.
Charonko and Prestridge also performed simultaneous
PIV and PLIF measurements for variable-density mix-
ing in turbulent jets with coflow. It would be extremely
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desirable to be able to perform these measurements on
HEDP platforms.

It is likely that many of the HED experiments de-
signed to investigate other physics issues (not specifically
to address turbulence or the transition to turbulence) do
meet the minimum state criteria described in section VI.
For example, in the work of Kuranz et al. [418], the
Reynolds number was estimated to be 107, far exceeding
the 1.6 x 10° [409] values that have been suggested as
necessary to allow turbulent development. Moreover, de-
spite single-mode initial conditions, such experiments will
still contain non-uniformities at a range of sizes (down to
very small scales) which promote the necessary separa-
tion of scales for turbulent development. In the single-
mode HED experiments of Nagel et. al, the Liepmann-
Taylor scale is calculate to be A\ = 2.2um and the data
is suggestive of the onset of turbulent mixing, but the
diagnostics available precluded a more definitive assess-
ment.

If current laser-driven HED experiments are reaching
turbulent states, what diagnostics are needed to inves-
tigate these states? Measuring feature sizes below the
LT scale-that is on the order of 1 ym and below—will
be important. A static image with sufficient resolution
to characterize the spectrum of scales, and in particular
to observe the emergence and lengthening of the iner-
tial subrange through the onset and development of tur-
bulence, would be compelling. There are a number of
promising diagnostics with the potential to make mea-
surements with an order of magnitude improvement in
resolution over the 10-20 um resolution images that are
now common. These include curved crystal imaging tech-
niques [cite: CBI, LLE Cu imager|, advanced x-ray optics
[KB, KBfixed] and micro-machined diffraction gratings,
or “zone plates.” Computational methods also enable im-
age reconstruction from “coded apertures,” where spatial
information is captured in edge-transfer projections, or
penumbra. This technique has been employed for years
by observational astronomers deciphering photon-starved
high-energy images [553], but has only recently been ap-
plied to x-ray imaging of HED systems [554] (Figure 64).

These promising diagnostics and techniques will pro-
vide the first quantitative measurements of turbulent
scales in HED systems. However, a more complete pic-
ture of turbulence from a static image will require ad-
ditional factors of 10’s or 100’s to capture the smallest
relevant scales. For example, the dissipative scale in the
experiments of Nagel (where, recall, A7 = 2.2um) was
calculated to be 20 nm. Measurements at this scale will
not only require current diagnostics techniques, but also
completely novel experimental configurations. However,
the capability to measure dynamic quantities, in addition
to simply static measurements at increasing resolution,
would provide important data for turbulence researchers.

Beyond static images, measurements that would pro-
vide insight in to HED turbulence include the concen-
tration of the component fluids (mass or volume fraction
in a given region), fluid density, and the three vectors
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FIG. 59: Time series of experimental PLIF images showing the evolution of the 60° inclined interface through
reshock. Reproduced with permission from McFarland et al., Phys. Rev. E, 92, 013023 (2015). Copyright 2015,
American Phys. Soc.

of velocity. There are many other variables of interest
(pressure, temperature, viscosity, etc), but this short list
constitutes the essential parameters to assess turbulent
flow. At present, the most pressing challenge in HED
systems involves measurement of the fluid velocity fields.

For “classical fluids” experiments (systems a lower
pressures and temperatures than the plasmas of inter-
est here), the velocity vectors in the fluid flow are mea-
sured with techniques like particle imaging velocimetry
(PIV)[555]. In principle the technique is a straight-
forward calculation of particle velocity, achieved by cap-
turing pairs of images and measuring the distance a par-
ticle (or other identifiable voxel) has moved in a known
time interval. Indeed, this method of calculating flow
fields has even been applied to images that pre-date
the algorithms needed for the calculation [556]. Figure
65 shows frames from films created by hydrodynamicist
Ludwig Prandtl, as part of a series of films he created
to illustrate unsteady flow around obstacles in the early
20" century [557, 558]. The films recorded the motion
of aluminum particles on the surface of water, and it was
recently observed that the tracer density and image fi-
delity lended themselves to PIV analysis, also shown in
Figure65. Despite its relatively simple requirements, PIV
has only been used in a limited set of laser-driven exper-
iments investigating low-density “dust clouds” [559], and
broader use in HED conditions will require overcoming
several challenges. Specifically, the resolution and signal-

to-noise of x-ray imaging systems must be improved, the
problem of developing appropriate tracer particles must
be addressed, and single-line-of-sight (SLOS) image de-
tectors must be developed to record pairs (or more) of
co-registered images.

In a particle imaging velocimetry measurement, the
image resolution ideally is small compared to the length
scale of velocity gradients. That is, in a system with
coherent flows (like laminar flow or the fluid motion in
the linear or early-nonlinear phases of RT spike evolu-
tion), a system with few tracer particles or low resolu-
tion imaging still captures sufficiently dense velocity in-
formation to reconstruct the larger flow field. However,
in non-linear or turbulent flows—the latter of which has a
spatially isotropic distribution of velocity vectors—higher
resolution images are necessary to capture the dynamics.
As such the earlier discussion of image resolution applies
here, with the added complication that the effective res-
olution is set by either the image system resolution, or
the tracer particle size, whichever is larger. Given the
limited resolving power (~few microns) that is currently
available or likely to be soon, the resolution of PIV adap-
tations to HED systems will likely be initially limited by
the tracer particle size.

The contrast in an x-ray radiograph is determined by
the degree of probe absorption through the target, and is
related to the material density, material mass attenuation
cross section, distance traversed by the probe x-ray, and
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Zhou [409]). After reshock, there is a sharp increase in the
he flow. However, this flow is still not a fully developed

turbulent flow, and does not meet the minimum state criterion to reproduce the spectral range corresponding to an
astrophysical event [476]. Reproduced with permission from Mohaghar et al., J. Fluid Mech., 871, 595 (2019).
Copyright 2019, Cambridge University Press.

x-ray energy. To generate contrast, the technique may be
enhanced by selectively “doping” regions with elements
that strongly absorb the probe x-rays. An example of
a selectively-doped x-ray radiography image is shown in
Figure66. In this experiment, the “spikes” were com-
posed of plastic, but the plastic on one half of the system
contained trace iodine, which strongly absorbed at the
x-ray probe energy of 9 keV. These spikes appear dark,
while the x-ray contrast on the opposing side is lower
and due only to density differences between the spikes
and bubbles (for complete details on this experiment see
Ref [174]). A similar technique could be used to gener-
ate the tracer particles that are necessary for PIV. For
example, initially solid density plastic targets could be
implanted with iodine-doped spheres. Initially, the reso-
lution of the PIV measurement would be approximately
the sphere size. After the deposition of vorticity gener-
ated by the passage of a strong shock, the tracer material
would begin to mix with its surrounding, and the fidelity
of the PIV images would begin to degrade. One may con-
sider tracer particles that are less susceptible to mixing,
but ideal tracer particles are also as non-perturbative as
possible to the system under investigation. To first order
this is a requirement on the density of the tracers, but
for some systems may also require consideration of the
thermal conductivity, compressibility, albedo, or other
factors. These conditions limit the range of tracer ma-

terials that could be used in PIV measurements of HED
systems.

In order to capture pairs (or more) of images that can
be co-registered for particle tracking, a single camera
must take several images in succession. This can be a
challenge in HED systems because of the timescale on
which the system evolves. Flows can move at hundreds of
microns per nanosecond, so images must be taken quickly
so that particles have not moved too far in the time in-
terval between frames. In comparison to the continuous
films of Prantdl that were possible in the 1920’s, a full-
frame imager (1024x1024 pixels) recording a continuous
record with nanosecond resolution, as needed to “film”
an hydrodynamic evolution in an HED system, would
produce 1.3 Petabytes of data per second [560]. This ex-
ceeds current information IO bandwidths, and makes the
clear the need for more modest “multi-frame” systems for
HED imaging.

Traditionally, micro-channel plate (MCP) detectors
have been used in HED settings to produce time-gated,
2D imaging, but these are limited to a single frame.
Emerging technology like the hybrid-CMOS (h-CMOS)
detectors from the Ultra-Fast X-ray Imaging (UXI) pro-
gram at Sandia National Laboratories aim to address
these shortcomings (Figure 67). In recently demonstra-
tions, new h-CMOS detectors have captured pairs of 448
x 1024 pixel images with 2 nanosecond integration times
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with permission from Prestridge et al. [498]. Copyright
2012, Springer.

[661]. The ability to record a pair of images along a sin-
gle line of sight (that is, on the same detector) is a min-
imum requirement for the simplest form of 2-frame PIV.

However, more detailed and accurate calculations can be
performed with several images, each with co-registered
particles. Such fast, multi-frame cameras cameras are in
development by the UXI program and others, but not yet
in widespread use [560, 562, 563].

Powerful diagnostics have been developed to character-
izing flow fields relevant to turbulence in classical fluid ex-
periments, including particle imaging velocimetry. How-
ever, adapting these techniques to HED hydrodynamics
experiments will require new diagnostics and experimen-
tal methods. Robust techniques like x-ray radiography
should be leveraged for this, but the spatial resolution
and temporal control of the sources and detectors must
be improved. Overcoming these challenges will permit
novel and important measurements that elucidate the
complicated physics of turbulence in high pressure sys-
tems.

IX. DOES 2D TURBULENCE RESEMBLE 3D
TURBULENCE?

Due to the high computational cost and time-
consuming nature of fully 3D simulations of hydrody-
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FIG. 63: Representative field evolution results for the Mach= 1.6 case. From left to right: concentration, global
fluctuation transverse velocity, global-fluctuation streamwise velocity and vorticity. From top to bottom: IC, PS1,
PS2, PS3, PS4. The authors refer to early time, such as PS1, and late time, such as PS4. PS1-4 are used even
though these more correctly refer to spatial locations in the shock tube relative to the initial interface position.
Reproduced with permission from Reese et al. [80], J. Fluid Mech., 849, 541 (2018). Copyright 2018, Cambridge
University Press.

namic instabilities and turbulence, it is desirable to run
computations in 2D where possible. But, does 2D turbu-
lence resemble 3D turbulence? The relevance of idealized
2D turbulence to certain aspects of atmospheric motion
has been emphasized in many works [564-567], and is
due to the fact that large-scale motions (many hundreds
of kilometers) in the atmosphere are approximately two
dimensional. For instance, 2D turbulence has found suc-
cess in understanding Hurricane Isidore from 20 to 26
September 2002 [568] and Jupiter’s clouds [569]. Hence
2D simulations are useful in giving some indication of
the amount of instability growth at an interface. The
small-scale structures are, of course very different. Nev-
ertheless, care should be taken as we illustrate below in
two case studies in ICF and supernovae.

A. Vortex stretching and direct or inverse energy
cascade

The Navier-Stokes equation can be recast into an equa-
tion for enstrophy [570-572] Q = w?, where the vortic-

ity is obtained by taking the curl of the velocity field,
=Vxu

on
a "

The first term on the right-hand side of the above equa-
tion is called the production from vortex stretching. The
second term is the production from baroclinicity viscous
dissipation and redistribution (Figure 68 [573]). Yet, the
vortex-stretching term vanishes completely in a pure 2D
flow. In 3D, vortex stretching triggers the transition to
a fully turbulent flow field.

Furthermore, the energy transfer in a 2D flow is
inverse-cascading [575-577], rather than forward cascad-
ing. Hence, it is not surprising that the 2D and 3D flows
induced by RTI (Figure 69 [573]) and RMI (Figure 70
[574]) are clearly different. In fact, the statistics of the 2D
case are probably more sensitive to outliers due to an ex-
aggerated emphasis on bubble-merger and eddy-merger
events. Recent simulations by Boffetta and Musacchio
[578] at 327682 with forcing at moderate wavenumbers

TMoww-S+w-Bw(Vxp 'V-0)] (67)
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FIG. 64: Penumbral imaging is one of several
techniques currently being developed to improve the
spatial resolution in images of HED systems. In frame
(a), a synthetic source distribution is assumed,
including sharp and diffuse features of different sizes.
The penumbral image cast by this source distribution is
shown in frame (b), and computational techniques are
used to derive the sinogram in frame (c). Finally,
performing the inverse transform (frame d) nearly
recovers the original image. Additional details and
original images can be found in Ref. [554]. Reproduced
from Review of Scientific Instruments, 87, 11E201,
(2016), with the permission of AIP Publishing.

clearly showed both a forward cascade and inverse cas-
cade occurs simultaneously (Figure 71).

Due to the sensitivity to statistical outliers, 2D RTI
and RMI simulations require a larger number of real-
izations to achieve statistical convergence. Since they
tend to be characterized by inverse cascades so that the
fine-scales are not characterized by a self-similar forward
cascade, 2D RTI and RMI simulations tend to require
higher grid resolutions than their 3D counterparts. Sta-
tistical convergence generally also requires an averaging
over a suitable number of realizations of the flow field.
A precise number is difficult to specify, but it does ap-
pear that more realizations may be required for 2D sim-
ulations than for 3D. It seems that any given class of
initial conditions probably leads to an “envelope” of val-
ues for the RTI growth parameter, a and that the char-
acteristics of this envelope are probably as relevant to
“design problems” as is the simple average of the enve-
lope. Indeed, Clark [579] indicated that as many as one
hundred and four independent realizations at 1000% grid
resolution where required achieve reasonable statistical
convergence for 2D RTT simulations. Statistical conver-
gence was achieved for 2D RMI simulations using 64 in-
dependent realizations and grid resolutions up to 40962
in the plane by Thornber and Zhou [580]. The fact that
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FIG. 65: Illustrating the robust nature of the PIV
technique, researchers have post-processed frames of
film from Prandtl et. al [557, 558] (a single frame from
the original film is shown in (a), and a composite of
several frames in (b)) with modern PIV algorithms to
calculate vector fields from that original work
(C. Willert and J. Kompenhans, arXiv preprint,
https://arxiv.org/abs/1010.3149v1, October 2018
[5656]). The results, shown in frames (c) and (d), can be
compared to modern simulations in a more precise way
that the film alone. Reproduced with permission.

300 um

Applied laser drive

FIG. 66: Well-developed Rayleigh-Taylor spikes and
bubbles are evident in this static image, and the
technique of selectively doping portions of the target to
improve image contrast is demonstrated. However,
small-scale structure is well below the resolution limit
and no information about velocities can be obtained.

such a large resolution is required clearly demonstrates
that 2D turbulence may not be as cost-effective as first
envisioned. Pullin and Saffman [581] further claimed:
“two-dimensional turbulence, ..is a consequence of the
construction of large computers.”

Finally, we note that molecular mixing occurs at the
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interfaces of the fluids, and the ratios of area-to-volume
in three-dimensions are very different than the length-to-
area ratios in two-dimensions. Therefore, care must be
taken when discussing the mixing issues with 2D data.

B. 2D vs 3D in ICF

As noted already in subsection IV B, quantitative com-
parisons between simulation and experimental data from
high-convergence NIF implosions have only proven fea-
sible with these fully 3D, multi-effect simulations [290-
293]. Examples of some of these 3D simulations of recent
NIF implosion experiments are illustrated in Figure3. In
each instance, the rendering shows a cutaway from the
simulation at the time of peak neutron production (bang
time) where the left cutaway shows ion temperature, the
right cutaway mass density, and the outer bounding sur-
face is the ablation front of the imploding shell. Pro-
gressing from left to right are simulations of a low foot
implosion [303], a high foot implosion [308], and a recent
implosion using high density carbon (HDC) in place of
the previous plastic ablators [582, 583].

Evident in each of these simulations are deviations
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FIG. 68: Global enstrophy production rates from
vortex stretching and baroclinicity from 3D DNS (solid
lines) and 2D DNS (dashed lines), normalized per
plane. Reproduced from Cabot, Phys. Fluids, 18,
045101 (2006), with the permission of ATP Publishing.

FIG. 69: Vertical slice of density from the 3D
simulation (top) compared with the density field from a
2D simulation (bottom), both at t=25. Black is heavy
fluid, and white is light fluid. Reproduced from Cabot,
Phys. Fluids, 18, 045101 (2006), with the permission of
ATP Publishing.

from sphericity due to the growth of hydrodynamic in-
stabilities and also due to long-wavelength asymmetries
in the x-ray drive. The defects seeded by the capsule
support tents, the ring-like distortions surrounding the
north and south poles, are particularly evident in the
low and high foot implosions, as are the broadband ab-
lation front modulations in the low foot case. These
are both a direct consequence of the coupled RM and



FIG. 70: Contours of the mass fraction of SFg from
white (0.0) to black (0.8) in 3D (top) and 2D (bottom)
showing the qualitative difference. Temporal evolution

is from left to right for times t = 2.0,2.5,4.0,6.0 ms.
Reshock occurs at t = 2.1 ms and first shock at ¢ =~ 0.05

ms. Reproduced from Olson & Greenough, Phys.

Fluids, 26, 101702 (2014), with the permission of AIP

Publishing.

FIG. 71: Energy spectra for the simulation of Table I
compensated with the inverse energy flux. Lines
represent the two Kraichnan spectra k=°/3 (dashed)
and k=3 (dotted). The inset shows the correction to the
Kraichnan exponent for the direct cascade 3 obtained
from the minimum of the local slope of the spectra in
the range ky < k < k,u as a function of the viscosity.
Here ky and k,u correspond to the forcing and viscous
wavenumber scales, respectively. Error bars are
obtained from the fluctuations of the local slope. The
line has a slope 0.38 and is a guide for the eyes.
Reproduced with permission from Boffetta &
Musacchio, Phys. Rev. E, 82, 016307 (2010). Copyright
2010, American Phys. Soc.

RT instability growth in these implosions. Indeed, the
under-performance of the low foot implosions compared
to expectation is now principally understood to be due
to strong ablation front instabilities, as illustrated by the
figure, in some cases leading to the mixing of ablator ma-
terial deep into the hot spot and poisoning the potential
fusion burn [236, 237]. The substantial improvement in
implosion symmetry going from left to right is obvious
and corresponds to the nearly two order of magnitude
improvement in neutron yield between these implosions.
While the HDC implosion shows much less distortion of
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the hot spot, it remains far from perfect, however, and
modulations of the ablation front as well as a local thin-
ning of the confining shell from the tent defect are still
visible. Reaching higher neutron yields on NIF will re-
quire continued mitigation efforts to reduce these insta-
bilities.

Note that implosion experiments on NIF are inherently
3D in nature. This results not only from the fact that
the initial target configuration at shot time is 3D but
also due to the 3D x-ray drive conditions in NIF im-
plosions. The consequences of this three-dimensionality
are readily apparent in x-ray and neutron imaging data
from NIF experiments which show modulated hot spots
with obvious 3D structure. Three-dimensionality also has
consequences for the simulated performance of NIF tar-
gets with 2D axisymmetric simulations typically predict-
ing yields that are a factor of two or more higher than
in analogous 3D simulations and in experiments. This
difference can be ascribed to the fundamental difference
in stagnation dynamics between 2D axisymmetric flows
and realistic 3D flows. In 2D flows, material reaching
the symmetry axis is by construction met by an exactly
opposing flow. This perfect momentum balance maxi-
mizes the conversion of shell kinetic energy to hot spot
internal energy, and hence maximizes the compression
and heating of the hot spot material and thereby en-
hances the fusion reactivity. In realistic 3D flows, this
perfect momentum balancing obviously does not occur.
The conversion of kinetic to potential energy is then less
efficient with more energy left in useless, residual hot
spot flows. The well-known higher growth rate of nonlin-
ear RT instabilities [584] in 3D versus 2D geometry also
contributes to 2D vs. 3D differences. Specifically, the de-
velopment of weak spots in the confining shell at ignition
time that can rupture and cause a loss of confinement
happens more rapidly in realistic 3D geometry leading
to effectively shorter burn durations and lower hot spot
pressures.

Figure 72 discussed many different sources of ICF in-
stabilities [585, 586]. One of these is the jet of ablator
material injected into the hot spot via the fill tube. In-
deed, it was found that interaction with radiation drive
seeds 3D flows and contaminants prevent efficient com-
pression and heating of fuel. Again, fuel contamination
in ICF involves complex 3D flows as the added degree
of freedom in the 3D NIF simulation does reduce the
simulated neutron yield- this is clearly an improvement
with respect to the experimental data. 2D simulations
under-predict the impact [587-589] (see Figure 73).

C. 2D vs 3D in supernovae

Janka et al. [590] stated that ”supernova theory and
2D simulations are not in a marriage of love but rather a
partnership of convenience that was enforced by the limi-
tations of computing resources.” Importantly, for numeri-
cal simulations to capture the effects of turbulence prop-



erly, 3D models are required. Historically, 1D models
routinely either fail to explode without ad hoc prescrip-
tions such as a mixing-length algorithm [e.g., 591] or else
explode weakly as in the lower-mass O-Ne-Mg progeni-
tor case [e.g., 592]. With 2D axisymmetry, turbulence
exhibits a well-known inverse cascade from small scales
to large [575], which may artificially aid the model to
explode. Moreover, a popular simplification of neutrino
transport using multiple 1D solutions via the so-called
“ray-by-ray” approach (see, e.g., Marek & Janka [593])
tends in 2D to exaggerate the axial sloshing observed in
those simulations, aiding explosion and possibly leading
to the misattribution of the standing accretion shock in-
stability (SASI) as the aiding factor [594].

Fully 3D numerical simulations of CCSNe are now in
their adolescence. Simulations like those of [595] are
able to capture the multidimensional effects of turbulence
and various other important physics such as general-
relativistic gravitational effects [596], inelastic neutrino
scattering off electrons and nucleons [597], and the many-
body correction to neutrino-nucleon scattering [598] that
play a crucial role in the neutrino-heating mechanism of
explosion. However, in simulations employing all the rel-
evant physics as well as energy-dependent multi-species
neutrino transport, the character of the turbulence is not
yet fully realized, usually owing to the lack of sufficient
resolution to capture the range of physical scales required
for successful explosions in global CCSN models. One
possible remedy to this problem is the inclusions of sub-
grid models of turbulence on the smallest scales in order
to capture the full inertial range of the turbulent cascade
and to assess its effects on the neutrino-heating mecha-
nism [395].

X. OUTSTANDING ISSUES

There have been various computational approaches ap-
plied to predict and evaluate the ICF and astrophysical
flows. The challenges are immense considering the vari-
ety of physical processes involved, the range of temporal
and spatial scales that must be dealt with, and the un-
derlying stochasticity of many of the processes, includ-
ing the characterization of the initial perturbations that
give rise to the instabilities we have discussed. For a di-
rect numerical simulation (DNS), much longer times and
higher resolutions than that of Cabot & Cook [149] and
Cabot & Zhou [151] are needed in order for the horizon-
tal velocity to develop a robust inertial range. The grid
would need to be an order of magnitude larger in each
dection [234]. Given that DNS is too costly of computer
resources to be practical in the foreseeable future, physi-
cists and analysts must rely on some form of modeling
to assess the dynamic performance of engineering design.
The two apparent leading candidates are the Reynolds-
Averaged Navier-Stokes (RANS) models and the Large
Eddy Simulation (LES) approach.

The LES approach is based on the assumption that, at
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sufficiently high Reynolds numbers, the turbulence dis-
sipation rate is independent of the details of the viscous
dissipation rate (e.g., [599-602]). This is consistent with
Kolmogorov’s theory so that, even as viscosity is var-
ied, the spectral structure of the dominant eddy region
and the cascade range scaling (and hence the dissipa-
tion rate) are independent of the viscosity. Implicit large
eddy simulation (ILES) were specifically devised for the
accurate simulation of flows with contact discontinuities
and shocks —key aspects of the RM and compressible RT
mixing processes [7]. Youngs [147] performed the first
ILES of RTT induced flow and has recently compared the
performance of ILES with that of DNS [158]. In an ILES
algorithm, the viscosity does not influence the dissipa-
tion range scaling, but instead it is determined by the
grid size. Thus if the grid resolution is sufficient to re-
solve at least part of the inertial range, the dissipative
characteristics of the flow will be captured in a reason-
able fashion [469, 603-605]. These dissipative and mix-
ing processes are an important feature that current ILES
models cannot reproduce in one and two dimensions. In
applying the LES, or ILES approach, if the problem to be
simulated does develop an inertial range, i.e., does cross
into the fully-developed turbulence region, then the sim-
ulation must be done in three dimensions to capture the
correct dissipative dynamics, unlike the RANS method-
ologies.

The RANS approach has been used since the mid-1960s
for a variety of fluid dynamical problems with varying de-
grees of success. There are myriad of RANS-type models
[8], but most of those applied to relevant problems have
involved modeled transport equations for some subset of
the second-order moments [606-617] a well as transport
of either a turbulent length-scale (generally the turbu-
lence length scale L [618-622] or the turbulent kinetic
energy dissipation rate, £ [623-625]).

A strength of the RANS models is that the three-
dimensional cascade process is intrinsically integrated
into the models via the derivations of their turbulent ki-
netic dissipation rate equations or, correspondingly, the
derivation of the length-scale equations via equation 24.
Thus they can be applied in calculations that are sta-
tistically one-dimensional or two-dimensional “on aver-
age” and still model the forward-cascade process of fully
three-dimensional turbulence. If turbulence is a relevant
process in a problem being simulated in just one or two
dimensions, some tool such as a RANS turbulence model
may be required to capture the dissipative mechanisms
with any degree of physical fidelity. Thus, despite the
approximate nature of the RANS closures, they are still
useful and necessary for many practical applications. For
a detailed review of these models, see Ref. [8].

The RANS models do have an embedded assumption
regarding the relationship between the turbulent kinetic
energy K, the integral length-scale, L and the turbulent
kinetic energy dissipation rate £ that assumes that the
turbulence is fully developed at all times and that the
turbulence spectra are self-similar. The LES approach
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FIG. 72: Schematic of the capsule including DT ice layer showing the locations of unstable interfaces, seeds for the
instability growth, and effects on implosion performance. Reproduced with permission from Smalyuk et al., J. of
Instrumentation, 12, C06001 (2017). Copyright 2017, Institute of Physics.

FIG. 73: Comparison of material distribution in the fill
tube jet at t=4.8 ns for 2D (synthetically rotated) and
3D simulations of N161204. Red: ablator interfaces;
blue: DT wetted foam/DT gas interface; green: fill tube
glass; and yellow: glue. Reproduced from Haines et al.,
Phys. Plasmas, 26, 012707 (2019), with the permission
of AIP Publishing.

makes no such assumption. This tacit assumption im-
plies that the current class of RANS models are incapable
of simulating the transition to fully-developed turbulence
since they assume that the inertial range is already es-
tablished (cf. Refs. [626, 627]). This also makes initial-
ization of such models, when the fluids may be quiescent,
problematical when applied to HEDP and ICF-relevant
problems. In addition, this assumption of self-similarity
in the RANS models makes the incorporation of molec-
ular viscous and diffusive effects problematical. Thus
the RANS models generally do not represent the mix-
ing transition with fidelity. Nor do they fully represent
the effects of extreme temperature changes and the con-
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FIG. 74: Instantaneous streamwise velocity contours
superimposed on the velocity vector field to show the
presence of initial condition imprints after reshock at
t = 22.9. Red and blue represent high and low

streamwise velocity regions, respectively. Reproduced

with permission from Balakumar et al., J. Fluid Mech.,

696, 67 (2012). Copyright 2012, Cambridge Univ.
Press.

sequent changes in the molecular properties that occur
in astrophysical flows and intense laser platforms.

It should be stressed that the quality of the data col-
lected from laboratory experiments have advanced sig-
nificantly. These direct laboratory measurements can
be used to constrain and validate turbulence models.
Ramaprabhu and Andrews [549], Balakumar et al. [500],
Tomkins et al. [197], Mohaghar et al. [476, 552],
Gerashchenko and Prestridge [551], Charonko [628] Lai
et al. [629], Reese et al. [80] have demonstrated that
the laboratory experiments can provide much-needed
data for a detailed evaluation of the individual terms in
RANS models. For instance, Reese et al. decomposed
the Reynolds stresses into three terms and determined
that the first term, the mean density-velocity correlation,
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M refers to multi-mode case. Reproduced with permission from Mohaghar et. al., J. Fluid Mech., 831, 779 (2017).
Copyright 2017, Cambridge Univ. Press.

dominates. Reese et al. also investigated the turbulent
mass-flux velocity, which is the primary turbulent source
term for mixing and appears as a prefactor in the pro-
duction term for the turbulent kinetic energy evolution
equation. The experimental data indicated that larger
values of turbulent mass-flux velocity in both directions
are seen for higher Mach number case, indicating greater
production of turbulent kinetic energy.

It is understandable that many experimental and sim-
ulation studies are carried out in planar geometry. This
makes it significantly easier to isolate the physics. Yet,
as the applications of our interest, the astrophysical flows
and ICF, one must deal with the convergent geometry,
The convergent geometry is a challenge as one must ac-
count for convergence of the flow, compressibility, and ac-
celeration (the Bell-Plesset (BP) effects) [630-634]. Some
recent work in this area can be found in Refs. [635-638].

A significant effort has devoted to the issue of the ini-
tial condition as it is a critical issue for understanding
the physics and implementing the engineering models.
Strong evidence has been presented that the imprint of
initial conditions last to the end of their experiments (see
Figures 74 and 75). The instantaneous streamwise veloc-
ity contours superimposed on the velocity vector field
showed the presence of initial condition imprints after
reshock at t= 22.9 [500]. The coherence of the large-
wavelength spike and bubble features in the density field
even after reshock leads to the conclusion that the mem-
ory of the largest scales is maintained (Mohaghar et al.
[652]).

However, the Reynolds numbers in these experiments
were not sufficiently high to transition to fully developed
turbulence. It would be extremely useful to determine if
the dependence of initial conditions could survive when
the flows induced by hydrodynamic instabilities are al-

lowed to transition to fully-developed turbulence. Con-
sequently, much larger simulations and experiments are
required so the process of transition to turbulence from
the flows induced by instabilities can be observed in de-
tail, and to determine if initial conditions are truly “for-
gotten.”

XI. CONCLUSION

Significant efforts have been devoted to achieve greater
understanding of how turbulence mixing induced by
hydrodynamic instabilities evolves from the linear and
weakly nonlinear regime to the fully turbulent regime.
The goal of this review is to combine theory, simula-
tion, experiment, and modeling to demonstrate how the
same basic principles apply to hydrodynamic-instability
induced turbulence mixing of all sizes, ranging from the
microscopic scales of inertial confinement fusion capsule
implosions to the mega-scales of supernova explosions.
In particular, the spatial and temporal criteria required
for hydrodynamic instability driven flows to transition
to turbulence have been established through theoretical
analysis. These findings have provided critical design
guidance to high energy density physics (HEDP) and
laboratory experiments investigating the minimum state
Reynolds number and the amount of time necessary to
transition to a turbulent flow. These criteria have be-
come increasingly important because HEDP experiments
are now poised to finally achieve a turbulent regime.

Impressive progress has been made, but major chal-
lenges are still confronting researchers. Of particular im-
portance, we should finally be able to simulate the tran-
sition to turbulence from numerical simulations using ex-
ascale computers, and to demonstrate the transition ex-



perimentally on HEDP platforms and in laboratory ex-
periments utilizing improved diagnostic tools.
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